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When Carnot and Stirling initially conceptualized heat engines, temperature unambiguously represented our
everyday perception of cold and hot. However, as this energy scale is expanded to measure the strength of
noise in general nonequilibrium heat baths, such as those consisting of bacteria or active particles, it takes on
different definitions and connotations. This raises a fundamental question of whether and how thermodynamic
conclusions beyond a unique definition of temperature would deviate from our conventional understanding.
To address this inquiry, we investigate a colloidal Stirling engine governed by a large number of stochastic
dynamical systems. Within experimentally accessible parameter values, we discover certain exceptional active
engines that can outperform their passive counterpart, as notably claimed in a recent experiment involving a
bacterial bath. Our analysis shows that such heightened performance can be attributed to either a restoring effect
in noise or a significant dissipation kernel. The revealed influence of active baths on Stirling efficiency provides
further insights into their impact on maximum power output, Carnot efficiency, and Curzon-Alhborn efficiency.
The finding elucidates the origins of exceptional performance in stochastic heat engines, offers strategies for
harvesting energies from active noises, and sheds light on the effects of nonequilibrium temperature in stochastic

thermodynamics.
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I. INTRODUCTION

Temperature is a concept whose meaning can be as com-
prehensible as that in a fairy tale or as complex as that in
nonequilibrium physics. In the latter case, the interpretation
of temperature is usually not unique, which poses difficulties
in defining and understanding the nonequilibrium tempera-
tures. This subtle issue has emerged in various subfields of
physics, including glasses, sheared fluids, granular materials,
amorphous semiconductors, turbulent fluids, chaotic systems,
nuclear materials, and nanoscale systems [1-3]. Recently, it
has also entered stochastic thermodynamics, where a mystery
is whether and why, if any, a stochastic heat engine immersed
in an active heat bath can outperform its passive counterpart.
This concern arises from a noteworthy experimental observa-
tion conducted in a bacterial heat bath [4]. It raises an even
more fundamental question of how to imagine the tempera-
tures of an active bath that violate the fluctuation-dissipation
theorem and what the consequences are of adopting different
definitions. If we acknowledge that the applicability of ther-
modynamics, such as the concept of heat engine, is not limited

“yonggun @phy.ncu.edu.tw
fchchang @nycu.edu.tw

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2023/5(4)/043085(26) 043085-1

to passive baths, then we are compelled to confront this elu-
sive temperature or, more rigorously, this temperature-related
energy scale. In contrast to the aforementioned subfields of
physics, the effects of such nonequilibrium temperature are
much less known in stochastic thermodynamics. This paper
carries out a comprehensive survey across a wide range of
systems, with the hope of filling the knowledge gap.

To this end, we consider a stochastic heat engine operat-
ing under cyclic environmental changes. These changes are
typically represented by different protocols in different pa-
rameter spaces, including spaces that differ in the definition
of temperature. Here, the two most widely used definitions of
temperature are adopted to deduce the explicit transformation
between different protocol representations. Under these rep-
resentations, we analyze how the heat, work, and efficiency
functionals depend on the trajectories of the engine state
(Fig. 1). These trajectories are generated by a broad collection
of dynamical systems, ranging from solvable theoretical mod-
els to real experimental systems. For each system, we provide
experimentally accessible parameter values for attaining high-
performance engines. The results summarized from these
systems clarify several paradoxical arguments regarding high
engine efficiency and reveal principles for achieving it. Some
of those unveiled mechanisms may have played a role in exist-
ing experiments, while others could be encountered in general
systems under cyclic variations of active heat baths. These re-
sults further indicate the relation between the nonequilibrium
temperature of active heat baths and other measures of engine
performance, like the Carnot efficiency, the maximum power
of the engine, and the Curzon-Alhborn efficiency.
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FIG. 1. The state x of a stochastic heat engine indexed by i
follows a trajectory of a stochastic dynamical system x = F;(x, &;).
This nonautonomous system has a cyclic variation in its parameters
and the statistics of noise &;. Each trajectory x(¢) is assigned with
a functional of heat and work (Appendix A). Order the trajectories
from good to bad according to whether their stochastic efficiency
7 is high or low, which is the ratio of the work done to the heat
input along a trajectory [35]. Then all trajectories of the ith system
X = Fi(x, &) form a spectrum S;(x). The macroscopic efficiency #;
of the heat engine governed by Fi(x, &) would be high if S;(x)
contains more good trajectories. Criteria for generating such spectra
are summarized from several F;(x, &) in Sec. III and discussed in
Sec. IV. More details about 7 can be found in Sec. V.

A paradigmatic example of the stochastic heat engine is
made of a colloidal particle under a cyclic variation of tem-
perature and confining potential [5-7]. If this engine is a
Stirling engine, its protocol contains four processes: Isother-
mal compression, iso-stiffness heating, isothermal expansion,
and iso-stiffness cooling (Figs. 2 and the text below Eq. (AS)).
When heating and cooling are performed by changing the
noise strength of a nonequilibrium bacterial heat bath, the effi-

FIG. 2. The protocol of a stochastic engine can be represented
by two distinct loops in two different spaces (k, T) (blue) and (k, T)
(red) when the noise is active. These two spaces will converge to
a common space (k, T') (yellow) with 7' = T = T when the active
noise reduces to a passive one. Here, the blue loop of efficiency
NS (7S,) in (k, T) is converted into the red loop of efficiency 73,
@Sy in (k, T) by f(k) = T/T = (1 4+ ktr/y)~', which is the TR of
a colloidal heat engine subject to an Ornstein-Uhlenbeck noise, as
shown before Eq. (4).

ciency of the engine is experimentally shown to be higher than
that of its equilibrium counterpart [4]. This phenomenon was
attributed to non-Gaussian statistics of particle displacement
in that experiment. However, subsequent theoretical studies
explained that neither non-Gaussian nor persistent noise is
crucial for high efficiency [8—10]. So far, whether and under
which conditions a nonequilibrium engine can surpass the
efficiency of its passive version remains unsettled.

In the colloidal engine described above, there are two com-
monly used temperatures. One is defined by the diffusion of a
free colloidal particle through the Einstein relation, denoted
by T [1,3,11]. The other is by the particle variance in the
equipartition theorem, denoted by T [1,3,5,8,12,13]. Suppose
that this Brownian particle follows an overdamped Langevin
equation

yx= -9V +&, ey

where x is the position of the particle, y denotes the friction
coefficient, £ represents the random noise of a heat bath,
and V = kx?/2 stands for a harmonic potential of stiffness
k. Then T = k(x?)/kg, with kg the Boltzmann constant, and
T = yD/kg, with D the diffusion constant of the particle in
a potential-free space. For an equilibrium heat bath, the def-
initions of 7" and T yield the same value, which corresponds
to the thermal temperature 7. However, for a nonequilibrium
heat bath, the definitions of 7" and T result in different values.
Therefore, we cannot have the equality relation 7 = T=T,
and it becomes necessary to choose either 7" or T, or other en-
ergy scales, when a discussion requires addressing the concept
of temperature. In this case, both T and T are not the bona
fide temperature in equilibrium physics. A heat bath or an
engine is called passive (active) when the noise comes from an
equilibrium (nonequilibrium) bath. In an active bath, such as
that in Ref. [14], x is not necessarily Boltzmannian distributed,
and the fluctuation-dissipation theorem may not hold. An ex-
ception is a non-Gaussian white active noise with T=TI8],
which extends the equipartition relation to a nonequilibrium
context.

II. EFFICIENCY FUNCTIONALS IN DISTINCT
(k, T) SPACES

Given a cyclic change in confinement and noise strength,
an engine protocol can be plotted as a loop in the (k, T') or
(k, T') space. A loop in (k, T) can be converted into another
loop in (k,T) by a given temperature ratio (TR) f(k) =
T /T = k(x*)/(kgT) and vice versa (Fig. 2 and Appendix A).
This function quantifies the difference between 7' and T, or
equivalently the deviation of k(x?) from kgT. If an engine is
a Stirling one in (k, T), it will have a rectangular loop in that
space and generally a nonrectangular loop in (k, 7), and vice
versa. The efficiency of an active Stirling cycle 75, in (k, T)
[7S, in (k, T)] is then a function of the four corner positions
of the rectangular loop. In contrast, the efficiency of an active
non-Stirling cycle 7S in (k, T) [#X$ in (k, T')] depends on
all points in the loop (Fig. 2). Substituting 7 = T f(k) into
formula 75, merely reexpresses the efficiency of a Stirling
cycle specified by four rectangular corner points in (k, ') in
terms of other four nonrectangular corner points in (k, T).
Therefore, the new formula can generally not be the efficiency
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of a Stirling cycle ﬁfct in (k, T) [see more below (A5)]. When
the active noise is reduced to a passive noise, then f(k) — 1
and (k, T) and (k, T') will degenerate to an identical space
(k, T) with T = T = T. In this limit, the two different loops
represented in (k, T)and (k, T) will converge to the same loop
in (k, T). If an active Stirling engine outperforms its passive
counterpart, then 75, > 75, (7o > 113,), Where the compar-
ison is between two identical rectangular loops in (k, T') and
(k, T) [in (k, T) and (k, T)].

Accumulative stochastic heat 0 and work W along a
stochastic trajectory governed by Eq. (1) can be evaluated
using the stochastic energetics approach of Sekimoto [15].
In a quasistatic process, their ensemble averages along a pro-
cess from state i to f are (Q) = (fl.f kxdx) = (1/2)(kf(x2)f —
k() — (172) [T (P)dk and (W) = (1/2) [/ (x?)dk, re-
spectively. Here, k; (ky) is the stiffness in the state i (f). If
the temperature along a trajectory is understood as T, the
efficiency of an active Stirling engine is (Appendix A)

S = (T — T)[G(k) — G(ky)]
T f k) — Tf (k) + TGk ) — Gk)]

with T} (T) the maximum (minimum) temperature and k; (k)
the maximum (minimum) stiffness of the Stirling cycle in the
(k, T) space. Here, f(k) is the TR defined above and G(k)
is its derivative G'(k) = f(k)/k. When f(k) =1 for all %, it
yields G(k) = In k, for which Eq. (2) reduces to the efficiency
n[S)as of a passive Stirling engine subjected to an equilibrium
bath or, exceptionally, of an active Stirling engine immersed
in the non-Gaussian white noise mentioned below Eq. (1). On
the contrary, if the temperature in the protocol refers to 7', its
efficiency 75, is always equal to ngas of the passive engine [8].

(@)

The condition for 75, > ngas is (Appendix A)

b1
/k d%[f(/q)—f(k)]+[f(k)—f(k2)]}dk>0- 3)

A sufficient but not necessary condition for Eq. (3) is “a
monotonically increasing f(k)” within the operating range
[k2, k1] of the engine. However, f(k) ~ k(x?) should not in-
crease too fast to lead to an increase of (x?) with k because
then a stronger confinement would counterintuitively give a
larger particle fluctuation (Appendix A). Therefore, the above
monotonic increasing condition can be sharpened to f(k) ~
k%, with 0 < a < 1. The larger the nonzero value of Eq. (3),
the higher is 73,, which, for example, can be achieved by
enhancing the ratio 75/T; in Eq. (3).

III. ENGINE TRAJECTORIES GENERATED
BY VARIOUS DYNAMICAL SYSTEMS

A. Cosine persistent noise

As a simple example, consider the persistent noise & ()
with a correlation (€(t)E(t")) = (yksT /T)exp(—|t —t'|/7),
where 7 is the correlation time. Several real systems share
this property, including the Ornstein-Uhlenbeck noise, the
run-and-tumble noise, and the active Brownian noise [8]. For
this £(¢), f(k) = (1 +kt/y) ' = (A +K) ! = f(K), where
K =kt /y is a dimensionless stiffness (Appendix B). Since
this f(k), or equivalently f (K), is a decreasing function, the

persistent noise cannot give a high engine efficiency [8]. In
the limit T — 0, this noise returns to the white noise and 73,
converges to nSas-

A common feature of active noises is the enhanced con-
tribution of low-frequency components in their spectrum
because the persistent motion of self-propelled active parti-
cles in those noises is generically longer than that of water
molecules in the thermal noise. The simplest way to embody
this effect might be multiplying a cosine function of a slow
angular frequency w > 0 to the correlation of the persistent
noise,

14+ w2t?)kgT ,
—y( 07k e T cos[wo(t — 1)),

“

Such £(z) provides some restoring effect on the Brownian
particle, as the oscillating polar forces of the hydrodynamic
interaction in bacterial systems [16]. For this noise (Ap-
pendix B)

E@EM) =

(c+ 1)K +1)
(K+1)2+c
2

where ¢ = worz and K is as defined above. f (K) is an increas-
ing function within the range K € [0, /c — 1]. At wy =0,
Egs. (4) and (5) reduce to those of the above persistent noise.
Intriguingly, the destructive role of t in obtaining an increas-
ing f (K) at wg = 0 becomes constructive when wy > 0.

The temporal correlation function in Eq. (4) has a similar
mathematical structure as the spatial pair correlation function
of liquid molecules. It can be generated by a sequence of
pulses with alternating directions (Fig. 6). Although Eqgs. (4)
and (5) have revealed the constructive role of the oscillatory
effect in noises for a large 75, it is highly nontrivial how to
tune the shape and spacing of the pulses in this noise (see
Fig. 6) to obtain a desired T in an engine protocol.

fK) = , (5)

B. Oscillatory telegraphic noise

To control the T of a noise with a dominant low-frequency
component as that in Eq. (4), let us turn to an oscillatory
telegraphic noise &, which consists of a series of alternat-
ing telegraphic steps of equal time length 7, (Figs. 7 and
8). Under a constant 7, the magnitude of the nth step is
givenby £ = £ 4 £60) Here, £ = (—1)"& is a periodic
jump between two values ££ with £ > 0 and £9%” denotes
a Gaussian random variable of variance E centered at zero,
with (§6WgGMy = E§K and 8K the Kronecker delta. For
this piecewise smooth noise, the positions of the Brownian
particle at discrete time instants, ie; (i =0, 1, 2, ....), can be
deduced from Eq. (1) (Appendix C),

Xip1 = Rx; + w;, (6)

with R=1—ke/y and the increment

-1 l.(:r])s‘ £(t)dt, where the discretization time span & < f;.
If we consider an ensemble of systems whose £(¢) have a
coherent phase starting with the same initial value £ = —&
(Fig. 8), then the variance (x?) calculated at all different x;
in Eq. (6) oscillates strongly with i. If we only pick up those
x; at the end of each telegraphic step at time instants jt

(j=1,2,3,..), the variance (x?)e will oscillate much less

w; =
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FIG. 3. A colloidal Stirling engine under an oscillatory tele-
graphic noise. (a) An example of this noise & (black) during a linear
variation of k (blue) and T (red) within a Stirling cycle. (b) The
variance (x?) from a simulation (blue) and (x?). from the theoret-
ical formula in Eq. (C23) (red). The inset shows fe(K yat T, =
200 K (black solid), 7; = 300 K (black dashed), and 7; = 400 K
(red solid). The three circles on the left- (right-) hand side are located
at K, = kyts/(2y) (K = kits/(2y)). (c) For the thermal noise, the
simulated (Q) is Oru.sm (blue), which agrees well with the theo-
retical curve Oty meo (red) given by Eq. (A4). For the oscillatory
telegraphic noise &, the simulated (Q) is Qor.sim (yellow), which
is shown only in the two heat input processes (iso-stiffness heating
and isothermal expansion). (d) The work (W) is evaluated as in (c);
however, in all four processes because we need its value in the whole
cycle to calculate the efficiency. All parameter values used here can
be found in Appendix C.

than (x?). The TR of (x?), is equal to (Appendix C)
tanh(K)

fo&) = [1 + ¢ tanh(K)], ©)
with K = kt,/(2y) and ¢ = £/ &, where E is related to T by
E = 2ykgT /t,. Since f.(K) derived from the less oscillating
(x)e has the same rising or falling trend as that of f(K)
calculated from the oscillating (x?), the former serves as an
indicator for possible high-efficiency engines.

