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In open quantum systems, topological edge states rapidly lose coherence, making them unsuitable for
topological quantum computation and quantum memory. In this study, we demonstrate that topologically non-
Hermitian Liouville-Majorana edge modes (LMEMs) can persist in the extended Liouville-Fock space (LFS)
of dissipative quantum spin or fermionic systems. This finding extends the scope of topological modes beyond
typical Hermitian systems. By vectorizing the Lindblad equation of a dissipative Ising-type spin system using
third quantization, we prove that it can be reduced to a series of non-Hermitian Kitaev chains in the extended
LFS and that topologically protected LMEMs emerge due to internal symmetry. Furthermore, we present an
explicit method for detecting these modes and demonstrate that the purity of the density matrix characterizes the
long-range correlation of LMEMs. Our work offers a new direction for identifying stable topological states in

open quantum systems induced by quantum jumps.
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I. INTRODUCTION

The realization and manipulation of topological quantum
states has been a subject of enduring interest in various
branches of physics [1-10]. Due to their nonlocal orders
that are robust against local perturbations, topological phases
offer intrinsic stability and may serve as ideal platforms
for topological quantum computation and quantum memory.
Moreover, these systems enable the construction of various
quantum devices that cannot be covered by traditional materi-
als [11-13].

However, topological phases are inevitably coupled to their
surroundings in natural systems, resulting in quantum dissipa-
tion that can destroy these phases and contaminate the signals
induced by their topological features [14-24]. Therefore, it is
essential to search for novel, robust topological effects, even in
dissipation, to implement various topological phases of matter
and quantum computing tasks within current systems [25-28].

Recently, there has been a growing interest in talking
about topological physics in non-Hermitian dissipative
systems [29-38]. However, in most discussions, dissipation is
characterized only by introducing an effective non-Hermitian
Hamiltonian. The influence and back action of detections and
quantum jumps on the dynamics of the system are only less
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considered. For dissipative systems under the Markovian
approximation, the general dynamics are governed by
Lindblad equations [37-46], where both the dissipators and
the influence of quantum jumps are explicitly considered.
Although topological Majorana modes can be stationary
states of the system by carefully designing the dissipative
Lindblad operators, in general cases, Majorana modes are
unstable in the presence of dissipation [26,47,48]. Therefore,
it is natural to ask: What topological properties will be stable
in dissipative systems?

Answering this question is a highly nontrivial task, as the
master equation for dissipative many-body systems is still
analytically and numerically challenging to solve [49-51].
Therefore, finding exactly solvable dissipative models with
stable topological characteristics becomes a key ingredient
in understanding nontrivial topological effects induced by
dissipations, which is also less considered in current studies
[52,53].

In this work, we present an analytically solvable dissipative
Ising-type model (in spin language) or Kitaev chain described
by Lindblad equation with site-dependent couplings and dissi-
pations. Specifically, we vectorize the density matrix and map
the Lindblad equation into a Schrodinger-like equation in the
extended Liouville-Fock space (LFS) with an effective non-
Hermitian Hamiltonian [42-44,48]. As a result, topological
properties that are discussed for non-Hermitian Hamiltonians
can also be applied to open quantum systems described by
Lindblad equations. We note that although similar models
have also been discussed in the literatures [52,53] using dif-
ferent methods on a periodic system, however, the topological
properties of edge states and their detections in open system
are less considered there, which will be the main focus of this
work.
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The main results of our study can be summarized as
follows:

(1) We prove that for open boundaries, the system
supports novel topological Liouville-Majorana edge modes
(LMEM) in LFS, which is beyond the scope of the usual
Hermitian Majorara modes discussed in a closed system.

(2) The proposed LMEMs are robust to symmetry-
preserving disturbances and can be verified by examining
fixed ratios of the mean values of carefully designed physical
observables (product operators in LFS) over time evolution.
Additionally, the correlations within LMEMs can be extracted
through quadratic forms of physical observables [54—59].

(3) Our work highlights the significance of quantum
jumps in creating new topological states in dissipative sys-
tems.

II. THE MODEL AND NON-HERMITIAN LIOUVILLIAN

We begin by examining the Lindblad equation governing
the spin system under local dissipations (% = 1)

N
1
ip=[H pl+i)y <L,pLj. - E{Lij, p}>, (D

j=1

where the Hamiltonian and Lindblad operators read

N-1
H= ZJ/’U;G;-H’ L;= yjo;. 2)
j=1

Here J; is the coupling strength between nearest-neighboring
spins, and y; is the local dephasing rates. We stress that in
the current system, all nontrivial dissipative dynamics can
be attributed to the presence of quantum jump terms L; ,oL]T.,
since the relevant non-Hermitian Hamiltonian contains only
homogeneous dissipations due to LTLJ- = LjL; = y;l;.

