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We investigate squeezing of magnons in a conical spin spiral configuration. We find that while the energy of
magnons propagating along the k and the —k directions can be different due to the nonreciprocal dispersion,
these two modes are connected by the squeezing, and hence can be described by the same squeezing parameter.
The squeezing parameter diverges at the center of the Brillouin zone due to the translational Goldstone mode of
the system, but the squeezing also vanishes for certain wave vectors. We discuss possible ways of detecting the

squeezing.
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I. INTRODUCTION

Magnons are collective excitations of magnetically ordered
systems, which may be interpreted as a wave propagat-
ing through the material carrying spin angular momentum
and magnetic moment [1-3]. Due to their relatively low
dissipation, magnons have been proposed as possible can-
didates to process and transport information in computing
architectures [4-7].

Recently there has been growing interest in taking advan-
tage of the quantum-mechanical nature of magnons [5]. One
of these properties is squeezing, where the uncertainty in one
observable is reduced at the cost of an increased variance in
the conjugated observable [6]. The squeezing implies entan-
glement both in the ground state of the system [8—11] as well
as in the excited states carrying a noninteger multiple of 7 as
spin [8]. This entanglement may be utilized by coupling the
magnetic system to quantum dots [12,13].

In contrast to squeezing in photonic systems which may
be achieved under nonequilibrium conditions [14-16], the
squeezing of magnons is an intrinsic property. The degree
of squeezing in ferromagnets can already achieve relatively
large values compared to photonic systems [8], where it is
caused by the relatively weak magnetocrystalline and dipolar
anisotropy terms. Squeezing is further enhanced in antiferro-
magnets [9,10], where the Heisenberg exchange interaction is
responsible for the squeezing, which is typically the largest
magnetic energy scale. Magnon squeezing has also been
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studied in two-sublattice ferrimagnets [17], which interpolate
between the ferromagnetic and antiferromagnetic limits by
tuning the magnitude of the magnetic moment on one of the
sublattices.

An alternative approach to transforming the parallel spin
alignment in ferromagnets to the antiparallel alignment in
antiferromagnets is by continuously increasing the angle be-
tween neighboring spins, leading to the formation of a spin
spiral. Spin spirals may be stabilized by the competition
between ferromagnetic and antiferromagnetic exchange inter-
actions with different neighbors, as is common in, e.g., the
rare-earth metals Ho, Tb, and Dy [18]. The Dzyaloshinsky-
Moriya interaction (DMI) [19,20] is present in materials with
broken inversion symmetry, where it creates spin spirals with
a preferred rotational sense. These have been studied exten-
sively over recent decades both in bulk samples, such as the
B20 class including FeCoSi, MnSi, or Cu,0SeOs [21-23],
as well as in atomically thin magnetic layers including Mn
mono- and double layers on W(110) [24-27]. A planar spin
spiral state often transforms into a conical spin spiral under
the application of an external magnetic field, possessing a
finite net magnetic moment along the cone axis parallel to the
field. The external field may also be utilized to create mag-
netic domain walls or skyrmions [28,29], which themselves
have been suggested as suitable candidates for unconventional
information processing [30-32]. Magnon excitations of spin
spirals and skyrmions have been analyzed in the classical
limit [33], for example, from the standpoint of the topology
of the magnon band structure [34]. Quantum effects and in
particular squeezing in such magnetic configurations seem to
have eluded attention so far.

In this work we investigate magnon squeezing in conical
spin spirals stabilized by frustrated Heisenberg interactions
and DMI in the presence of an external field. The system
enables the analytical description of the magnon dispersion
[35], providing a clear insight into the entanglement between
the modes. The considered system displays nonreciprocal
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spin-wave propagation common in noncollinear spin struc-
tures [33], meaning that the frequency of magnons with
opposite wave vectors differs from each other. We find a high
degree of squeezing which typically increases with the angle
between the spins when going from the ferromagnetic toward
the antiferromagnetic configuration. The squeezing parameter
typically decreases when moving away from the center of
the Brillouin zone, but we find certain curves along which it
exactly vanishes. We establish that the nonreciprocity of the
magnon dispersion is not observed in the squeezing parameter
due to the entanglement between the k and —k modes.

This work is structured as follows. In Sec. II we discuss the
theory of squeezing in a general spin model forming a conical
spin spiral ground state in the classical limit. We discuss
in Sec. IT A the properties of the ground state. Section II B
deals with the determination of the magnon dispersion. Sub-
sequently, in Sec. IIC we calculate the squeezing parameter
rr to quantify the degree of squeezing. Finally, in Sec. III
as a specific example we discuss a two-dimensional square
lattice magnet on a substrate with nearest-neighbor (NN) and
next-nearest-neighbor (NNN) Heisenberg interaction and NN
DML

II. GENERAL SPIN SPIRALS

We consider the Hamiltonian

H = Hex + Hom + Hz, (H
where
A 1 A A
Hoe= 3D 4S5, )
R.,R;

with J;; being the strength of the symmetric Heisenberg ex-
change interaction between spins at sites R; and R;. Note
that with this sign convention, negative and positive values
of J;; denote ferromagnetic and antiferromagnetic coupling,

respectively. S; stands for the dimensionless spin operator at
site R;. The DMl is given by

N 1 n N
Hpmr = zlgvlj (8 x 8)). 3)
i)

D;; expresses the strength of the antisymmetric exchange be-

tween spins at sites R; and R;. It is a vector quantity whose

direction strongly depends on the lattice symmetry as shown

by Moriya [20]. As an antisymmetric interaction, the DMI

changes sign under exchange of the positions D;; = —D ;.
The last term in Eq. (1) reads

Hy = —1upgBy Zﬂ -8, 4
R;

with B, being the external magnetic field oriented along the
unit vector z in this model.

