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Spatiotemporal coupled-mode equations for arbitrary pulse transformation
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Spatiotemporal modulation offers a variety of opportunities for light manipulations. In this paper, we propose
a way toward arbitrary transformation for pulses sequentially propagating within one waveguide in space via
temporal waveguide coupling. The temporal waveguide coupling operation is achieved by spatiotemporally
modulating the refractive index of the spatial waveguide with a traveling wave through segmented electrodes.
We derive the temporal coupled-mode equations and discuss how systematic parameters affect the temporal
coupling coefficients. We further demonstrated a temporal Mach-Zehnder interferometer and universal multiport
interferometer, which enables arbitrary unitary transformation for pulses. We showcase a universal approach
for transforming pulses among coupled temporal waveguides, which requires only one spatial waveguide under
spatiotemporal modulation, and hence provide a flexible, compact, and highly compatible method for optical
signal processing in time domain.
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I. INTRODUCTION

Time-varying media brings intriguing opportunities for
wave manipulation in photonics [1–5] and hence attracts
growing interest in both physics community and optical en-
gineering. In particular, by combining both temporal and
spatial degrees of freedom, the photonic systems undergoing
spatiotemporal modulations recently emerge as new plat-
forms for controlling light simultaneously in space and time
[6–11]. Utilizing this powerful approach, researchers explore
many exotic phenomena which cannot be realized in a static
medium, such as luminal amplification [12–14], Fresnel drag
[15,16], magnet-free nonreciprocal systems [17–19], and tem-
poral double-slit interference [20]. As an outstanding example
of spatiotemporally modulated systems, a temporal waveg-
uide which harnesses the total internal reflection of light
at spatiotemporal boundaries, and therefore confines pulses
in between [21,22], provides a novel concept for guiding
light. Up to date, previous research on temporal waveguides
focus on fundamental properties for realizing a single tem-
poral waveguide [22,23], while interactions between multiple
temporal waveguides remain unexplored. Moreover, the spa-
tiotemporally modulated system may not be described by the
spatial coupled-mode theory [24,25], so it desires a relevant

*yuanluqi@sjtu.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

theoretical formalism to model the spatiotemporally coupled
modes in a proper way.

In this paper, we extend the spatial coupled-mode theory
to temporal waveguide regime, and derive the fundamen-
tal formula for modeling interactions between two temporal
waveguides, i.e., the spatiotemporal coupled-mode theory.
Systematic parameters which determine temporal coupling
coefficients are given, and hence our theory introduces a ba-
sic framework for studying the problem of coupled temporal
waveguides. To showcase the capability of our formalism, we
explore a temporal Mach-Zehnder interferometer (MZI) and
further propose a design of a universal multiport interferom-
eter [26–29] in the time domain for optical pulses. Such a
universal multiport interferometer enables an arbitrary tem-
poral transformation for sequential-propagating pulses within
one spatial waveguide under the spatiotemporal modulation,
which could find potential applications in optical signal pro-
cessing. Our work hence provides a useful theoretical tool in
the arising field of spatiotemporal metamaterials [1–5,30] to
develop new-generation active photonic devices.

II. MODEL

We now start to show how to model interactions between
two temporal waveguides and derive the coupled-mode for-
mula in the time domain. Before getting into details, we
first review the model of a temporal waveguide which is
achieved with pulse propagating in a spatiotemporally modu-
lated waveguide as shown in Fig. 1(a). The modulation of the
refractive index of the waveguide is chosen as n(z, t ) = n0 +
ξ (z − vBt ), where n0 is the background refractive index of the
waveguide and ξ (z − vBt ) denotes the spatiotemporal change
of the refractive index [22] with z being the propagating

2643-1564/2023/5(4)/043150(9) 043150-1 Published by the American Physical Society

https://orcid.org/0000-0002-6388-6879
https://orcid.org/0000-0001-9481-0247
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.5.043150&domain=pdf&date_stamp=2023-11-13
https://doi.org/10.1103/PhysRevResearch.5.043150
https://creativecommons.org/licenses/by/4.0/


ZHAOHUI DONG, XIANFENG CHEN, AND LUQI YUAN PHYSICAL REVIEW RESEARCH 5, 043150 (2023)

electrode

waveguide

z

z

τ

(b)