In the absence of dissipation, the model can be solved by
applying the celebrated Jordan-Wigner transformation, which
is defined as

o; = H(—iwzk—lwzk)wzj—l, 3)
k<j
o) = [ [(—iwa1wa)ws;, “
k<j

where w; denotes the usual single-site Majorana fermion and
satisfies {w;, w;} = 2§;;. The Hamiltonian can then be written
as

H = Zinwzjwsz, (5)
J

where two isolated edge Majorana fermions w; and wyy
decouple from H as [H, w;] =[H, woy] =0, and can be
combined to form a Dirac fermion. Since w; and w,y are
spatially separated, this fermionic excitation is nonlocal and
robust to local perturbations, making it an ideal platform to
encode a qubit for topological quantum computation. How-
ever, the introduction of onsite dissipation (L; = —iwj_jw>;)
destabilizes the aforementioned edge modes.

Throughout the article, we alternatively use the spin rep-
resentation and Majorana fermion representation to discuss

TABLE 1. Definitions of different symbols.

Symbol Meaning

o} Pauli matrices in the Lindblad equation

w; Majorana fermions obtained by Jordan-Wigner
transformation of Pauli matrices

cj Fermion annihilation operators in the LFS

K; Majorana fermions in the LFS (obtained by

Jordan-Wigner transformation of c;)

the problem. We also remind readers that although the spe-
cific physical content under these two representations differs
greatly (topological edge states can only be discussed in the
fermion representation, while the spin representation has no
corresponding topological states), mathematically, they can be
transformed into each other through Jordan-Wigner transfor-
mations.

The density matrix p can be expressed as a combination of
4N Majorana operators

w = wi'wy..wiy, 6)
with a; = (0, 1). To solve the model in this case, we em-
ploy the third quantization formalism proposed by Prosen
[42—-44,48] and vectorize the density matrix p — |p)), by
introducing w® — |w?)) as the basis vectors of the ex-
tended LFS. The master equation can then be recast into a
Schrodinger-like equation, namely id|p))/dt = L]|p)), where
the corresponding non-Hermitian Liouvillian reads (see
Appendix A for details)

N—1

L==2iY Jjlc)crpn + cajc) ;]
j=1

N
+iy i@y — D@m= =11 (D)

j=1
Here c¢; and c; are redefined fermion operators in the LFS
cilw®)) = So.qlww?),  ¢jlw) =814, lwjw?)  (®)

and satisfy the standard anticommutation relation {c;, c;} =4
and {c;, ¢;} = {c], cf} = 0.

The equation above represents a dissipative spinless Hub-
bard model in the extended lattice fermion system, with
staggered hoppings and interactions. To facilitate the distinc-
tion of different symbols, we list them in detail along with
their physical correspondences in Table I. In comparison to the
Hermitian case, the lattice size has doubled. The number oper-

ator of fermion particles on lattice j is denoted by n; = ¢ i€

The explicit forms of applying c; and cf to the vector |p)) can
be expressed as follows:

(i1 + kDI = [ ojor, ©)
j<i
(c2i + chlp)) = [ [ oiolp. (10)
j<i
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The presence of local dissipations leads to imaginary nearest-
neighbor interactions of iy; between the nearest lattice pairs
(2j —1,2j). Without loss of generality, we assume J; =J
and y; = y for all j in the following.

The non-Hermitian Liouvillian £ has an internal symme-
try, which significantly simplifies the model. For each

Pi = (2ny; — D(2nyj41 — 1), 11
with j = (1,2,...,N — 1), it is easy to check that

[P;, L] =0, [P;,P]=0. (12)
As a result, the right eigenvectors of £ can be chosen as the
common eigenvectors of all P;. Since P? = I, the correspond-
ing eigenvalues P; can only be +1 or —1. The entire LFS
can then be divided into different subspaces labeled by the list
{p} ={P1, P>, ..., Py_1} with (N — 1) entries. Since there are
2N-1 different lists, the dimension of each subspace is 2 x 2V.
Therefore, solving the eigensystem of L is reduced to finding
all the eigenvectors of £ within each subspace, which greatly
simplifies the computation.

III. EFFECTIVE NON-HERMITIAN
KITAEV CHAINS IN LFS

To illustrate the system’s hidden topological features, we
utilize two cascaded Jordan-Wigner transformations defined
as (see Appendix A for further details)

| rp2i-2 .
=3 [T5 Zi(Xaim1 — iYain),

¢y = 7 Hil:_ll Zj(Yai — iX2);
ka1 = = [1j2 Xz, (14)

i—1
K2i = Hj:lXjYi'

JW-I: 13)

JW-II:

Here {Xi, Yy, Z;} are the intermediate local Pauli matrices
defined in LFS at site k, and we also introduce a set of 4N
Liouville-Majorana fermions in the LFS, denoted by «; with
k=1,...,4N. This allows us to rephrase the Liouvillian
operator L as follows:

N—1 N
L= Z J(Pj — Digj_1K4j40 + iy Z(i/(4j72’<4j—1 — 1.
J J

s)

To make the above deduction process easier to understand,
we illustrate the basic procedure of the transformations in
Egs. (1) to (15), as shown in Fig. 1.

