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Quadrature skyrmions in two-dimensionally arrayed parametric resonators
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Skyrmions are topological solitons in two-dimensional systems and have been observed in various physical
systems. Generating and controlling skyrmions in artificial resonator arrays lead to novel acoustic, photonic, and
electric devices, but it is a challenge to implement a vector variable with the chiral exchange interaction. Here,
we propose to use quadrature variables, where their parametric coupling enables skyrmions to be stabilized. A
finite-element simulation indicates that an acoustic skyrmion would exist in a realistic structure consisting of a

piezoelectric membrane array.
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I. INTRODUCTION

Topological solitons are fundamental excitations observed
in various nonlinear systems [1]. The soliton is the phase
boundary between two identical but topologically distin-
guished domains and can be created by spontaneous breaking
of translational symmetry [2,3]. One of the most important
two-dimensional (2D) solitons is the skyrmion, which has
recently attracted much attention especially in the field of
ferromagnetic systems [4—10]. A skyrmion has a chiral spin
texture and can be induced by an antisymmetric exchange
interaction together with a symmetric exchange coupling
[11-13]. Skyrmions are stable because of their topological
nature and a scheme to control their motion has been pro-
posed [14,15], which may lead to applications of skyrmions in
memory [16,17], logic [18], and microwave devices [19-21].
Skyrmions have been shown to appear in numerous physical
systems, including quantum Hall systems [22-24] and Bose-
Einstein condensate [25-27], and are considered universal
phenomena.

The concept of topological insulators has been recently
utilized in artificial 2D lattice systems of photonics [28-30],
microwave [31], and acoustics [32-34]. The generation and
control of skyrmions in these artificial systems are expected
to similarly lead to new device and material technologies.
However, there have been few reports on the skyrmions gen-
erated by spontaneous breaking of translational symmetry in
artificial structures. One of the major challenges is how to
construct the 2D array of three-component vector variables,
with both symmetric and antisymmetric exchange interac-
tions. Various efforts have been made using velocity fields
[35] and hybrid displacements [36] in phononics, and also
evanescence fields in photonics [37-39], but in the majority
of the studies, skyrmionlike textures were created not by
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spontaneous symmetry breaking but by interference between
external drive signals. Therefore, in those studies, the position
of each skyrmion is externally specified and no motion can
be induced without changing the external drive. Thus, finding
artificial lattice systems with a chiral exchange interaction
to induce the spontaneous breaking remains an important re-
search target in the field of skyrmion physics.

In this paper, we propose an alternative approach that
utilizes quadrature variables [40], instead of three real-space
vector components, in a doubly degenerate 2D harmonic res-
onator array. This approach has three significant features.
First, the skyrmion texture can be generated with the array of
only two-component variables. Second, the periodic temporal
perturbation, which so far has been discussed mainly in terms
of linear Floquet systems [41-43], is also a useful scheme
in nonlinear dynamics. Finally, as in the case of topological
insulators, the stability of the texture induced by the topo-
logical properties can be utilized to develop novel devices
and materials technologies. The approach can be applied to
various artificial 2D-arrayed resonators, such as microwave
circuits and photonic and acoustic metamaterials, holding out
the prospect of extensive applications of skyrmion physics to
device and material technologies.

II. DOUBLY DEGENERATE 2D LATTICE
RESONATOR MODEL

We consider a square array with doubly degenerate reso-
nance modes A and B [Fig. 1(a)]. We introduce a parametric
excitation at twice the frequency, 2wy, where wy is the angular
frequency of the two modes. The laboratory-frame Hamilto-
nian H, at a particular site on the lattice is expressed as

> 2 2
pat+Pp &
Hy = % + 70(%2‘ + q3) + @i cos 2wot (g5 — )
wra )
+ (@ +ap)” )

Here, pr = g1 (k = A, B) is the canonically conjugate mo-
mentum of g;. We have assumed isotropic cubic nonlinearity
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FIG. 1. Conceptual drawing of (a) a doubly degenerate
resonator array and (b) a quadrature moment. The x-, y-,

and z-aligned [/ quadrature moments correspond to the os-
cillation states of (g, gg) = (agcos wot, 0), (0, apsinwyt), and
(ap sin wot , ag cos wot )/ V2, respectively.