A. Classical ground state

As a starting point for the quantization procedure, we deter-
mine the classical spin configuration minimizing the energy.
For this we substitute S; by S; = (S;) in the Hamiltonian, with

FIG. 1. The classical conical spin spiral state. The configuration
is the ground state of the two-dimensional square lattice model dis-
cussed in Sec. III, with J, = D = 0.2J;|, uggB, = 0.025|J,|, and
¥ ~ 0.47. The color indicates the phase of the rotation g, - R; around
the cone opening direction n.

the ansatz
S; =S[sin (R; - g¢) sin(V)e; + cos (R; - g) sin(?})e;
+cos(d)n], %)

where the unit vectors e;,e;, and n form a right-handed
system. This expression describes a harmonic conical spin
spiral state with the axis of the cone along the n direction, as
illustrated in Fig. 1. Here S is the spin quantum number, ¥ is
the opening angle of the cone, and g, is the wave vector of the
spin spiral. In Eq. (4) it was assumed that the magnetic field
is pointing along the cone axis n. Deviations from this would
induce distortions in the spin spiral compared to the harmonic
form, making a general analytical treatment impossible.

Substituting S; into Eq. (1) we end up with the classical
energy

SN
Ea = - {S[cos2 @)y + sin*(0)(Jy, +iD%,)]

— 2upgBy, cos(¥)}. (6)

Jq, and Dy are the spatial Fourier transforms of the symmetric
and antisymmetric exchange interactions for wave vector g,

Jog= ) Jye Bk,
R—R;

Dy, = Y Dye KRy, @)
R;—R

Dy =n Dy, is given by the projection of the Fourier trans-
form of the DMI onto the cone opening direction.

The exact form of Fourier transforms of the DMI and
the Heisenberg interaction depend on the symmetry of the
considered lattice chosen. One should note that since J;; is
symmetric, J_4 = J,, is always a real symmetric quantity,
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while the antisymmetry of D;; implies D", = —Dj to be
purely imaginary, i.e., iD;U is real and antisymmetric.

We need to minimize Eq. (6) with respect to the parameters
v and ¢q,, with the precise derivation given in Appendix B 1.
Minimizing the energy with respect to the opening angle ¢ of
the spin cone yields two possible solutions,
cost = MBgB", (8)

A'Io

sin® =0 and

where the latter depends on Ay = S[Jo — (Jg, + iDZo )] and
therefore on gy. The minimum is given by sin® =0 for
Ag, < 0 or |uggBul > |Ag,|. In this case the spins align fer-
romagnetically along the magnetic field direction. The second
solution describes a spin spiral ground state, which is planar
(0 = /2) for B, = 0 and conical otherwise. Increasing the
magnetic field eventually closes the cone and forces the sys-
tem into the collinear configuration.

Minimizing the energy with respect to g, is equivalent to
solving

g, (Jg, +1iDy ) =0, €))

and proving that the solution is a minimum. This condition
implicitly depends on the choice of the n direction through
DZD. We use the following procedure for the minimization:
First, we determine Dy, based on the symmetries of the sys-
tem [20]. Second, for each g, we set the n direction to be
antiparallel to iDg, , since this minimizes /Dy when g, is fixed.
Third, we solve Eq. (9) to find the wave vector. Note that
this establishes a connection between the direction of g, and
the n direction. Since Eq. (9) is independent of the magnetic
field, this only means that the field must be oriented along
the n direction determined from the minimization procedure.
Fourth, we calculate ¢ from Eq. (8). Note that the wave vector
specified by Eq. (9) does not depend on the opening angle
¥ assuming that the configuration is a real spin spiral, i.e.,
sin ¥ # 0.

An example for determining the classical ground state will
be discussed for a specific system in Sec. III.

B. Magnon spectrum

We determine the single-particle excitations of the
quantum-mechanical system Eq. (1) by an expansion around
the classical ground state. With the parameters given by
Egs. (8) and (9) we define

sin (R; - q,) cos(P) —cos (R; - qy)
e =|cos(R;-qp)cos(P) |, er=]| sin(R;-qy) |,
—sin(?¥}) 0
sin (R; - q,) sin(?)
1
€3 = ESi = | cos (R; - gy)sin(?}) |, (10)

cos(1})

expressed in the global basis {e;,e;,n}. The vectors
e;1,e;2,e;3 form the basis of the right-handed coordinate
system for the spin at site R;, with the spin along the e; 3
direction in the classical ground state. To calculate the magnon

spectrum, we apply the Holstein-Primakoff transformation
[36] in its linearized version,

/S(A _}_Af) $ . /S(A ah)
i1 =4/ 7 \diT4;), i2 = "L/ za—a;)
.1 2 1 ’2 2 1

3=S8—ala (11)

S
S 171
with Si,a = S‘i -e;, using the coordinate system defined
in Eq. (10), and choosing the operators corresponding to
the right-handed ordering of the eigenvectors. [4;, &j] =4
are bosonic creation and annihilation operators. This so-
called linear spin-wave approximation is an expansion of
V1 —ata/(2S) for small magnon occupation numbers (&' a)
compared to the spin length 25. We want to emphasize that
since the spin waves are delocalized as will be seen below,
this means only that the total number of magnons must be
smaller than the total spin ), (&l&k) < 2NS with N being the
number of lattice sites. Due to this, larger magnon numbers
are possible without violating the linear spin-wave condition.
After performing Fourier transformation in real space, the
spin-wave Hamiltonian takes the form

Hsw = D lowdjay + pdwa s+ ppaga’ 1, (12)
keBZ
where k runs over the atomic Brillouin zone (BZ) of the sys-
tem in the extended-zone scheme [33]. Note that the Fourier
transformation can be used to diagonalize the Hamiltonian
only because the spin spiral is harmonic and can be described
by a single wave vector q,. For anharmonic spirals, energy
splittings would appear, which can be interpreted as multiple
bands in the reduced magnetic Brillouin zone.
The parameters in Eq. (12) are derived in Appendix A and
given by

s, I
Hie = Zsﬁ Ji — E(Jk_'lu + Jk+'Iu)

i
+ 5 (Dig, — D}"HO)} (13)
and

wr =2k — S(‘I‘Io + iDZO)
S .
+ z(l + Cﬁ)(]k+q0 + ZDZHIU)