Equation (15) represents one of the main results of the
current work. It is easy to verify that within each Liouville
subspace defined by {P; = ix4jk4j41}, the effective Liouvil-
lian £ takes the form of a non-Hermitian Kitaev chain with
site-dependent couplings J(P; — 1) (2J or 0) and dissipation
rate iy . Although it remains challenging to analytically diag-
onalize Ly, for given {P;}, the effective coupling J;(P; — 1)
vanishes when P; = 1, indicating that the chain is broken
at these sites. As a result, the model can be simplified by
diagonalizing L, within each subchain. In particular, in the
subspace defined by P; =1 for 1 < j < N — 1, the effective

(a) ()

2 22 9 &9 o>
w Wy P Ky
1
7 ) ® ® @ @ O
3rd Quantization 7, #0
(b) (d) y
K. K
"2 20 @ J
K, Kyno -9 99 0
) & & & @ >

FIG. 1. The diagrammatic representation of Majorana fermions
and Liouville-Majorana fermions based on third quantization. In
(a) — (b), the Liouvillian of the system is obtained in the extended
Liouville-Fock space, where two isolated Hermitian Majorana
fermions correspond to four isolated Liouville-Majorana fermions.
However, due to dissipations with y # 0, two of these Liouville-
Majorana fermions couple to the bulk modes, leaving only two
isolated Liouville-Majorana fermions, namely, «; and x4y, in the
system, as shown in (b) — (c). Upon mapping back to the original
Hilbert space, a Liouville-Majorana fermions can be viewed as a
“half-Majorana fermion,” as shown in (c) — (d).

Liouvillian can be written as

N
Lipmty =Y iyjlikajakaj 1 — 1). (16)
j=1

This describes a series of isolated dissipative coupled pairs
of Liouville-Majorana operators. The stationary states of the
whole system can also be found in this subspace and satisfies
ik4j_ok4j—1|ps)) = |ps)). Their general form can be written as
s = (I +¢tM)/2N with —1 < ¢ < 1and

N
M=E=D"]]os (17)
j=1

To illustrate the topological features in this model, in
Fig. 2, we also provide a diagrammatic representation of the
reduced non-Hermitian Kitaev chain in LFS.

IV. LMEMs FOR OPEN BOUNDARIES

For finite lattice, the system supports topological LMEMs
in the extended LFS. Specifically, the two Liouville-Majorana
modes k; and k4y are decoupled from L as

[£, k1] =[L, kan] = 0. (18)
Ks Kyjm K4?
K4(.p1 Ky p; Kyn-4 Py
J(l_p]) J(l_P,) J(l_pAv—l)
e Ks® K2 @ \\A ®Kij2 @ \ﬁo K.4N
P Ce S Cee P
K
’ o, @ Mg ? ™ ® Koy

FIG. 2. The reduced non-Hermitian Kitaev chain within the
Liouville-Fock subspace defined by {pi, p2, ..., pv—1}. For specific
given {p}, this chain is broken at the lattice site satisfying p; =1,
and becomes an assembly of subchains with shorter length.
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Therefore, we can introduce new Liouville fermionic opera-
tors in this subspace H, defined by

df = 30a —ikay),  (19)

with the corresponding number states |0)) and |1)) satis-
fying djde|0)) =0 and djde|1)) = |1)). This allows us to
express the whole LES H . as the tensor-product of the two
Liouville-Fock subspaces H ® H,, where H/. denotes the
Liouville-Fock subspace expanded by other (2N — 1) Liou-
ville fermionic operators defined by the remaining (4N — 2)
Liouville-Majorana modes «; with j =2,..., (4N —1). In
Appendix C, we have provided the explicit method to obtain
the corresponding vectorized forms of N-site Pauli operators
Ou (in the original spin basis) in the extended LFS H -, where
O# is defined as

de = 31 + ikan),

0,=0l"®0)"® - ®ay", (20)

with u; € {0,x,y,z} and ¢° =T the usual identity matrix.
Furthermore, since p can always be expanded as the combi-
nation of N-site Pauli operators, a general state vector |p)) in
LFS can then be rewritten as

lp)) = 1p1)) ® 1) + 1p5)) ® 10)), 2y

where |p;)) and |p()) represent the corresponding vectors in
H'-. For an initial product state (see Appendices C and D for
the detailed constructions)

1p(0)) = 1p)) ® (all)) + b|0))), (22)

since the edge modes are decoupled from the system, |po(t)))
remains unentangled during the evolution as

lp(@))) = [exp(—iLlt)|p" (O] ® (all)) + b]0))).  (23)

This allows us to find appropriately selected physical ob-
servables to verify the existence of the edge modes, as will
be discussed in latter sections. We note that the stationary
states p; of the whole system also take the product form with
a~1+4+¢& and b ~ —(1 — &), which is consistent with the
dynamics analysis mentioned above.