As an example, Fig. 3(a) demonstrates an oscillatory tele-
graphic noise (black) during the variation of 7 and k in an
engine protocol. In Fig. 3(b), the oscillating (x?) obtained
from the simulations (blue) is “bounded” by the theoretically
derived smooth (x?), (red), as explained prior to Eq. (C28). In
Fig. 3(c), the heat (Q) has a strong oscillation (yellow area)
because all £ in the ensemble average have a coherent oscilla-
tion phase. The magnitude of the oscillating (Q) is comparable
to that under the thermal noise at the same temperature when
only a single system in the ensemble is considered. At the
beginning of the iso-stiffness heating, (Q) has a rapid initial
drop to a large negative value (left edge of the yellow area)
when the particle moves from a large x > 0 toward x = 0.
Notably, in stochastic thermodynamics, the heat along a single
trajectory could be negative even in a heat input process. In
Fig. 3(d), the oscillation of work (W) is much less than that of
(Q). Averaged over 10* cycles, all with the same phase in &,
we obtain (ngas, n3.) ~ (0.37,0.43) for (T, T1) = (200, 400)

and ~(0.20, 0.20) for (75, T;) = (300, 400). The former per-
forms better, as reflected in the steeper f.(K) at T, = 200 K,
compared to that at 300 K, in the inset of Fig. 3(b). After
randomizing the phase of £ as in the equal a priori probability
in the microcanonical ensemble, (Q) in Fig. 3(c) becomes
a less oscillating curve, as that of (W) in Fig. 3(d). See an
example of high efficiency under such a randomized phase of
the oscillatory telegraphic noise in Fig. 9.

C. Discretization induced high efficiency

If the oscillatory effect is absent, £ =0, and the length of
the telegraphic step f is as short as the time step &, Eq. (7) will
be replaced by f.o(K)=1/(1 —K), where K = ke;/(2y)
(Appendix C). This is an even simpler increasing function.
However, if & — 0 is the limit to approach a real system,
it yields K — 0 and f;o(K ) — 1 for any given finite range
[k2, k1] in Eq. (3). That is, the efficiency of the active engine
will become infinitely close to that of its passive counterpart.
Therefore, if K ~ &, an increasing f (K) does not promise a
high efficiency. This specious high efficiency could be mis-
takenly concluded from the discrete data (g, > 0) recorded in
numerous experiments, as illustrated in the feedback system
below.

D. Optical feedback trap

The dynamics of a colloidal particle immersed in water of
temperature 7" and confined in an arbitrary real potential can
be mimicked by the optical feedback trap (OFT) technique
[17,18]. The idea is to shift the center x () of an optical
tweezers of stiffness ko in the OFT to a proper position to
let the particle in x(¢) experience an instant optical force, as
if it were in the real potential. The dynamics of this particle
fulfills the equation (Appendix D),

yx(t) + kot[x(r) — x.(1)] = §(@). ®)

Here, £(¢) represents the thermal noise, which is Gaussian
and white, with (£(t)) = 0 and (§(t)&(¢')) = 2ykgT8(t — t'),
where §(¢ — t’) is the Dirac delta function. If the real potential
is harmonic and has stiffness k, ideally x; (¢) should instantly
vary with x(¢) according to the relation xp(¢) = —ax(t),
where o = —1 + k/k is the feedback gain. However, due to
an inevitable feedback delay, the actual x (f) = —ax(r — t4)
contains a small delay time 73 (Appendix D). With this delay,
the experimentally measured x are discrete acquisition posi-
tions x; that satisfy the difference equation of Eq. (8),

ko ;
Xip1 = X — 7‘(xi + axi_p)e + & )

Here, [ is the number of delay steps, which corresponds to
the delay time #q = /g, and &} is the Gaussian fluctuation of
the particle position with (') = 0 and (§;'§) = 2kg Tetégj /v,
where 65 is the Kronecker delta as before Eq. (6) [19]. For
| =1, the TR of Eq. (9) is (Appendix D)
—2(K — Cl)
(K —c)(K —c3)’
whereci, =8 —1,co=p+1,c3 =28 —2,K = ke /y, and
B = koigt/y. Since g is in practice very small, both K and

f&) = (10)
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B < 1. In this regime, Eq. (10) is clearly an increasing func-
tion. It is especially apparent at « = 0, for which Eq. (10)
becomes fO(K ) =2/(2 — K) (Appendix D). However, reduc-
ing the data acquisition time, &, — 0, will cause fO(K )—> 1
and f (K) — 1in Eq. (10). Therefore, the increasing function
in Eq. (10) and fB(K ) cannot lead to a high-efficiency engine,
as explained in Sec. IIIC. Nevertheless, it is too early to
conclude that delay cannot contribute to high efficiency since
Eq. (10) is a consequence of t3 = &, because of which the
influence of delay might have disappeared after we take the
limit &, — 0.

E. Stochastic delay differential equation

To inspect a pure delay effect on engine efficiency without
the influence of data discretization, let us add a delay time ¢4 to
the continuous equation in Eq. (1) to form a stochastic delay
differential equation,

yx(t) = —kx(r —1q) + £(1), Y

where £ is the same as in Eq. (8). For #4 > 0, the system is out
of equilibrium and does not satisfy the fluctuation-dissipation
theorem [20]. This equation has been applied to study the
behavior of an active Brownian particle [21], the emerging
structures of multiple active particles [22], and systems in
many other contexts [23,24]. With the known variance of
the steady state of Eq. (11) [25], one obtains its 7" and TR
(Appendix E),

N _ 1 +sin(K)
S(K)= “eosK)

when K = kt4/y < m /2. The high efficiency indicated by the
rising branch of Eq. (12) can be understood from the first-
order Taylor expansion of Eq. (11) in a small 74, corresponding
to a small K [20],

; 12)

: kx(t) | §@)
1)=— . 13
Y = —T T (13)
This equation has a TR (Appendix E)
R 1
K)y=—— 14
f) = . (14)

which is simpler than Eq. (12) and has a clear increasing
trend. Compared to Eq. (11) atzg = 0, Eq. (13) has a stronger
potential confinement and stochastic force, which compete
with each other and lead to a larger (x?).

The OFT equation (8) is a more complicated stochastic
delay differential equation than Eq. (11). It has a nondelay
term k. x(7) in addition to the delay term ko.xp (¢), where the
latter plays the same role as x(r — #4) in Eq. (11). However, the
variance (x?) of an equation like Eq. (8) can also be derived
[26,27]. 1t gives rise to the TR (Appendix D)

K[(K — c)sin (g(K)) + g(K)]
g(K)[c+ (K —c)cos (g(KN]’

when K > 2cand 0 < g(K) < cos™! (¢/(c — K)) < 7, where
K=kty/y, c =kuta/y, and g(K) = /K(K — 2¢). One can
easily obtain a rising regime in Eq. (15) when K is slightly
larger than 2¢ (Appendix D).

f&) = (15)

F. Memory kernels in the position term

The increasing trend of fe,o(K ) mentioned in Sec. [IIC
comes from g, # 0, which means that the magnitude of a pre-
vious force will last for a period of ¢, in Eq. (6). The increasing
trend of f(K) in Eq. (12) is caused by #3 # 0 in Eq. (11),
indicative of the influence of an early force on the dynamical
system. Both pertain to memory effects, which leads us to
examine the dynamics of a colloidal particle governed by the
generalized Langevin equation

t

y)'c(t)—i—k/ Kn(@ —t)x(t)dt' = (1), (16)

—00

where Ky (t —t') is a memory kernel. This model can cap-
ture the behavior of a Brownian particle when its potential
energy from a confining well can be converted into the
energy stored in the compressed background media. More
applications of the model can be found in the context
of integrodifferential equations of Volterra type [28]. Tak-
ing the Fourier transform on both sides of Eq. (16), we
obtain the power spectrum of x, S,(w) = Sg(a))/{a)zy2 +
K2Ry (o) Ku(—w) + iwyk[KM(—w) — Km(w)]} and its vari-
ance (x?) = ffooo Sc(w)dw/(2m), with S¢ (w) the power spec-
trum of £ (Appendix F).

Given Ky (1) = exp(—|t]/7p)/7p fort > 0 and O elsewhere,
as well as (£(t)E(t")) = 2ykgT3(t —t’), the corresponding
(x?) gives an increasing TR (Appendix F),

f(K)=K+1, (17)
where K = kt,/y. It shows that when the noise is uncorre-
lated, a simple memory effect on the position of the particle
is sufficient to enhance the engine performance to surpass its
passive counterpart.

G. Dissipation kernels in the velocity term

In contrast to the memory kernel in the position term in
Eq. (16), an even more well-known generalized Langevin
equation has a dissipation kernel Kp(r —t’) in the velocity
term [29,30],

y / Kp(t — tH)x()dt' + kx = (1) (18)

It has been used to study several active [31] and self-propelled
particles [32] for persistent random walks, as well as
Brownian colloidal heat engines in viscoelastic baths [33,34].
Such dissipation kernel has also been suspected to be the
reason for the high efficiency of the bacterial-driven heat
engine [8]. In analogy to the calculations below Eq. (16), the
variance (x*>) of Eq. (18) can be obtained from its power
spectrum Sy(w) = Sg(w)/{k* + @*y*Kp(0)Kp(—w) +
iwyk[Kp(w) — Kp(—w)]} (Appendix G).

If Kp(t) = exp(—|t|/ty)/ty for t > 0 and O elsewhere, as
well as (E()E(t")) = 2yksT exp(—|t —t'|/1)/(27), it yields
(case 1 in Appendix G).

cK+1—-c¢)
A=K+ DK +e)

where c¢=r1,/(zy+71) and K =kt,/y. This f(K) is
an increasing function when K € [0,c — 1 + +/c(2c — 1)]

fK) =

19)
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if ¢ >co=(—14++5)/2, corresponding to t,/t > (—1 +
\/g)/(S —4/3). In the limit 7, — 0, Eq. (19) returns to the
f(k) calculated by (x*) =kgT/[k(1 +kz/y)] in Eq. (15)
of Ref. [8]. With the same Kp(z) but different correla-
tion (£(t)&(t")) = 2aykgTsinc(a(t —t')), where a > 0 and
sinc(x) = sin(wx)/(wrx), the TR becomes (case 2 in Ap-
pendix G)

f(K) — M[c[{ + (1 — K2)tan_' (i)i|, (20)
T K

where ¢ = wart, and K = kt,/(kt, 4 y) increases with k and
lies within (0,1). This f (K) is also an increasing function, at
least at small K when tan~!(¢/K) & 7 /2, for which the rising
trend appears when ¢ > ¢y = (7 + /72 + 16)/4.

Both Egs. (19) and (20) can become an increasing func-
tion in some range of K when ¢ exceeds a threshold ¢y, or
equivalently when 7, is larger than some critical value. That
is, the correlation in the dissipation kernel Kp must be suffi-
ciently strong, in comparison with that of the injection kernel
(£()&(t")) to find high-efficiency engines. Interestingly, both
conditions ¢ > ¢y for Egs. (19) and (20) do not depend on
viscosity y. Moreover, regardless of whether (£(¢)&(¢')) has a
long tail in Eq. (19) or a sharp cutoff frequency in Eq. (20),
a rising regime can be found in these TRs. Therefore, such
a regime is highly expected for other (£(¢)&(¢")) with more
general intermediate tails.

IV. ORIGINS OF HIGH EFFICIENCY

The high-efficiency engines found above can be summa-
rized into two categories: (i) microscopic restoring effects of
noise and (ii) strong memory or dissipation kernels. Category
(i) includes the oscillatory effect, which leads to Egs. (5)
and (7), while (ii) contains the retarding effect, which causes
Egs. (12) and (15), as well as various kernels that induce
Egs. (17), (19), and (20). Mathematically, why these two cat-
egories have high efficiencies is that an additional parameter
is introduced in (x?) to let f(k) behave as k* elucidated below
Eq. (3). For example, in category (i), introducing & into the
telegraphic noise before Eq. (6) creates the term ctanh(K)
in Eq. (7) to avoid the monotonic decline of tanh(K)/K. In
category (ii), introducing #4 into Eq. (11) generates the terms
sin(K) and cos(K) in Eq. (12) to turn f (K) into an increasing
function. The increasing trends of most of these f(K) are
depicted in Fig. 4.