S .
+ 5(1 — o) (Jk—g, — zD,';_qo), (14)

where we introduced sin# = sy and cos ¥t = ¢y to shorten
the expressions. In the determination of uy; and w; we used
the second solution in Eq. (8) and substituted the parts con-
taining the magnetic field through A, and cos (). In case
of sin(¥) = 0 being the appropriate ground state, one would
end up with px = 0. This corresponds to the field-polarized
ferromagnetic case and would already diagonalize the Hamil-
tonian in the Fock space for magnons with wave vector k, with
energies equal to

wx = S(Ji £ iD}) — SJo £ upgBaS. (15)

where the plus sign is used for ¢ = 0 and the minus sign for
U =m.
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It can be shown that u_; = g and w_y # @y by using

k——k
Jk+q — J—k+q = Jk—qa
k——k
n n _ n
ktg > Doiig = Diyg- (16)

The final step in the diagonalization procedure is to perform
a Bogoliubov transformation by introducing new bosonic op-
erators & which are connected to the original operators d; by
the Bogoliubov matrix

G e v\ [ G
(AT >= ( ) ) ( ) e = > = 1. (17)
a_g Ve U ) \%_

J

After performing the Bogoliubov transformation, the Hamil-
tonian takes the form

Hsw= ) ubjd,. (18)
keBZ

which is diagonal in the Fock space of the new magnons &.
The Bogoliubov parameters take the values

Q_ . —Q
w = M v = —e M’ (19)
Qr+ Qg Qr + Qg

with ¢, being the complex phase of 1. The frequency of a
magnon with wave vector k is given by

1 Scy - -
Q= > l(ox — w) + Ji@r + 007 = 1611 = — [ty = Je-go +i(Ditsq, + Diy,)]

. 1 i
5 =gy +5) + 2 (Uhvg, + kg + 2Dl = DL,

2

2

2
x \/‘S%Jk + %[-’k+q0 + Jk*‘lo + i(Dz+q0 - Dz—qo)] - (‘I‘Io + lDZO) (20)

Using wy # w—_i it becomes clear that € # Q_; when the
spin spiral is not planar, i.e., for cos ¥ # 0. This is known as
nonreciprocal magnon propagation. While the nonreciprocal
propagation is often connected to the presence of the DMI,
which is indeed required for it in the ferromagnetic limit
of Eq. (15), in this case the symmetry between k and —k
magnons is broken by the rotational sense of the spin spiral
characterized by ¢, and the presence of a finite net magnetic
moment that breaks time-reversal symmetry.

The spin-wave dispersion in Eq. (20) is equivalent to the
zero-temperature limit of the dispersion relation derived in
Ref. [35] for S = 1/2.

C. Squeezing parameters

The Bogoliubov transformation in Eq. (17) connects the
magnon operators with wave vectors k and —k. This is
analogous to the situation in ferromagnets [8] and in antifer-
romagnets [9], which are included in the present formalism
for spin-spiral wave vectors q, = 0 and g, = b/2, where b
is a basis vector of the atomic reciprocal lattice, respectively.
Squeezing between k and —k is described by the two-mode-
squeezing operator

$o(r) = exp(ryana_x — re@ja’ ). (1)

The degree of squeezing in a system can be given in terms of
the absolute value of the complex squeezing parameter 7. Ina
biaxial ferromagnet, squeezing can be imagined as a reduction
of the standard deviation of the spin component along the hard
axis and a simultaneous increase of the standard deviation of
the spin component along the intermediate axis. The product
of the standard deviations, as limited by the Heisenberg uncer-
tainty principle, remains conserved. In a conical spin spiral the
squeezing also describes the different values of the standard
deviations of the spin components perpendicular to the equi-
librium direction, but the situation is more complicated since

(

these directions are defined in the local coordinate system of
Eq. (10), which changes from site to site, as can be seen in
Fig. 2. The phase ¢,, of r; determines along which direction
the standard deviation is reduced or enhanced. However, the
value of the phase is not gauge-invariant, i.e., it depends on
the choice of e;; and e;, in Eq. (10), which may be freely
chosen as long as the right-handed orientation of the frame is
conserved.

The product of the squeezing operators over the k vectors
in half of the Brillouin zone [ [, S, () transforms the classical

—_
AS,
(b)

FIG. 2. Standard deviations of the spin components orthogonal
to the ground-state direction. (a) Ferromagnetic ordering with no
squeezing in the standard deviations of the x and y component of
the spins. Standard deviations at different sites lie in the same plane.
(b) Spin spiral ordering with squeezed standard deviations in orthog-
onal directions. Standard deviations lie in different planes depending
on the site and the corresponding local frame [Eq. (10)].

(a)
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vacuum state, which is destroyed by each original magnon
operator dy, to the approximate quantum or squeezed vacuum
of linear spin-wave theory, which is destroyed by the magnon
eigenstates &y. Note that the squeezing operator creates pairs
of the original magnons with opposite wave vectors, similarly
to Cooper pairs in Bardeen-Cooper-Schrieffer theory; the dif-
ference is that higher magnon occupations are also present in
the squeezed vacuum due to the bosonic commutation rela-
tions. Due to the construction of the bosonic Fock space, the
original magnon states are highly entangled in the squeezed
vacuum [9].