We emphasize that the LMEMs we discuss in this paper
are fundamentally different from the conventional Majorana
modes found in Hermitian Kitaev chains. Specifically, while
the conventional Majorana edge modes are defined within
the original Hilbert space, LMEMs are instead defined in the
extended LFS. This key difference allows LMEMs to survive
for longer periods of time, as opposed to the usual Hermitian
Majorana modes which are unstable and decay rapidly in the
presence of dissipations.

In a Hermitian system, the existence of topological Ma-
jorana modes allows for the definition of a two-dimensional
Hilbert space that can support both qubit pure and mixed
states. However, in a dissipative system, even though the
presence of LMEMs enables the definition of a Hilbert space
within the LFS, this does not necessarily imply the existence
of a well-defined qubit subspace in the original Hilbert space
defined by H. As a result, general LMEMs can only be de-
scribed as mixed states, which thus motivate us to explore the
nontrivial topological features in dissipative systems based on
mixed states.

(@) (b)
05}

{7,677} randomly , st =0
S

05¢

J,=1u=02,b,=0,y,=0,7,=0

X)) 1(X,)
-
(X)) 1{X,)

S
o

0 112 '301123

FIG. 3. (a) The evolution of the ratio (X;)/(X;) for an initial
bulk-edge product states po (solid line) and nonproduct states 0
(dashed lines) respectively. In the latter case, two different homo-
geneous couplings with J =1 and J = 2 are considered. (b) This
figure shows the robustness of LMEMs in the presence of different
noises discussed in Eq. (32). The solid blue line shows the robustness
of (X1)/(X,) against symmetry-preserving perturbations in Eq. (32)
with randomized couplings {J;, b;, y;, y;} when p = 0. We have
computed numerous cases for distinct values of {J;, b;, y;, y;}. all
of which coincidentally align along the same curve. For u # 0,
(X1)/(Xz2) becomes time-dependent, as shown by solid black and
red lines with fixed {J; =1, u = 0.2, b; = 0} and different decay
rates {y;, yj }. Here, the black line represents the case without any
dissipation y; = y; = 0. The red line represents the result obtained
by calculating the evolution of (X;)/(X,) 200 times and taking the
average when the dissipation coefficients y; and y; are randomly
distributed between O and 1. All dashed lines represent the time
evolution of (X;)/(Xz) under some specific randomly chosen values
of {y;, yj’}. In both figures, we also fix the lattice size to N = 8.

Finally, it should be noted that the correlation of LMEMs
defined in the LFS does not correspond directly to a measur-
able observable

((plikikan|p)) = tr(pMofoypoioy). (24

This correlation can always be expressed as a quadratic form
by suitably chosen observables, as we will demonstrate in the
subsequent discussions.

V. DETECTION OF TOPOLOGICALLY
PROTECTED LMEMs

The existence of LMEMs can be demonstrated by consid-
ering an initial product state |p(0))) as defined in Eq. (22).
To illustrate this novel property, we select two Hermitian
operators X1, X, that satisfy [X;)) = |X")) ® |¢;)) and |X5)) =
X)) ® |¢2)), namely, |X;)) and |X3)) are product vectors in
the LFS, and |¢;)) is the corresponding state vector in H,.
In Appendices C and D, we provide a detailed construction
method for these operators p, X, X; in the original spin basis.
Then using the identity

X)) _ Tr(Xip)
X2)  Tr(X%zp)
_((Xi1lp))
(X))

_ (&1l(all)) +5I0))) 25)

({¢2l(all)) + bl0)))’
we conclude that the ratio (X;)/(X,) is time-independent and
determined solely by the edge modes. However, if the edge
modes are coupled with the bulk modes, or the initial state is

entangled in the LFS, then (X;)/(X;) become time-dependent
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and approach a stable value only in the long-time limit as
p(00) = py is also a product vector.

Figure 3 shows the evolution of the ratio defined in Eq. (25)
for different initial states. Here the initial bulk-edge product
state pg and its vectorized form for even N reads

N-1
po = [I1+) 02(cfol,, +05) [ +0.5M)/2"
j=2
— |op)) ® BI1) — [0)))/V/10, (26)
where [0§)) = A(IL,)) + 02 Y15 [(0F0f,, +0)4))), A is

normalization constant, and the operator with (---); rep-
resents the operator in #H/, after vectorization. The two
observables in the spin basis can be chosen as

N—1
X = ) (ofojn +oj)M
j=2
— X)) ® (I1)) +10))) = |X1)), 27
N—1
X, = Z(UO’+1—|—O')
j=2
— X)) @ (I1)) — 10))) = |X2)), (28)
where [X')) = A Y1) (070, + 0F)4)) with A the normal-

ization constant. The numerical calculation shows that

X1):  pgle™ X)) * B{(1] = ((OD(1)) + 10)))
(Xo)e — ((pple™™1X")) * (3({1] = ((OD(I1)) — 10)))
_ G =(ondn) +10)))
— GBI = (o) = [0)))
_ (Xio
— (X)o
is fixed during the evolution, as depicted by the solid line in