The examples studied above provide a lot of useful in-
formation to understand the efficiency of stochastic engines.
First, according to the expressions of (Q) and (W) before
Eq. (2), it is tempting to regard a small kf(xz) f = ki (x?);
and a large fl.f (x?)dk for general stiffness and temperature as
the condition for a dynamical system of x to generate good
trajectories (Fig. 1) because they would give a large ratio
(W)/{Q) for a cycle. Unfortunately, high efficiency is usually
not due to a large ratio (W)/(Q) in all individual processes,
but a compromise between large and small ratios in different
processes, as seen in Figs. 3(c) and 3(d). Certainly, one can
question whether some perfect dynamical system could gen-
erate large (W)/(Q) for all processes. Second, based on the
mismatch between energy injection and dissipation, T < 7 is

c=3.0
c=2.0
c=11

! cos OU noise ! Telegraphic noise
0.5 0.5
2 4 0 1 2 3
16
3t (c) (d) c=016]
— c=0.18[
K2 1.4 c=1020
:: /
! Time-delay equation 12 Optical feedback trap
0 0.5 1 04 045 05 055 06
3 2

(e)

F(E)

! Dissipation kernel Il

Dissipation kernel |

0
0 0.5 1 1.5 2 0 0.1 0.2 0.3 0.4
K K

FIG. 4. (a), (b), (c), (d), (e), and (f) are the TRs f(K) of six
stochastic dynamical systems in Egs. (5), (7), (12), (15), (19), and
(20) within experimentally accessible parameter ranges collected in
Appendix B, C, D, E, and G.

hypothesized to be a condition for finding high efficiencies
[8]. It looks trivial because if an engine cycle in a high-
temperature range [}, T3] in the (k, T) space is represented
in a low-temperature range [7;, T»] in the (k, T) space, the
low heat input of the latter would intuitively lead to higher
efficiency. However, such a comparison is not fair because it
would not be between two Stirling engines, as explained in
Fig. 2. Nevertheless, as seen in Fig. 4, the rising regimes of all
studied f (K) indeed have T < T, or equivalently f (K) > 1.
Third, the restoring effect of noise could intuitively suppress
particle diffusion and its associated T, but would not greatly
change the long-term value of the confined variance (x?) and
its related 7. Thus, this effect seems to be beneficial for
creating T < T'. However, this impression is challenged by
the oscillatory factor £ before Eq. (6), which can influence
T. in Eq. (C24), but not 7, = T in Egs. (C17) and (C28).
Lastly, note that taking different interpretations of temperature
neither produces new trajectories x in Fig. 1 nor modifies the
relationship between these trajectories and the functionals of
heat, work, and efficiency. It merely affects the temperature
values assigned to the trajectories evolved from a thermody-
namic process, as seen in Egs. (A2) and (A3). Ultimately,
diverse interpretations of temperature lead to a divergence in
the efficiency value of an engine [see more examples below
the paragraph of Eq. (A13) in Appendix A].

V. DISCUSSION

In addition to indicating high efficiencies, f(k) offers
further insight into how active noise impacts more general
thermodynamic problems in heat engines. Firstly, the differ-
ence between the active Carnot efficiency 7<, and the active
Stirling efficiency r‘;ict can be expressed as

_ _ 2
e — Moy = (nS,) H k1. ko). @1
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which is linearly proportional to the square of the passive
Carnot efficiency ngas [see Eq. (A18)]. Here, the function
H(ky, k) is solely determined by f(k) and the maximum k;
(minimum k) of stiffness. As H(ky, k;) > 0, the discrepancy
in Eq. (21) is always positive. Secondly, if the engine oper-
ation time is sufficiently large but not infinite, the power of
the engine can be expressed in terms of f(k) as well [see
Eq. (A22)],

1 kg(D — Ty) ("
Thk(h—T) f(k)dk.
T 2 k> k

P~ (22)
Thirdly, the efficiency at maximum power is also influenced
by active noises, which can be illustrated by the low dissipa-
tion Carnot engine [see Eq. (A23)]. In this engine, the heat
exchange during the isothermal process at low (high) temper-
ature T, (Tp) is Qc = O° — TeXc/tc (On = OF° — ThXn/ ),
where . (t3) is its corresponding operation time and QZ°
(Or°) is the heat for . — oo (1, — 00). The efficiency at

maximum power of the passive Carnot engine is then [see
Eq. (A26)],

n* = ncH' (T, Zc, Ty, Tn), (23)

which is proportional to the efficiency of the conventional
Carnot efficiency nc. Here, H' is a function of T, Ty, X,
and Xj. Although the dependence of heat on f(k) can alter
the efficiency in Eq. (2), it interestingly does not influence n*.
This implies that an active noise affects the Curzon-Ahlborn
efficiency solely through the variations in X. and X, with
f (k). Fourthly, the probability of finding a stochastic effi-
ciency 7 among all long trajectories in Fig. 1 is given by [see
Eq. (A14)]

Pi(ij) ~ e, (24)

where ¢ is the time span of the trajectory and J(#) is the large
deviation function [35]. If P;(#) can still be expressed in terms
of f(k), the latter should be embedded in J (7).

The current colloidal heat engine (HE) shares some simi-
larities with the chemical reaction network (CN) of D-ribose
isomerization under temperature switching in Ref. [36,37].
The latter is a kinetic model of three isomers, with their popu-
lation ratio being tuned by temperature. The HE (CN) undergo
deterministic (stochastic) cyclic transformations between a
cold and a hot temperature, denoted as 7; and T, respectively.
The state of HE is denoted by the location of the colloidal
particle on the position coordinate x,, whereas the state of CN
characterized by the conformation of furanose is represented
on the reaction coordinate x,. The heat exchange along a state
trajectory of HE on x, can generate mechanical work, while
that of CN on the abstract axis x; is irrelevant to work, but
to entropy production. The state of HE typically follows a
quasisteady cycle, whereas that of CN alternately repeats two
relaxation processes toward different equilibrium states. Both
the HE and CN fall within the category of nonequilibrium
systems. However, nonequilibrium in the HE arises from the
violation of the fluctuation-dissipation theorem, characterized
by a nonzero energy flux between injection and dissipation
kernels. Instead, nonequilibrium in the CN results from the vi-
olation of detailed balance, indicated by a nonzero population
flux between chemical states. When the parameter kp for mass

transport in the CN is small, the switches between T; and Tj
are slow and resemble those in traditional Carnot or Stirling
heat engines. Conversely, when kp is sufficiently large, the
switches occur so rapidly that the populations of different
isomers in the CN reach a nonequilibrium steady distribution,
which is reminiscent of the Brownian gyrator [38], a type of
heat engine without temperature switching.

An even broader class of nonequilibrium system is that
of chemically active systems (CAS), which encompass active
matter [39] and various life-related chemical processes [40].
In these systems, a constant flow of energy or matter pro-
pels chemical reactions, generates mechanical forces, and/or
initiates molecular motion, which prevents the system from
thermalizing toward an equilibrium state. The active noises of
HE will be a member of CAS when they originate from ac-
tive matter comprised of self-propelled agents, as opposed to
passive matter like water molecules in passive engines. While
these agents can be bird flocks, fish schools, and Janus parti-
cles within the category of active matter, they usually refer to
bacterium swarms in the context of the microscopic HE [4]. In
addition, the CN is also a type of CAS because the continuous
injection and removal of energy during temperature switching
result in non-Boltzmannian population distributions among
distinct conformational states. Although both HE and CN are
nonequilibrium problems, how they are rendered nonequilib-
rium by temperature is different. Another recent intriguing
study of CAS involves the measurement of local tempera-
ture and heat transport within living cells [41-43], which is
possible as it is based on the local equilibrium condition.
However, there has been concern regarding the limits of length
and time scales for the validity of that condition [40], which
is estimated to be approximately 10> nm and 107° s inside
a living cell [44]. Above these critical values, passive ther-
mal fluctuations will be dominated by active ones, the latter
originating from local stochastic events of chemical reactions
and having different meanings in temperature. In this case,
a tracer particle inside a cell will yield a value for 7' from
its position variance and another value for 7 from diffusion.
The discrepancy between the values of T and 7 is similar
to that observed in the colloidal heat engine analyzed in this
study.

VI. CONCLUSIONS

In the field of statistical physics, there has been a recent
trend towards expanding its scope to incorporate active matter
systems. However, the nonequilibrium nature of these sys-
tems gives rise to nonuniqueness in defining thermodynamic
concepts and relations, which are difficult to extrapolate from
their equilibrium counterparts [1]. In this study, active matter
serves as a heat bath connected to a heat engine governed
by a series of stochastic dynamical systems. Under the two
most frequently considered interpretations of temperature 7'
and T, our analysis reveals whether, when, and why the en-
gine efficiency of an active bath can unexpectedly surpass
that of its passive equilibrium counterpart. Physically, such
high performance can be attributed to either a restoring ef-
fect in noise or a strong dissipation kernel. Mathematically,
it arises from the enlarged dimensionality in the parame-
ter space of the heat engine. Interestingly, the heat engine
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efficiency once again plays a role in the history of under-
standing temperatures, apart from its early contribution in
finding the absolute temperature [45,46]. In general active
heat baths, other temperature measures beyond 7' and T are
expected, such as the active particle velocity-dependent tem-
perature [47]. The interpretation, understanding, or potential
unification of the diverse consequences stemming from these
energy scales will be a challenging task for future statistical
physics. The current study sets an example for research in this
direction.
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APPENDIX A: EFFICIENCIES OF STIRLING
ENGINES IN AN ACTIVE BATH

The temperature of a stochastically moving Brownian
particle has two commonly adopted definitions. One is T
defined by the mean-square displacement (x*(¢)) = 2Dt =
2(kgT /y )t averaged over an ensemble of particle trajectories
x(¢), with D the diffusion constant of the particle, kg the
Boltzmann constant, and y the friction coefficient, which are
related by the Einstein relation D = kg7 /y. The other is T
defied by the equipartition theorem, (x?) = kT /k, via the
variance (x?) of the stationary distribution of the particle when
it is confined in a harmonic potential of stiffness k.

Since T is defined by the diffusivity of a tracer particle
surrounded by background particles, such as bacteria in an
active heat bath or water molecules in a passive heat bath,
this temperature increases with the activity of the background
particles, like the enhanced self-propulsion force of bacteria
or the intensified agitation of water molecules. On the other
hand, 7' is defined by the “effective pressure” (x?) under a
confining potential of stiffness k. This temperature not only
increases with the activity of the background particles, as
T, but also with the “effective volume” 1/k [48]. Although
T seems to be more commonly used in the literature, 7' is
arguably a more natural definition of temperature because it
does not depend on a system parameter like k [8].

Although 7 and T are identical for the thermal noise (a
passive noise), they are generally different from each other
for an active noise. In the latter case, these two temperatures
can be related by [8]

[ = fOT. (A1)
In stochastic energetics [15], if a Brownian particle is sub-
jected to a force F'(x) and moves along a stochastic trajectory
from an initial state i to a final state f, then the stochastic

heat received by the particle is Q = — fif F(x)dx.For F(x) =
—kx, the heat will be Q = [ kx dx = 221/ — [/ £ k. In

the qua51statlc regime, its ensemble average can be expressed
in terms of 7 or T and represented in the (k, Ty or (k, T)

space
1 1
= —(ks(x* ,. i
() 2( )y — 2/
_ (T T) kB/ dk
= r ,- z
,T) space

k _ _ k f _dk
e / FRTSE (A

(k,T) space

Here, k; (ky) is the stiffness in the initial (final) state. Fur-
thermore, the stochastic work done on the particle is W =

[ Wdkar = [T 1x2dk [15], when U = — [ F(x)dx = .
In the quasistatic regime, its ensemble average can be ex-
pressed in terms of 7 or T and represented in the (k, T') or

(k, T') space,

L (r, dk
<W>=—f k{x™)—

2 k
kB P dk
== - f(k)T— (A3)
(k,T) space (k,T) space

In Egs. (A2) and (A3), (x?) and T generally vary with k and
the noise strength. If the noise strength is properly controlled
to let k(x?) remain invariant during the change from state i to
f, the process is iso-T', which means isothermal at constant
T = k(x?)/kg. Likewise, if T = T/ f(k) is kept unchanged,
the process is iso-T.

According to Egs. (A2) and (A3), an iso-T' and an iso-k
process in the (k, T') space have the explicit expressions

<Q>——ﬁ1 Ay

ki

n

2 N A

B T (’i iso-T in space (k, T'),
5 ki

iso-k in space (k, T'). (A4)

() =%y —T)
=0
In analogy, an iso-7 and an iso-k process in the (k, T') space
will give

{(Q) = 8T f (k) — f(ki) — Glky) + Gk,
w) = BLiGwl,

(Q) = 2Ty — THf (k).
W)=0
where G(k) = [ dkf(k)/k. Notice that the iso-T process in
(AS5) comes from (A2) and (A3). It cannot be derived by
simply inserting 7 = f(k)T into the iso-T process in (A4)
because this would only reexpress an iso-T' process in the
(k, T) space by a generally “non”-iso-T" process in the (k, T')
space.
A Stirling engine consists of four processes (Fig. 5): In the
iso-T compression (A — B), k rises from k; to k; at 7. In
the iso-k heating (B — C), T rises from 75 to T; at k;. In the

iso-T in space (k, T'),

iso-k in space (k, T), (A5)
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| | N,
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FIG. 5. The four processes in the protocol of a Stirling engine.

iso-T expansion (C — D), k falls from k; to k, at ;. In the
iso-k cooling (D — A), T falls from 7; to T, at k. The cycle
formed by these four processes is represented by a loop in the
(k, (x?)) space in Fig. 5. If iso-T there means iso-1" (iso-T),
the loop should have a rectangular shape in the (k, T) space
((k, T space), as the three rectangles depicted in Fig. 2. In a
passive bath, 7 = T and iso-7" and iso-T processes become
identical, while in an active bath, generically T # T.

For a Stirling engine in the (k, T') space, its four processes
have the expressions of heat and work from Eq. (A4),

N

kg T kg A N
(QaB) = —%ma <0, (Qgc)= gm 1) >0,
(Qcp) = %lna >0, (Qpa) = —7B<T1 — 1) <0,
kT kg T
(WAB):%lna>O, (WCD):—%lna<O,
(Wac) = (Wpa) =0, (A6)

with a = k; /k, > 1. For a Stirling engine in the (k, T') space,
the heat and work in Eq. (AS) indicate

kT
(Qap) = =2

[f (k) — f(k2) — G(k1) + G(k2)],

(Osc) = 7‘*@ — D) f (k) > 0,

(Ocp) = — flky) — G(ky) + G(ka)],
kg - _
(Opa) = —7‘3<Tl —T)f(ky) <0,
(Wag) = G(ky)] >
T
(Wep) = ———L[G(k) — G(ky)] < 0,
(Wac) = (Wpa) = 0. (A7)

Among the eight terms in Eq. (A7), only the signs of
(Oag) and (Qcp) are less trivial. However, due to (Qag) =
—(T5/T1){Qcp), the conditions for (Qap) < 0 and (Qcp) > 0
are equivalent. This generic case occurs if and only if

fk)

Glh) = Glky) = | ——=dk > flki) = f(ko).  (A8)

k>

When f(k) =T /T = k(x*)/(kgT) decreases with k, the in-
equality in Eq. (AS8) is trivial because fk];‘ %dk > 0 and
f(k1) — f(ky) < 0. For example, f(k)= (1 +kr/y)’1 in
Sec. IIT A or Eq. (B10) has

“fk)

Tdk fk) + f(ka)
ky

_/kl 11 1 N 1
N L 1+kt/yvk 1+ kit/y l4+kt/y

n (f + J//k2> . yT(ky — ko)
T+y/k (¥ + o)y + ki)

because either of the two terms in the last line is positive.

