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Optimal scheduling in probabilistic imaginary-time evolution on a quantum computer
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Ground-state preparation is an important task in quantum computation. The probabilistic imaginary-time
evolution (PITE) method is a promising candidate for preparing the ground state of the Hamiltonian, which
comprises a single ancilla qubit and forward- and backward-controlled real-time evolution operators. The ground
state preparation is a challenging task even in the quantum computation, classified as complexity-class quantum
Merlin-Arthur. However, optimal parameters for PITE could potentially enhance the computational efficiency
to a certain degree. In this paper, we analyze the computational costs of the PITE method for both linear
and exponential scheduling of the imaginary-time step size for reducing the computational cost. First, we
analytically discuss an error defined as the closeness between the states acted on by exact and approximate
imaginary-time evolution operators. The optimal imaginary-time step size and rate of change of imaginary
time are also discussed. Subsequently, the analytical discussion is validated using numerical simulations for
a one-dimensional Heisenberg chain. From the results, we find that linear scheduling works well in the case of
unknown eigenvalues of the Hamiltonian. For a wide range of eigenstates, the linear scheduling returns smaller
errors on average. However, the linearity of the scheduling causes problems for some specific energy regions of
eigenstates. To avoid these problems, incorporating a certain level of nonlinearity into the scheduling, such as
by inclusion of an exponential character, is preferable for reducing the computational costs of the PITE method.
The findings of this paper can make a significant contribute to the field of ground-state preparation of many-body
Hamiltonians on quantum computers.

DOI: 10.1103/PhysRevResearch.5.043048

I. INTRODUCTION

Considerable research has been conducted on quan-
tum computers with regard to both hardware [1–5] and
software [6–13]. In quantum chemistry, one of the most
important physical quantities is the ground state of the
Hamiltonian. There have been numerous reports on ground-
state calculations of quantum many-body problems using
both fault-tolerant quantum computing (FTQC) [14–21] and
noisy-intermediate-scale quantum (NISQ) devices [19–27]. In
addition, efforts to deal with hardware noise, such as quan-
tum error correction [28–31] and quantum error mitigation
[32–38], have made gradual progress toward the practical
application of FTQC and NISQ devices.

Recently, early FTQC, which has an error-correction code
but may not be fully fault tolerant, has drawn attention
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because it can be realized in the near future [39–45]. Prefer-
ably, quantum algorithms should be used with smaller circuit
depths and fewer ancilla qubits even when additional mea-
surements are required. In the context of early FTQC, the
computational resources for performing quantum phase esti-
mation (QPE), which is a standard algorithm for estimating
the ground-state energy, has been determined [42]. The com-
putational cost of QPE depends on the initial state, which is
given as O(1/(|c1|2ε)), where |c1|2 represents the probability
weight of the ground state in the initial state and ε represents
a statistical error [46,47]. Thus, ground-state preparation is an
important task in quantum computation. Several approaches
for preparing ground states using small circuit depths and few
ancilla qubits are available [48–55].

In this paper, we focus on a probabilistic imaginary-time
evolution (PITE) method [50], which is an algorithm that
enables the implementation of nonunitary imaginary-time
evolution (ITE) operators using a single ancilla qubit. The
PITE method is represented as a quantum circuit containing
forward- and backward-controlled real-time evolution (RTE)
operators. Other methods for computing the ground state us-
ing ancilla qubits and controlled RTE operators, similar to
the PITE method, have been proposed [48,49,51–53,55]. Ap-
plications of the PITE method, such as geometric structural
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optimization based on exhaustive search among all candidate
geometries [56] and magnetic-field simulation [57], have also
been reported.

Ground-state preparation is classified as complexity-class
quantum Merlin-Arthur, which is an analogy of complexity-
class NP on a quantum computer [58–60]. In general,
exponential computational time is required in the PITE
method. Although the computational costs associated with the
PITE method, such as the circuit depth of the PITE method per
imaginary-time step, have been investigated, the discussion
of the overall computational cost of imaginary-time steps re-
mains insufficient. The Rodeo algorithm [48], which is closely
related to PITE, has been investigated with regard to the com-
putational cost of heuristic time scheduling [51]. Additionally,
even if the PITE method has an exponential computational
cost, choosing optimal parameters, such as the imaginary-
time step size, is expected to accelerate the computational
speed. In the present paper, we investigated the computational
cost of obtaining the ground state using the PITE method.
We also examined the optimal scheduling method, when the
imaginary-time step increases linearly or exponentially for
reducing the computational cost of the PITE method. Addi-
tionally, we determined the size of the imaginary-time step at
the beginning and end of scheduling. Furthermore, these dis-
cussions were numerically validated using a one-dimensional
Heisenberg chain.

The remainder of this paper is organized as follows. Sec-
tion II presents an overview of the PITE method. In Sec. III,
we discuss the computational costs of the PITE method for
both linear and exponential scheduling, which were the main
results of this paper. In Sec. IV, we numerically validate the
results presented in Sec. III. Finally, we conclude the paper in
Sec. V.

II. PROBABILISTIC IMAGINARY-TIME EVOLUTION

A. Exact PITE

A quantum circuit for a nonunitary Hermitian operator M
for an n-qubit system is realized by introducing an ancilla
qubit to embed the nonunitary operator as a submatrix into
a unitary matrix:

UM ≡
(

M
√

1 − M2

√
1 − M2 −M

)
, (1)

where the unitary matrix UM is divided into submatrices
depending on the state of the ancilla qubit (the basis of the
top left is |0〉〈0|). The unitary matrix UM acts on a input state
|ψ〉 with the |0〉 state of the ancilla qubit:

UM|ψ〉 ⊗ |0〉 = M|ψ〉 ⊗ |0〉 +
√

1 − M2|ψ〉 ⊗ |1〉. (2)

When we measure the ancilla qubit as the |0〉 state with prob-
ability P0 = 〈ψ |M2|ψ〉, we obtain the state acted on by the
nonunitary operator M,

|�(τ )〉 = 1√
P0

M|ψ〉, (3)

where the normalization constant is considered. The quantum
circuit for the unitary operator UM is shown in Fig. 1(a)
[50]. Here, a Hermitian operator � for an n-qubit system

FIG. 1. (a) Quantum circuit CM for probabilistic preparation of
nonunitary operator M acting on an input n-qubit state |ψ〉. H
denotes the Hadamard gate. See the main text for details regard-
ing the gate W . (b) Quantum circuit C (1)

PITE is equivalent to CM for
M = e−Hτ for the first order of �τ . URTE ≡ URTE(s�τ ) = e−is�τH

and Rz ≡ Rz(−2θ ) are used in this figure.

is defined as � ≡ arccos[(M + √
1 − M2)/

√
2]. The sign

function defined as κ ≡ sgn(‖M‖ − 1/
√

2) leads to cos � =
(M + √

1 − M2)/
√

2 and sin κ� = (M − √
1 − M2)/

√
2.