Fig. 3(a). However, for a nonproduct initial state oo with the
vectorized form

(29)

o = 1+201 ot | @ —05M)
N—1
+ ) 02051 +0.5M) | /2" (30)
j=2
— X)) ® (|1)) — 3]0))) + |X")) @ (3]1)) — |0))),
where X/—A[I++ZIIV 5 0.0(0f0f, )] and X" =

A" Z = (oz )y with A’ and A” the relevant normalization
constants (see Appendix D for details). The dashed lines in
Fig. 3(a) show that the ratio (X;);/(X2); changes with time,
indicating the entanglement between the edge and bulk modes
in this case.

The edge modes are topologically protected by the internal
symmetry in LFS. For any perturbations characterized by in-
troducing additional Hamiltonian H' or dissipators L’ into the
Lindblad equation, the edge modes become decoupled from
the bulk modes as long as the corresponding Lindbladians in
the LFS commute with «; and «k4x. Using spin language, we

can choose these operators such that

[H'(L),of] = [H'(L),on] = | H'(L)), 1_[0 =0. (31)

For comparative purposes, in Fig. 3(b), we also plot the evo-
lution of (X;)/(X>) for Lindblad equation with

N—1 N—1 N
H=Y Tolof, +> bioi+pu) of. (32
=1 =2 =1

The two different types of dissipators are L; = mof (=

L....N)yand Lj =\ [yjofor,, (j=1.....N = 1). For the
initial bulk-edge product state py shown in Eq. (26), our cal-
culations show that (X;)/(X,) remains fixed for all coefficients
Jj. bj, vj )/} randomly distributed between 0 and 1 when

n= 0 Here L;, L, and ¥ = b 0 satisfy the constraints of
Eq. (31). Thus, the presence of local random magnetic fields
or other random special dissipators will not disrupt the edge
states, which signifies the topological feature of the LMEMs.
For nonzero u # 0, since Z _10; does not satisfy
Eq. (31), the edge modes becomes unstable in this case. Cor-
respondingly, (X;)/(X>) changes during the evolution as the
edge modes couple to the bulk due to the perturbations, which
indicates the failure of topological protection in the system.

VI. PURITY AS THE DETECTION OF LONG-RANGE
CORRELATION IN LFS

The initial state |p(0))) described in Eq. (22) can also be
used to examine the correlation defined by ({(plikikan]|p)).
Since ikikan|p)) = |p')) ® (all)) — b|0))), the correlation
can be simplified as

lal* — |b*

Eﬁimﬂ”m”““@% (33)

((plikikan|p)) =

where Tr(p?) = ((p|p)) is the purity of the state p. After
inserting the completeness relation in LFS, we have

0,))((0 0,)P
(olon = Y2 10D U0IN _ 5~ HOIF
i

"
where OA,L are the usual N-site Pauli operators (see Appendix E
for details). The correlation ({p|ikiksn|p)) can then be ex-
pressed as a quadratic form of observables defined by OM. For
dissipative systems, the dynamics in the long-time limit can
be expressed as

o)) =Y e 0} @ (al1) + bl0))), (35)
j

which is mainly determined by eigenvectors |,0}>) with mini-
mal [Im(;)] such that £|p})) = )tj|,o})) and Im(%;) < 0. This
indicates that the summation in Eq. (34) can be well approx-
imated by choosing a subset Om(m =1,...,M) with much
fewer observables (M < N), thereby simplifying the detec-
tion in experiments.
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(a)

5.9

FIG. 4. (a) The evolution of Tr(p?) for an initial bulk-edge prod-
uct state with lattice size N = 8. The dotted line is the approximated
purity obtained by Eq. (37), which is compared with the precise
values obtained by solving the Lindblad equation directly (solid line).
The two results match well for larger y¢. Panels (b) and (c) are the
real and imaginary parts of Liouville spectrum for (N =6,J=2).
The circles are the eigenvalues within the subspace defined by
{Pisa = 1(V)). P, = —1}.

In Fig. 4, we present the time evolution of ({p(¢)|p(t))) for
the initial product state

p(0) = I+03M(of+0)03 +0]03 + 05050%) /2"
— X)) ® (I1)) = 10)), (36)

where X' =A(l; —0.3(07 + 0{05 + 007 + 050507)+)
with A the normalization constant. This state has nonzero
components in subspaces defined by P; =1(Vj) and
Piz1 =1(¥j),Pr =—1. As we increase the dissipation
rate y, the Lindblad spectra A; exhibit exceptional points,
as illustrated in Figs. 4(b) and 4(c). In addition, the system
supports numerous quasi-stable states with Im(1) — 0~ as
y — o00. The correlation ({p|ikx4y|p)) can be approximated
as

(plicican] o)) ~ (1 +(olosf + (o). 3D

Hence, to obtain the long-time evolution of Tr(p?), we can
rely on detecting only short-range correlations defined by
(aly oy) and (of). When the decay rate y is large, the obtained
result fits well with the exact result, as shown in Fig. 4(a) by
the dashed line.