The connection between the vacua implies that the trans-
formation of the operators has to follow

ar = Sa(r)aSy (1)
= cosh(|rg|)ax + e sinh(|re|)a’ . (22)

The connection between the squeezing parameter and the
matrix elements of the Bogoliubov matrix in Eq. (17) is given
by

ur = cosh(|rg]), vk = —e™x sinh(|rg). (23)

Using this equation and Eq. (19), one can determine the
squeezing parameter for a mode with wave vector k in a
conical spin spiral,

Wy —

tanh(|rg]) = .| —,
(17| o F s

(/)rk = _¢Mk7 (24)

constituting the central result of this work.
Using Eq. (20) one can show that

wr F Qi = o F Qg (25)
Together with Eq. (24) this leads to

= -Q
tanh(|r_g|) = @k — %ok EqQ5 [ Ok T Mk
w_r + 2 wr + Qg
= tanh(|ry|), (26)

meaning that the squeezing parameter is invariant under
wave-vector inversion despite the nonreciprocal magnon
propagation. In the present choice of gauge, the phase ¢,, =
—@,, 18 also invariant since g is even under inverting the
wave vector. This is explained by the fact that the two-mode-
squeezing operator in Eq. (21) assigns a single squeezing
parameter to the pair of magnon operators at wave vectors k
and —k. It is also worth noting that the squeezing vanishes
for ux = 0, since this leads to € = wy, for example, in the
collinear polarized state with the spectrum given in Eq. (15).

It is also important to note that the squeezing parameter
diverges as k — 0 and is not defined for the uniform mode
k = 0. For this mode wy = 219 and 2¢ = 0 which makes it
impossible to diagonalize the Hamiltonian using a Bogoli-
ubov transformation fulfilling Eq. (17). In the formalism of
non-Hermitian eigenvalue equations, this is known as an ex-
ceptional point; note that while the spin-wave Hamiltonian
is Hermitian, the equation of motion is enforced to be non-
Hermitian by the bosonic commutation relations [37].

The divergence of the squeezing parameter at k = (0 was
also found in isotropic antiferromagnets in Ref. [9] and is

connected to the Goldstone mode of the system. In a com-
mensurate spin structure such as a collinear antiferromagnet,
the Goldstone mode related to the global spin rotation may
be lifted by an arbitrarily weak anisotropy term. However, for
the incommensurate spin spirals discussed here, the Goldstone
mode is related to the translation of the spiral along the wave
vector direction ¢, and including an anisotropy term in the
plane of the spiral would only distort its shape but would not
obstruct its translation, unless the anisotropy term is strong
enough to lock the spiral into a commensurate state. In exper-
iments, the spin spiral can no longer be freely translated due to
pinning at, e.g., local impurities, grain boundaries, step edges,
or the ends of the sample. Since the pinning is expected to be
relatively weak in clean samples, the magnon modes with low
wave vectors in conical spin spirals are always very strongly
squeezed.

Since the squeezing parameter is related to, although not
simply proportional to, the parameter p; in Eq. (13), ana-
lyzing this equation will give a qualitative understanding of
the squeezing parameter. The value of p; decreases as sin ¢
is decreased, i.e., as the external magnetic field closes the
cone angle and drives the system into the collinear state. For
q, = 0 describing a ferromagnetic alignment, the squeezing
vanishes as no anisotropy is present, as already discussed in
Ref. [8]. With increasing values of q,, u increases as the
Heisenberg interactions and the DMI start contributing to the
squeezing. This is relevant in particular for magnon wave
vectors |k| < |g,|, and the squeezing is expected to decrease
for larger k. However, apart from this qualitative decrease, the
condition p; = 0 implying a vanishing squeezing parameter
defines a subspace of codimension one in reciprocal space,
i.e., a curve in two dimensions and a surface in three dimen-
sions. Magnons with opposite wave vectors located on this
subspace are not present in the squeezed vacuum and thus are
exempt from the entanglement.

III. APPLICATION TO AN EXAMPLE SYSTEM

As an example system, we investigate a 2D square lat-
tice lying in the xy plane. We consider a NN ferromagnetic
Heisenberg interaction J; < 0, and express all other parame-
ters in units of |J;|. Besides the field energy uggB,, we take
into account NNN Heisenberg interaction J, and NN DMI of
strength D. We assume the square lattice to be on a nonmag-
netic substrate with C4, symmetry. The substrate is necessary
for breaking the inversion symmetry required for a finite DMI.
The interactions are sketched in Fig. 7 in Appendix B.

Generally, both an antiferromagnetic NNN Heisenberg
term J, > 0 and the DMI D could stabilize a spin spiral when
competing with J;. As will be discussed below, in the present
system only ferromagnetic and row-wise antiferromagnetic
states are stabilized in the absence of DMI. The J, term
enables to tune the wave vector of the spin spiral in the whole
range between the ferromagnetic and the antiferromagnetic
limits, while the DMI would only be able to open a maximum
angle of 7 /2 between neighboring spins. Another motivation
for taking into account J; is that for only NN Heisenberg and
DMI terms, the minimum condition in Eq. (9) would cause the
magnon dispersion to be reciprocal in the conical spin spiral
state, wy = w_g in Eq. (14). This situation has to be avoided
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D/| 4]

FP sS|

Allowed configurations

(1,0,0) 1SS SS

| (1,1,0)

FIG. 3. Phase diagram of the classical ground state of a two-
dimensional square lattice magnet as a function of NNN Heisenberg
coupling J, and DMI D, displaying field-polarized (FP), conical spin
spiral (SS), and intermediate spin spiral (ISS) configurations with
different orientations of the wave vector g,. We fixed the field energy
to be upgB, = 0.025|J;|. The red dot and the blue triangle corre-
spond to J, = 0.2|/;|, D = 0.2/;], and J, = 0.4|J;|, D = 0.2]J;],
respectively. The black dashed line is the analytic boundary of the
FP state given by Eq. (30).

since it would be related to the choice of parameters, not to the
symmetry of the system. A related effect was observed in the
continuum limit in Ref. [38], where nonreciprocity required
taking higher-order derivatives into account.