with a strength of «, and T is the parametric excitation inten-
sity. We also assume identical effective masses for both modes
and use the unit to make it unity for simplicity. We consider
the case that the parametric excitation changes sign between
the two orthogonal modes as shown in the third term in (1).
This is the essential assumption under which to assign stable
parametric oscillation states to z-polarized vector states and
the physical implementation will be described later.
The mode variable ¢ (¢) is expressed as

qi(t) = cr(t) cos wot + si(t) sin wot, 2)

under the rotating wave approximation, where the slowly
varying cosine and sine oscillation amplitudes, c¢; and sy, are
called quadratures. The time-dependent canonical transforma-
tion (see Appendix A) leads to new Hamiltonian %, expressed
as

w2l
ho ~ == [(ch = 53) = (3 = 53)]
3wia
+ 3; [(cﬁ +53) + (cj + s,%)]2
2
- %(CASB — sacg)?, 3)

and the equation of motion is given by ¢ = wy Y9hg /0,
and s = —w; 18h0/8ck. The steady-state solution, ¢; =
Sy = 0, corresponds to a local minimum (or maximum)
of hg [40,44] and consists of four oscillation states, L4
and Ry, given by (ca, 4, cg, s3) = +/T /a(0, £1, &1, 0) and
JT/a(0, £1, F1, 0), i.e.,

L+ :ga(t) = £apsinwot, ¢qp(t) = tag cos wot,

R+ ZC]A(I) = ®ay sin wyt, C]B(I) = Fap cos wyl, “4)

where ap = «/I'/a is the parametric oscillation amplitude
(see Appendix A). As will be shown later, L+ and R+ are
clockwise and anticlockwise circularly polarized oscillation
states, where the sign corresponds to the parametric oscillation
phases. We here assumed no damping for simplicity, but this
Hamiltonian picture provides a good approximation also for
a realistic case that has a finite damping. This is because it
assumes that the parametric actuation I" is sufficiently larger
than the oscillation threshold determined by the damping. The
two modes A and B are equally mixed with a 7 /2 phase

difference in these steady states and form stable circularly
polarized oscillations.

Next, we define a three-component quadrature moment us-
ing four variables, c4, s4,cp, sg. We employ two definitions
in which the moment is linear with respect to the quadratures,

; = (lxs lya lz) = (CAs SB, SAJQCB>7

= (rey 1y, 1) = (CA,SB, SA\;ECB). )

These definitions do not satisfy the Poisson-bracket algebra of
angular momentum but are ideal for our purpose of creating
skyrmions. We can easily confirm that the four paramet-
ric oscillation states L+ and R+ correspond to z-polarized
quadrature moments [see Fig. 1(b) and Appendix A]. It
should be noted that kg is invariant under the replacement,
(ca sp) — (s —ca), which corresponds to a 77 /2 rotation
in the xy plane as confirmed by the definition (5).

Next, as a preliminary step before discussing the de-
tailed device structures, we mathematically construct a
Dzyaloshinskii—-Moriya (DM) interaction for the quadrature
moments as well as the symmetric exchange coupling. We
then numerically confirm that it leads to a skyrmion tex-
ture under parametric excitation. The symmetric exchange
coupling between two nearest-neighbor sites is given by the
isotropic interaction, hgx = —gs(q14924 + q18928) With g; >
0, where the indexes 1 and 2 specify adjacent site positions.
The rotating wave approximation leads to

hex ~ _%(CIACZA + 514824 + c1pcop + S18S28).  (6)

Then, we introduce a chiral exchange interaction to create a
skyrmion texture. The DM interaction between two nearest-
neighbor magnetic moments 771, and 71, is expressed as hpy =
gpmiiin - (my x my) [11,12]. Here, 7, is the DM vector and it
can be chosen as, for example, a unit vector directed from site
1 to site 2 for generating a Bloch-type skyrmion [45]. For a
resonator pair parallel to the x axis, #i; = e, = (1,0, 0) and
hom—x = gom(nmrym5—mim). Similarly, for the y axis, iy =
ey, = (0, 1,0) and hpm—y = gom(mims—mim3). If we replace

i by I or r, we obtain the DM interaction from Eq. (5) as

follows:
(L/R) __ gDM[
Z. = ——=[S1B524 — S14528 £ (s18C2B — C1BS2B)],
DM—x ﬁ

DM
g}é[R_)y = ﬁ[slACzA — c1a824 £ (c1caa — c1ac28)].  (7)