VII. DISCUSSION AND CONCLUSION

To summarize, we have investigated an exactly solvable
model of an open system described by Lindblad mas-
ter equations and discovered a novel type of topologically
protected Liouville-Majorana mode hidden within the Liou-
villian. Specifically, we demonstrate that the mode generally
corresponds to mixed states of the system, a feature that
differs from Hermitian systems, where it can be described
in terms of pure states. Remarkably, this mode is found to
be robust and stable throughout the entire dynamic process,

contrasting with the stationary state of the Liouville equation.
Our findings pave the way for further exploration of nontrivial
topological states defined in the extended LFS and expand
the investigation of topological physics for mixed states in
dissipative systems.
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APPENDIX A: NON-HERMITIAN EFFECTIVE
LIOUVILLIAN IN THE EXTENDED
LIOUVILLE-FOCK SPACE

In this Appendix, we present the explicit derivation of the
effective Liouvillian in the extended Liouville Fock space
using the third quantization formalism.

For an open system under the Markov approximation, the
dynamics of its density matrix p are governed by the Lindblad
master equation,

d 2 -1
L = fulp1=1t. o1+ (Lij]'-—E{L;Lj, p}), A1)

J

This equation describes the nonunitary time evolution of the
system due to interactions with the external environment. The
first term represents the unitary dynamics, where H is the sys-
tem’s Hamiltonian. L; is the corresponding Lindblad operator
that characterizes the jth dissipation channel with a decay
rate y;.

By treating p as a vector |p)) and considering the linearity
of the system, we can rewrite the equation as

id lo})
dt

which takes a similar form to the conventional Schrédinger
equation, with the effective non-Hermitian Liouvillian £. The
explicit form of £ depends on how we vectorize the matrix p.
Specifically, for a quadratic spin/Fermi system, the process of
vectorization can be easily discussed using the Majorana rep-
resentation. Notably, Prosen introduced the third quantization
formalism in Refs. [42—44], which provides an elegant and
systematic approach to solving this dissipative system.

For a 1D system of N spins/Fermions, the density matrix
can be expressed in terms of Majorana operators as

= L|p)), (A2)

1
a a a a
0= Ty E Cayan,as,ay W] Wy W5 .. woy',  (A3)
ai

----- asN

where w; represents the Majorana operators that satisfy the
anticommutation relation {w;, wi} = 28. The variable a;
corresponds to the excitation number of the w; operator and
can take values of either O or 1. The coefficients ¢4, 4,.4.....a0y
are real numbers. Notably, for the spin-1/2 system discussed
in the main text, this representation is always possible thanks
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to the Jordan-Wigner transformation. The Pauli matrices o
and o; can be expressed in terms of Majorana operators as

o = H(—iw2k71w2k)w2j—ls (A4)
k<j
o] = H(_iWZk—IWZk)w2j~ (A5)

k<j

For later convenience, we introduce the following defini-
tion:

a . a,, a an

w = wi'wy . Lwsy, (A6)
where n, represents the total count of Majorana operators in
the basis vector |w)) and is given by the sum over index j as
g =Y. ;4. To perform vectorization of the master equation,
we associate the Hilbert space H . with the defined basis given
by

lw))

= [wi'wg..wiy)). (A7)
In this context, we consider the 4”-dimensional space of
operators denoted as w“. Importantly, the Hamiltonian and
relevant Lindbladians can also be expressed as combinations
of Majorana operators w“. Consequently, the Liouville su-
peroperator £ can be represented as an operator within this
newly defined Liouville-Fock space (LFS). Specifically, for
each Majorana operator wy that appears in H or L; and acts on

the basis |[w?)), we can introduce fermionic operators c; and
cj, defined as

cHwiws . w ) = 0.0, |wjwi ws . wiy)),  (A8)
CJ|wl w2 wgzz\;v))=81’aj|ij71wz wé’f@’)) (A9)

where the fermionic operators satisfy the standard canonical
anticommutation relations
{eja =0, {cj.c}=68u. {ch.c[}=0. (A10)

For an N-site spin/fermionic system, the dimension of the
Fock space H is 4" . Therefore, we have 2N fermionic oper-
ators, denoted as ¢; with j = (1,2, ..., 2N).