The single-qubit gate W is expressed using rotation gates as
W = eiπ/4Ry(π/2)Rz(π/2). The ITE is realized by choosing
the nonunitary Hermitian operator as an ITE operator for
an n-qubit system Hamiltonian H, i.e., M = e−Hτ , where τ

represents the imaginary-time step size.
We expand the input state as

|ψ〉 =
N∑

i=1

ci|λi〉, (4)

where |λi〉 is the ith eigenstate of the Hamiltonian H among
N ≡ 2n, and {ci} represents the expansion coefficients. For
simplicity, we assume that the eigenvalues are nondegenerate
and in ascending order. The fidelity of the evolved state is
derived as

F ≡ |〈λ1|�(τ )〉|2 = 1

1 +∑N
i=2 |ci|2/|c1|2e−2�λiτ

. (5)

where �λi = λi − λ1 represents the excitation energy. The
ITE needed to achieve the fidelity F = 1 − δ with tolerance δ

is estimated as

τ ≈ 1

2�λ2
ln

(
1 − δ

δ

|c2|2
|c1|2

)
, (6)

where we assume that the excitation energies are sufficiently
large and ignore the high-energy (i > 2) components.

B. Approximated PITE

Decomposing the unitary operator directly e±iκ� into
single- and two-qubit gates is difficult. Thus, an approximate
circuit using Taylor expansion was employed. First, the imagi-
nary time τ is divided into small time steps as τ ≡ ∑K

k=1 �τk ,
where the imaginary-time step sizes can differ. Next, a real
constant γk satisfying 0 < γk < 1, γk 	= 1/

√
2 is introduced

to conduct the Taylor expansion while avoiding singular-
ity. The arccosine function �k for the small ITE operator
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Mk = γke−H�τk is expanded up to the first order of �τk as

κ�k = θk − Hsk�τk + O
(
�τ 2

k

)
, (7)

with the coefficients θk ≡ κ arccos[(γk +
√

1 − γ 2
k )/

√
2] and

sk ≡ γk/
√

1 − γ 2
k . The quantum circuit for approximated

PITE operation is shown in Fig. 1(b). In the approximation,
the ITE operator Mk = γke−H�τk is approximated to the first
order of �τ as

Mk ≈ γk

[
cos(H�τksk ) − 1

sk
sin(H�τksk )

]
= sin(−H�τksk + ϕk ) ≡ fk (H), (8)

where sk = tan ϕk and fk (0) = γk . After applying the approx-
imated PITE to the input state |ψ〉 and observing the ancilla
qubit in |0〉, we obtain the state∣∣� (1)

1 (�τ1)
〉 = 1√

P1
f1(H)|ψ〉, (9)

where the success probability in the first step is P1 =
〈ψ | f 2

1 (H)|ψ〉. After K operations of the approximated PITE,
the quantum state is expressed as∣∣� (1)

K (τ )
〉 = 1√

PK
FK (H)|ψ〉, (10)

where we define

FK (H) ≡
K∏

k=1

fk (H), (11)

and the normalization constant is

PK = 〈ψ |F 2
K (H)|ψ〉. (12)

The normalization constant also represents the total success
probabilities throughout the K imaginary-time steps, which
are expressed as PK = ∏K

k=1 pk (the probability that the an-
cilla qubit is measured as the |0〉 state at every time step).
The success probability at the K th step is represented by
pK = PK/PK−1, which exhibits a monotonic increase in the
constant �τ [50]. The increase and decrease in the success
probability pK for different �τk values at each step are dis-
cussed in Appendix A.

III. ANALYSIS OF COMPUTATIONAL TIME

A. Convergence condition

We evaluate the convergence of the approximated PITE
evolution according to the squared norm of the difference
between the states acted on by the approximated PITE and
the exact one. We define an error as

ε ≡ ∥∥|�(τ )〉 − ∣∣� (1)
K (τ )

〉∥∥2
. (13)

When the initial state is expanded as Eq. (4), the error ε is
rewritten as

ε = 2

⎛⎜⎝1 −
∑

i |ci|2e−λiτ FK (λi )√∑
i |ci|2e−2λiτ

√∑
i |ci|2F 2

K (λi )

⎞⎟⎠. (14)

For a sufficiently large total lapse τ , the exponential function
e−�λiτ for i > 1 approaches zero. In such a limit, the error is
written as

ε = 2

⎛⎜⎜⎜⎝1 − 1√
1 +∑N

i=2
|ci|2
|c1|2

F 2
K (λi )

F 2
K (λ1 )

⎞⎟⎟⎟⎠. (15)

The denominator of the second term must be close to 1 to
make the error ε small. The above equation is rewritten as

N∑
i=2

|ci|2
|c1|2

F 2
K (λi )

F 2
K (λ1)

= ε̃, (16)

where

ε̃ = ε(4 − ε)

(2 − ε)2
. (17)

The total success probability in Eq. (12) is rewritten with the
requirement for convergence as

PK = (1 + ε̃)|c1|2F 2
K (λ1), (18)

where we expand the wave function as Eq. (4). Generally,
because f 2

k (λ1) takes a real value between 0 and 1, F 2
K (λ1)

decays exponentially. To address this issue, we focus on the
constant energy shift. The origin of the energy can be freely
set by changing the circuit parameters when constructing the
circuit at each step. Letting Ek be the energy shift at the kth
step, we consider PK to be a function of {Ek}. If we adopt

Ek = λ1 − 1

�τksk

[
tan−1 sk − π

2
(2n + 1)

]
, (19)

with an integer n for λi → λi − Ek , F 2
K (λ1) is maximized to

give PK = (1 + ε̃)|c1|2. If the energy shift is chosen as Ek =
λ1, the total success probability exponentially decays for γk

as the imaginary-time steps proceed. A constant energy shift
is realized by changing the rotation angle of the Rz gate, as
shown in Fig. 1 as 2θk → 2θk + 2sk�τkEk . According to the
constant energy shift, fk (λi − Ek ) is expressed as

fk (λi − Ek ) = cos(�λisk�τk ). (20)

The error ε̃ in Eq. (16) under the constant energy shift in
Eq. (19) becomes

ε̃ = 1

|c1|2
N∑

i=2

|ci|2F̃ (�λi ), (21)

where

F̃ (�λi ) =
K∏

k=1

f 2
k (λi − Ek ). (22)

To achieve a sufficiently small error ε̃, we must reduce
Eq. (22) by selecting an appropriate �τk and/or by increasing
the number of steps K . In the following, we investigate the
behavior of the error ε̃ by considering the dependence of �τk

on the time step.
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B. Error contributed by the ith eigenvalue

First, we discuss how the error contributed by the ith
eigenvalue behaves according to the imaginary-time step size
change and directly evaluate the product F̃ (�λi ) in Eq. (22).
The logarithmic function of the product F̃ (�λi ) is expressed
as

ln F̃ (�λi) =
K∑

k=1

ln[cos2(�λis�τk )], (23)

where we ignore the dependence of sk on the imaginary-time
step, because it can be absorbed in the imaginary-time step
sizes �τk . We denote sk as s. However, analytically evaluating
the logarithmic function of the product F̃ (�λi ) expressed in
Eq. (23) for any imaginary-time step �τk is difficult. Thus, we
use a generic inequality for arithmetic and geometric means(

K∏
k=1

f 2
k (λi − Ek )

)1/K

� 1

K

K∑
k=1

f 2
k (λi − Ek ) ≡ Ii. (24)

To calculate the arithmetic mean Ii for linear and exponential
scheduling, we approximate the summation with integration
as

Ĩi ≡ 1

K

∫
f 2
k (λi − Ek )dk. (25)

In the following, we evaluate the logarithm of the product
in Eq. (23) for linear scheduling and the arithmetic mean in
Eq. (25) for linear and exponential scheduling.