(c)
n0 n′ n0 n′ n0

(a)
υB

z
n(z, t)

a ba b

FIG. 1. (a) Schematic of the spatiotemporal modulation of the
refractive index in a waveguide to achieve a temporal waveguide.
(b) Scheme of the interaction of temporal waveguides, which is
based on a waveguide modulated by traveling-wave signals through
electrode arrays. (c) Refraction index n(z, τ ) and fundamental modes
M(τ ) in blue curves of the temporal waveguide a and b in the
retarded frame (z, τ ). Here n′ = n0 + �n.

direction, and vB being the moving speed of the modulation.
We transfer the formalism in a retarded time frame by using
the transformation τ = t − z/vB, where t is the time in the
laboratory frame. In the retarded time frame (z, τ ), the change
of the refractive index ξ (z − vBt ) is transformed to a z inde-
pendent function ξ (τ ) = ξ0 + �ξ (τ ). To achieve a temporal
waveguide, ξ (τ ) can be chosen as

ξ (τ ) =
{

�n |τ − τc| � Tw/2,

0 |τ − τc| > Tw/2,
(1)

where �n is the modulation amplitude, and Tw is the mod-
ulation time width centered at τc in the time retarded frame.
As an analog to the conventional spatial waveguide, one can
consider |τ − τc| � Tw/2 as the core region of the temporal
waveguide, and |τ − τc| > Tw/2 as the cladding region.

We then consider a pulse having a central frequency ω0

propagates along such spatiotemporally modulated waveguide
with the modulation format in Eq. (1). One can treat such a
problem by Taylor expanding the dispersion relation of the
waveguide as [21,22]

β(ω) = β0 + �β1(ω − ω0) + β2

2
(ω − ω0)2 + βm(τ ), (2)

where β0 = n0ω0/c and �β1 = β1 − 1/vB with β1 =
∂β/∂ω|ω0 being the reciprocal of the group velocity at ω0,
β2 = ∂2β/∂ω2|ω0 being the corresponding group velocity dis-
persion, and βm(τ ) = β0 ξ (τ )/n0 represents the change of
the propagation constant due to spatiotemporal modulation.
By using Maxwell’s equation and the dispersion relation in
Eq. (2), one obtains the resulting wave equation for describing

the amplitude of propagating pulse A(z, τ ) in the retarded
frame (for detailed derivation see Appendix A):

∂A(z, τ )

∂z
+ �β1

∂A(z, τ )

∂τ
+ i

β2

2

∂2A(z, τ )

∂τ 2
= iβm(τ )A(z, τ ).

(3)

Following the treatment in Ref. [22], one can take the modal
solution A(z, τ ) as A(z, τ ) = M(τ )exp[i(Kz − �τ )], where
M(τ ) describes the spatiotemporal shape of the mode, K
denotes the rate of the mode accumulating phase during prop-
agation, and � = −�β1/β2 is the frequency shift. So far, we
briefly outline the formalism of the optical pulse propagating
in a waveguide under the spatiotemporal modulation of the
refractive index, i.e., the field traveling inside a temporal
waveguide in the retarded frame, which has been utilized in
many follow-up studies [22,23,31,32].

Next we give the important formula of the spatiotemporal
coupled-mode theory. We construct two temporal waveguides
(labeled as a and b), which is achieved by spatiotemporally
modulating the refractive index of a spatial waveguide through
the traveling-wave signal by segmented electrodes as shown
in Fig. 1(b). In particular, the spatiotemporal change of the
refractive index in the retarded time frame is taken as

ξ ′(τ ) = ξ0 + �ξa(τ ) + �ξb(τ ), (4)

where �ξa(τ ) and �ξb(τ ) follow Eq. (1) centered at τ a
c and

τ b
c (|τ b

c − τ a
c | > Tw ), and therefore form two temporal waveg-

uides a and b in Fig. 1(c), respectively.
We consider the field at the central frequency ω0 propa-

gating in such a spatiotemporally modulated waveguide and
assume a solution as

A(z, τ ) = Ga(z)Ma(τ )exp[i(Kaz − �τ )]

+ Gb(z)Mb(τ )exp[i(Kbz − �τ )], (5)

where Ga (Gb) represents the envelope amplitude of the pulse
in the temporal waveguide a (b), and the corresponding modal
distribution Mi(τ ) and Ki(τ ) (i = a, b) satisfy [22]

∂2Mi(τ )

∂τ 2
+ 2

β2

[
Ki + (�β1)2

2β2
− β i

m(τ )