The master equation of the system can be expressed using
Majorana operators as follows:

N-1
ilp) = —IZJ(w2]w2]+1,0 pW2jWajt1)

j=1

N
+iZVj(w2j71w2jpw2jw2j71 - p).

j=1

(Al1)

Based on the preceding discussions, it can be verified that
when mapped into the LFS, operators acting on p can be
redefined using fermionic operators

wip = (cj +c))lp)), (A12)

pwiw; = (c; —ch)c; —cDlp)). (A13)

By employing these substitutions, we can readily obtain the
corresponding Liouvillian £, which can be expressed as

N-1
. i

L=-2i E jj(CZjC2j+1 —i—czjc;jﬂ)
j=1

N N
—iY yiHiYy yi@mi — D@y — 1), (Ald)

Jj=1 J=1

where n; = clc; is the number operator on site j. Since
L commutes with all P = (2nyj — D(2njy — 1) for j =
(1,2,. —1),and P = [, the right eigenvectors of £ can
be chosen as the common eigenvectors of all P;. The corre-
sponding eigenvalues p; can only be +1 or —1. Consequently,
the entire LFS can be divided into different subspaces, which
are labeled by the list {p} = {p1, p2, ..., py—1} With (N — 1)
entries.

To obtain the effective interactions of £, we intro-
duce another set of Jordan Wigner transformations (JW-I)
defined as c; | = 2 Z i(Xpi_1 —iYs;_1) and c;i =

5 ]_[f’: 11 Zi(Yo; — iXpi). After employing these transforma-
tions, we can map the system into an effective spin model,
defined as follows:
N-1 N
L= TP — D)YyYaje1 —iy Y (Zoj1Zaj +1). (Al5)
j i
Here, {X;, Y, Z;} are the local Pauli matrices defined in the
LFES at site k. We have also set the homogeneous decay rates
as y; = y. Therefore, within each subblock denoted by {p},
L takes the form of a non-Hermitian spin model with site-
dependent couplings J(p; — 1) and a dissipation rate of iy .
To illustrate the hidden topological features of the system,
we employ another Jordan-Wigner transformation (JW-II)
again and define the local Liouville-Majorana operators as

Ko = — ]_[3._:'1 X;Z; and ky; = ]_[;_:'1 XY, and finally we ar-
rive at
N-1 N
L= Zi‘l(Pj — Drsj_iksjqo + iy Z(i/(4j72’<4j71 -1,
J J

(A16)

with P; = ik4jk4j41. Therefore, for given {p}, £ reduces to
an effective non-Hermitian Kitaev chain with site-dependent
couplings.

We stress that although both w; and «; are Majorana oper-
ators (MOs), they are defined in different spaces. Specifically,
w; is the MO defined in the original Hilbert space, and «;
is another type of MO defined in the extended LFS (denoted
by H . in the paper). For N-site chain, we have 2N w-type
MOs, but 4N k-type Liouville-MOs. So generally speaking,
one w-type MO maps to two k-type MOs. In this sense, we
claim that a Liouville-Majorana fermion can be viewed as a
half-Majorana fermion in the original Hilbert space. In the
spin basis defined in Eq. (1), the Liouville-Majorana edge
modes discussed in the paper can only be described as mixed
states, which is different from the case for the usual Hermitian
Majorana modes.
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APPENDIX B: THE SPECTRA AND DYNAMICAL
FEATURES OF LIOUVILLIAN £

To explore the dynamical properties of system, we consider
the eigenmatrices and eigenvalues of the Liouville superoper-
ator ¢, and its counterpart £ in the Liouville Fock space H,

BLLom] = A = L1om)) = Amlpm))- (B1)

For a master equation in the Lindblad form, it has been shown
that the spectrum {),,} satisfies the following properties which
are useful for later discussions.

First, since the imaginary part of A, is linked with
the dissipation dynamics toward stationary states, we have
Im[Ay] < 0. The stationary state p, of the system corre-
sponds to the eigenmatrix py with Ag = 0. So we have p; =
po/Trlpo]. Additionally, if stationary states are degenerate,
then the system can evolve toward different steady states
depending on the initial conditions.

Second, since p is Hermitian, and ¢ [0 '] = —(¢.[c])]
for any matrix o, the eigenvalues must come in anticomplex
conjugate pairs {A,,, —A }. Therefore, if A, is pure imaginary,
then the eigenmatrix p,, must be Hermitian and vice versa.

Finally, if Im[A,] # O, since the Liouvillian evolution is
trace-preserving, the eigenmatrix evolves as e~ p, — 0
when ¢ — oo. This leads to Tr[p,,] = 0.