1. Linear scheduling

First, we adopt linear scheduling as follows:

�τk = k − 1

K − 1
(�τmax − �τmin) + �τmin, (26)

where k = 1, 2, . . . , K , and �τmin and �τmax represent
the minimum and maximum imaginary times, respectively.
For K steps, the total imaginary time is τ ≡ ∑K

k=1 �τk =
K (�τmax + �τmin)/2. First, we investigate the behavior of the
error contributed by the ith eigenvalue as a function of �τmax

and �τmin. Let us analytically evaluate the logarithmic func-
tion of the product F̃ (�λi). We approximate the summation
in Eq. (23) with integration as

Gi ≡
∫ K

0
ln cos2(ai + bik)dk, (27)

where we define ai ≡ �λis[�τmin − (�τmax − �τmin)/
(K − 1)] and bi ≡ �λis(�τmax − �τmin)/(K − 1). From the
integral Gi, we obtain the following inequality:

2S

bi

(⌈
ai + biK

π/2

⌉
−
⌊

ai

π/2

⌋)
� Gi � 2S

bi

(⌊
ai + biK

π/2

⌋
−
⌈

ai

π/2

⌉)
, (28)

with

S =
∫ π/2

0
ln(sin x)dx = −π

2
ln 2. (29)

FIG. 2. Error contributed by the ith eigenvalue λi for (a) linear
and (b) exponential scheduling as a function of �λis�τmax. The
errors F̃ (�λi ) in Eq. (23) and arithmetic means ĨK

i in Eq. (25) are
shown as solid and dashed lines, respectively. The upper and lower
bounds of the inequality in Eq. (28) for linear scheduling are plotted
as dash-dotted red lines. The black dotted line represents the error
in the large-eigenvalue limit in Eq. (30). The functions are plotted
in the range of �λis�τmax ∈ [0, 5π ] divided by 500. The number
of imaginary-time steps is K = 200, and the minimum time step is
�λis�τmin = 10−4.

The derivation of the inequality is presented in Appendix C.
If the approximation by integration exhibits good accuracy,
the logarithm of the product ln F̃ (�λi ) in Eq. (23) is bounded
by the inequality in Eq. (28). In the limit �λi → ∞ of high
excitation energies, the integral in Eq. (27) becomes

Gi → −2K ln 2. (30)

Because the upper and lower bounds in inequality Eq. (28)
are discontinuous functions, the behavior of the error con-
tributed by the ith eigenvalue cannot be well understood.
For deeply understanding the error behavior, we calculate the
arithmetic mean Ĩi for the linear scheduling as

Ĩi = 1

2
+ sin 2(ai + biK ) − sin 2ai

4biK
, (31)

where we approximate the summation of the arithmetic mean
with integration. Details regarding the derivation are pre-
sented in Appendix C.

The error contributed by the ith eigenvalue for linear
scheduling is shown in Fig. 2(a). The logarithm of the er-
ror ln F̃ (�λi) (blue solid line) exhibits damped oscillation,
and ragged behavior is observed in the large-�λis�τmax re-
gion. The ragged behavior of the error function is caused
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by the small number of steps K . Increasing the number of
steps was confirmed to result in a smoother curve. The error
lies between the upper and lower bounds of the inequality.
The arithmetic mean is larger than the geometric mean, but
the behavior of the periodic function is similar. The error
function and inequality are similar to those in Eq. (30) in
the large-�λis�τmax limit. According to the results shown
in Fig. 2(a), we consider an optimal �τmax and �τmin in
the linear scheduling. First, a smaller �τmin is preferable,
because the larger denominator in Eq. (31) results in a smaller
error. When �τmin = 0, the arithmetic mean in Eq. (31) has
the minimum value at 3π/4. The calculated minimum point
�λis�τmax of the product ln F̃ (�λi ) is 0.62π . In addition, the
error contributed by the ith eigenvalue increases as �λis�τmax

decreases for the �λis�τmax < 0.62π region. Accordingly,
we conclude that �τmax should be 0.62π/(s�λ2).

2. Exponential scheduling

Next, we investigate exponential scheduling [56,57], which
is expressed as

�τk = (1 − e−(k−1)/κ )(�τmax − �τmin) + �τmin, (32)

for k = 1, 2, . . . , K . Here, the parameter κ is introduced to
adjust the speed of change of �τk according to the increasing
number of steps. A smaller κ value leads to a more rapid
increase in �τk . Note that, in the exponential scheduling
based on Eq. (32), the imaginary-time step size �τK in the
final step differs from �τmax. In the K th step, the maxi-
mum imaginary time is �τK = �τmax − e(1/K−1)/κ̄ (�τmax −
�τmin), where we define κ̄ ≡ κ/K . The cumulative imaginary
time for the exponential scheduling is calculated as

τ = K�τmax − (�τmax − �τmin)
1 − e−1/κ̄

1 − e−1/κ
. (33)

The analytical evaluation of the product F̃ (�λi ) is difficult;
thus, we calculate the arithmetic mean Ĩi of f 2

k (λi − Ek ) for

exponential scheduling. The arithmetic mean Ĩi, which is an
approximation of the summation by integration, can be de-
rived as

Ĩi = 1
2 + 1

2

√
�2

S + �2
C cos(2αi − ϕ̄), (34)

where we define αi ≡ sk�λi�τmax and βi ≡ sk�λi(�τmax −
�τmin). The deviation of the phase of the cosine function
is ϕ̄ ≡ arccos(�C/

√
�2

S + �2
C ) and the components of the

amplitude are

�S ≡ κ̄[Si(2βie
1/κ ) − Si(2βie

1/κ−1/κ̄ )],

�C ≡ κ̄[Ci(2βie
1/κ ) − Ci(2βie

1/κ−1/κ̄ )]. (35)

The derivation of Eq. (34) and the expression of the sine
integral Si(·) and cosine integral Ci(·) are summarized in
Appendix D.