In opposite, if f(k) increases with k, it needs to rise suf-
ficiently fast to see a violation of Eq. (A8). For instance, for
f (k) = ck® within [k, k;] with o, ¢ > O,

k
' k)
& 9k

>0 (A9

Lf (ki) = f(k2)]

ka

k
_ / ek Nk — (kY — KS)
ky

:ce - 1)(14! ).

The condition for Eq. (A10) <0 is « > 1. Hence, at least
f(k) must rise to the extent to have o > 1 within [k», k]
to see (Qag) > 0 and (Qcp) < 0. However, in this case, the
fluctuation of the particle (x?) in f(k) = k(x?)/(kgT) will
increase with k, which is counterintuitive and never seen in all
systems tested below, including Egs. (B8), (C25), (D15), (E4),
(G13), and (G23) (see A8 iAn Supplemental Material [49]).
All these systems have fé‘ %d[( > f(Kl) — f(Kz), where
f (K) is the function f (k) with k replaced by K = const x k or
K = (1 + const x k~")~!. Such an inequality of f(K) implies
the inequality in Eq. (A8), which leads to (Qap) < O and

(Qcp) > 0.
Under the generic condition given in Eq. (A8), we have

(QaB) <0, (Qsc) > 0, (Qcp) > 0, and (Opa) < 0, for which
the efficiency of an active Stirling engine in the (k, T') space

can be deduced from Eq. (A7),

(A10)

PSo= (W)
o (Qinput)
_ (WaB) + (Wec) + (Wep) + (Woa)

(Osc) + (Qcp)
(T, — T)fk‘ 10 g
T Tifte) - Bft) + T S iRy

_1
T f(ky) — Tof (k)

=N -1) fkl 0 4k

+ T (ALD)

The third equality is equal to Eq. (2), and as known in
Ref. [8]. On the contrary, if (Qag) > 0, (Opc) > 0, (Ocp) <
0, and (Opa) < 0 should happen, {Qinpu) = (OBc) + (Qcp)
in Eq. (A11) will be replaced by (Opc) + (Qas) = (OBc) —
(T2/T1){Qcp)-
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For f(k) =1, Eq. (All) reduces to the efficiency of a
passive Stirling engine
—1

+T| . (A12)

__T2
ki1

k, tdk

=TI - 1)

S
npas

Therefore, the condition for 75, > ngas is

T f (ky) — TZf(kl) h—T
j‘kl f(k)dk j’kl 1dk

ki
& | {Tif(ka) = Tof (k) — [Ty

ka

- dk
- Tz]f(k)}T <0

ky T
o {%[f(kl)—f(k)]ﬂf(k)

ky 1

dk
—f(kz)]}7 > 0.
(A13)

For T} > T, it reduces to fki' [f(k) — f(kz)]% >0 [8]. A
sufficient but not necessary simple and useful condition for
Eq. (A13) is a “monotonically increasing f(k)” in the range
[k2, k1] where the engine operates.

To illustrate the reason why diverse interpretations of tem-
perature lead to a divergence in the efficiency value, claimed
prior to the Conclusions, here let us consider some examples.
Suppose a thermodynamic process is generated by varying the
stiffness k in a desired manner. Repeating the same process
multiple times leads to an ensemble of data X, which yields

a unique value of (x?) and ( =5 f T l(x2y 4k in the first
expression of Eq (A3) say (W ) = 3.If we take the second ex-

pression there, =k f f Tﬁ suppose it leads to T = 1.

Then we will obtaln T = 5, if we take the third expression,

Wy =% [ fioT &, in case f(k) = 2. That is, (W) = 3 is
the work along a process at 7 = 1 in the (k, T) space or the
work along a process at T = % in the (k, T') space. To obtain
a process at T = 1 in the (k, T) space, we need to vary k in
a different way. It would generally change (x?) and subse-
quently its work to become a different value, say (W) = 5.
That is, even though the process path at 7 = 1 in the (k, )
space and at T =1 in the (k, T) space are the same, they
have different works (W) = 3 and 5, respectively. Likewise,
even though two cycles in the (k, T') and (k, T') spaces are
the same, their (W), (Q), and subsequently their efficiencies
are generally different. As an example of “the same cycle”,
consider a Stirling cycle in the (k, T) space, which is a rectan-
gle spec:1ﬁed by four corner points (kp, Tz) (ky, ), (kl, T1)
and (ky, Tl) whose efficiency is a function #j(ky, k», T, 1)
of ki, ks, T, and T>. Furthermore, a Stirling cycle in the
(k, T) space is also a rectangle specified by another four
corner points (ky, I5), (kj, T»), (kj, T1), and (ky, T;), whose
efficiency is generally a different function 7(k], k5, T, ).
To compare their performance, the difference between these
two formula, 7j(ky, k», 11, T») — 7(k/, ké, Ti, 1), is calculated
under the condition k| = kl, ky =k, T'=T, and T = D>.
That means, these two engine performances are compared
under the same four corner points and subsequently “the same
rectangular cycle” in the (k, T) and (k, ) spaces. It is similar
to comparing Eq. (19) with Eq. (4) under the condition k| = k|
and k, = k), in Zakine’s paper [8].

The discussion of the influence of the active noise on the
macroscopic efficiency in Eq. (A11) can be extended to that
on the stochastic efficiency in Fig. 1. By integrating over all
trajectories with the same value of the stochastic efficiency 7
in S;(x) in Fig. 1, one can obtain the statistics of efficiencies
P;(77). When the trajectories are long,

(i) ~ e, (Al4)
where ¢ is the time span of the trajectory and J(7j) denotes
a large deviation function in the large deviation theory [35].
This P;(7) behaves asymptotically like a delta function peaked
at the macroscopic efficiency 7 = ;. If J(7}) can be expressed
in terms of f(k) or other characteristics of the heat bath, it
would provide information on how an active noise can affect
the statistics of 7.

To compare the Stirling efficiency with the Carnot ef-
ficiency under an active noise, let us extend the argument
presented below Eq. (4) in Zakine’s paper [8]. If a perfect re-
generator can absorb all the heat released during the isochoric
cooling D — A and inject it back into the engine during the
isochoric heating B — C, then (Qipput) = (Osc) + (Qcp) in
Eq. (A1) will reduce to (Qinput) = (Ocp). Consequently, the
efficiency 75, of the active Stirling engine in Eq. (A11) will
be replaced by

oW
Haet = (Qinpul)
_ _ (Wap) + (Wic) + (Wep) + (Woa)
(Qcp)
_ DIGk) = Glk)] — T1[G(k1) — G(k2)]
—Ti[f (ki) = f(k)] + T1[G(ky) — G(ky)]
(1= PGk - Glha))
k) = fR)] + [Glky) — Glko)]
o (k)dk
R m (ALS)
fl) = fla) + [ LRak:
Here, 17pds =1-2 has the same form as the efficiency 1 — _1

of the passive Carnot engine in the (k, T') space, while n<, is
the efficiency of the active Carnot engine in the (k, T') space.
Since (Qgc) > 0,

(Wag) + (Wac) + (Wep) + (Wpa)

Mgt = — (Al6)
o (Qcp)
is an upper bound of
7S = (Wag) + (Wsc) + (Wep) + (WDA>. (A17)

(Opc) + (Qcp)

When f(k) = 1, one obtains nm nS, pas> Which recovers the
special case of the passive noise descrlbed below Eq. (4) in
Ref. [8].

To calculate the deviation between the Stirling and the
Carnot efficiency, it is more meaningful to compare 7>, and
ﬁacct, both pertaining to the active noise, rather than compar-
ing 73, and ngas between the active and the passive noise.
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Together with Eq. (A11), that deviation will be

ki f(k)
S Sdk
fl) = fk) + [ L2dk

=-C =S _ .C
Nact = Mact = npas

ki _fk)
e o L8dk
P f) = FrG) + [ LRak
ky
> (k)
= (1pas) S (k1) dek
ka

[£hk) = B fk) + [ L2ak]™
[f k) = flk) + [ L ak]

X

(A18)

which is positive as mentioned above.

The revealed effect of active baths on the Stirling efficiency
discussed above also indicates the effect on the power of the
engine. For a heat engine with a four-process cycle, suppose
the operating time for the ith process is 1; < oo, where i =
1,..., 4. Their heat and work,

A,‘ B,‘
W, xW>+ = and Qi~QF——, (A19)
i T;

can be generalized from Ref. [50]. It yields the power

4
p— _K:_Zizlm
T

T
4 4
~ _Zi:l W _ Zi:lAi
T 72

; (A20)

where T = Z?:l 7;. In the example of the Stirling engine,

4 ki
S W = (7 Tl)k—B/ SO0 a2
— 2 J, k

has been derived in Eq. (A7). However, the dependence of
Z?zlAi, and consequently P, on f(k) is unknown. Never-

4
theless, if 7 is sufficiently large, such that —% in P is

negligible, as in the quasistatic regime, then

- i

pr Lk —-T1) f(k)dk. (A22)
T 2 ko k

In this case, we know how to adjust the function f(k) of an

active noise to enhance the power P and surpass the power of

its passive counterpart. It can be achieved when the f (k) of the

active noise is an increasing function, starting from f(0) = 1,

like that in Fig. 4, within the operating range [k, k|] of the

engine so that [ L& gk > /Z? —dk.

To understand the maximum power under active noises,
let us use the low dissipation Carnot engine to explain it
[50]. According to that study, the heat exchanges during the
isothermal processes at low and high temperatures, 7; and T,

are

. B =,
QCZQC_I—_"—"‘:TC —AS——+--- ’

c Tc

B %
Qh=Qﬁ°——h+--.:Th<AS——h+-~>. (A23)
Th Th

Here, B, By, X¢, and X}, are some coefficients, 7. (7,) denotes
the operation time during the cold (hot) isothermal process,
and S stands for the entropy during those processes. Impos-
ing the condition of zero derivatives, g—i = g—i =0, for the
maximum P* of the power

A e
Th + Tc Th =+ Tc
(Th — TL)AS — @ — %
- : . (A24)
Th + Tc
yields the durations
* 2Th 2 T.X.
5 = — ’
" (T - T)AS T2

2T.%

W= G as (A25)

L 5=
.3

of P*. The efficiency n = —% =1+ % at 77" and 7} is then

T)c(l + ﬁ)
n* = — Tf“ —. (A26)
I+ /5) +701-5)
When ¥, = Xy, n* recovers the Curzon-Ahlborn efficiency

T
nea =1—/7.

For active noises, the condition % = % = (0 to maximize

the power P is the same, although their f]c, ¥y, and AS in
Eq. (A24) will generally be different from those of the passive
noise. For the Curzon-Ahlborn efficiency under active noises,
first notice that ty,, 7., and AS are independent variables for
general P and n. However, due to 7" ~ ﬁ and 7 ~ ﬁ in
Eq. (A25), P* and n* interestingly become independent of AS.
It implies that the variation of n* with f(k) is not determined
by the variations of Q° = T.AS and Qp° = T, AS with f(k),
as indicated in Eq. (A7). This analysis shows that the impact
of an active noise on the Curzon-Ahlborn efficiency occurs in
the variations of X and Xy, with f (k). The entire argument for
the Carnot engine applies in a similar manner to the Stirling

engine, both with and without a perfect regenerator.

APPENDIX B: PARTICLE SUBJECT TO THE
OSCILLATORY ORNSTEIN-UHLENBECK NOISE

Let us consider the Langevin equation

X+ —x= é
14
where k and y are as defined before Eq. (A1) and & represents

a noise. Suppose that noise is a Gaussian colored noise with

B
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the correlation

(E@EW)) = Ce "1 cos[w(t —1)]
_ e/
=2y(1 + W}t*)kgT cos[awp(t — 1)1,
S-function if t—0
(B2)
where
~ 1+ oft?)ksT
C= r(t+a5e kT : (B3)

T

Therein t and wq characterize the correlation and the oscilla-
tion effect of (£(¢)&(¢')), respectively. T denotes the tempera-
ture defined by diffusion, as explained before Eq. (A1), when
a free Brownian particle is subject to the colored noise &. To
show that C is indeed related to such 7 by Eq. (B3), let us
consider the mean-square displacement of Eq. (B1) at k = 0,

1 t t
oy = [ [ eweendsas
Y= Jo Jo

1 t t _ J
=— / / Ce 57517 cos[wy(s — s')]dsds'
0 JO

c e
=— / / ST cos[w(s — s)ds
v=Jo 0

t
+ / e 0=/ cos[awg(s — s’)]ds}ds

c [t 0
= —2/ {/ e’'7 cos(wgs)ds
14 0 —s

t—s'
+ / e/t cos(wos)ds}ds/
0

C 1
= = [-20 + 207" + 200
7 (14 0jr)

4271 +27%7"

~1/7 sin (wot)

(B4)

cos (wgt ) — 46()()1’36‘

—2witte T cos(wot)],

where the last equality has been confirmed by a symbolic
calculation (see B4 within the Supplemental Material [49]).
At large r, Eq. (B4) behaves as

C(w} + 1)

() ~2
’ P21+ w3e?)

t =2Dt, (BS)

with D = Cty~2(1 + w?t?)~! the diffusion constant under
the colored noise &£. Expressing it in the form of the Einstein
relation D = kT /y, mentioned before Eq. (A1), shows that
C is indeed related to T by Eq. (B3).

For k > 0, recall that the Fourier transforms of f(¢) cos(bt)
and e /7 are F(f(t)cos(bt)) = [f(w —b) + f(w + b)]/2
and F(e V7)) = (2/0)[(1/7)* + w*]7", respectively, where
f (w) is the Fourier transform of f(¢). Therefore, the Fourier
transform of Eq. (B2) att' = 0 is

F((&()50))
= CF(e7"V" cos (wot))

2/t 2/t ]

¢
5[(1/1)2 T @—w 0 @t

i 1 1
t (1 @ —w R 1+(a)+a)0)212>

Subsequently, the power spectrum of x in Eq. (B1) is [for more
discussion, see Eq. (F6)]

F({§@®)5(0))
SO = ey
B 1 2tC[1 + (@? + w})?]
T+ YD) [1 4 (0 — 00’21 + (0 + wg)*1?]