]
Mi(τ ) = 0, (6)

where β i
m(τ ) = β0 ξi(τ )/n0. Substituting Eq. (5) into Eq. (3),

multiplying by M∗
a (τ ) or M∗

b (τ ), and then integrating over τ ,
we obtain the temporal coupled-mode equations:

∂Ga(z)

∂z
= i

κab − Cabγba

1 − CabCba
exp[i(Kb − Ka)z]Gb(z)

+ i
γab − Cabκba

1 − CabCba
Ga(z), (7a)

∂Gb(z)

∂z
= i

κba − Cbaγab

1 − CbaCab
exp[−i(Kb − Ka)z]Ga(z)

+ i
γba − Cbaκab

1 − CbaCab
Gb(z), (7b)

where Ci j , κi j , and γi j (i �= j) are expressed as

Ci j =
∫

M∗
i (τ )Mj (τ )dτ/

∫
M∗

i (τ )Mi(τ )dτ, (8a)

κi j =
∫

M∗
i (τ )�β i

m(τ )Mj (τ )dτ/

∫
M∗

i (τ )Mi(τ )dτ, (8b)
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FIG. 2. γab and κab versus (a) |β0�n/n0|, (b) β2, (c) time spac-
ing between two temporal waveguides, and (d) turn-on/off time
width Tt .

γi j =
∫

M∗
i (τ )�β j

m(τ )Mi(τ )dτ/

∫
M∗

i (τ )Mi(τ )dτ, (8c)

and �β i
m(τ ) = β0 �ξi(τ )/n0. If we further assume the two

temporal waveguides are identical in temporal shapes and∫
M∗

i (τ )Mj (τ )dτ � ∫
M∗

i (τ )Mi(τ )dτ , we get Ka = Kb and
Cab ≈ Cba ≈ 0. Equations (7a) and (7b) can then be simplified
as

∂Ga(z)

∂z
≈ iκabGb(z) + iγabGa(z), (9a)

∂Gb(z)

∂z
≈ iκbaGa(z) + iγbaGb(z). (9b)

Here, κi j is the temporal coupling coefficient, and γi j is the
shift due to the presence of the other temporal waveguide.
Note that we consider a symmetry case here, so we can take
κi j = κ∗

ji and γab = γba. We explain the coupling of temporal
waveguides in Appendix C.

To give an illustrative picture on how the systematic param-
eters of this spatiotemporally modulated waveguide determine
the coefficients in the temporal coupled-mode equations (9),
we give an example with experimentally feasible parame-
ters. We choose β0�n/n0 = −1200 m−1, �β1 = 0, and β2 =
5000 ps2m−1, which are standard parameters for an opti-
cal waveguide with the modulation strength �n/n0 ∼ 10−4

[33–35]. The spatiotemporal modulation shape can take Tw =
10 ps, and |τ b

c − τ a
c | = 20 ps. We now tune one of these

parameters and fix others to investigate how γab and κab are
affected. Only the coupling between fundamental modes is
considered, where corresponding mathematical expressions
are given in Appendix B. We first change |β0�n/n0| as shown
in Fig. 2(a). The role of |β0�n/n0| in temporal waveguides
is similar to the index contrast between the core region and
cladding region in spatial waveguides. When |β0�n/n0| be-
comes larger, both γab and κab become weaker. Next we vary
the dispersion parameter β2, which describes the ability of
light to spread out of the core region in the temporal waveg-
uide. As a result, a larger β2 results in larger γab and κab as
shown in Fig. 2(b). Figure 2(c) shows changes of γab and
κab versus the time spacing between two temporal waveguides
|τ b

c − τ a
c |, and one can see both coefficients decrease when the

time spacing increases as two temporal waveguides fall apart
in the time domain. In all calculations above, we consider the
ideal modulations, i.e., the change of �β i

m(τ ) is abrupt. In
reality, the turn on/off of modulations is not instantaneous.
To reflect this feature, we consider the form of �β i

m(τ ) as

�β i
m(τ ) =

⎧⎪⎪⎨
⎪⎪⎩

β0�n/n0 |τ − τ i
c| < 1

2 (Tw − Tt ),

β0�n/n0 cos[|τ − τ i
c| − 1

2 (Tw − Tt )] 1
2 (Tw − Tt ) � |τ − τ i

c| < 1
2 (Tw + Tt ),

0 others,

(10)

where Tt denotes the turn-on/off time width between the
temporal core and the cladding regions [see the subfigure
in Fig. 2(d)]. One can find that in Fig. 2(d), when Tt/Tw

becomes larger, γab and κab are increasing, indicating that
the confinement of the pulse is weaker. Nevertheless, when
Tt ∼ 10% Tw, both coefficients do not change much compared
to those when Tt = 0, i.e., the ideal modulation case. There-
fore, in the following, we still simulate models under the ideal
modulation case. The approximation we make here might
become unrealistic when the spatiotemporal modulation of the
refractive index �ξ (τ ) becomes too large which cannot be
taken as a perturbation.