The error contributed by the ith eigenvalue for exponential
scheduling is shown in Fig. 2(b). The ragged behavior of the
error function (solid lines) caused by insufficient steps K is
observed. As in the linear-scheduling case, the error oscillates
and asymptotically approaches Eq. (30), as indicated by the
dashed black line, for all κ̄ . In addition, the minimum and
maximum peak positions depend on κ̄ . The peak positions

shift to larger values of �λis�τmax as κ̄ increases. We measure
the minimum peak positions to be 0.52π , 0.63π , and 0.91π

for κ̄ = 1/4, 1/2, and 1, respectively. The error has the small-
est value for κ̄ = 1/4.

This behavior can be explained understood as follows:
First, a smaller κ̄ leads to a faster change in the imaginary-
time step �τk . Thus, the error takes the smallest value of
approximately -800 at the optimal �λis�τmax because we
mainly sample the optimal �λis�τmax such that the error
is small. However, the maximum error at the undesirable
�λis�τmax is enhanced compared with the larger κ̄ . If �λi

is known in advance, �τmax can be adjusted to minimize
the error. In contrast, a larger κ̄ leads to a slower change;
thus, the error is identical to that for linear scheduling. The
advantage compared with the case where κ̄ is small is that
the error maxima are smaller. Accordingly, when �λi is
known, it is desirable to select a smaller κ̄ in the exponential
scheduling, whereas for an unknown �λi, it is desirable to
perform imaginary-time evolution with a larger κ̄ or using
linear scheduling. Next, we explain the reason for the shift
in the position of the minimum peak. The imaginary time at
the K th step for exponential scheduling is smaller than �τmax.
This reduction is more prominent for larger κ̄ . In concrete
terms, the final imaginary time �τK with the minimum er-
ror is observed as �τK = 0.51π/(s�λi ), 0.54π/(s�λi ), and
0.57π/(s�λi ) for κ̄ = 1/4, 1/2, and 1, respectively. We find
that the final imaginary time �τK is almost the same for all
κ values, and the shift in the minimum peak position comes
from keeping the final imaginary time constant. Thus, we
should adopt �τmax such that the final imaginary time �τK

is approximately 0.5π/(s�λi ).

C. Error for all eigenvalues

Here, we consider the error contributed by all the eigenval-
ues. By changing the range of summation for i in Eq. (21), we
obtain

ε̃ = 1

|c1|2
N∑

i=1

|ci|2F̃ (�λi) − 1. (36)

We introduce a distribution function as a function of eigen-
values to describe the probability weight of the initial state
as g(λi ) = |ci|2. We assume that the distribution function is
smooth along the eigenvalues and approximate the summation
with the integral, which leads to

ε̃ = 1

|c1|2
∫ λmax

λmin

g(λ)D(λ)F̃ (�λ)dλ − 1, (37)

where D(λ) ≡ di/dλ represents the density of states (DOS)
[61]. The distribution function satisfies

∫
g(λ)dλ = 1. Here,

λmin and λmax represent the minimum and maximum eigenval-
ues, respectively, and we define �λ = λ − λmin. Hereinafter,
we denote �λ2 and �λN as �λmin and �λmax, respectively.
This equation implies that the error depends on the distribu-
tion function g(λ) and DOS D(λ) originating from the initial
state and Hamiltonian, respectively.

For a general DOS, deriving an explicit form of the errors
in linear and exponential scheduling is difficult. Here, we
consider the limit of large eigenvalues in the linear scheduling
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FIG. 3. Plots of (black line) cos2(λisk�τk ) and (red line) the
upper bound of cos2(λisk�τk ) for estimating the total imaginary-time
steps, as given by Eq. (41).

based on Eq. (30). By substituting Eq. (30) for (21), the error
is written as

ε̃ = 1

|c1|2
N∑

i=2

|ci|2e−2K ln 2 = 1 − |c1|2
|c1|2 e−2K ln 2. (38)

From this equation, we derive the number of steps required to
achieve the error ε̃ as

K = 1

2 ln 2
ln

(
(1 − |c1|2)

ε̃|c1|2
)

. (39)

The corresponding total elapsed imaginary time for all steps
for the linear scheduling is derived as

τ ≈ 1

4s�λmin ln 2
ln

(
(1 − |c1|2)

ε̃|c1|2
)

, (40)

where �τmax = 1/(s�λmin) and �τmin = 0. For a larger K ,
the total elapsed imaginary time is also obtained in expo-
nential scheduling. A comparison with the exact ITE case in
Eq.(6) reveals that the approximated PITE method requires
additional ITE to achieve accuracy ε̃.

Equation (21) can be estimated in various ways. For exam-
ple, we have

cos2(λisk�τk ) � 1

4
,

[
π

3
,

2π

3

]
. (41)

In the case of linear scheduling, the above inequality is
satisfied by 1/3 of the total imaginary-time steps, as shown
in Fig. 3. Thus, the needed steps are calculated as

K = 3

2 ln 2
ln

(
(1 − |c1|2)

ε̃|c1|2
)

. (42)

The expression is identical to that in Eq. (39), except for
the coefficients. When κ̄ is set to an appropriate magnitude,
exponential scheduling approaches linear scheduling, which
enables a similar evaluation of the number of steps. Such
estimates of computational cost have been discussed in the
literature [51] but only for heuristic scheduling.

Let us estimate the computational cost for finding the
smallest eigenvector of the Hamiltonian H using PITE oper-
ations. From Eqs. (18) and (39), the scaling of computational

time is expressed as

dPITEK

PK
= O

(
dPITE

|c1|2 ln

(
(1 − |c1|2)

ε̃|c1|2
))

, (43)

where dPITE represents the circuit depth of the quantum circuit
for approximated PITE C (1)

PITE in Fig. 1(b). The depth dPITE can
be regarded as the same scaling as the RTE operator because
the approximated PITE circuit C (1)

PITE contains controlled-RTE
operators. The depth dPITE also depends on the Hamiltonian
and implementation of the RTE operators. Particularly, the
Hamiltonian for an ne-electron system based on the first quan-
tization requires the depth to be [50,62]

dPITE = O

(
rn2

e poly

(
log

n1/3
e

�x

))
, (44)

where �x represents the grid spacing of the discretized space,
and r is the Trotter number dividing the RTE. The scaling of
r in the pth-order Trotter–Suzuki decomposition is given by

r = O

(
�t1+1/p

ε1/p

)
, (45)

where �t = s�τ . When choosing p to be sufficiently large,
the scaling of the Trotter number is expressed as r =
O(�t1+o(1)/εo(1) ). Now, since the maximum s�τk in the linear
and exponential scheduling is 1/�λmin, the Trotter number r
scales as r = O(�λ

−1−o(1)
min ε−o(1) ).