Here, the plus (minus) sign corresponds to the L (R) mode.
The terms including the products of sine and cosine quadra-
tures need a phase-shifted coupling. We can eliminate these
terms by making a linear combination,

(L) (R)
hDM _ hDM—x + hDM—x
Y=
V2

(L) (R)
hDM—y - hDM—y

howy = =

For a m/2 rotation of the quadrature moments, i.e.,
(ca sp) — (s —ca), this interaction sustains symmetry

= gpm[s18S24 — 5145281,

= gomlcipcoa — cracapl.  (8)
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FIG. 2. (a) Calculated spatial distribution of [ ; ;) for various gpy
with g, = 0.02, I' = 0.01, and n, = 2. The color corresponds to the
direction and amplitude of quadrature moments, where RGB color
intensities represent [, I, and [, components, respectively. (b),(c)
Phase diagrams of unstable (U), single skyrmion (S), transition (7),
and skyrmion lattice (SL) regions for various gpy, I, and gs.

for L+ states and antisymmetry for R+. This difference in-
duces different skyrmion textures, Bloch skyrmions for L+
but antiskyrmions for R+, as shown below. Although this DM
interaction seems artificial, we will later find that it can be
implemented in a realistic mechanical resonator array.

III. NUMERICAL CALCULATION
OF SKYRMION TEXTURES

We then performed a numerical calculation to find a stable
texture of quadrature moments. Hereafter, we will employ
the unit wy = 1 for simplicity. From (6) and (8), the full

A i
\&\ t““ }” L’»‘/’J"W \ W“ '!,\ Q\\\ :”
W

\\'\ ;‘\i\ \ \\‘;\ %‘ "J'

interaction Hamiltonian is given by

hine = — ? Z (CajkCart.pk + CajkCaj+k
i,j,k=A,B

+ S pHeSi+1, e T S(i,j)ks(i,j+1)/<)

+ gom Z(s(i,j)BS(i+1,j)A — S, )HAS(i+1./)B
ij

(€))

Here, the suffix (i, j) denotes the site position in a 2D square
array. A stable solution that minimizes the total Hamiltonian
was calculated starting from the initial texture, in which an
L+ domain of radius n, is surrounded by an L— domain.
The time evolution was calculated using the Runge-Kutta
method after applying a small perturbation to the obtained
minimum-energy solution. This test confirms the local stabil-
ity of obtained solutions and the details are shown in the next
section. We also compared the textures using various initial
guesses, changing the position, radius, and shape of domains,
and confirmed that no significant change in the obtained phase
diagram was observed.

The calculated textures using 64 x 64 unit cells for various
gpm are shown in Fig. 2(a) in the form of the 2D distri-

+ ¢ HBCG, j+DA — C(i,j)AC(i,j+1)B)~

bution of [/ ;). When gpy is smaller than the onset value
for skyrmion formation (gpm < 0.009), the skyrmion texture
is unstable (U phase) and all of the moments are directed

downward, i.e., [ = (0,0, —ﬁao) for all (i, j). Above
the onset, a single skyrmion texture forms (S phase) whose
structure is nearly independent of gpy. The magnified texture
is shown in Fig. 3(a) for gpm = 0.095. As discussed in the
next section, the calculated time evolution shows that the
texture is metastable because a sufficiently large perturba-
tion of the oscillation amplitude destabilizes it. Above the
upper bound (gpm = 0.0105), the transition to an extended
texture (7 phase) emerges, where the skyrmion deconfines
and occupies the whole lattice in an extremely anisotropic
shape, and finally the texture of a skyrmion lattice (SL phase)
forms at gpyv > 0.0125. This texture remains stable against
the perturbation in contrast to the metastable S phase.