The Fourier transform of the interactions are given by

Jr = 2Ji[cos(aky) + cos(aky)] + 4J, cos(ak,) cos(ak,)

(27)
and
— sin(ak,)
D, = —-2iD| sin(ak,) |, (28)
0

where a is the lattice constant.
As discussed in Sec. I B, for each spiral wave vector g, we
select the cone axis n to be antiparallel to D, , leading to

Dy = —i—2i|D|\/sin2 (aqy) + sin® (ag}). (29)

Note that the n direction always lies in the xy plane.

With Egs. (27) and (29) we can now determine the minima
of the classical energy using Eq. (9). An analytical calcula-
tion of the extrema detailed in Appendix B yields four kinds
of possible configurations, which are displayed in the phase
diagram in Fig. 3.

The first one is the field-polarized (FP) configuration, cor-
responding to a collinear alignment of the spins along the
magnetic field direction with ¥ € {0, w}. This is the ground
state if the magnetic field becomes stronger than the interac-

tions between the spins, represented by A, in Eq. (8), thereby
closing the cone angle. The boundary of the FP configuration
in the phase diagram can be estimated for small field strengths
by

ID| < v/~ upgBa(Jy + 2J2) (30)

for J; + 2J, < 0. This is denoted by the black dashed line in
Fig. 3. As expected, the field-polarized region becomes more
extended as the magnetic field is increased.

The other three phases correspond to conical spin spiral
(SS) configurations differing in the direction of the wave
vector g, on which the NNN Heisenberg coupling J, has the
strongest effect. We get g, || e/, for large values of J,/|Ji].
This corresponds to ferromagnetic rows along the e,/ direc-
tion, while along the perpendicular direction the spins are
rotating. For small J,/|J; | the wave vector lies along the diag-
onal of the square lattice with ¢, = £¢;. The two regions are
connected by the intermediate spin spiral (ISS) configuration
where g, continuously rotates from the (1,0,0) direction along
the axis towards the (1,1,0) along the diagonal, given by the
expression

. B . N
\/smz (agy) + sin? (agy) = 0

This region becomes wider for higher D values. Note that in
all spin spiral configurations, energetically equivalent states
are found if g, and the cone axis direction are transformed by
the symmetries of the square lattice.

We also discuss the configurations along the line D = 0.
For pupgB, =0, a ferromagnetic state (g, = 0) is formed
for J, < |J;1]/2, and the classical ground state is rowwise
antiferromagnetic (g, = (7 /a, 0, 0)) for J, > |J1]|/2. At the
point J, = |Ji|/2, all spin spirals with wave vectors along
the (1, 0, 0) direction are degenerate. This demonstrates that
the DMI is necessary for finding a unique spin spiral ground
state. Under applying a magnetic field, the ferromagnetic and
the antiferromagnetic configurations transform into a tilted
collinear and a spin-flop state, respectively. The magnetic
field also selects the g, = 0 wave vector as the energetically
preferred one at J, = |J;|/2. These configurations are difficult
to denote in the two-dimensional phase diagram since they
are restricted to a line. However, they can be included in the
SS configuration with g || (1, 0, 0), for specific values of the
wave vector.

We investigate the magnon spectrum and the squeezing in
two points of the phase diagram, J, = 0.2|J;|, D = 0.2]J]
with ¥ = 0.4 and aqo ~ 0.077 along (1,1,0), and J, =
0.4|/1], D = 0.2]J;| with ¥ ~ 0.457 and alq,| = 7 /4 along
(1,0,0), denoted by a red dot and a blue triangle in Fig. 3,
respectively.

The magnon dispersion for the blue triangle in Fig. 3 is
shown in Fig. 4, while the magnon nonreciprocity given by

AQp = (2 — Q)
= Sco [irg, = kg, + i(DZ+qo + Dlr;fqo)] G

is illustrated in Figs. 5(a) and 5(b) for the two states mentioned
above.

The spectrum in Fig. 4 displays a Goldstone mode with
zero frequency k = 0, which arises because translating the
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£, =
; s wla

FIG. 4. Energy dispersion, in units of |J/;|, for magnons with
wave vector k when the system is in the classical SS configuration
along (1,0,0) with uggB, = 0.025|J;|, J, = 0.4|J;| and D = 0.2|J;].

spin spiral along g, costs no energy, as discussed in Sec. IIC.
Overall, the magnon frequencies increase when moving away
from the center of the Brillouin zone, but there is an asym-
metry between wave vectors k and —k, which is easier to see
in Fig. 5. This asymmetry reaches high values of the order of
|/1| away from the center of the Brillouin zone. Comparing
Figs. 5(a) and 5(b), it can be concluded that the energy differ-
ence completely vanishes orthogonal to g, as well as along the
lattice vectors e,/,. The disappearance of the nonreciprocity
perpendicular to g, is enforced by the C4, symmetry of the

wra
(a) ™/ AQrer /|| & 0.7

—7/a

—7/a

—0.3 —0.15 0 0.15 0.3
AQ /4]

system when the spin spiral wave vector lies in a mirror
plane. The vanishing of A€ along the main axes appears
to be specific to the choice of interaction parameters, and
may be lifted if interactions with further neighbors are taken
into account. Even for a generic direction of g, (e.g., in the
ISS) and for a spin model containing more interaction terms,
there must be a line crossing the whole Brillouin zone along
which the nonreciprocity vanishes, since A2 is continuous
and by definition has to change sign when reversing the wave
vector direction. Overall, magnons traveling along g, opposed
to along —¢q, seem to have a lower energy, therefore they are
easier to excite.