The estimated computational cost of the approximated
PITE method scales as O(1/|c1|2 ln(1/(ε|c1|2))), where ε̃ ≈ ε

in Eq. (17) [see Eq. (43) in terms of |c1|2]. This initial state
dependence of the computational complexity is also observed
in the Rodeo algorithm [48,51] and the ITE using quantum
eigenvalue transform with unitary block encoding (QET-U)
[55]. The computational cost of the QPE also depends on the
initial state and scales as O(1/(|c1|2ε)), where ε represents
the statistical error [46,47]. Therefore, even when the PITE
method is used for the state preparation of QPE, the com-
putational time of QPE does not change from that without
PITE in terms of |c1|2. However, although the computational
advantage cannot be observed, the PITE method is useful for
several reasons. For example, we cannot determine the true
minimum eigenvalue using only QPE, because eigenvalues in
the range of (−∞,+∞) are folded in a finite interval. Even
when we successfully specify the eigenvalues by unfolding
them into the original interval (−∞,+∞), the minimum of
the observed eigenvalues is not guaranteed to be the true
minimum (the existence of smaller eigenvalues not observed
yet cannot be ascertained.) Thus, systematic improvements to
this problem may be difficult. One possibility to avoid the lack
of acceleration is combining quantum amplitude amplification
[63,64] with the PITE method, which results in a quadratic
speedup [65]. Constructing quantum circuits for preparing
good initial states is also an important topic in ground-state
preparation, and future research is required.

D. Validity of Taylor expansion for PITE

According to the discussion in Sec. III B, we concluded
that it is desirable to take �τmax ∝ 1/(�λmin); however, one
question arises here. In this case, we need to ascertain if �τmax
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is sufficiently small to execute the Taylor expansion for deriv-
ing the approximated PITE. �τk can be significantly increased
by increasing γk; however, in this case, the coefficient of the
quadratic term of the Taylor expansion in Eq. (7) becomes
large. In this subsection, we discuss the computational cost
for �τ such that the Taylor expansion is valid, and the fact
that the ground state can be obtained when �τ is large.

First we estimate the computational cost for �τ such that
the Taylor expansion is valid. Let us consider the conver-
gence condition when �τk and γk are constant, regardless
of the imaginary-time steps. The error contributed by the ith
eigenvalue in Eq. (16) per step should be smaller than 1 as
| fk (λi )/ fk (λ1)| < 1, which is a necessary condition to achieve
precision ε̃. In addition, we consider the shifting ground-state
energy to be zero by applying a constant energy shift, where
the approximation of the Taylor expansion is better for lower-
energy states. In this constant energy shift, the necessary
condition is expressed as∣∣∣∣ 1

γ
sin (−�λi�τ s + ϕ)

∣∣∣∣ < 1. (46)

We must keep �τ sufficiently small such that this condition
holds for all eigenvalues {λi}. In this case, for example, if
�τ is chosen so that the left-hand side of Eq. (46) for λmax

is less than approximately 1/2, the upper bound of the error is
expressed as

ε̃ � 1 − |c1|2
|c1|2

(
max

(
1

2
,

∣∣∣∣ 1

γ
sin

(
− �λmins

2�λmax
+ ϕ

)∣∣∣∣))2K

,

(47)

where we take �τ = 1/(2�λmax). The upper bound indicates
that a smaller �λmin or �τ leads to increased error. This
increase can be understood as follows: If a small �λmin is in-
cluded in the Hamiltonian or if we progress through a gradual
ITE process with a smaller �τ , the decay of excited states
is slow. As mentioned in Sec. III, the error is defined as the
closeness of the approximately obtained state to the ground
state; thus, the slow decay of the excited state increases the
error. Of course, the approximation of the operator is better
when �τ is smaller. When we assume that �λmin is suffi-
ciently large, the required number of steps K such that error
ε̃ is satisfied is determined to be the same as that in Eq. (39).
Additionally, the total imaginary time becomes

τ = 1

4�λmax ln 2
ln

(
(1 − |c1|2)

ε̃|c1|2
)

. (48)

This equation implies that the imaginary-time evolution is
�λmax/�λmin times shorter than that in the case of linear and
exponential scheduling. Therefore, additional imaginary-time
steps may be required. In addition, if high-energy eigenstates
are not included in the initial state, we can choose a larger �τ ,
reducing the number of steps for obtaining the ground state.

According to the above discussion, we answer the pre-
vious question. In the original PITE, it is necessary to set
�τ sufficiently small so that the Taylor expansion holds for
all eigenvalues {λi}. In contrast, in linear and exponential
scheduling, it is possible to obtain the ground state without
using the condition of �τ such that the Taylor expansion
is valid. By employing the constant energy shift given by

FIG. 4. Histogram of the normalized DOS of the Heisenberg
chain with ten qubits. The width of each bin is �λ = 1.

Eq. (19), the error ε̃ is minimized with respect to F 2
K (λ1). The

approximated PITE operator fk (λi) yields Eq. (20) that holds
for any imaginary-time step size �τ . Eq. (20) decays the other
states than the ground state. The advantage of using linear and
exponential scheduling is that it enables a constant energy
shift such that the success probability is maximized. It is
also expected to require fewer steps than constant scheduling.
However, although the PITE method can be applied to Gibbs
state calculations [50], whether we can directly adopt linear or
exponential scheduling for Gibbs state calculations is unclear.
This should be examined in the future.

IV. NUMERICAL SIMULATIONS

To validate the analysis in Sec. III, we present numerical
results for the Heisenberg chain. To examine the effect of the
structure of the DOS, numerical results were also obtained for
an electron under a double-well potential based on the first
quantization form; these are presented in Appendix E.

A. Setup

Here, we consider the spin − 1
2 Heisenberg model of a

closed one-dimensional chain under a uniform magnetic field
[48]. The Hamiltonian is expressed as

H = J
∑
〈 j,k〉

�σ j · �σk + h
∑

j

σ z
j , (49)

where �σ j is a three-dimensional vector of the Pauli matrices
at site j, 〈 j, k〉 represents the combination of nearest neigh-
bors, J represents the exchange coupling, and h represents
the strength of the uniform magnetic field. We used J = 1
and h = 3, which correspond to the antiferromagnetic case.
As an initial state, we used superposition with equal proba-
bility for all the eigenstates |ci|2 = 1/N . The simulation was
performed using n = 10 qubits. The DOS of the Heisenberg
chain is presented in Fig. 4, which was obtained via numerical
diagonalization.
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FIG. 5. We plot the logarithmic error ε̃ for the Heisenberg chain with ten qubits according to (a), (d) the maximum imaginary time s�τmax;
(b), (e) the minimum imaginary time s�τmin, and (c), (f) the number of steps K for (a)–(c) linear and (d)–(f) exponential scheduling. The dotted
lines in (a) and (d) represent the minimum error positions of the ith eigenvalue error in Fig. 2. We show the means of the logarithmic errors
around the minimum error positions of the ith eigenvalue error within the ±0.25π range as circles and the standard deviations as error bars. We
use s�τmax as the minimum error position of the ith eigenvalue error in (c), (f), s�τmin = 10−4 in (a), (c), (d), (f), and K = 200 in (a), (b), (d),
(e). The circles in (a) and (d) are plotted in the range [0, 5π ] divided by 500. The dashed black line represents the error in the large-eigenvalue
limit in Eq. (30).