We then examined the topological features of the ob-
tained textures by calculating the skyrmion number. Instead
of the generally used expression for a continuous system,
S = [ (07 x 0yii)dxdy/4m, summing up the solid angles
formed by all sets of three adjacent pseudomoments makes

7

(c) l
J\;\\i‘

: \\\W’*

U’

FIG. 3. Birds-eye views of calculated textures for (a) Bloch skyrmion, (b) antiskyrmion, and (c) Néel skyrmion, plotting 7(,-, ) for (a), and

?(,-, j for (b) and (c). The DM vector is 7i;» = e, for the x axis and e, for the y axis in (a) and (b), whereas it is e, for the x axis and —e, for the
y axis in (c). For all plots, g, = 0.02, I" = 0.01, gpm = 0.095, and n, = 2.
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FIG. 4. Time evolution of skyrmion area with a typical texture
[Fig. 3(a)]. The unit of time is the oscillation cycle, i.e., wyt /2.

the skyrmion number unity as expected for a topological soli-
ton (see Appendix B). Figures 2(b) and 2(c) show the phase
diagrams of the texture as a function of I', g, and gpm. The
S-U boundary in Fig. 2(c) suggests that the parameter g&,,/gs
governs the transition [45]. We can see that the skyrmion
and its lattice textures occur over a wide parameter range.
Similar calculations using r generated an antiskyrmion texture
[Fig. 3(b)]). We also generated a Néel-type skyrmion by using
the different DM vector, i1, = e,, for the x axis and —e, for the
y axis [Fig. 3(c) and Appendix C] [46], indicating that various
skyrmion textures are possible.

IV. TEXTURE STABILITY

To investigate the stability of the skyrmion solution, we
performed a two-step calculation. First, a solution providing
the local minimum of Ay is calculated. Then, small perturba-
tions are added to the quadratures,

Cljpk = Cajpk T ACGjns Sk = Sk T DS jks
at t = 0, and their time evolution is calculated, where the
equations of motion are modified to include the effect of weak

damping,

where Q is the quality factor of the resonator (assumed to
be 10%). Figure 4 plots the time evolution of the skyrmion
area, i.e., the average number of positively z-polarized quadra-
ture moments for different amounts of Gaussian perturbation

&= \/(Ac(,-,j)k)z = \/(As(,-,j)k)z. The texture is maintained
for ¢ < 6%, but it disappears for ¢ > 7%. This result confirms
that the skyrmion is locally stable, but a large perturbation
breaks the texture, causing the system to fall into the lowest-
energy single ferromagnetic domain. Therefore, the isolated
skyrmion (S phase) is not energetically lowest but metastable,
corresponding to the locally minimum quasienergy state.

We also discuss the robustness of skyrmions against the
resonator inhomogeneity. We especially examine the influ-
ence of resonance frequency fluctuation, which is one of the
most common inhomogeneities induced by the inaccuracy in
device fabrication. Here, let us introduce a frequency detuning
8¢, j) = (woqi, jy — wo)/wo for each resonator obeying a Gaus-
sian distribution, where wy;, ;) is the resonance frequency at
site (i, j). The steady-state textures for various fluctuation

o= ‘/8(257 ;) are calculated by solving the equation of motion
with a finite damping (Fig. 5). When o < 0.02, the skyrmion
texture remains stable against the frequency fluctuation. For
a larger o, skyrmion-shaped excitations were randomly gen-
erated, indicating instability. This corresponds to the fact that
the ferromagnetic ordering is not maintained when the fluctua-
tion is larger than g;. Nonetheless, since fabrication tolerances
of 2% are generally obtained in real device fabrication [47],
it should be possible to demonstrate skyrmions in actual de-
vices.

V. IMPLEMENTATION USING MEMBRANE RESONATORS

Next, let us discuss a realistic device model implementing
the DM interaction. Although our concept can be applied to
various physical systems, we here envision an implementation
in a nanomechanical resonator array consisting of coupled

FIG. 5. Calculated textures when frequency fluctuations with different fluctuation variances o are applied. g, = 0.02, I' = 0.01, gpm =

0.095, and damping 1/Q ~ 107*.
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(a) AIGaAs
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FIG. 6. (a) Schematic drawing of circular electromechanical membrane resonator and (b) two vibration modes, A and B. (c) Four parametric
oscillation states. L/R indicates the circular polarization and +/— indicates the oscillation phase. (d) Schematic drawing of the device
configuration. An alternating voltage at 2w, is applied to the center electrode for parametric excitation and to the junction electrode for
parametric coupling. (e) Schematic illustration of the coupling constants. Two different constants, g; and g, are introduced and the coupling
between the A and B modes is established by misaligning the piezoelectric and membrane axes.

piezoelectric circular membranes [48,49]. The unit structure,
shown in Fig. 6(a), has doubly degenerate modes, A and B
[Fig. 6(b)], and the circular edge is fixed. Because of its
dsz; piezoelectric component [47,50,51], the applied voltage
induces a different sign of tension between two orthogonal
directions, [110] and [110] [Fig. 6(a) and Appendix D]. This
anisotropy changes the sign of parametric excitation required
to derive the third term in Eq. (1) and enables four circularly
polarized parametric oscillation states to be excited [Eq. (4)
and Fig. 6(c)].