III. RESULTS

So far, we derive the spatiotemporal coupled-mode equa-
tions for modeling interactions between two temporal waveg-
uides and investigate how systematic parameters of the system
affect temporal coupling coefficients. In the following, we use

these equations and demonstrate a temporal MZI with param-
eters β0�n/n0 = −1200 m−1, �β1 = 0, β2 = 5000 ps2m−1,
and Tw = 10 ps. The scheme of such temporal MZI is depicted
in Fig. 3(a), with values of βm(z, τ ) = 1200 m−1 in the cyan
regime and = 0 m−1 in the orange regime of the retarded
frame (τ, z). The input and output ports of the MZI can be
regarded as sequentially appearing refractive index wells for
a fixed observation point (see Appendix C). We aim to design
the system with the functionality composed of two 50 : 50
couplers and a phase shifter at one of the waveguides in the
time domain. The parameters are selected to guarantee that
κi j ≈ 0 in the straight temporal waveguide region in Fig. 3(a),
while κi j � 0 in the curved temporal waveguide region. The
additional phase shift ϕ is realized by an additional change
of the refractive index δn for the length 0.4 m corresponding
to the red region in Fig. 3(a), resulting in a small change of
βm(z, τ ), i.e., the choice of δn/�n ∈ [0, 1.375 × 10−2] gives
effective phase shift ϕ ∈ [0, 2π ]. We assume the input at port
A (port B) as A (B), and the output at port C (port D) as C (D).
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The relation for a temporal MZI is described by

(
C
D

)
=

(
sin ϕ

2 cos ϕ

2

cos ϕ

2 −sin ϕ

2

)(
A
B

)
, (11)

which can be verified by results in our simulation based on
Eq. (3) given in Fig. 3(b). In particular, the output at Port
C increases as ϕ increases and reaches its maximum at ϕ =
π (δn/�n = 6.875 × 10−3), while it further decreases and
reaches its minimum at ϕ = 2π (δn/�n = 1.375 × 10−2).
The output at port D just behaves exactly in the opposite way.
In addition, three specific cases of ϕ are taken and the intensity
distributions of the field are plotted in Figs. 3(c)–3(e). In
Fig. 3(c), we inject the pulse at port A, and the pulse gradually
switches to the other temporal waveguide during propagation.
Such a phenomenon corresponds to a pulse traveling in a
spatial waveguide and gradually converting to the other pulse
in front of it spatially in the laboratory frame. In Fig. 3(d),
the pulse gradually splits into two pulses which correspond
to different spatial locations in one spatial waveguide, while
in Fig. 3(e), the pulse temporally splits into two pulses, then
they converge to the original one eventually.

The proposed temporal MZI could have potential applica-
tions in optical signal processing and optical communication.
Here, we showcase it being a component of a temporal univer-
sal multiport interferometer. The parameters are the same as
those used in the above example of MZI. An arbitrary unitary
transformation U performed by a temporal universal multiport
interferometer with N channels shown in Fig. 4(a) can be
decomposed in the following form:

U = P

⎛
⎝ ∏

(m,n)∈S

Tm,n,l

⎞
⎠. (12)

Here the production follows an ordered sequence (S) of two-
channel transformations [27], and

Tm,n,l (θl , φl )

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0
0 1
...

. . .
...

eiφl sin θl
2 cos θl

2

eiφl cos θl
2 −sin θl

2
...

. . .
...