B. Linear scheduling

We show the error numerically calculated for linear
scheduling in Figs. 5(a)–5(c). In Fig. 5(a), as s�τmax in-
creases, the error decreases, and after the error reaches a
minimum value at approximately s�τmax = 1.5π , it becomes
flat, with a slight increase. The optimal �τmax, which ex-
hibits the minimum value in Fig. 5(a), is almost consistent
with the optimal �τmax = 0.62π/(s�λmin) shown as a black
dotted line, as discussed in Sec. III B 1. The large error in the
larger-s�τmax region is prominent in the range [4π, 5π ]. The
reasons for the slight increase at a large s�τmax are as follows:
We calculated the error for each eigenvalue and found that
the angles represented by Eq. (20) at which the largest errors
occur are �λis�τmin ≈ kπ , where k is an integer. Thus, even
if �τk varies for such eigenvalues, the angles are concentrated
around π for finite samplings, which causes a large error. In
addition, the ragged behavior shown in Fig. 2(a) is exacer-
bated as �λis�τmax increases, and we attribute this behavior
to the same cause.

We show the error as a function of s�τmin in Fig. 5(b). We
also consider the effect of the deviation of s�τmax from the
minimum error positions of the ith eigenvalue error. To con-
sider this, we sampled the errors around the minimum error
positions within the range of ±0.25π and plotted the mean
and standard deviation for ln ε̃. The errors were randomly
distributed according to s�τmin; thus, we could not observe
the dependence of the error on s�τmin, at least around the
minimum error position. This implies that it is adequate to
adopt a sufficiently small s�τmin value for achieving a small
error.

Finally, we examined the dependence of the error on the
number of steps K , as shown in Fig. 5(c). For the optimal

�τmax, the error agreed well with the theoretically estimated
value based on Eq. (30); i.e., the error decreased exponentially
with an increase in the number of steps. If we use a suboptimal
imaginary-time step size, the deviation from the theoretical
value should be increased.

C. Exponential scheduling

Figure 5(d) shows the error in exponential scheduling
according to s�τmax. Similar to the linear-scheduling case,
the error for exponential scheduling decreased as s�τmax in-
creased, and the minimum values are shown at the minimum
peak positions, as plotted with dotted lines in Fig. 5(b) for all
κ̄ . However, the logarithmic errors depend on κ̄ . In addition,
the errors exhibit upper convex peaks after the minimum peak
positions. A smaller κ̄ indicates a larger maximum, which is
caused by the rapid change in �τk leading to biased sampling
around a specific angle, as discussed in Sec. III B 2. Surpris-
ingly, the error can be maintained at a small value in the
larger-�τmax region compared with linear scheduling. This is
because the nonlinear change in �τk avoids biased sampling
around a specific angle even when we have �λisk�τmin ≈
nπ . Thus, we can suppress the error in the larger-suboptimal
�τmax region for exponential scheduling.

We plot the means and standard deviations of the errors
around the minimum peak positions in Fig. 5(e). Here, we
do not observe a dependence of the error on �τmin, similar
to the linear-scheduling case. The errors decrease when as κ̄

increases.
The error is plotted with respect to the number of steps

K in Fig. 5(f). We observe an exponential decay of the error
as the number of steps K increases. The deviations from the
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theoretical values are smaller when κ̄ is larger. In addition,
the degree of scattering within the line is smaller than that
in the case of linear scheduling. According to the results of
the numerical simulations, exponential scheduling with a
large κ̄ is preferable for suppressing the error and reducing
the number of PITE steps.

D. Discussion of optimal scheduling

Based on the analytical and numerical results for linear and
exponential scheduling, we discuss optimal scheduling for the
approximated PITE method. In Sec. III B, if the eigenvalues
�λi are unknown, we concluded that it is desirable to choose a
larger κ̄ in exponential scheduling or to use linear scheduling.
This conclusion is based on the requirement that the error
contributed by an undesirable eigenvalue must be small (see
the maximum values in Fig. 2). Linear scheduling is the
most desirable method due to its sampling of all eigenvalues
equally. By contrast, the numerical simulations presented in
Secs. IV B and IV C reveal that linear scheduling produces
a larger error for large s�τmax [see Fig. 5(a)]. This large
error is caused by the fact that for integers k, the angle of
the cosine function is expressed as �λis�τk ≈ kπ and con-
centrates around π , even when the imaginary-time step size
�τk is changed linearly. Nonlinear changes are necessary to
avoid concentration around a specific value. In conclusion, a
scheduling that changes linearly for the most part but includes
nonlinear changes is desirable for imaginary-time scheduling
in the approximated PITE.

V. CONCLUSIONS

We investigated the computational cost of a PITE method
that implements a nonunitary ITE operator on a quantum
computer with a single ancilla qubit. Particularly, we con-
sidered an approximated PITE circuit within a first-order
imaginary-time step �τ consisting of forward and backward
controlled-RTE operators. We defined and evaluated an error
describing the closeness between the wave functions acted
on by the exact and approximate ITE operators. First, we
analytically evaluated the contribution of one eigenvalue of
a given Hamiltonian to the error for both linear and ex-
ponential scheduling. In addition, we estimated the optimal
imaginary-time step size and discussed the scheduling speed.
Next, we discussed the error contributed by all the eigen-
values, from which the number of steps needed to achieve
precision ε is estimated as O(ln(1/(ε|c1|2))), where |c1|2
is the probability weight of the ground state in the initial
state. When we implement each PITE step at depth dPITE,
the total computational cost, including the measurements,
is O((dPITE/|c1|2) ln(1/(ε|c1|2))). To validate these findings,
we numerically simulated the error for a one-dimensional
Heisenberg chain. From the analytical evaluation, we found
that linear scheduling works well in the case of unknown
eigenvalues of the Hamiltonian, and returns smaller errors on
average for a wide range of eigenstates. However, the numer-
ical simulation revealed that the linearity of the scheduling
causes problems for some specific energy regions of the eigen-
states. To avoid this problem, including nonlinearity, such
as by exponential scheduling, is preferable for reducing the

computational cost, even with a suboptimal imaginary-time
step size. The findings of this research can contribute signifi-
cantly to the ground-state calculation of quantum many-body
problems using quantum computers.
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APPENDIX A: INCREASE AND DECREASE
IN SUCCESS PROBABILITY

A monotonic increase in the success probability was
proven for a two-level system [50]. Here, we extend the proof
to a more general case. The success probability at the K th step
is expressed as

pK = PK

PK−1
. (A1)

The difference in the success probability is expressed as

pK+1 − pK = PK+1PK−1 − P2
K

PK PK−1
. (A2)

Its sign at each step is determined only by the numerator on
the right-hand side. The numerator of Eq. (A2) is rewritten
with Eq. (12) as

PK+1PK−1 − P2
K

=
∑
i, j

|ci|2|c j |2
[

f 2
K+1(λi) − f 2

K (λ j )
]
F 2

K (λi )F
2

K−1(λ j ).