The symmetric exchange coupling, Eq. (6), is mediated by
the elastic coupling through the overlap [Fig. 6(d)], where we

@ | _J,?ff_".'.

0.154
x

- x gl /
§ 0.10 x g2 x‘.,:'
g v
© X": ,x".x
g’ 0.05 x x.x'
= x> e
3 X
o .-gﬁ.x""
5 _ 25

0.00 - A 3

Gate Voltage Ve (V)

need to consider two coupling constants, g; and g, [Fig. 6(e)].
A comparison of (8) with (6) indicates that an A-B mixing
interaction is required to induce the quadrature DM interac-
tion. Accordingly, we employed a misalignment between the
piezoelectric and membrane-lattice axes [Fig. 6(e)]. After re-
defining the even-site resonator amplitude with reversed sign,
the mixing term is given by

8s .
(hEx—plsp ~ —5 sin 2p(c1BC2a + $1B524 — C1AC2B — S1452B)-

(10)

Here, p is the misalignment angle and gs = (g, + £2)/2 (see
the full expression in Appendix E). Although the A-B mixing

FIG. 7. (a) Calculated static coupling constants as a function of gate voltage using FEM for the geometry indicated at the top. The resonator
thickness is 100 nm and the elastic and piezoelectric parameters of GaAs are used in the calculation. (b) The texture of Néel skyrmion in terms

of ;(,-, ) calculated from the parameters given by FEM and using a voltage modulation of 4.0 V s and p = 20°.
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is introduced, this interaction is identical between the x and
y axes and unable to introduce the chiral interaction. This is
reasonable because both ¢}s and s;s are coupled in the same
way through ¢,.s. To induce chirality, we need to introduce an
interaction that independently couples c;s and s,s. This can be
done by using the parametric coupling proposed for another
topological system [30]. We here show that combining this
parametric coupling together with the parametric excitation
induces a stable skyrmion texture.

A modulation, ggs(t) = gso + gpc cOs(2wot ), leads to the
following AB mixing exchange interaction:

8pc .
(hpelyp = — s 2p(C1BCoa — S1BS24 — C1AC2B + 51452B)-

11

Here, the signs of s; are opposite to those in (10) so that
applying a differently signed 2wy modulation between the x-
and y-axis coupling creates a chiral interaction. This can easily
be done in our device configuration by applying opposite
signed alternating voltages. The total AB mixing part becomes

. 8
[hex—p + hpclyp = — sin 2,0[%(0130% —C14C2B)

+g7_(slBSZA - S1AS23)]- (12)

Here, g4 = gso + %, g_ = gso — % . In the case of g, =
—2gso for the x axis and +2ggo for the y axis, we obtain

lhex—p + Bpelyp., =
[Ex—p + hpc]AB:y =

— gs08in 20(s1p524 — S14528),
— gsosin2p(cipcaa — c1acap).  (13)

These equations are identical to the DM interaction, Eq. (8).
Therefore, the combined effects of the misaligned piezoelec-
tric axis and 2wy modulation of the symmetric exchange
coupling can induce the chiral interaction required to form
a skyrmion. We can also generate a Néel-type DM interac-
tion by changing the sign of the parametric coupling (see
Appendix C), so that the kind of creating skyrmion can be
externally controlled.

J

We performed numerical calculations to verify the above
findings. First, we performed a simulation using the fi-
nite element method (FEM) using COMSOL Multiphysics®
to numerically determine the coupling constants (see
Appendix D). Figure 7(a) shows the calculated coupling con-
stant between two adjacent membrane resonators as a function
of gate voltage on the overlap area. For an offset bias voltage
of 20 V, we can successfully obtain a Néel-type texture as
shown in Fig. 7(b).