1 0
0 · · · · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(13)

is the lth transformation in such sequence between two chan-
nels m and n (m = n − 1), which is realized by a modified
MZI with an additional phase shift φl and splitting parameter
θl between channels m and n in the time domain as shown
in Fig. 4(a). P is a diagonal matrix with complex elements
whose modulus are equal to one, corresponding to a phase
shift ηm for channel m. We perform a three-channel temporal
transformation for the demonstration in principle. U (n, m)
is designed as a circulation operator on the three temporal
channels as shown in Fig. 4(b). Three pulses with different
amplitudes [namely in normalized intensities as 1, 4/9, and
1/9, respectively, shown in Fig. 4(c)] are injected into the
input ports. In Fig. 4(c) the pulses take the desired circula-
tion from one temporal waveguide to the other. This result
corresponds to sequential-propagating pulses switching their
position during propagation in the spatial waveguide in the
laboratory frame. In addition, we reconstruct U (n, m) based
on the simulation result as shown in Fig. 4(d), which is closely
matched with the desired one in Fig. 4(b).
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IV. DISCUSSION AND SUMMARY

We finally make a discussion on the possibility of realizing
the proposal in experiments. The parameters in the simulation
are achievable with the state-of-art technology in photonics
[36–38]. For a pulse with the central wavelength ∼1000 nm,
the corresponding coefficients give �n ∼ 10−4 and β2 ∼
103 ps2m−1, which have been demonstrated in experiments
[33–35,39]. By properly engineering the waveguide struc-
ture, one can further enlarge the group velocity dispersion
β2 [40]. In addition, the synchronization of signal pulses and
modulations to precisely control the relative speed between
them might be challenging. However, lots of efforts have been
made in the field of spatiotemporal photonics [20,41,42]. Very
recently, the experimental verification of a single temporal
waveguide has been demonstrated [43], which implies the
possible demonstration of coupled temporal waveguides in the
near future.

In summary, we build a formalism of the temporal
coupled-mode equations to study interactions between tem-
poral waveguides in a system where pulses propagate in
a spatiotemporally modulated waveguide, and show how
systematic parameters of the modulated system determine
the temporal coupling coefficients in the theory. One may
note that, in temporal photonics, many examples may re-
quire simulations beyond the current computational capability
of commercial software [44], and hence the assistance of
suitable analytical or simplified numerical methods is de-
sired. Our work therefore provides a universal and less
computational-costing tool for analyzing spatiotemporally
modulated systems. In addition, based on the spatiotem-
poral coupled-mode equation we developed, a temporal
MZI is studied and further, a temporal universal multiport

interferometer in the time domain is proposed, which enables
an arbitrary unitary transformation for sequential-propagating
pulses. Our work provides a fundamental method, which
is useful for optical signal processing in time domain. In
particular, compared with the conventional methods with
coupled waveguides in the spatial dimension [45–47], the
generalization of the coupled temporal waveguides does not
require the addition of devices in the space, and the temporal
transformation can be performed in only one spatiotempo-
rally modulated waveguide, which greatly reduces the spatial
complexity, and insertion loss forms the connection between
multiple devices. Moreover, such transformation is realized by
the spatiotemporal modulation in an active way, which pro-
vides more flexibility in manipulating pulses. The temporal
coupled-mode theory in Eqs. (7)–(9) can be further utilized
to model two temporal waveguides structure with different
systematic parameters and/or modulations that hold complex
�n. In addition, the proposed scheme is also compatible with
previous works for controlling a single pulse in one temporal
waveguide to achieve pulse compression [48–50], fast and
slow light [51–54], and so on [55], hence it can trigger further
studies on not only pulse transformation but multifunctional
control for pulse propagation with multiple coupled pulse
channels in the time domain, which further offers a wealth
of opportunities in optical signal processing.
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APPENDIX A: DERIVATION OF EQS. (3) AND (5)

The propagation of the light field along the z direction in a
waveguide is described by [56]

∇2E(r, t ) − 1

c2

∂2E(r, t )

∂t2
− μ0

∂2P(r, t )

∂t2
= 0, (A1)

where E(r, t ) is the electrical field vector and P(r, t ) is the
polarization. We assume a narrow spectrum width of the light
field with a central frequency ω0 and then apply the slowly
varying envelope approximation to separate the rapidly vary-
ing part of the electrical field and polarization,

E(r, t ) = 1
2 ê[E (r, t )exp (−iω0t ) + c.c.], (A2a)

P(r, t ) = 1
2 ê[P(r, t )exp (−iω0t ) + c.c.], (A2b)

where ê is the polarization unit vector. By substituting
Eq. (A2) into Eq. (A1) and applying the Fourier transforma-
tion, we obtain