The squeezing parameters from Eq. (24) are displayed in
Fig. 6 for the two considered spin spiral states. This displays
the patterns discussed in Sec. I C. The squeezing, in contrast
to the dispersion, is always symmetric between k and —k. In
particular, the squeezing parameter respects a C,, symmetry,
as expected by reducing the C4, symmetry by the direction
of the spin spiral wave vector, which is located in a mirror
plane. The squeezing parameter diverges as the Goldstone
mode k = 0 is approached. It generally decreases towards
the boundary of the Brillouin zone, similarly to what was
observed for the antiferromagnetic configuration in Ref. [10].
However, at the brightest yellow curves inside the atomic
Brillouin zone the parameter uy in Eq. (13), and conse-
quently the squeezing rg, vanish. For the wave vector along
the (1, 1,0) direction in Fig. 6(a), these curves are almost
perpendicular to g,. For g, || (1, 0, 0) in Fig. 6(b), the curves
with vanishing squeezing are almost parallel to the x and y
directions, which are parallel and perpendicular to g, respec-
tively. Here the squeezing does vanish for certain wave vectors
perpendicular to q,. The distance of the curves with vanishing
i from the center of the Brillouin zone depends on the mag-

(b) T/a

AQP /[Ty ~ 1.4

_Tr/ﬁ’ﬂ'/a

—0.5 —0.25 0 0.25 0.5
A/ 0]

FIG. 5. Magnon nonreciprocity A, = Q — Q_ for different directions of the spin spiral wave vector g,. (a) SS along (1,1,0) with
J, = 0.21J;], D =0.2)J;] and goa ~ 0.22(1,1,0)". The colorbar is capped at |AS| = 0.3]J;| with maximal energy difference AQP™ =
0.7]J;|. (b) SS along (1,0,0) with J, = 0.4|/,|, D = 0.2]J;| and gya = 7 /4(1, 0, 0)". The colorbar is capped at | A2;| = 0.5]J;| with maximal
energy difference AQ™ = 1.4|/,|. The arrows show the direction of g, for each spin spiral but not its proper length. Both figures use

upgB, = 0.025|J;|and S = 1.
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()

sl —7/a

(b)

sl —7/a

FIG. 6. Absolute value of the squeezing parameter r; for different classical ground states. (a) SS along (1,1,0) with J, = 0.2]/;| and
D = 0.2|J;|. The color scale is capped at |r;| = 0.01, such that finer details get revealed. (b) SS along (1,0,0) with J, = 0.4|J;| and D = 0.2|/Jy].
The color scale is capped at |r;| = 0.1. In both cases the squeezing diverges when approaching the uniform £ = 0 mode. Both figures use

nitude of g, but the quantitative relationship between these
quantities appears to be dependent on the model parameters.

IV. CONCLUSION

We calculated the squeezing of magnons in a conical spin
spiral state. Within linear spin-wave theory, the ground state
of the system may be described by a vacuum where pairs
of magnons with wave vectors k and —k undergo squeez-
ing. Although the spin spiral structure together with a finite
net magnetization leads to a nonreciprocal propagation of
magnons, the squeezing parameter is symmetric under revers-
ing the direction of the wave vector since it describes a pair of
magnons with opposite wave vectors. The nonreciprocity and
the squeezing stem from different underlying mechanisms. On
the one hand, the nonreciprocity can be attributed to the spin
waves propagating on a spin-spiral background with a fixed
rotational sense, which acts differently on magnons with wave
vectors k and —k which possess opposite rotational senses. On
the other hand, the governing factor for the squeezing is that
the spin structure is locally anisotropic, causing the spins to
precess on an elliptic trajectory.

The degree of squeezing in the spin spiral state interpolates
between the ferromagnetic limit, where it vanishes due to the
absence of an anisotropy term, to the antiferromagnetic limit,
where it is exchange-dominated, by changing the wave vector
q, of the spiral or by closing the cone angle. The squeezing
is found to diverge when approaching the k = 0 Goldstone
mode, and this divergence is not possible to be removed by
magnetic anisotropy in incommensurate spin spiral states, in
contrast to the commensurate ferromagnetic or antiferromag-
netic states. The squeezing parameter is qualitatively found
to decrease away from the center of the Brillouin zone, but it
exactly vanishes for wave vectors located on certain curves
in two-dimensional and on surfaces in three-dimensional
systems.

The results were illustrated on a two-dimensional square
lattice taking nearest-neighbor and next-nearest-neighbor
Heisenberg and nearest-neighbor Dzyaloshinsky-Moriya in-
teractions into account. We identified the regime in the
parameter space where the conical spin spiral state is stable,
and discussed how the preferred orientation of the spin spiral
wave vector is changing while varying the interactions. The
direction of the wave vector is found to be reflected in the
nonreciprocity of the magnon dispersion and the squeezing
parameter in the Brillouin zone.

The squeezing of magnons describes the decrease in the
standard deviation of one spin component at the cost of
increasing the standard deviation in the conjugate spin compo-
nent in the plane perpendicular to the magnetization direction
in the classical ground state. As described in Ref. [39],
this effect is intrinsically related to the classical concept of
elliptic spin-wave polarization, where the spins precess on
an elliptic path around their equilibrium direction. The anal-
ogy relies on the equivalence of the calculation of magnon
frequencies and eigenvectors in quantum and classical linear
spin-wave theory. This makes it possible to assess certain
signatures of squeezing in classical observables [9]: For ex-
ample, the elliptic polarization of spin waves is reflected
in their linewidth in resonance experiments [40], while the
different components of transversal spin correlations are ac-
cessible in spin-polarized electron and neutron scattering
experiments. Resonance experiments are suitable for measur-
ing the global spin polarization, and interestingly it has been
demonstrated in Ref. [41] that the global polarization of the
resonance modes in conical spin spirals depends sensitively
on the sample shape. Linearly polarized modes maximizing
the ellipticity have been predicted in a wide parameter range.
Changing the sample shape would correspond to breaking
the assumed rotational symmetry around the direction of the
magnetic field, which could be the subject of future work. We
conjecture that the squeezing, which is connected to the local
elliptic polarization at each lattice site [cf. Fig. 2(b)], should
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be less sensitive to this symmetry breaking than the linear
response which is determined by the global elliptic polariza-
tion. This indicates that although the squeezing is connected
to the elliptic polarization, the experimental observations have
to be analyzed carefully in order to extract the squeezing
parameters.