VI. CONCLUSION

In conclusion, we proposed an approach to generating var-
ious skyrmions that utilizes four quadrature variables in 2D
parametric resonator arrays. This numerical demonstration of
skyrmions is in systems formed by only two dynamical vari-
ables through temporal periodic perturbation. The concept can
be applied to other kinds of parametric resonator, including
photonic and microwave resonator arrays.
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APPENDIX A: DERIVATION OF PARAMETRIC
OSCILLAYTION STATES

We start from the single resonator Hamiltonian (1),

2 2 2
—+ w,
Hy=PATPE L D024 g2y

2 2
+ 3T cos 2wt (qi - qé)

2
2y

Using the generator F' of the time-dependent canonical
transformation for a rotating frame,

F(qa, Qa, qs, OB, 1) = Z (

sin wot
k=A.B

2 tan wyt

we obtain
gk = wal/z(Pk sin wot + O cos wot ),

a)()F
ho ~ T(Qi_Pf%_le?-i_Pl%)-’_

3a

32

Here, we neglect the rapidly oscillating terms. The canonical
equations of motion become

. ok . o
Qk - 9 Pk = — T < .
P 00k

We can obtain (3) and the equation of motion

woq; _«/Q)OCIka_i_ 0}

2 tan wot

_OF P — oF h-H—i—aF
P pk_aqks k — 8Qk7 0 — 110 8[’

Pk = 0)(1)/2 (Py cos wot — Qy sin wot),

P+ Qi+ P+ 03) — %(QAPB — PAOR).

[
. —1/2 —1/2
by using ¢x = w, " O and sp = w, '“P. To find the steady-
state solution, we define c, s, 6., and 6, as
ca =ccosf,, sp=csinf,,

sy =scosf;, cp=ssinb;.

Then,
r 3
ho :w(z) |:Z(C2 — s2) + %(cz + S2)2

- 3“—2 (2 sin26, — % sin 2902] ,
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We assume that I' > 0 and « > 0; then hg — +o0 for
¢, s — *o00. Therefore, a stable solution is found at the mini-
mum of Ag. For given ¢ and s, the last term becomes smallest
when

sin26, = +1,  sin26, = 0 (¢* > 5°),
sin26, =0,  sin26; = +1 (¢* < 5°).
Then,
r 3
ho =w§[z<c2 — )+ 5+ - 3"‘—26‘} (@ > ),

r 3
ho =w(2)|:z(c2 — sz) + %(c2 + s2)2 — ;—2s4:| (c2 < sz).

When ¢? > 52, the coefficients of ¢* and ¢? are always positive
so that the energy has a minimum value when ¢ = O and s = 0.
Therefore, ¢? < s%. Then, ¢ = 0 and

r 2 2r\> 412
el - 37| (- 5) -

This expression reaches a minimum at

r
ag = —.
o

s = :I:\/an,

On the other hand, from sin26, = 1, we have 6, =
%, 3%, 57”, 7T”. Thus, the four solutions are
ca=0, sp =0, 54 =scosby = *+agy, cg = ssinby = Fay.
Here, the sign £ can be chosen independently for s4 and
cp. The above corresponds to the solutions given by (4). The

expression using the quadrature moments [ and 7 is shown in
Table I, indicating that L+ and R= correspond to z-polarized
quadrature moments.

APPENDIX B: CALCULATION OF SKYRMION NUMBER

The skyrmion number of a continuous system is calculated
using the formula
_J i (0y7 x Oyii)dxdy
N 4 '

Here, 7 is the unit vector of the moment. The discrete version
is given by

S

iy g - (Al X Ayl j))
4

iy g - Gl X T g+n)

= = )

S

(14)

TABLE I. Quadrature moments for four parametric oscillation
states, L+ and R+.

(L, 1y, 1) (re, 1y, 12)
L+ (0,0, ++/2a) (0,0,0)
R+ (0,0,0) (0, 0, £+/2ay)

Z 4 N3+

) :
NG,j+1)

>
»

y

X

FIG. 8. Schematic drawing of the solid angle, i.e., the area of
curved surface colored in blue, calculated by L'Huilier’s formula.
The red triangle is the area calculated using the formula (14). The
area of the flat triangle colored in red is smaller than that of the
curved surface in blue, providing the smaller skyrmion number of
0.65.