AV [kt (t%/y?)
_hc(ﬁ)(?) Ry + o)

1 + w?t? —|—a) 72 1
[1 + (0T — woT)?1[1 + (0T + woT)?] (?)T
_2tC K 14+ w? + w}
T vk K2+ w? [+ (w— w)l[l + (w+ w2l
(B6)

where K = kt/y, w = wt, and wy = w7. As a result, the
variance of x is (see B7 within the Supplemental Material
(49D

%) = 1 /Oo Sy(w)dw

21

_1C [ 14+ w? + w}

= kN o w—wo Pl o]
1:C (K + Dr

T kmy K(K?+2K + 1+ w?)
_lry(l+epd)kel K+ 1)

ky T K+ 17 +w?
_ keT (1+wg)(K+ 1) kgT (c+ 1)K + 1) (B7)
ok K1 +wd k (K+1)P e

where dw = d(wt) and ¢ = w} > 0. Consequently,

(c+ 1K +1)
(K +1)° +
Since K is proportional to k, the condition for an increasing

f (k) is equivalent to that for an increasing f (K).
In the limit wy — 0, Egs. (B2) and (B7) reduce to

T kx?)
T kT

= f(K). (BY)

fk) =

T
ey = 22T =i,
(%) = keT —_  ksT (59)
k(1+K)  k(1+kt/y)

of a persistent noise [8]. Notably, due to a different expres-
sion of the Langevin equation in Ref. [8], the (n,(t)n,(t"))
in Eq. (12) of that paper corresponds to (£(t)£(t'))/y? here.
With Eq. (B9), Eq. (B8) is simplified to

1

7% (B10)

fk) = = f(k
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x1071?
_ 2 A (@)
%O.\/W/ ]
s /q/V\/
2k i i i f i i . i i 4
o 1 2 3 4 5 6 7 8 9
x107
(b) |

1 1.2 1.4
%103

FIG. 6. A noise with a dominant low frequency. The noise com-
posed of a series of alternating peaks in (a) has a normalized
autocorrelation in (b) similar to Eq. (B2).

which is a decreasing function of K. However, for wy > 0,
f (K) in Eq. (B8) can be an increasing function in the region
where its slope df(K)/dK =—(c+ DK + 1)? — (K +
1)> + ¢]72 > 0, which has its maximum value (c — 1)/(c +
1) at K = 0. This derivative is positive when (K + 12 <e,
or equivalently K < ,/c — 1, because both K + 1 and /c =
wpy > 0. Since K = kt/y and wg = wot, itimpliesk < (wy —
1/7)y, which is the range for finding an increasing f(K) in
Eq. (BY).

In experiments of colloidal engines, typical parameter
values include y = 1078 kg/s, k € [1,4] x 107> N/m, and
the data acquisition time 1073 s, which is less than the
particle relaxation time fex = v /k € [2.5 X 1074,1073] s.
For (wp, ) = (10*s~!,1073s), since k < (wo— 1/7)y =
9 x 1073 N/m, one can find an increasing f(K). Even for
weaker correlation times, such as 7 =5 x 1074 S, T =4 x
10~*s,and T = 3 x 107 s, an increasing trend of f(K) can
still be clearly seen, as the blue (¢ = 25), violet (¢ = 16), and
red (¢ = 9) lines, respectively, shown in Fig. 4(a). In this plot,
k is extended to 2 x 107> N/m to show how f(K) changes
from a rising to a falling function.

As an example of £ in Eq. (B2), Fig. 6(a) shows a noise
composed of a series of alternating peaks, whose shapes,
heights, and spacings between two neighboring peaks are all
Gaussian distributed. Its correlation in (b) is similar to that
in Eq. (B2). If the peaks in (a) become denser, the noise will
have a larger wgy, which enhances the chance of finding an
increasing f (K) and a high-efficiency engine.

APPENDIX C: PARTICLE SUBJECT TO THE
OSCILLATORY TELEGRAPHIC NOISE

An oscillatory telegraphic noise consists of a series of tele-
graphic steps that have piecewise constant noise magnitudes
(Fig. 7). Its magnitudes form a double-Gaussian distribution
(inset in Fig. 7). If £ in Eq. (B1) is of this kind of noise, the
change of the particle position from x; at time #; to x;;| at time
t;+1 under a given k is an integration of Eq. (B1), xi11 — x; =
—y = [ k(@) dt +y ! [ E(1)dt, wherei =0, 1, 2, ...
If the span ¢; = ;41 — ¢; are identical and small for all i, then

5 ><10'12' ' ' ' ' ' '

ol 5000 | |
z 2l 05 0 5 [T
w ) EMN) 102 |1

2 T e e

4 . . . . . . .

0 1 2 3 5 6 7 8
t(s) %1073

FIG. 7. An oscillatory telegraphic noise, whose magnitudes have
a double-Gaussian distribution with two peaks symmetrically located
at two nonzero positions (inset).

the range [#;, ;1] = [iet, (i + 1)&] and f;’“ kx(t)dt ~ kx;e;.
When £(¢) has a constant magnitude &; in that range, w; =
y~! f;i“ E@)dt =y~! izﬂ)g‘ £dt = &&;/y. Therefore,

Xip1 = Rx; + wy, (CDH
with R = 1 — ke /y. Consequently,
x1 = Rxo + wy
LN RVx; = R¥'xo + RV wy,
X» = Rxy + w;
B RV, = RV + RV wy,
XN—1 = Rxy_o + wy_2
X:R2> szN_l = R3xN_2 + szN_z,
Xy = Rxy_1 +wy_1
2B Rey = Rxy_1 + Rwy_1. (€2)

Summing up all equations behind the arrows and starting
with xo = 0, one obtains Rxy = Rwy_; + R*wy_o + -+ +
R¥='w; 4+ RN wy and accordingly

Xy = Wy—1 + Rwy_» +~~-+RN_2w1 —I—RN_lwo

N N
SR =
i=1 i=1 Y

N
fa) .
==Y Ry
)/ i=1

If we reexpress the position xy at time t = Neg; as x(¢), the
ensemble average of the product x(¢)x(z') will be

(€3)

» N N

(e(tx(t") = (eyaw) = % 33 My,

i=1 j=1

(C4)

with M;; = RV =2(gy_;€y_;) the (i, j)thentry of an N x N’
matrix M. Therefore, (x(z)x(z’)) is the sum of all entries of
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M. For a givent = N¢, and t' = N'g, the value of R and the sizes N and N’ of M depend on the value of the numerical parameter
. However, (x(¢)x(¢')) should be almost invariant of that parameter, when ¢, is sufficiently small. For N = N’, M becomes a

square matrix of dimension N,

[ (Env—1€n-1) R*(En_16n_3)
R{&En_26n-1)

R*(én-—36n-1)

REn_16n-2)
R*(En_2€n_2)

Let the magnitude of the nth telegraphic step of the oscillatory
telegraphic noise in Fig. 8 be

M =M L O (n=1,2,3,...). (C6)
Here, €™ = (—1)"£ is a deterministic term, which oscillates
between two values £&, depicted by the two dashed lines
in that plot. £6® is a Gaussian random variable, which
causes deviations from the dashed lines. The correlation
of £6® js (gGWgGmy — g§K  which gives the variance
g = (£6™?) where 8K is the Kronecker delta. Thus, the
correlation between two telegraphic steps is (£MgM) =
(—1)y"t"g% + E8K . If we use this noise to drive a Stirling
engine in the (k, T) space, the temperature 7 in Fig. 8
refers to T =T, in Eq. (C28), where T, = Et;/(2ykg) in
Eq. (C17).

Suppose that an oscillatory telegraphic noise has ng tele-
graphic steps in each of the four processes in an engine
cycle and each step is discretized as ny spans of length .
Figure 8 shows an example of (ng, n5) = (3, 4) in a cycle.
Therein the noise magnitudes & = £; +§G at the ith time
instant (i = 0, 1, 2,...) are denoted by red stars. During the
two isothermal processes, if the ith instant belongs to the nth
telegraphic step, &, &, and £° have magnitudes £™, €™, and
£60 in Eq. (C6), respectively. During the iso-k heating and
cooling processes, &; in a telegraphic step should, in principle,
vary slightly with the temperature 7', as seen in &j, ~ &3 and
&6 ~ &47. Spec1ﬁcally, &; should deviate more from (come
closer to) & = +& or —& when T becomes larger (smaller).
However, since the variation of T is very small within a short
tilted telegraphic step, in simulations all &; in the nth step can
be approximated by the same £ of a flat step, whose £6% is
determined by the T at the beginning of the tilted step.

For (nq, ng) = (2, 4) and N = 8, Eq. (C3) gives

Xg = Wy +Rw(,+~-~+R6w1 +R7w0

_ <€73t> —i—R(éGSt) +. +R7<E08t>
14 14 14

(C5)
RN =H(&260)
RPN (&160)

RN=2(E0&) |

RN (g &)

RN=3(E)

RN=H(EEr)

= 3[(57 +£9) + R(Es + £8) + +R2 (s + £8)

+R(Es+ET) +RYE +E7) + RO (B + &)
+RO(& +&7) + R (B + &)

= DL+ +87) +R(E +60) + R (E 4 89)
+R(—E+ &)+ R (+E + &) + R (+£ + &)
+RO(—E +£0) + R (—E +&9)], €7

with £F = &7 = €90, &5 = £F = £00), &5 = £0 = £00),
and £ = £ = 9. Its M in Eq. (C5) is then the 8 x 8

} iso-T expansion !

|
T, ‘ iso-k heating: iiso-kcooling :
‘\ | | 5 | |
- | &a1 > &29)> o3 ] |
& &5 < &161 < &7 ! |
\\ } 3 }
9&*_*7 | QM } 9W }
£ I I O o A NN N VY /S A IS U NN SO DR
€9 e ool m
>
L. :
ewl [g¥
_£ _omee L] [ N D R
S |
k.
e Sk
=& =6 L] Lt

FIG. 8. An oscillatory telegraphic noise of four telegraphic steps
(ny = 4) and three discretized spans (ng = 3) in each of the four
processes of a Stirling cycle (Fig. 5). The noise magnitudes &,
&), and &, in the first telegraphic step have the same value £ in
Eq. (C6), the noise magnitudes &3, &4, and &5 in the second step have
the same value £, and so on. The £ presented here is regarded as
having a phase zero. If & at #; are replaced by &, at #,1, the phase
of £ is shifted 60°.
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matrix
(E187)  Rigaks) RA(ErEs)  R(EEs)  RUEE) RE&E) RUEE) R (5&) ]
R(&&7)  R*(&eks) R(E6Es) R'(5ks)  R(5&3)  RO(&&)  R'(&&)  R%(&ko)
R*(&s&7)  RP(Eske)  RY(EsEs)  RO(6s&s)  RO(Es&)  RI(Es&)  RY(&s&) R (Eséo)
M — R¥(E&7) RY(Eks) RO(&&s)  RO(&&s)  RI(G&)  RY(&E)  RU(&E)  R'(&)
RY&&) R(&&) RU(&E)  R(&&)  RY(&E&)  R(&EL)  RYEE)  R"(&&)
R (&&) RY(&&) R'(&E&) R &E&) R(&&) RY&EE) R'MN&E) R (6&)
RO(E1&) R'(E1&) RMEE) R(&&)  RO%E) RYGEE) RZ2EE) RP(E&)
| R7(8o&7)  R%(5086)  R°(6oks)  R'(6o&a)  R'(5083) R (E&2)  R(Gk1)  R'™(&éo) |
[ @+8) RE+E) R —£2R° E2R E2RS —£2R° —E2R7 ]
RE2+E) RXE2+E) _E2R3 _E2R4 E2RS E2RS _E2R7 _E2R8
_E2R2 _E2R3 RYE2+E) RE2+E) _E2RS _E2R7 E2R8 E2R
_E2R3 _E2R4 RSE2+E) ROE2+E) _g2R7 _E2RS E2R E2R10
= §2R4 §2R5 —§2R6 —§2R7 RS(EZ + E) R9(§2 + E) _EZRIO _§2Rll
E2RS E2RS _E2R7 _E2RS ROE2+E) ROE2+E) _g2RN _g2R12
_E2RS _BR E2RS E2R _E2RI0 _E2R1 R2E2+E) RBE +7)
_E2R7 _E2RS E2RY E2R10 _g2RN _E2R1 RBE24+E) RUE+E)
[(§* + BE)E —&’R’E E’R'E —E2R°E
—&°R’E (E*+ B)R'E —£°R°E E’R°E
= E2R'E _E2RSE (2 + E)RE _E2RI0E
| _E2%R°E E2RSE _E2RYE (82 + E)RE
E —R’E R‘E —R°E E 0 0 0
_p —-R°’E R‘E —-R°E  RPE e 0 RE O 0 )
R'‘E —-RE RE -R“YE 0 0 RE 0
—-R°E RE  —RYE R"E 0 0 0 R“E

0 1
where the 2 x 2 submatrix E = [I;, 22] gives a contribution from a telegraphic step with ng = 2.