Importantly, the squeezing also leads to a decrease in the
longitudinal spin component in the quantum limit, which is
not observed in the classical case. This enables its detection
through longitudinal spin oscillations, for example, via the
measurement of the light polarization rotation after the op-
tical excitation of magnon pairs with opposite wave vectors
in Ref. [42]. The creation of such magnon pairs in the con-
ical spin spiral states discussed here would be particularly
intriguing, since the magnons traveling along opposite direc-
tions possess different frequencies due to the nonreciprocity,
which might be used to spatially separate them to take advan-
tage of the entanglement encoded in their common squeezing
parameter.
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APPENDIX A: CALCULATION OF THE
MAGNON DISPERSION

Here we give a short derivation of the energy dispersion
given in Eq. (20). We start from the Hamiltonian in Eq. (1),
assume that the classical ground state was already determined,
and at each site we apply the local eigensystem (e; 1, €;2, €, 3)
given in Eq. (10). We define the scalar product of the local
eigenvectors with the global eigenvectors of the cone system
(e1,ex,n)as e, =e,- e, witha € {1,2,n}, me{l,2,3}
and e, = n.

Using this, we get the following equations for the different
combinations of spin products appearing in Egs. (2)—(4):

Si'gj= Z (ei,m'ej,l)gi,mgj,ls (Al)
m,le{1,2,3}

$¢80 = > et 8imSia, (A2)
m,lel1,2,3)

> e Sim. (A3)
me(1,2,3}

This enables rewriting the Hamiltonian in the following man-

ner:
“rl:ZS off ~|—ZES,, (A4)
R.R;

with
E:’; Jlj(elm ejl)"f‘ an( €im /l e?’me;’l)’ l;,é],
(AS)
gyl =0, (A6)
" =— upgBue},,. (A7)

We perform the Holstein-Primakoff transformation given by
Eq. (11), resulting in the linearized spin-wave Hamiltonian

_ R
Hsw = E a; xi;a;,
R.R;

(A8)

with a; = (&, Ezj)T and where we dropped constant terms.
The components of the different x;; fori # j are connected
to the E;; and &; parameters as follows:

e = 5lah + 23 - (2 - )]
= ("), (A9)
S
;7 = E[Eilj1 o Ezzjz o i(Eiljz + Elzll)]
= ()" (A10)
and for i = j one obtains
aa S L] ~ [l ~
uT - E[c‘tltl + L:“1212 Z(Hlllz - C‘izil)]
—sYy (ef+&Y)—258) - ¢
J
=-5) (87 +8%)-¢. (A1)
J
¢ = SE e iE )] =0, @)
e=oE - iElrE)] =0 @A)

Since the system is expanded around the classical ground
state, the terms linear in the creation and annihilation oper-
ators must vanish.

In the next step, we perform Fourier transformation on the
creation and annihilation operators,

1
_Ze+lkR&k
VN 4

which leads to the Hamiltonian in Eq. (12). The coefficients
are then given by

1 —ik-R;
ay = — e a;, a;= (Al14)

Mk = Xu + th H—Se ivk ’ (AIS)

o= 20+ X:”:ise’” +xf e ), (A16)

where § is a lattice vector. Using trigonometric identities to
express the products of the components of the eigenvectors
e; m, Fourier transforms of the interaction coefficients with
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wave vectors shifted by g, appear in the Hamiltonian,

Jk:FqO — Z JR‘_RjeiiRifquoefiRifR,wk , (A17)
Ri—R,
gy = 2 Do @M me 0Tk (A1)
Ri—R,
Collecting the terms yields
2 S5 - 2 ryn
wr =8| —cydo — ?(2./,10 —Jr) — zsz,qu
1 1 2 a1
+ Z(Czs —1) (Jk—qn — le—‘Io)
1 5 )
o 4 1Py, +iD,) |
+ uBgBuScy, (A19)

and Eq. (13) for u. Inserting the second equation of Eq. (8)
into Eq. (A19) yields Eq. (14).

The magnon frequencies 2 and the coefficients of the Bo-
goliubov transformation in Eq. (19) are determined by solving
the eigenvalue problem of

Wy 24y ug\ U,
(S 2)Ce) ==(it)

APPENDIX B: CALCULATION OF THE GROUND STATE

(A20)

1. General interactions

Here we derive Egs. (8) and (9) as well as the direction
of the cone axis direction r, which will be represented by
the angle variable n - iDg = |Dy | cosy. We start from the
classical energy given by Eq. (6) and define £, = 2E./(SN).
This yields for the derivatives with respect to (¢, g, ¥)

)2
a—; = —2sin(9)[cos(9)A,, — upgBs] =0, (B1)
dEq . .
aqg; = sin’(9)dyq (Jg, + D} ) =0, (B2)
dE,
a—c‘ = isin®(9)d, Dy = —sin’(9)|Dy,| sin(y) = 0. (B3)
14

Equation (B1) is fulfilled for the solutions given in Eq. (8). As
already mentioned in the main text, solving Eq. (B2) requires
knowing the specific form of the Fourier transforms, which
will be performed for the square lattice in Appendix B 2. For
the opening direction of the cone one obtains from Eq. (B3)
that n should be either parallel or antiparallel to Dy, .