∇2Ẽ (r, ω − ω0) + ε(ω)k2
0 Ẽ (r, ω − ω0) = 0, (A3)

where Ẽ (r, ω − ω0) is defined as

Ẽ (r, ω − ω0) =
∫ ∞

−∞
E (r, t )exp[i(ω − ω0)t] dt, (A4)

ε(ω) is the Fourier transformation of the dielectric constant,
and k0 = ω/c. We assume the solution of Eq. (A3) as

Ẽ (r, ω − ω0) = E (x, y)Ã(z, ω − ω0)exp (iβ0z), (A5)

where Ã(z, ω − ω0) is the slowly varying function of z, β0

is wave number, and E (x, y) is transverse distribution. Equa-
tion (A3) leads to the following equations of E (x, y) and
Ã(z, ω − ω0) [56]:

2iβ0
∂Ã

∂z
+ (

β̃2(ω) − β2
0

)
Ã = 0, (A6a)

∂2E
∂x2

+ ∂2E
∂y2

+ [
ε(ω)k2

0 − β̃2(ω)
] = 0, (A6b)

where β̃(ω) is the Fourier transformation of the wave number
and can be determined by Eq. (A6b). We then focus on the
solution of Ã, suppose there is a perturbation of β̃ due to a
small change of the refractive index, which can be expressed
by

β̃(ω) = β(ω) + βm(ω). (A7)

By substituting Eq. (A7) into Eq. (A6a) and using the approx-
imation β̃ + β0 ≈ 2β0, we obtain

∂Ã

∂z
= i[β(ω) + βm(ω) − β0]Ã. (A8)

Then using the Taylor expansion of β(ω), we obtain

∂Ã

∂z
= i

[
β1(ω − ω0) + β2

2
(ω − ω0)2 + β(ω)m

]
Ã. (A9)

Finally, we use the inverse Fourier transformation to Eq. (A9)
then move to the retarded frame to obtain

∂A(z, τ )

∂z
+ �β1

∂A(z, τ )

∂τ
+ i

β2

2

∂2A(z, τ )

∂τ 2
= iβm(τ )A(z, τ ),

(A10)

which is Eq. (3). We then discuss the solution of Eq. (A10)
of the single temporal waveguide case. Since we expect that
the A(z, τ ) is an eigenmode of the temporal waveguide with-
out changing its spatiotemporal shape during propagation, we
assume

A(z, τ ) = M(τ )exp[i(Kz − �τ )]. (A11)

By substituting A(z, τ ) into Eq. (A10), we obtain

(�β1 + β2�)
∂M(τ )

∂τ
= 0,

(A12a)

∂2M(τ )

∂τ 2
+ 2

β2

[
K − ��β1 − β2�

2

2
− βm(τ )

]
M(τ ) = 0.

(A12b)

To satisfy our assumption, � must be taken as � = −�β1/β2,
and Eq. (A12b) turns to

∂2M(τ )

∂τ 2
+ 2

β2

[
Ki + (�β1)2

2β2
− βm(τ )

]
M(τ ) = 0. (A13)

Next, we consider coupled temporal waveguides a and b
with the refractive index modulation as Eq. (4). We assume
the perturbation due to the other temporal waveguide is small
so that the change of spatiotemporal shape Mi(τ ) of the mode
in each temporal waveguide can be neglected and only the
envelope amplitude of modes in each waveguide changes with
the propagation distance [24,57]. We write that the solution
A(z, τ ) can be approximated as

A(z, τ ) = Ga(z)Ma(τ )exp[i(Kaz − �τ )]

+ Gb(z)Mb(τ )exp[i(Kbz − �τ )], (A14)

where Ma(τ ) and Mb(τ ) are the normalized modes of the
individual temporal waveguides when they are far apart, and
Gi(z) denotes the envelope amplitude of the mode in each tem-
poral waveguide. In other words, only Gi(z) is relevant to the
amplitude of A(z, τ ) during propagation, and Mi(τ ) plays the
role as the transverse modal distribution for spatial waveguide.
If the time spacing of the temporal waveguide is infinity, there
is no coupling between the two temporal waveguides. Ga(z)
and Gb(z) shall be independent on propagation distance z and
independent on each other since the two terms of Eq. (A14)
satisfy Eq. (A13) separately.