For general ny and even number of ng, the noise has ng/2 pairs of forward and backward telegraphic steps. In this case, the

matrix in Eq. (C8) can be extended to

E —R™E
| —R“E  (=R™)’E
Mo R
(_Rnd )ns—lE
where
RO
Rl
E=

Rnd—Z
R”d—l

(_Rnd )2ns —3E

(_Rnd )ns—lE

(—R™ )2n9—3E
(—R™ )2ns—2E

' Rnd —1
R™
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Removing the ny x ng submatrix E from the ngng x ngng matrix M yields an ng x ng matrix

1 —Rm

(—Ray~~! 10 0
M =& e ’ ve |’ R
: (—Ra)2ns=3 0 0 0
(—Rnmays~! (—Rm)2s=3 (g2 0 0 0 R@n—2m
My

=M,

= E*M; + EMy, (C10)

with My and My; two additional submatrixes. Let the sum of all entries in M, E, M’, My, and My, be Sm, Sg, Smr» Sm,, and Swy,
respectively. Clearly, they are related by

Sm = SmrSe = (E°Sm, + ESm, )Sk- (C11)
Sincel+r+---+r"=(— r"“)/(l —r)forr < 1, we have
ng® forR=1
Se=(I+R+R+---+R)Y =1 (€12)
(lf_RR ) forR < 1,
M forR — 1
Smy = (L4 (=R™) + -+ + (=R™)"1)? = oy (C13)
. (171(l+3))2 for R < 1= |-R™| < 1,
ng forR=1
Swy = 1+ R + R0 4 RO = 1 7 (C14)
f_RT@ forR < 1,

where Sy, = 0 for R = 1 in Eq. (C13) if ng there is an even number. Let (x2(1))e be the variance of x calculated from the matrices
in Eqgs. (C8) and (C9), for which ¢ is at the end of a pair of telegraphic steps and ng is an even number. Due to Egs. (C4) and

(C11)~(C14), one obtains

2 2
(1)) = %SM = %(EZSMI + ESwy)SE
e o 1+(—21>“S*‘ . q{ns 5 {ndz 2
- ng s \ 2 — __R2nsn o,
Ll e (‘=)
[ézw(le)"r‘ + Ens]ndz‘;‘—j
- £2(1=(=R'4)s\2 | = 1—R¥sm 1 — R (£ 2
[s ( 1+R"d ) + S ]( ) (I—R) y?
[Frreet E(}L)])’/_zz forR =1
= (C15)
201 — 1RV (1) + (1 - ) ()] forR < L,
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with ng = t/t;, nge; = t5, and ngng = N, where

e V1 (& V11
1-R) y2 \ke/y) y* K2

has been used in the last equality of Eq. (C15). Here, ¢ and
t; are two physical parameters, while ng — oo and & — 0
are two numerical parameters, which have disappeared in
Eq. (C15). The long-time behavior of (x*(¢)). in Eq. (C15)
is as follows.

For R =1, the first part of Eq. (C15) at r > 1 behaves

asymptotically as
1 5 Bt .
ts)v? B 2y?

kgT.
— 2Dt = (Be>t,
Y

where D and T, are defined by diffusion, as in the case of D
and T before Eq. (Al). Therefore, T, is related to the noise
characteristics E and #; and the mean-square displacement

<x2(t))e,free by
L
¢ 2ykg  2kgt

I
[a]

<x2 (t )>e,free

(C16)

(%)) free- (C17)
Here, the second equality has been confirmed numerically.
Interestingly, the temperature T, perceived by a stochastic heat
engine can be controlled by E or £, but not by &.

For R <1, consider the limit (ng, &) — (00,0) un-
der a constant t; = nqe; and t = Ne¢ = ngngé; = ngts. Using
expx = lim,_ (1 + ’;‘)" forallreal x and R = 1 — ke /y =
1+ (—kts/y)/ng = 1 + X/nq, with the dimensionless quan-
tity X = —kt,/y, we obtain

X nd ng—
R = (1 + —) X = ey (C18)

ng
k t/e k 176"
RN RN
Y 1/&
B2 [ kY = ek 2%, (C19)

—>00

RN = [RVP 22 [ M7 = 2 280, (C20)
1 —R" 5 X kt,
—> tanh( —— | =tanh [ — ), (C21)
1+ R 2 2y

where Eq. (C18) has been used to derive Eq. (C21). Therefore,
in the limit (nq, &) — (00, 0), the second part of Eq. (C15) for
R < 1 becomes

2 (1))e = |:§2(1 — (1) /7 )2 tanh? (%)
Y

kt 1
+Xi(l — e /7y tanh (2—;” =

Att — o0, Eq. (C22) reduces to

2 £2 2 kts — kls 1
(X )e,well = | &~ tanh g + E tanh g k—z, (C23)

(C22)

which implies
f‘e = k<x2>e,well/kB

- kt kt 1
= |&%tanh* [ == ) + Etanh [ — ) |—.
2y 2y ) | kkg

Unlike that T, in Eq. (C17) can only be varied by E and t,,
all the three parameters &, z;, and § can be used to manipulate
T. in Eq. (C24). This allows us to use & to tune T. without
changing T.. Numerically, the second equality in Eq. (C24)
has been confirmed by our simulation.
With Egs. (C17) and (C24), one obtains
T. [éztanhz(’zi;) + Etanh (55)] 7

e k) = = - 2
Je(k) 21,/ 2y ks)

1 g2 s kt,
= —[E: tanh? (k—t> + tanh (—t>i|
kts/2y) [ E 2y 2y

%[c tanh?(K) + tanh(K)]

(C24)

o

tanh(K) A
=% [1 + ctanh(K)] = fo(K).

(C25)

Here, K = kt,/(2y) and ¢ = £2/E are two dimensionless pa-
rameters, where = 2ykgT /1, due to Eq. (C17), with T = T,
as explained in Eq. (C28) below. Interestingly, f.(K) depends
more crucially on the ratio £2/E than the individual values of
£2 and E. Since tanh(K) &~ K at small K, Eq. (C25) behaves
as fo(K) ~ 1 + cK in that regime. A larger ¢ will enhance the
increasing trend of fe(K ), which is beneficial for improving
the engine efficiency. Furthermore, a smaller #; will pull the
value of K = kt;/(2y) back to a smaller number, where the
slope of f.(K) is steeper, which would also improve the effi-
ciency.

In Eq. (C25), £ > 0 is crucial for obtaining an increasing
fe(K ). If £ = 0, Eq. (C25) will reduce to a decreasing func-
tion f.(K) = tanh(K)/K. However, if £ = 0 is combined with
ng = 1 (only one red star in each telegraphic step in Fig. 8),
taking ¢ — oo for (x*(t)). in Eq. (C15) will give

£\ 2 2t kg T.
) o == =222 ) forR=1,
) y? 2y2 14

1—=R\1 Nooo [1—R\E kgT.
E(I—RZN) _ —N—O>O e P forR < 1.
1+R)k2 1+R/K2 &k
(C26)

It yields T, = Et,/(2ykg), the same as Eq. (C17), and T. =
(1 = R)(1 + R)~'E/(kkg), different from Eq. (C24). Together
with R=1—ke/y, na=t/ee =1, and K = kt;/(2y) =
ke(/(2y), they lead to an increasing function of K,

fo(k)_§_<1—R) g 2ykg
Lok = = =

(1]

T.  \1+R)kks Et
. kee/y 1
B (2 - kgl/y)ksl/(Zy)
2 1 R
= = fo(K), (C27)

2—ke)y 1-K

which is even simpler than Eq. (C25). However, this increas-
ing f.o(k) cannot provide a high-efficiency engine because
K ~ g, as explained in Sec. III C.
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Recall that Eq. (C25) is a result of M in Eq. (C9), which
is derived under three conditions: (i) k is fixed or changes
quasistatically, (ii) ng is an even number such that ¢ contains
ng/2 pairs of backward and forward telegraphic steps, and (iii)
£ starts with the initial value £ = —& in Eq. (C6). At that
t, a particle in the overdamped regime has been pushed to a
positive extreme position, x > 0, far away from the equilib-
rium point at x = 0 and thus has a large (x?). If n, is an odd
number, the noise just completes a backward step at ¢, so that
the particle will be at a negative extreme position, x < 0, again
far from x = 0. In this case, <.x2(t))e,free, 1., (xz)e.wen, and T, in
Egs. (C16), (C17), (C23), and (C24), respectively, remain the
same. Due to symmetry, these results still hold when the initial
value £V = —£ is replaced by +&. At other ¢, which contain
incomplete telegraphic steps, |x| is generically smaller than
the absolute values of the above extreme positions. There-
fore, its variance in the well, (x?)yen and T = k(x?)o1/ks
are generically smaller than (x®)e well in Eq. (C23) and T. in
Eq. (C24), respectively. Its variance in a potential-free space,
(x2(t))free> is also different from (x*(¢))e.free. However, at large
t, the former has the same asymptotic behavior as the latter in
Eq. (C16). Therefore, the temperatures defined by (2 (1)) free
and (x? (t))e free are identical,

T=T,. (C28)
Putting all together, although f(K) = T/T is different from
fo(K) = T,/ T,, they have the same rising or falling trend. An
example of (x?)yen and (x%)c.wen can be seen in Fig. 3(b),
where the former denoted by (x2) (blue) is, as expected above,
“bounded” by the latter denoted by (x?) (red).

So far, the results are obtained when the telegraphic noises
& in all systems of the ensemble have the same phase starting
with the initial value £ = —&. When we randomize the
phase of £ as in the equal a priori probability in the micro-
canonical ensemble, the phase-averaged (x?(1))free, (X**)weil, 7',
and f (K) become much smoother, which are “bounded” by,
and follow the same trend as, the above (x? ())e free (xz)e,wen,
T., and f.(K), respectively. Notice that T and 7, in Eq. (C28)
still have the same value after the phase is randomized because
these temperatures depend only on the long-time spread of x
and not on the phase. As T does not oscillate with &, it is an
appropriate temperature in the engine protocol.

In colloidal engine experiments, typical or accessible
ranges of parameter values include y = 10"% kg/s,
ke[l, 4 x1075 N/m, and (T, T;)= (200, 400)K.
To create these 7, let us consider the length of
the telegraphic step, #, =nge; =2 x 107*s. It is of
the same order as the relaxation time fx =y /k €
1078/([1, 4] x107%) s=1[2.5, 10] x 10~*s. Besides,
K=kt/Q2y)e[l, 4]x1073x2x1074/2x107%) =
[0.1, 0.4] and E = 2ykgT /t, € 2 x 1078 x 1.38 x 1072 x
[200, 400]/(2 x 107%)N? =[2.76, 5.52] x 107> N2,
Taking (&, ng, ns, Neycle) = (10735, 20,10, 10%), both
& /telax € 1072/([2.5, 101 x 107*) =[4,1] x 107> and
trelax/tprocess = frelax/ (Mans&y) € [2.5, 10] x 10_4/(20 X
10% x 107%) = [1.25, 5.00] x 1072 are sufficiently small in
simulations. For £ = 1 pN = 1072 N, its £2 = 1072 N? is
larger than (£7...,(1)) = 2ykgT = 8.28 x 1072 N? of the
thermal noise &perma(f) of water molecules at 7 = 300 K.

0.7+f x0=-2x10'9 ! .
® x =-1x10"
%Oﬁf x. =0 |
2 3 ® x,=
T05F ' ® x =1x10" .
S } 0 =
= ® x =2x10
|.IJO4, . 0 ; i
””””” LV A
0.3} ®oo0e, o ’ ]
0 50 100 150 200 250 300 350
Phase

FIG. 9. Engine efficiencies under oscillatory telegraphic noises
at different phases. The 90 points in the plot represent the efficiencies
of an active engine driven by the oscillatory telegraphic noise of
18 uniformly distributed phases starting with five different initial
particle positions xy, each of which is averaged over 10* single cycles
in an ensemble. The efficiencies of the same color have the same x;.
The dashed line denotes the efficiency 0.368 of the passive engine.

This £ is comparable to the experimentally measured
thrust forces of flagellar motors, including 0.57 pN for
peritrichous (multiflagellated) Escherichia coli, 0.37 pN for
Salmonella typhimurium, and 0.029 pN for the amphitrichous
magnetotactic bacterium Magnetospirillum magneticum [51].

Taking these parameter values, we obtain Fig. 3,
where the efficiencies of the passive and active Stirling
engine are (ngas, n>.,) = (037, 0.43). Since c=
£2/8 = E2/QQyksT /t;) € 10724/([2.76, 5.52] x 107%) =
[1.81, 3.62], its fe(K ) should have a rising branch. Indeed, if
¢ =3.0,20, and 1.1, fe(K ) behaves as the blue, violet, and
red lines, respectively, in Fig. 4(b). If (T, T;) = (200, 400) K
is replaced by (300, 400) K, the efficiency of the active
engine will reduce to that of its passive counterpart, with
(n;s)as’ ﬁe?ct = (0.20, 0.20).

In the above simulations, all engine efficiencies are cal-
culated by the long-time average over a large number of
successive cycles, as commonly evaluated in experiments.
Therein the phase of the noise in each cycle is zero, as shown
in Fig. 8, while the initial position of the Brownian parti-
cle is set to zero, xo = 0 um, only in the first cycle. These
efficiencies can be compared with those calculated by the
ensemble average. To this end, let us prepare 90 ensembles of
single-cycle simulations from 18 uniformly distributed phases
and 5 different initial particle positions xy. Their efficiencies
are indicated by 90 points in Fig. 9, where & = 1.6 pN is
used. These efficiencies are not always higher than the effi-
ciency 0.368 of the passive engine (dashed line). However,
taking the average of 18 phases for each of the five individual
xo=(—2x107% —107%,0, 107°,2 x 1079) um gives five
efficiencies (0.399 0.393 0.392 0.398 0.395), all of which
surpass the efficiency of the passive engine.

APPENDIX D: PARTICLE DYNAMICS IN
THE OPTICAL FEEDBACK TRAP

In the OFT technique, one mimics the motion of a Brow-
nian particle in an arbitrary potential U (x) by instantaneously
shifting a simpler potential U,(x) to some position, such that
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the two different potentials are the same, U (x) = U,(x), at the
instant position x of the particle. The continuously moving
potential U,(x) creates a constant virtual potential Uy (x) to
approximate the desired real fixed potential U (x). In experi-
ments, U,(x) is commonly a harmonic potential of stiffness
kot given by an optical tweezers.

When a colloidal particle of mass m is immersed in wa-
ter and confined by a harmonic potential U (x) = kx?/2 of
stiffness k, the particle position x(#) will be governed by
a Langevin equation mx(t) = —yx(t) — kx(t) + £(t) = 0, if
the system is in the overdamped regime. Here, y is the
friction coefficient and & (t) = /2y kgTT'(t) = /2y2DI'(t) is
the stochastic force of thermal noise, where 7 and D are
the temperature of the water and the diffusion constant of
the particle, respectively, and I'(¢#) denotes a Gaussian white
noise of unit variance. In OFT, if the real force —dU (x)/dx =
—kx(t) is generated by the force, —ko[x(#) — xL(¢)], of an
optical tweezers centered at xp (¢), they satisfy the relation
—kx(t) = —ko[x(t) — xL(t)]. It yields x; (1) = —ax(t), where
o = —1 + k/ky. Therefore, ideally, the particle should be
governed by the Langevin dynamics yx(t) + kx(t) = yx(t) +
kot[x(t) + ax(t)] = £(¢). However, in practice, the location
of the optical tweezers can only be adjusted according to
an inevitably slightly earlier particle position, x (t —t3) =
—ax(t — tg), where t4 is a feedback delay time. Thus, the real
particle dynamics satisfies

Yx(t) + kowx (1) + akox(t — 1a) = §(2). (DD

If we express the mean-square displacement of Eq. (D1) as
(x2(t)) = 2Dt = 2(kgT /y)t, it defines a diffusion constant D
and a corresponding temperature T, as that before Eq. (A1),
for t3 > 0. By definition, D and T will reduce to the above
D and T only at g — 0. But, in reality, D=D and T =T
for any ¢4 > 0 because D and T are both defined at k = 0. In
this case, « = —1 and Eq. (D1) reduces to yx(¢) + ko[x(t) —
x(t —tq9)] = &€(t), which is used to mimic a free particle gov-
erned by the Langevin equation yx(¢) = &(¢). Since the real
potential is absent in the latter equation, the optical tweezers
in the former one is redundant and can be removed by setting
kot = 0. Therefore, the D and T of the former equation are the
same as the D and T of the latter one even for 74 > 0.