Here, % j) = L, j)/1La jl (in the case of [) is the unit
vector of the quadrature moment and A7 j) = Ti+1,/) —
fia,jy and A7 j) = TG, j+1) — T, j) are nearest-neighbor dif-
ferences. We obtained C = 0.65 for an isolated skyrmion
[gpm = 0.01 in Fig. 2(a)]. This is smaller than the ideal value
of unity because of the discreteness of the lattice. By us-
ing L'Huilier’s formula, which determines the solid angle €2
(Fig. 8) from three unit vectors,

0 ) 6, — 6 6, — 6,
Q :4ntan_1\/tan — tan 4 tan cd tan C,
2 2 2 2
6. — 04 + 05 + Oc
s — 2 E)

where 64, 0p, and 6¢ are three interior angles formed by
the three unit vectors, we can calculate the total solid angle
covered by the quadrature moments for all the sets of

(cos by, cos g, cosOc)
= (Mi+1.) * N+ NG TG+1.) MG * TG j+1))s
n = sgn[(gt1.j) X N j+1) * il
and

(cos b4, cos g, cosO¢)
= (ia-1,j) NG, j=1)s N6,y TG=1,)> N6, jy * Dei,j—1))s
n = sgnl(T-1.j) X Na.j-1)) - eyl
The sum of €2 for the obtained isolated skyrmion solution

becomes 4, showing that the pseudomoment covers the sur-
face of a unit sphere.

APPENDIX C: NEEL-TYPE DM INTERACTIONS
To generate a Néel-type skyrmion, #; = (0, 1,0) and
hpm = gpm (mim3—mims3) for aresonator pair aligned to the x
axis, and 7i;p = (—1, 0, 0) and hpm = gpm(—m|m5 + mmy)
for a resonator pair aligned to the y axis. If we re-

place m by [, we obtain the quadrature DM interaction as
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FIG. 9. Calculated flexural mode frequencies for a circular membrane GaAs resonator as a function of gate voltage applied between the
top and bottom electrodes. The top electrode and membrane radius are 6 um and 15 pm, respectively, and the bottom electrode covers the back
surface of the membrane. We set fixed boundary conditions along the edge of the membrane. We used two specific modes (plots colored in red

and green) for the numerical calculation.

follows:
L &DM
h = E[Smcm — C1a824 + C18C24 — C14C28],
gDM
R = S (515504 — 514528 + S18C28 — C18528).
DM—
y \/E

Similarly, we can define the DM interaction for 7 as

® _ 8pMm
DM—x = ﬁ[slACQA — C14824 — C1BC24 + C14C28],
® __ 8pbm
hiyi—y = ——=1[518524 — S1482 — S1C2B + C1BS2B].
y ﬁ

We can eliminate the sine and cosine mixing terms by
making a linear combination,

(Néel) h]()Rl\)/I—x - h]()Ll\)/I—x
hpp—x = NG = —gpml[c1pc2a — c1acaB],
(R) (L)
(Néel) hDM—y + hDM—y
hpp—y = ————=—— = —gomlsips2a — s1a528].

V2

In contrast to (8), which creates a Bloch-type skyrmion,
these interaction Hamiltonians create the Néel-type skyrmion
for R+ as shown in Fig. 3(c).

APPENDIX D: PIEZOELECTRIC RESONANT
FREQUENCY MODULATION

To obtain quadrature DM interaction (8), we assumed that
the parametric frequency shift has opposite signs between
two modes. To confirm the feasibility of this assumption,
we calculated the flexural mode frequency as a function of

DC gate voltage for a single membrane resonator using a
finite element method (FEM). The calculation is performed
using COMSOL Multiphysics® by discretizing the full three-
dimensional geometry of the single and coupled membranes
with 55460 tetrahedral elements with a minimum size of 6
nm. A second-order partial differential equation was applied
with fixed constraints at the circular edge of the membrane(s).
As a standard measure to evaluate the quality of meshes,
the skewness is calculated giving the average value of 0.845,
which is large enough to support the mesh quality. Figure 9
shows the results, which confirm that the voltage-induced
frequency shift has an opposite sign between the piezoelectric
axes (modes B and C). We can also confirm that a fre-
quency shift of about 1.5% is obtained at V, = 1 V, which is
large enough to induce the required parametric excitation of
I'=0.01.