(A3)

Here, we transform f 2
K+1(λi ) − f 2

K (λ j ) as follows:∑
i, j

|ci|2|c j |2
[

f 2
K+1(λi) − f 2

K (λi )
]
F 2

K (λi)F
2

K−1(λ j )

+
∑
i, j

|ci|2|c j |2
[

f 2
K (λi) − f 2

K (λ j )
]
F 2

K (λi)F
2

K−1(λ j ). (A4)

The second term in Eq. (A4) can be proven to be positive:∑
i> j

|ci|2|c j |2
[

f 2
K (λi) − f 2

K (λ j )
]

f 2
K (λi)F

2
K−1(λi )F

2
K−1(λ j )

+
∑
j>i

|ci|2|c j |2
[

f 2
K (λi )− f 2

K (λ j )
]

f 2
K (λi)F

2
K−1(λi)F

2
K−1(λ j )

=
∑
i> j

|ci|2|c j |2
[

f 2
K (λi ) − f 2

K (λ j )
]2

F 2
K−1(λi)F

2
K−1(λ j ) � 0.

(A5)

If the inequality f 2
K+1(λ) > f 2

K (λ) is satisfied for any λ, the
first term in Eq. (A4) is positive. Additionally, if f 2

k (λ) does
not depend on k, the first term vanishes. In this case, we have
pK+1 > pK .
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FIG. 6. Plots of the total success probability PK according to the
parameter α describing the constant energy shift.

APPENDIX B: EFFECT OF CONSTANT ENERGY SHIFT
ON THE TOTAL SUCCESS PROBABILITY

We examine the effect of the constant energy shift given
by Eq. (19) on the total success probability PK . Consider a
parameter α that changes the constant energy shift, the value
of which is expressed as

Ek = λ1 − α
1

�τksk

[
tan−1 sk − π

2
(2n + 1)

]
. (B1)

When we set α = 0 and α = 1, the total success probability
given by Eq. (18) changes to

PK = (1 + ε̃)|c1|2
K∏

k=1

γ 2
k (B2)

and

PK = (1 + ε̃)|c1|2, (B3)

respectively.
We plotted the total success probability PK according to

the parameter α in the constant energy shift in Fig. 6. As
a computational target, we used the Heisenberg model of
a closed one-dimensional chain with n = 10 spins, as in
Sec. IV. Exponential scaling with s�τmin = 10−4, s�τmax =
π/(2�λmin) and κ̄ = 1 was adopted, which is the optimal
scheduling as discussed in Sec. IV. We set γk = 0.9 and
the initial state as a uniformly weighted distribution. When
α = 0, the total success probabilities are PK = 1.4 × 10−5 and
PK = 2.1 × 10−7 for K = 20 and K = 40, respectively. The
values of PK for α = 0 in Fig. 6 are consistent with Eq. (B2).
Conversely, the total success probability increases and takes
the maximum value PK ≈ 2−n = 0.98 × 10−3 at α = 1. This
maximum value is consistent with Eq. (B3).

APPENDIX C: DERIVATION OF INEQUALITY AND
ARITHMETIC MEAN IN LINEAR SCHEDULING

First, we derive the inequality given by Eq. (28). For linear
scheduling based on Eq.(26), the logarithm of the error in
Eq.(23) is rewritten as

Gi =
∫ K

0
ln cos2(ai + bik)dk, (C1)

where we define ai ≡ �λis[�τmin − (�τmax − �τmin)/
(K − 1)] and bi ≡ �λis(�τmax − �τmin)/(K − 1). We
substitute ai + bik for t , which leads to

1

bi

∫ ai+Kbi

ai

ln cos2 tdt . (C2)

Here, the following relationship holds:

S =
∫ π/2

0
ln(sin x)dx = −π

2
ln 2. (C3)

Additionally, we can derive
∫ nπ/2

0 ln(cos2 x)dx = 2nS for an
integer n. Thus, the integral is bounded as

2S

bi

(⌈
ai + Kbi

π/2

⌉
−
⌊

ai

π/2

⌋)
� Gi � 2S

bi

(⌊
ai + Kbi

π/2

⌋
−
⌈

ai

π/2

⌉)
. (C4)

For the large eigenvalues �λi → ∞, the integral in Eq. (C4)
becomes

Gi → −2K ln 2. (C5)

Next, we derive the arithmetic mean Ĩi, which is an ap-
proximation of the summation by integration, for the linear
scheduling based on Eq. (26). By substituting �τk into
Eq. (26), the arithmetic mean Ĩi in Eq. (25) is rewritten as

Ĩi = 1

K

∫ K

0
cos2(ai + bik)dk. (C6)

By applying t = ai + bik, we have

1

biK

∫ ai+biK

ai

cos2 tdt = 1

2
+ sin 2(ai + biK ) − sin 2ai

4biK
,

(C7)

where the final equation corresponds to Eq. (31).

APPENDIX D: DERIVATION OF ARITHMETIC MEAN
FOR EXPONENTIAL SCHEDULING

Here, we present the derivation of the arithmetic mean Ĩi

in Eq. (25), which is an approximation of the summation by
integration, for exponential scheduling based on Eq. (32), as
expressed in Eq. (34). The arithmetic mean Ĩi for exponential
scheduling is calculated as

Ĩi = 1

K

∫ K

0

1 + cos(2s�λi�τk )

2
dk

= 1

2
+ 1

2K
cos(2αi )

∫ K

0
cos(2βie

−(k−1)/κ )dk

+ 1

2K
sin(2αi )

∫ K

0
sin(2βie

−(k−1)/κ )dk, (D1)
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where we define αi ≡ s�λi�τmax and βi ≡ s�λi(�τmax −
�τmin). Applying t = 2βie−(k−1)/κ leads to

1

2
+ κ

2K
cos(2αi )

∫ 2βie1/κ

2βie−(K−1)/κ

cos t

t
dt

+ κ

2K
sin(2αi )

∫ 2βie1/κ

2βie−(K−1)/κ

sin t

t
dt . (D2)

Equation (D2) is rewritten as

cos2 αi − κ̄

2
cos(2αi )[Cin(2βie

1/κ ) − Cin(2βie
1/κ−1/κ̄ )]