Suppose that the particle positions x; in experiments are
measured at discrete time instants ig, withi =0, 1, 2, ...,
where &, is the data acquisition time. Then they follow a
discretized version of Eq. (D1), y(xiy1 — xi)/& + kot(xi +
axi—;) =& [19], when the delay time in Eq. (DI1) is
tag=le for 1 =0, 1, 2,.... Here, & = /2ykgT /&l =
V2y2D/eI';, where T'; has the same statistics as I'(¢) defined
before Eq. (D1). Therefore,

k &
Xip1 = X — — (x5 + axi e + —&
Y 14

= (1 - Bxi —afxi_ + &,

with B = ky&/y, the position fluctuation &' =¢é&;/y =
V2(ksgT/v)e 'y = /2D T;, and (5;‘5;?) = 2D8t8{§, where
Sf is the Kronecker delta. For [ = 1, or equivalently #3 = &,
Eq. (D2) reduces to

Xig1 = (1 = B)x; — aPfxi + &,

(D2)

(D3)

which has the variance
frier®) = (1= B’} + o B7(xir?)
+(57%) = 201 = B)xixie)
—2aBxi15) + 21 — BxisT).

Multiplying Eq. (D3) with x; and taking the average on all
terms gives

(xip1x) = (1 = B)xi®) — aBloxi_r) + (x&).

Considering (x;_1&") = (x;&) = 0 due to causality, as well as
(xip1?) = () = (i1?) = (%) and (xip1x0) = (xi) for a
steady state, Eqs. (D4) and (D5) become

(%) = (1= B %) + B2 + (&7

(D4)

(D5)

—2aB(1 — B){xixi—1), (D6)
IR Gt D
(xixi_y) = 1+ ap) x°), (D7)

respectively. Inserting Eq. (D7) and (Elﬂ) = 2Dg; into
Eq. (D6) gives
2D
() = - :
1—(1—B2—a2B2+ 2ap(1-p)

(I+apB)
_ 2D5,(1 + aB)
C Bl —ap)l+a)2+af —B)
28T e (1 - B+ K)
S4B -K)EQ -+ K~ p)
_ —2kgT(K—B+1)
T k(K—B—1)K—-28+2)
2K —c) ksT
(K=K =) kO
withe;=8—-1,c=8+1,c3=28—-2, and K = ke /v,
where  af = (=1 +k/ko)(katet/y) = —kae /v +ke/y =
—pB + K has been used. Notice that due to feedback delay,
Eq. (D8) has deviated from the variance (x?) = kgT /k in the
absence of delay. This deviation depends on ko and ¢4, where

tq = & has been assumed before Eq. (D3). With Eq. (D8), it
follows that

(D8)

k(x?) —2(K —c1)

= — = = f(K ,
kgT (K —c)(K —c3) JK)

Q) (D9)

where T = T, as explained below Eq. (D1), has been used.

Since the nonzero ¢ is in practice very small, both K and
B « 1. Therefore, the real K is far from the zero point ¢,
and the two singularities at ¢, and c¢3 in Eq. (D9). In this
regime, f(K) is clearly a rising function of K. For instance,
when o = 0, which is equivalent to k = ks and 8 = K, the
real potential is equal to the optical tweezers potential. In this
case,c; =K —1,co =K+ 1, and c3 = 2K — 2 in Eq. (D9),
which yields an increasing function

2

S —

% (D10)

For the experimentally accessible values y = 103 kg/s,
ko =3 x 107 N/m, ke[l, 4]x10™> N/m, and & =
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1073 s, both B = ke /y and K = ke /y are positive and
& 1, so that c; = =117, ¢, =17, ¢3 = =27, and K =0,
where at denotes a number slightly larger than a. Therefore,

df(K) _ 2K2 — 21K + (c1c3 + c1c3 — ¢3¢3)

dK (K —c2)*(K —c3)?
0> —2(-1)0+(-1+2+42) 3
2 ==>0,
1222 2

indicating that f (K) is an increasing function. However, K =
kei/y in Egs. (D9) and (D10) shrinks to zero as ¢, — 0. For
the same reason as for Eq. (C27), the rising f (K) in Eq. (D9)
and fo(K) in Eq. (D10) do not lead to a high-efficiency engine.

Beyond the discrete dynamics of a tiny 74 in Eq. (D3), let
us rewrite the original continuous dynamics Eq. (D1) with an
arbitrary 74 as the form

Y@ +niy() + yayt —ta) = T(@).

Here, y(r)=yx(@)/A, vi =ko/y, v2 = aka/y =ay1 =
(=14 k/ko)kot/y = —kot/y +k/y = —y1 +k/y, and I'(r)
=&(t)/A is the Gaussian white noise of unit variance
before Eq. (D1), where A = /2ykgT. Under the condi-

tions y» > y1 > 0and 0 < 14,/ — ¥ < cos™H(—y1/y2) <
7, the variance of y is [26,27]

2 sin (\/sz — yiy) + \/J/zz -yt

2y = vi[vi + vacos (\/ 2? — vita) ]

For y1 > >0 and y; =y >0, a similar formula
can be derived [27]. The first condition for Eq. (D12)
means «oy; > y; > 0, which occurs when o =-—1+
k/kot = (k — kot)/kot > 1 or equivalently k > 2k,. The
second condition means O <13/ (2 +y1)(y2 —y1) =
ta/ (k/y )21 +k/y) = (kta/y)(kta/y — 2kata/y) =
VKK =2¢)=g(K) < cos"'(c/(c —K)) <, with K=
kta/y, ¢ = kota/y = tay1, and K — ¢ = tg3)». In terms of K
and c, the first condition above is K > 2c¢ and Eq. (D12) can
be reexpressed as

(D11)

2

(D12)

3?) tg lay2sin (\/td27/22 —1a2y7) +\[ta? v — 1y}
)=

2 \/m [tay1-+tayz cos (\/ta2y2? — ta¥})]

_ LyKI[(K —¢)sin (g(K)) + g(K)]

== , (D13)
k 2g(K)[c + (K — c) cos (g(K))]
and subsequently
A? 2kgT
(%) = = 0% = ——0?
14 14
_ LkgTK[(K — ¢)sin (g(K)) +g(K)]' D14)

Tk g(K)[c+ (K —c)cos (g(K))]

Notice that K here is normally much larger than the K in
Eq. (D8) because #4 here is generically much larger than &
there. Since T = T, with the same reason mentioned below
Eq. (D1), it follows from f(k) = k{(x?)/(kgT) that

_ KUK — o)sin (g(K)) + g(K)]
8(K)le + (K —c)cos (g(K))]

f(k) F(K).

(D15)

Under the first condition for Eq. (D12), k > 2k, consider
a K slightly larger than 2c, such that K — 2c = ¢ ~ 0" and
g(K) = +/(2c + e)e ~ 0. Taylor expanding Eq. (D15) with
respect to such a small g(K) gives

) K{(c+ e)[g(K) — CE0 1 05] + g(K))
FK) = &K
g(K){c+ (c+ e)[l -5 4+ 04]}

_K{(c+e)[1_@+04]+1}
- {C+(C+e)[1—w_i_04]}

(c+ 1)
2c

with 0* = O((g(K))*) and O° = O((g(K))?). Equation (D16)
is indeed an increasing function of K.

For y =107% kg/s, k €[2.1, 4.0] x 107> N/m, and
ko = 107> N/m, if we take tq3 = 10™* s, which is longer
than the data acquisition time 107> s, it would give K =
ktq/y =[0.21,0.40]. If 73 =1.6 x 107%, 1.8 x 107, and
2.0x 107, it yields ¢ = kytq/y = 0.16, 0.18, and 0.20,
respectively, for Eq. (D15), as depicted in Fig. 4(d). These
curves do not start with K = 0 because we need K > 2c,
or equivalently k > 2k, to let g(K) in Eq. (D15) be a real
number.

~
~

K, (D16)

APPENDIX E: PARTICLE DYNAMICS IN THE
STOCHASTIC DELAY DIFFERENTIAL EQUATION

If a delay time ¢4 is added to Eq. (B1), the latter becomes

yx(1) = —kx(r —1a) + £(1). (ED)

Suppose that the noise here has the same strength £(¢) =
AT'(¢) as that in Eq. (D1), where A = \/2ykgT = /2y2D
is as defined below Eq. (D11). Then &(¢)dt = AT'(¢)dt =
AdW (t), with W (t) a Wiener process, where (W (¢)) = 0 and
(W2(@1t)) =1t. Adopting these notations, Eq. (E1) becomes

X(t) = —kx(t —tg) + ¢ (1), (E2)

where k = k/y, ¢ =&/y, and {(t)dt = cdW (), with o =
2kgT [y = ~/2D. For general k > 0 and 7/(2k) > t4 > 0,
the variance of the steady state of x in Eq. (E2) is [25]

() — 0_2|:1 + sin (th)] _ 2kgT/y |:1 + sin (ktd/y)i|
T 0 T costera) | T 2k/y | cos (kia/y)
_ kT 1+sin(K) )
k  cos(K)

where K = kty/y = ktq < /2. (x*) varies with #4 and has its
minimum at ¢4 = 0. It becomes larger when #; > 0 because
the restoring force of the potential well to prevent the particle
from moving away from the potential minimum at x =0
becomes less instantaneous and less efficient. Thus, the (x2)
associated 7' at 74 > 0 is also larger than that at 7y = 0. From
Eq. (E3) it follows that

_k(x?)  14sin(K) o,
Slk) = T~ cosK) = f(K), (E4)

which is an increasing function within K € [0, Z), where T =
T below Eq. (D1) has been used.
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TABLE 1. Examples of Fourier transforms.

50) = inc(ar) __ sin(rar) i e
o) er sinc(at) __ sin(wat It —_—
h(t) It 27 It = lrrar |: 0 i| |: 6 ]
dim=T""!

1 1 [ 1
F(h()) 1 140?12 I7lal rect(ﬁ) 1 1+iwt
dim. less

Fory =108 kg/sand k € [0, 4] x 107> N/m, ty = 5 x
1073 and 2.5 x 10™* s give K = ktq/y € [0, 0.2] and [0, 1],
respectively. If we extend the range of k for the first 4 to cover
the range K € [0, 1], the same as the second #4, they show an
identical f (K), as depicted in Fig. 4(c).

Rewriting Eq. (E2) as x(f) = —kx(t — tq) + ~/2DI'(¢) and
expanding it to the first order in a small #4, it yields [20]

o _  kx(®)  V2DT(@) _ kx() &)
X(t)__l—th+ 1 —«ty __)/—ktd + y — ktg
_ 1 kx@) &)
_;( 1—K+1—K>’ E3)
with the variance
) = D 1 _ T/y) 1
k1 —kty (k/y) 1—(k/y)ta
_ kel 1
Tk 0-=-K) (E6)

which increases with #4 as in Eq. (E3). In analogy to T = T in
Eq. (E4), the result in Eq. (E6) leads to the increasing function

_k(xz)_ 1
F = kT — 1—K

F(K). (E7)

APPENDIX F: GENERALIZED LANGEVIN EQUATION I

Let  F(h(t)) = h(w) = [~ h(t)e ™dt  be  the
Fourier transform of the function A(r) and h(t) =
Qm)~' [% h(w)edow be its inverse transform. Some

useful examples are collected in Table I. Therein [’5] stands

x  ifr>0
for {5 4,20

have the dimension of time. Here, 17 is introduced to make
all terms in the equations consistent in dimension for a
dimensional analysis. For h(t) = e /7 /(21) (see Table
within the Supplemental Material [49]),

and all ¢, 1/a, and the number of one It

[} 1 )
F(h(t)) = / —e e dy
o0 2T
1 2t 1

T2 (/) e I+t

At T — 0, e /7 /(27) in the integral converges to a delta
function 8(t)/1t and F(e™"/7/(27)) = (1 + 0?*1?)~! — 1.
For the normalized sinc function A(t) = sinc(at)/1t in Ta-
ble I, F(h(t)) = rect(w/(2ma))/(1t|al) is an even function,
whose support (domain of nonzero values) extending from
w= —ma to mwa has a constant value 1/|a|. For h(t) =

[8(%/ IT], F (h(t)) should be understood as

/ h(t)e ™ dt

oo

0~ ) 0 §(t ]
= / 0x e ™“dt ~|—/ %e”“”dt =1,

oo - A7

with a number 0~ slightly smaller than O to let foo,o fully cover
the “support” of the §(¢) peak. For h(t) = [eiw(;r/ ] (see Table
within the Supplemental Material [49]),

1 [~ . . 1 [ L
Fh) = — f eteiong = 1 / (i gy
0

T Jo
-1
= ML i) e Ciox
T\T

Next, consider the generalized Langevin equation

o0
1
T 14wt
0

y)'c(t)+k/ Kt — tHx(@)dt = £(1), (F1)

with y and k the same as those in Eq. (B1). If, due to causality,
Km(t — 1) is nonzero only for ¢’ < ¢, Eq. (F1) is equivalent
to yx(t) +k ffooo Km( —t)x(t')dt’ = &(¢t). Its Fourier trans-
form becomes

iwyF(w) + kRy(w)i(w) = E(w), (F2)
which implies
(o)
iwy + kRy(w)

(E(@)E (@)
liwy + kRy(@)]lie'y + kKu()]

I(w) =

(F(@)x()) = (F3)

If &(r) is a stationary stochastic process, then (&(r +
1)E(1") = (§()§(0)) and thus

E @k @) = /_ : /_ Z (@) e T Ddrdr’
= [ ) [ "B OEE) Ty
= f h / N E@ +HE ) e ™ dte T dr’
= [ [ ewsone are e ar
= [ Z F(E®EO)e " ar’
= Se(w) f_ T e gy

=2né(w + a)/)lTSg (w). (F4)
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Here, F ((£(¢)£(0))) is a function of w, rather than of ¢ or ¢'.
It is the power spectrum Sz (w) of the noise &(¢), which leads
to (§%) = 2n)~! [% S¢(w)dw. Using Eqgs. (F3) and (F4), we
obtain

(x?) 4712f / F(@)F())e' ) dwdw'

E(E @) dwdw'
T 4n? / / oo liwy + kKy(@)]lie'y + kKy(@'])
278(w + ') 118 (w)e' ) dwd o'
~ an? f /oo liwy + kKu()]lio'y + kKv ()]
__ S@lr dow
2 —oo liwy + kKv(w)][—iwy + kKpy(—o)] 1T

oo

1
— Sy(w)dw, (F5)
27 J_o

with the power spectrum of x,

Se(w)
0?y? 4+ B2Ry(w)Km(—w) + ioykAy’

Si(w) = (F6)

where Ay = Kv(—w) — Kpm(w). The dimensions of some
terms in the above calculations are as follows: Ky(t —
) (T7Y) in Eq. (F1), #(w) (LT), Ky(w) (dimensionless),
and £(w) (MLT™") in Eq. (F2), iwy + kKy(w) (MT2) in
Eq. (F3), (E(w)&(@)) (MPL?T?) and S¢(w) (M*L*T~?) in
Eq. (F4), and S, (w) (L*T) in Eq. (F6).