APPENDIX B: SPATIOTEMPORAL FUNDAMENTAL
MODES OF A TEMPORAL WAVEGUIDE

In the retarded time frame, the spatiotemporal modes M(τ )
of a temporal waveguide with modulation as

ξ (τ ) =
{

�n1 |τ − τc| � Tw/2,

�n2 |τ − τc| > Tw/2,
(B1)
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n (τ )

ττ 1 τ 2 τ 3 τ 4

Tw

a b

FIG. 5. n(τ ) of two coupled temporal waveguides.

satisfy Eq. (A13). One finds that Eq. (A13) is similar to the
paraxial equation for a spatial waveguide [58]. Therefore, we
write a solution similar to the one of a spatial planar waveg-
uide,

M(τ ) =
{

A1 cos[ω1(τ − τc) − φ] |τ − τc| � Tw/2,

A2 exp[−ω2(|τ − τc| − Tw/2)] |τ − τc| > Tw/2,

(B2)

where ω1 and ω2 are defined as

ω2
1 = 2K

β2
+

(
�β1

β2

)2

− 2β0�n1

n0β2
,

ω2
2 = 2β0�n2

n0β2
− 2K

β2
−

(
�β1

β2

)2

. (B3)

The constant A1, A2, and φ can be determined by bound-
ary conditions that both M(τ ) and dM(τ )/dt are continuous
across the boundary. Such boundary conditions lead to the
following relation:

ω2 = ω1 tan(ω1Tw/2 + mπ/2), (B4)

where m ∈ {0, 1, 2, 3...} denotes the mode number. The fun-
damental mode corresponds to ω1 and ω2 satisfying Eq. (3)
with m = 0.

APPENDIX C: EXPLANATION OF COUPLED TEMPORAL
WAVEGUIDES AND INPUT/OUTPUT PORTS

In this section, we explain the coupling between tempo-
ral waveguides. In the spatial case, coupling between the
two spatial waveguides results from spatial overlap between
evanescent tails of the modes in both waveguides at a certain
time. Similar things happen in the temporal case too. Although
the temporal variation is involved, the spatial evanescent tails
still exist as τ depends on both z and t as the two temporal

waveguides are actually two moving refractive index wells.
To make this point clear, consider the simplest case of two
coupled temporal waveguides with the corresponding n(τ )
being shown in Fig. 5. Since τ depends on both z and t , we
can choose a specific t0 for n(τ ), which reflects the spatial
refractive index profile at t0. For example, at t = 0, the cor-
responding spatial location where the boundary of temporal
waveguide a τ1 and τ2 occur are z1 = τ1vB and z2 = τ2vB,
respectively. In other words, at t = 0, the temporal waveg-
uide a is actually a refractive index well at z ∈ [z1, z2] with
a spatial width TW vB. We then consider how the temporal
waveguide changes at t = dt . The spatial location where the
temporal boundaries τ1 and τ2 occur are z′

1 = dtvB + τ1vB and
z′

2 = dtvB + τ2vB, respectively. One finds that the temporal
waveguide a moves to z ∈ [z′

1, z′
2] and the moving speed of

the temporal waveguide is vB. Similar analysis can also apply
to temporal waveguide b. Therefore, the temporal waveguides
a and b are actually two moving refractive index wells in space
with a moving speed vB and the modes in each waveguide is
also moving in space as well. As a result, one can find the
overlap of the evanescent tails of the modes in space, hence
the coupling of the two temporal waveguides can occur. In
fact, when the moving speed of temporal waveguides turns to
vB = 0, it can return to the common spatial coupling case.

For a more complex case shown in Fig. 3(a), the two chan-
nels of the MZI are actually two moving modulation areas
with different moving speeds vB,a and vB,b varying with propa-
gation distance, respectively, which forms the curved temporal
waveguide region. The ports can be regarded as sequentially
appearing refractive index wells in time for an observation
point z. We can fix a specific z for n(τ ), which is the temporal
variation of refractive index at point z and shows when the
temporal waveguide occurs. We take the MZI in Fig. 3(a) as
an example. For simplicity, we denote the centers of port A,
B, C, and D as τA, τB, τC, and τD, respectively. We choose
the observation point for the input signals at z = 0. One can
expect that port A and port B appear sequentially so that the
signals at port A and port B can be observed at t = τA and
t = τB, respectively. Then we choose the observation point for
the output signals at z = L [for the MZI shown in Fig. 3(a),
L = 4m]. One can observe the output signals at port C and
port D at t = τC + L/vB and t = τD + L/vB, respectively. The
input and output ports for the multiport interferometer in
Fig. 4(a) can be defined in a similar manner.
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