APPENDIX E: FULL EXPRESSION OF INTERACTION
HAMILTONIAN IN COUPLED MEMBRANE MODEL

First, let us start to derive the symmetric exchange coupling
with a misaligned piezoelectric axis. Figure 10 shows the dis-
placement distribution of x- and y-aligned linearly polarized
modes in two coupled membrane resonators with different
couplings g; and g».

Denoting the tilt angle as p, the displacements of the two
modes A and B aligned to two piezoelectric axes are

qia = G1aCOSp — G1psinp,  qip = §14Sin p + §1p CoS P,

G24 = o4 COS P — GopsSin P,  qop = Goa Sin p + Gop cOS p.
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(b)

FIG. 10. Schematic drawing of the coupling of two modes A and
B, which are defined as the (a) x- and (b) y-aligned linearly polarized
modes.

gi"'

From Fig. 10, the interaction Hamiltonian is given as shown
in Table II.

By defining gs = (g1 + g2)/2, gas = (g1 — &2)/2, we get

hex—x = 85(G1aG24 — G18G28) + 8asld1aG2a + G18G28],
hex—y = —8s(414924 — §18G28) + gasld1aG2a + §18G2B].

To show that the ferromagnetic terms are dominant, we rede-
fine §»4 (and those on all the even sites) as —g»4 in the x axis,
and §»p (and those on all the odd sites) as —g»p in the y axis.
The interaction Hamiltonian and the transformation becomes

hex—x = —8s(G1aG2a + §18G2B) — gaslG1agoa — §18G28],
hex—y = —gs(§1aG2a + G18G28) + 8gasld1ad2a — G18G28],
qia = §14 €08 p — §ipsinp, qip = §1a Sin p + §1p cos p,

g4 = §2A COS P + Gop Sin p, qap = —qoa SN p + §ap COS P,

from which we obtain

hex—» = —8s €08 2p(q14924+ q18928) —8as(q14924— q18928)
— 8sSin2p(q18924 — q14928);

hex—y = —gs €08 20(q1aq2a+ q18G28)+ 845(q14924— q1B928)
— 8s8in2p(q18924 — q14928)-

TABLE II. Interaction Hamiltonian of two membrane resonators.

X axis hex—x = 81914924 — 82418428
g1>0,8>0

y axis hex—y = —g2414G2a + g1418G28

By applying rotating wave approximation, we get

8s
hEX—x = — 7[005 2p(c1ac24 + 14524 + C15C28 + S1BS28)
+sin2p(cipcoa + S18524 — C14C28 — S14528)]
8AS
- T(ClACZA + $14824 — C1BC2B — S1BS2B),
8s
hgx—y = — ?[COS 2p(c1aC24 + S148524 + C1BC2B + S18S2B)

+sin2p(cipcoa + S18S24 — C14C28 — S14528)]
8AS
+ T(ClACZA + 514824 — c1gcap — S1gs2g).  (15)

The second terms in brackets give the expression (10) in the
main text. Next, we apply the parametric coupling modulation
at wo,

g1 =810+ g1pcos2wot, g2 = g0 + &2 COS 2wpt,
8so = (g10 +820)/2,  gaso = (g10 — &20)/2,
gsp=(81p+82p)/2,  gasp = (g1p — &2p)/2.

Then, the interaction can be divided into static and para-
metric terms,

hex—x = hgxo—x + hEXp—x>» PEX—y = BEX0—y + hEXp—y-

The first terms are identical to (15). The second terms, i.e., the
parametric coupling, are
hEXp—x = — T[COS 2p(c1aC24 — S14524 + C1BC2B — S$1BS2B)

+sin2p(ci1pcoa — S18524 — C14C2B + S14528)]

8ASp
- T(ClAczA — 514824 — C1BC2B + S1BS2B),

hEXp—y = — T[COS 20(c14C24— S148524+ C1BC2B — S1BS2B)
+ sin2p(c1pc24 — S18524 — C14C28 + S14528)]

+ T(CIACZA — S14824 — C18C2p + S18528). (16)

The second terms in the brackets of (16) give the ex-
pression (11) by replacing gs, — gp.. We used these full
expressions of (15) and (16) in the numerical simulation
shown in Fig. 7.
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