Finding the minima from the stationary points satisfying
Egs. (B1)—~(B3) may be performed by substituting them back
in the energy expression, or by evaluating the Hessian

Hy 0 0 >
0°F,
H=[0 H, o H=2. @
0 0 H, e o

where H,  is the d x d matrix containing the second deriva-
tives with respect to the components of q,, where d is the
dimension of the system. Note that the off-diagonal com-
ponents of H are generally nonzero, but they vanish in the

N Jo 2
| 2
\\ 1 /,
B N ’
N\ | 1D
\\ . ,/
‘ V4 ' \ i ‘
,/ | \\
I,, | \\\
) ,/ ’. \\
>

FIG. 7. Interactions in the square-lattice model. The interaction
Ji acts between the middle site and the neighboring sites [green lines,
parallel to the x (y) direction]. The interaction J, acts between the
middle site and the next-neighboring sites (blue, diagonal lines). The
Dzyaloshinsky—Moriya vectors D (red arrows) between neighboring
atoms are perpendicular to the connecting lines in the C4, symmetry
class. The magnetic field B (purple arrow) is indicated in the upper
left corner. Arrows inside the spheres illustrate the spin spiral.

stationary points. The second derivatives with respect to ¢ and
y decouple and therefore need to be positive in the minimum.
For ¥ this yields

82 ~cl

992

= 2{cos(?)upgBu — [cos®(?) — sin*(#)]A4,, } > 0.
(BS)

This implies that & € {0, 7} will only be a minimum if

uBgBn > Ay, or upgB, < —Ay,, and cos(¥) = upgB. /Ay,

only for Ay, > 0 and upg|Ba| < |Ag,|.
The direction of n is determined by

= —sin*(#)|Dy, | cos(y) > 0, (B6)

32Eq
ay?
which together with Eq. (B3) yields y = m, and therefore

iDyg,
Dy,

n= . (B7)

As mentioned in the main text, this condition holds for all
wave vectors ¢, and the direction of the external field will
be rotated to agree with the n direction determined from this
condition. To determine g, via solving Eq. (B2) and calculat-
ing the eigenvalues of H, , we need to specify the system and
determine J,, and DZO, which will be performed for the square
lattice next.

2. Square lattice

We regard the system described in Sec. III and shown in
Fig. 7. The Fourier transform of the Heisenberg exchange
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reads

Ji = 2Ji[cos (ak,) + cos (ak,)]
+ 2J2{cos [a(ky + ky)] + cos [a(k, — ky)]}  (B8)

= 2Ji[cos (ak,) + cos (ak,)]
+4J, cos (ak,) cos (ak,). (B9)

For determining the directions of the Dzyaloshinsky-Moriya
vectors, we assume a square-lattice magnet on a substrate with
Cy4, symmetry. The substrate is necessary to break inversion
symmetry between two spins, otherwise no DMI would be
present. Following the rules for the DMI direction as listed
by Moriya [20], we conclude that D;; points along the x(y)
direction if the vector connecting the two spins point along
the y(x) direction, as can be seen in Fig. 7. Furthermore, using
D,‘j = —Dj,' we get

— sin (ak,) 0

Dy =2iD 0 + | sin(aky) | |, (B10)
0 0

Dl = 2iD|\/sin® (agf) +sin® (aqy).  (BID)

With the expressions for J; and Dy, we can calculate the
derivative of the classical energy (B2) with respect to gy,

8E‘cl
9o

= — 2asin®(¥)sin (aqf)) |:Jl + 2J, cos (aq(y))

D] cos (agg) } “o. @n
\/ sin” (aqp) + sin® (agy)

One gets a similar equation for the derivative with respect to
¢ with the x and y components of g, exchanged.

From these equations we are able to derive the SS con-
figuration with different wave vectors discussed in Sec. III,
while the FP configuration stems from the first solution in
Eq. (8). In case of vanishing DMI, the stationary points are
gya € {0, } and gya € {0, 7}, and the minimum is given by
the ferromagnetic state for J/|Ji| < 1/2 and the rowwise
antiferromagnetic state for J,/|J;| > 1/2. For J,/|J;| = 1/2,
states with all values of g are stationary for ¢y = 0, and they
are also energetically degenerate.

For a finite DMI, the SS along (1,0,0) is a stationary state
if sin(aqf)) = 0 with i € {x, y}. For the other component of g,

which we will call qé, this would lead to
|D| cos (aqé)

Ji 4+ 2ridr + :
P in (aq))|

=0, (B13)

where r; = £1if g, = 0 or 7. Solving this equation yields qé.
If we rewrite the system of equations (B12) by subtracting
the derivatives with respect to ¢y and gy, we end up with

D] [cos (agg)— cos (aqy)]
\/ sin® (agy) + sin® (agg)
(B14)

This equation already yields the two other directions for the
wave vector. For cos (agy) # cos (aqﬁ), qo is between the
(1,0,0) and (1,1,0) directions, found as the solution of

o o Dl
v (agi) + sin® aqg) = 5.

2J;[cos (aqgy) — cos (aqy)] =0.

(B15)

together with
Ji + 2J2[cos (aqy) + cos (aqy)] = 0,

which is obtained when substituting the first equation into
the sum over the derivatives along ¢ and gy. The two equa-
tions yield that 0 < —J, /(2+/2) <J> and 0 < |D|/(2v/2) < J
are required for this solution to be found.

Again regarding Eq. (B14) and the second possible solu-
tion of ¢ = %¢ = go, which corresponds to a SS with wave
vector along (1,1,0), we find the sum of the derivatives with
respect to g and g to yield

(B16)

cos(aqo)
V2] sin (ago)|

The case of sin(agg) = 0 is excluded in all the above dis-
cussed cases as it would correspond to the case of the
vanishing DMI. Determining ¢, from the above equation re-
quires solving a quartic equation in | sin (aqp)|, which can be
done analytically only in certain limits.

As mentioned in Appendix B 1, finding the global min-
imum can be performed by comparing the energies of the
different stationary points. Calculating the eigenvalues of the
Hessian can also be used to decide whether a certain stationary
point is a minimum, but this is omitted here since the expres-
sions are rather convoluted, it cannot be used to determine
which of the local minima is the global minimum, and it is
known in advance that one of the stationary points has to be
the global minimum since the configuration space is compact.

Ji + 2J, cos (aqo) + |D| 0. (B17)
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