+ κ̄

2
sin(2αi )[Si(2βie

1/κ ) − Si(2βie
1/κ−1/κ̄ )], (D3)

where κ̄ = κ/K . Additionally, we use the sine integral

Si(x) =
∫ x

0

sin t

t
dt, (D4)

and the related function of the cosine integral

Cin(x) =
∫ x

0

1 − cos t

t
dt, (D5)

where the cosine integral is rewritten as

Ci(x) = −
∫ ∞

x

cos t

t
dt = γ + ln x − Cin(x). (D6)

Here, γ = 0.57721 . . . is Euler’s constant. The trigonometric
function in Eq. (D3) is expressed using single cosine function:

1
2 + 1

2

√
�2

S + �2
C cos(2αi − ϕ̄), (D7)

where ϕ̄ ≡ arccos(�C/
√

�2
S + �2

C ) and

�S ≡ κ̄[Si(2βie
1/κ ) − Si(2βie

1/κ−1/κ̄ )]

�C ≡ κ̄[Ci(2βie
1/κ ) − Ci(2βie

1/κ−1/κ̄ )]

= 1 − κ̄[Cin(2βie
1/κ ) − Cin(2βie

1/κ−1/κ̄ )]. (D8)

The limits of the sine and cosine integrals are Si(∞) =
π/2 and Ci(∞) = 0, respectively. For the large eigenvalues
�λi → ∞, the arithmetic mean becomes Ii → 1/2, because
�S → 0 and �C → 0. Additionally, in the small-κ̄ limit
κ̄ → 0, Eq. (D3) changes as follows: Ii → cos2 αi. This in-
dicates that �τk quickly reaches �τmax, and then the state
evolves imaginary time by a constant time step �τmax. In
contrast, when κ̄ is larger, the arithmetic mean becomes Ii →
cos2(�λis�τmin) because �τk does not change from �τmin in
such a limit.

To further examine the dependence of Eq. (D7) on βi, we
plot the coefficients

√
�2

S + �2
C and the deviation of the phase

ϕ̄ in Fig. 7. The amplitude of the cosine function decreases
with the oscillation as βi increases. Thus, the arithmetic mean
in the exponential scheduling approaches 1/2, as shown in
Fig. 2. The deviation of the phase that corresponds to the
peak position of the arithmetic mean increases as βi increases.
This increase implies that the frequency of the maximum
and minimum in the arithmetic mean is higher than that in
the small-βi region. In addition, this increasing frequency is
prominent for larger κ .

FIG. 7. (a) Amplitude and (b) deviation of the phase in the cosine
function of Eq. (D7). K = 200 is used in this figure.

APPENDIX E: NUMERICAL SIMULATIONS
FOR OTHER HAMILTONIANS

1. Asymmetric double-well potential

a. Setup

To determine the influence of the DOS, the numerical re-
sults of the error calculations for different Hamiltonians are
examined in this section. The approximated PITE method was
proposed as a first quantum eigensolver to solve problems
based on the first quantization Hamiltonian [50]. Historically,
quantum algorithms for the RTE of the first quantization
Hamiltonian were proposed by Zalka [66] and Wiesner [67].
The wave functions of each grid in a discretized space can be
encoded on an exponential basis on a quantum computer, and
the real space and momentum space can be transformed by a
quantum Fourier transform [68–70]. In recent years, various
quantum circuit implementations for the RTE operator of the
first quantization Hamiltonian have been proposed [71–75].

In this section, we present the results for the problem of a
single electron in a one-dimensional asymmetric double-well
potential as a numerical example from the literature [50]. A
double-well potential defined as

V (x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
x − L

2 + d
2

)2
/2 + �, x � L−d

2
V0
2

(
1 + cos

[
2π
d

(
x − L

2

)])+ �, L−d
2 < x � L

2
V0+�

2

(
1 + cos

[
2π
d

(
x − L

2

)])
, L

2 < x � L+d
2(

x − L
2 − d

2

)2
/2, x > L+d

2
(E1)

is used for the simulations. We set the length of the simulation
cell as L = 18, the distance between minima as d = 3, the
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FIG. 8. Histogram of the normalized DOS of an electron in an
asymmetric double-well potential with six qubits. The width of each
bin is �λ = 1.

height of the higher minimum measured from the smaller
minimum as � = 0.25, and the strength of the barrier between
the minima as V0 = 0.5.

The numerical diagonalization results for this Hamiltonian
with six qubits are shown in Fig. 8. We used an electron mass
of m = 1 and a Planck’s constant of h̄ = 1 in the simulation.
Equal probability weights were adopted as the initial state. In
contrast to the Heisenberg chain, the DOS of the double-well
potential was almost independent of the eigenvalue, as in the
case of the harmonic potential. Note that the sparseness for
the higher eigenvalues is caused by the finite cell size.

b. Linear scheduling

The logarithmic error for an electron in the asymmetric
double-well potential is shown in Figs. 9(a)–9(c) for linear
scheduling. This basic behavior is similar to the results for the
one-dimensional Heisenberg chain in Sec. IV. From Fig. 9(a),
there is no flat behavior in the region larger than the minimum
error position, and a peak-like behavior is observed. This is
attributed to sampling bias, which results in a larger error,
becoming smaller than the results of the Heisenberg chain
because the number of qubits or eigenvalues is small. In
Fig. 9(b), we similarly observe that the error is independent of
s�τmin. In Fig. 9(c), the dependence of the error on the num-
ber of steps K is found to be consistent with the expression for
the large eigenvalue limit in Eq. (30).

c. Exponential scheduling

The dependence of the error on s�τmax is illustrated in
Fig. 9(d). The error decreases as s�τmax increases, and an
upper convex peak is observed after the minimum error is
reached. The size and position of this peak depend on κ . The
error is plotted as a function of s�τmin in Fig. 9(e), and no
dependence of error on s�τmax is observed for all κ . The
error decays exponentially as the number of steps increases,
and its behavior approaches Eq. (30) for a larger κ . These
behaviors are consistent with the results of the Heisenberg
chain calculations presented in Sec. IV.

FIG. 9. We plot the logarithmic error ε̃ for an electron in the asymmetric double-well potential with six qubits according to the (a),
(d) maximum imaginary time s�τmax; (b), (e) minimum imaginary time s�τmin, and (c), (f) number of steps K for (a)–(c) linear and (d)–(f)
exponential scheduling. The dotted lines in (a) and (d) represent the minimum error positions of the ith eigenvalue error in Fig. 2. We show
the means of the logarithmic errors around the minimum error positions of the ith eigenvalue error within the range ±0.25π as circles and the
standard deviations as error bars. We use s�τmax as the minimum error position of the ith eigenvalue error in (c), (f), s�τmin = 10−4 in (a), (c),
(d), (f), and K = 200 in (a), (b), (d), (e). The circles in (a), (d) are plotted in the range [0, 5π ] divided by 500. The dashed black line represents
the error in the large-eigenvalue limit in Eq. (30).
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