Let Ku()=[""o/"] and (£(EW) = s — 1)/l
with ¢ = 2y kT, where T is defined as before Eq. (A1). Then,
according to Table I, Ky(w) = (1 + ia)'l:p)’1 and S:(w) =
F((£()&(0))) = g. Therefore,

Am = Ku(—w) — Ky()
1 1

1 —iwT, 1 +iwT,

2iwT,
1 + &?1y?

and subsequently the denominator of Eq. (F6) is

w2y2 + ksz(w)kM(—w) + iwykApm
K2 +iovk 2ioT,
L iovk[ =
1 + 0?1y’ Mr ?1,?
k* — 2ykr,w?
= o™ + 1 - p2
+ o't
o'yt + (y? = 2vkty)0* + k?
14 o?1?

Y2 o't + (1 = 2kt,/y)0’t,” + k21,2 y?

— 0)2)/2 +

T2 w2 + 1
2 1 -1
| wo+ ol . (F7)
y2w* + (1 —2K)w? + K?

with w = w7y, and K = k7, /y. As aresult (see F8 within the
Supplemental Material [49]),

o0
% = 7 Sy(w)dw
T J-0
q % [~ w? + 1
=5.2 4 _ L dw
27 Y2 J_oo w4+ (1 = 2K)w? + K

qtr, w(K+1) kg T
= —_—K 1 F8
K (K +1), (F8)

which yields a simple rising function

k(x?)

S =" =K +1= fK) (F9)

A comparison shows that Eq. (E1) is a special case of Eq. (F1)
when Ky (1) = 8(t — tg).

APPENDIX G: GENERALIZED LANGEVIN EQUATION II
Another well-known generalized Langevin equation is
t
y/ Kp(t — t)x(t")dt' + kx(t) = £(¢t). (G1)
—0o0

It can be written as y [*_dt'Kp(r — t')i(1") + kx(t) = £(t)
if, due to causality, Kp(t —t') = 0 fort’ > ¢. Its Fourier trans-
form is

iwyX(w)Kp(w) + ki(w) = & (o), (G2)
which yields
N 1)
(w)= —————
k + iwyKp(w)
(H@)F(@)) = ~(%(w)é(w’» _ (G

[k + iwy Kp()][k + iw'y Kp(e')]

The dimension of Kp(t — ¢’) in Eq. (G1) is T~! and Kp(w) in
Eq. (G2) is dimensionless. In analogy to Eq. (F5),

2 s 00
P = (%) / / F(@)X(@))e' ) dwdw'
4 —0o0 J —00

(o]

1
=_— Se(w)dw, (G4)
27 J_ o

with the power spectrum

Sz (w)
k2 + 0?y2Kp(w)Kp(—w) + ioykAp’

Se(w) = (GS5)

where Ap = Kp(@) — Kp(—w). For Kp(t)=1[ 3 /™, we

have Kp(w) = F(Kp(t)) = (1 + iwt,)~" known from Table I
and thus
Ap = Kp(w) — Kp(—w)
_ 1 1 _ lioty
T 14w, 1—iot, 14 0?12
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It yields
kK 4+ y20?Kp(0)Kp(—w) + ioykAp
2.2 :
V2w . —2iwt,
=k + ——— Fiwyk| ————
1+ w?t,2 i T + w212
_py et | k o’n?
7,2 1 4+ w?t,? 7, 1+ w?t,?
= k2 + y_z + 2)/k ﬂ
7,2 7, )14+ w?t,?

(G6)
Therefore, S¢ (w) in Eq. (G5) must decay sufficiently fast with
o to make S, (w) in Eq. (G4) integrable.

Case 1. For (E(1)E(t)) = ge~ """V /(27) with ¢ = 2y kT
as that below Eq. (F6), one has Sg(w) = F((§(1)5(0))) =
q(1 + @*t?)~! from Table 1. Together with Eq. (G6), Eq. (G5)
becomes

~ const ofw at w — oo.

MO (G )
q(l +a)2rv2)
T a+ )[R + ?12) + (5 + 22|
(G7)
Since

[--1=k+ (Kt +y* + 2ykt,) o’
2
= k> + (kty + v)’0? = (kt, + 2[602 + —],
( ¥) ( ¥) Gt )
Eq. (G7) has the form
qtvz(a)2 + ﬁ)

2(kt, + 7/)2(602 + 37)[‘“2 + <krvkjy>2]

Sx(w) =

_ D(w? + A?)
(@ + B (@ +C?)
withA=t,",B=1t"',C=k/(kt, +y) = K/[(K + D1,],
where K = k1, /y, and
quz _ 2)/kBTkTV2/V2
2(kt, +y)  ktikr/y + 1)
B kgT ©, 2kt,/y _kBT( ¢ > 2K
Tkt T(K+1)* kt \1—c/)(K+1)?

Here, ¢ =1,/(ty + ), such that 0 <c¢ <1 and 7,/7T =
c/(1 — ¢). With Eq. (G8), we obtain

(G8)

D

(G9)

) = — / ” Sy(w)dw

-
D [® (@? + A?)

" 27 ) (@ + B)(@? + C2)
D 7 (B2C — A*C + A’B — (C?B)

o (B2 — C?)BC

_ D[&+1
T 2| C+B Y|

dw

(G10)

where

2t ™R LT (K 4+ D+ KK + Dt

[---]1= e

==+1 K+ &+ Dulky
(K+ ) K+ DT (K+1-o)(K+ 1)t
T kK Krok
(G11)

Inserting Egs. (G9) and (G11) into Eq. (G10) gives
) 1kgT ¢ 2K (K+1—-c)K+ D1
X)) = ———
2 kt 1—c(K+1)? (K 4+ ¢)K
_ksT ¢ (K+1-0)

k 1—c(K+1)K+c)

which has been confirmed by another calculation (see G12
within the Supplemental Material [49]). Equation (G12) im-
plies

(G12)

k(x?) c(K+1—c¢) .
= — = = K . 1
Fo kgT (I =c)K+ 1)K +c) FEK).(G13)
Att, — 0,
krv+ T
flo == > ki"“)fy
T (y +1)(y rv+r)
(5 +:5%) 1
= e~ g (G14)
(C+D)E+5) S0

reduces to Eq. (B10).
Whether f(K) in Eq. (G13) increases with K depends on
the sign of

IfK) ¢
0K  (1—o¢)
= Li(K)Ly(K), (G15)
or merely on the sign of L,(K) = —K?> + 2¢ — 2)K + (* +
c—1), as Li(K) =c[(1 —c)(K + 1)>(K +¢)*]"" is always
positive. At K = 0, due to 0 < ¢ < 1, we have

WfK) PHc—1[=20
K |y (1—c)

—K?+ Q2c =K+ (c*+c—1)
(K + D*K +¢)*

if ¢ > cg,
=™ (Gle)

<0 if ¢ < ¢p,
where cp = (—1 + «/g)/Z. On the other hand, at K > 1,

Af(K) ¢

T T A -o0K?
g (1-0)XK

<0. (G17)

That means, fqr c > o, f (K) will first rise and then fall. The
maximum of f(K), if exists, will be a solution of L,(K) = 0,
which is located at

_ —Q2c—-2)% \/(Zc -2 —4(=1)(c2+c—-1)

- 2(—1)

=c—1F/cQc—-1).

Here, (K) must be a positive number, which requires c(2¢ —
1)>0and K =c— 1+ 4/c(2c — 1) > 0. The former gives
rise to ¢ > 1/2, while the latter implies /c(2c —1) >

K

(G18)
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1 —c and thus 2¢®> —c¢ > 1 —2c + c%. It implies ¢? 4 ¢ —
1 >0 and subsequently ¢ > ¢y, in consistent with that
in Eq. (G16). Thus, a positive slope of f(K) can exist
in the regime K € [0,c — 1 4+ {/c(2c — 1)] or equivalently
ke (y/ty) x[0,c — 14 /c(2c — 1)] when ¢ > ¢y ~ 0.618,
or equivalently 7./t =c¢/(1 —¢)> co/(1 —cp) =[(—1+
V5/21/I1 = (=1 + V5)/2] = (=1 +V5)/3 - V5~
1.618. That is, the memory in the friction term will enhance
the efficiency, while that in the noise term will suppress the
engine efficiency. The correlation time of the former 7, must
be larger than that of the latter T to some extent to see the out-
performance of an active engine over its passive counterpart.

Fory = 1078 kg/s, 7, =4 x 107*s,and T = 10™* s, we
have ¢=1,/(ty +7)=0.8 > ¢y = 0.618. Hence, f(K)
will be a rising function when &k € (y/ty) x [0, (c —
14+/c@Cc—=1)1=10"8/(4 x107%) x [0, (0.8—1+
J08(1.6 —1)]~ [0, 1.23 x 107°] N/m, which is an
experimentally accessible range of k£ and corresponds to
K =kt,/y € [0, 0.49]. For all ¢ = 0.90, 0.85, and 0.70, the
f (K) in Eq. (G13) has a rising branch, as the blue, violet, and
red lines, respectively, shown in Fig. 4(e). The rising trend
for ¢ = 0.70 is weaker because it has been very close to the
threshold 0.618.

Case 2. For (£()&(t")) = qgasinc(a(t —t')) with
g =2ykgT and a > 0, one has Se(w) = F((§(1)§(0))) =
grect(w/(2mwa)), as in Table I. Recall that the dimension
of asinc(at) is T~! and rect(w/(2wa)) is dimensionless.
Together with Egs. (G4)~(G6), one obtains

1 o0
— Sy(w)dw

2
)= .

1 q rect(52)
B E/m K+ (5 + 2Ly s

72 14w?1,?
mTa
/ L(w)dw,

—a

dw

(G19)

with

g (1+ 0’52
27 [K2(1 4 0?1,2) + (3_22 + 2Vk)w2fvz]

Ty

L(w) =

qr\,z (a)2 + T]—Z)

2 K
2r(kty + y ) [w? + m]

D'(w* +A?)
Yo (G20

where the equality before Eq. (G8) has been used. Here, A =
7,7 ! and

ko

R
k‘EV—i-)/_‘L’VkTTV—}-l_‘EVKV-I-l_TV

C

’

where Ky = kt,/y and K = (1 + K )™ = kzy/(kTy + 7),
such that K, = (—1 4+ K~!)"! and K?/K, = K(1 — K). Note

that both K, and K increase with k. With that
_ 2ykeT (k1))
2k? (kty +y)?

2
D = % 5 =
2 (kty + y)

_kBTrV y kt,
Tk wkr, kty +vy

kBT Ty
= 2" 2K -K).
k «

Using fbd (0* + A (? + CH 'dw = (d — b) + (A%/C —
CO)[tan~!(d/C) — tan~'(b/C)] to calculate Eq. (G19) and
considering the above values of A, C, and D/, it yields

2"y ma ((1)2 +A2)
w=p / @+’

ol (£ ) ()]

kBT Ty
= ——K(-K)
k

1 K _| [(Taty
X |2ma+2 — — ] tan ( )
Kz, Ty K

kgT 2 1 mar
= BT;K(I —K)|:natv+ (E —K) tan~! ( KV>]

’ — EELKZ

k 7w K,

(G21)

_ keT 2(1 — K) ) i /C

- TT[c1(+(1 — K%)tan (})] (G22)
where ¢ = war,. Subsequently, f (K) = k(x?)/(kgT) implies

N 2(1 c

FK) = T_IQ[CK +(1—K*tan”! <E)] (G23)

which has been confirmed by another calculation (see G23
within the Supplemental Material [49]). At k x K — 07,
a number slightly larger than 0, one obtains f(K)—
(2/m)[tan~1(c/0)] = 1.

The slope of f (K) is (see G23 within the Supplemental
Material [49])

df(K)  20(K)
dK  w(K*+c?)’

(G24)
with
O(K) = —3c¢K> +2¢K* + (c = 2K+ —¢
+[3K* —2K> 4+ (3¢ — DK? = 2°K — A
x tan~!(c/K). (G25)

AtK ~ 0%, tan"!(¢/K) ~ 7 /2 and all other terms containing
K are close to zero. Hence, Q(K) ~ ¢ — ¢ + (—c?)(/2) =
(c/2)(2c* — we — 2), which is positive when ¢ > ¢y = (7 +
A/m2 +16)/4 ~ 2.057. However, when c¢/K decreases from
00 to 27, the value of tan~!(¢/K) has already reduced to 90%
of tan~!(c0) & /2. For a larger K, such that c/K < 27 or
equivalently K > ¢/(2m), it is better to solve the range of
¢ for a rising Q(K) numerically, instead of using the above
estimation tan~!(¢/K) ~ 7 /2.

For y = 1073 kg/s, 7y, =2.5 x 10™* s, and k € [0, 4] x
1075 N/m, it yields K = kz,/(kt, +y) € [0,1/2]. If a =
10* s7!, one has ¢ = mar, =2.57. The corresponding
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c¢/K € [5m,00] is large enough to consider the estimation
tan™! (¢/K) ~ /2 for Q(K) in Eq. (G24). This Q(K) should
be positive because ¢ = 2.5 > ¢y = 2.057. For a =1.2 x

10%,8 x 103, and 4 x 10° s~!, one obtains c= 3,2, and T,
respectively, for which the rising trends of f(K) in Eq. (G23)
are as shown in the blue, violet, and red lines in Fig. 4(f).
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