Equipped with the eigensystem of the Lindblad equation,
we can then discuss the dynamics of the system in a more
convenient manner. Since any physical state of the system can
always be decomposed as

P = 80Ps + ngpmy (BZ)
m#0

the time-evolution of p(¢) in LFS H, can then be simplified
as

lp(@))) = golps)) + nge_“\’"'lpm(f»)- (B3)

m#0

We stress that the dynamical properties of a quantum sys-
tem with the effective Liouvillian £ is very different from
the usual non-Hermitian system solely driven by an effective
non-Hermitian Hamiltonian H, = H — iy ) _,, Lf L,/2.In the
later case, the effect of quantum jump L, oL} has been ne-
glected. We also note that the non-Hermiticity of H, can result
in many novel effects. For instance, pseudo-Hermitian or PT-
symmetric H, has been widely discussed in the past decades,
which gives rise to rich exotic phenomena in different subjects
of physics. However, in many cases, this jump term L, pL]
cannot be dropped and can change the dynamical behavior of
the system dramatically.

APPENDIX C: BULK-EDGE PRODUCT VECTORS
OF PAULI OPERATORS IN LFS

In this Appendix, we show that all the Pauli operators in the
original spin basis map to bulk-edge product vectors in LFS.
This allows us to construct various initial product vectors and
detection operators discussed in the main text.

Specifically, the two edge Liouville-Majorana operators
and k4y can be used to define the Dirac fermionic operator
d, = %(K] + ik4y) and dj = %(/q — ik4n). The corresponding

number operator reads d)'d, and satisfies the following prop-
erties after acting on its local Fock basis

djd.|1)) = 1)), d}d.|0) =0. (CI)

Since d, and d: commute with the Liouvillian £, |0)) and |1))
correspond to the two local dark modes of the system, and
defined as the basis of the local Fock space denoted by H.,. For
the remaining Liouville-Majorana operators «; with 2 < j <
(4N — 1), they can be combined similarly to define 2N — 1)
Dirac fermionic operators with the corresponding Fock space
denoted by H'.. Therefore, the whole LFS . can then be
expressed as the tensor product of . and H,.. Using these
notations, we can then rewrite the state vector |p)) in LFS as

1)) = 1) 1)) + [¥0))0)). (€2

For operators acting on |p)) in LFS, they can be mapped
to the corresponding linear operations in the original Hilbert
space defined by the spin basis. For later convenience, we list
the explicit correspondence as follows:

did.|p)) — L(p + Maioypoioy), (C3)
d,|p)) — %Mof(/\/lafoj\jpof,af + p)/\/lcrf‘, (C4)
df|1p)) - —iMoi(Mojoyponot — p)Moi,  (C5)

where M = (—D)V [T, o;. One can check that if |p)) =

1)) = [Y1)|1)). then'we Kave
did,|p)) = 1p1)) — Moiagpioion =pi.  (C6)
Similarly, if | p)) = |p0)) = |¥0))|0)), then we have
dld,|po)) = 1po)) — Maitopooion = —po.  (CT)

This also indicates that if p; is Hermitian, then we must have
[oi, M] = 0.

To obtain the explicit form in LFS for a given density
matrix, we consider the following N body Pauli operator in
the original Hilbert space O = 0]"' ® 03> ® - -- ® oy with
wi €{0,x,y,z} and 0% =1 the usual 1dent1ty matrlx The
relevant state vector in LFS reads

10)) = [0)1)) + 100))10)). (C8)

To show that |O)) can be written as a product state in LES, we

define the following two projectors
=la+Mm), Po=Lla—-m,

with Pi =1. Since O is commuted (8, = +1) or anticom-
muted (8, = —1) with [ o7o703 as

N
0 l_[afo oy =6 Hazafaj\; (C9)
i=1
we have
MoioyOProtoy = 8,0PoM = £8,0P..  (C10)

UAsing Egs. (C6) and (C7), we conclude that |OP,)) and
|OP_)) can be written as
N 1434,
|01)) ,

|0P.)) = >

(C11)

043004-8



DISSIPATION-INDUCED LIOUVILLE-MAJORANA MODES ...

PHYSICAL REVIEW RESEARCH §, 043004 (2023)

where |0.)) represent the corresponding state vectors in H,
whose explicit forms are irrelevant to the latter discussion.
Therefore, the vectors related to O and OM then read

1 + 60 A 1- 50
)05 e
A A 1+, A 1 -4,

|OM)) = |0+))‘ J; >> - |0>)‘ 5 >> (C13)

To show that both |0)) and |OM)) can be written as
product vectors in LFS, we need to show that |04)) o |O_)).
This can be achieved by noticing that

146, A
%10, )10y,

A A

10)) =10+))

d.|OP.)) =

(C14)

which is nonzero only when §, = +1. The corresponding
matrix form in the original Hilbert space reads

1 A A
—EMof‘ (Mo{oyOP, oot 4+ OP, Yot M

1+6, , A
=— ; oy OPyoy

1468, , A
=— _; oy OoyP-.

(C15)

By setting §, = +1 and noticing of\‘,é = y(,o*;\‘,é with y, ==+1,
we have
10:))10)) = =,l0-))10)),

which leads to [0)) = —8,7,/0_)).
We note that similar result can also be obtained if we
consider

(C16)

1-34,
2
for §, = —1. The corresponding matrix form reads

d|OP,)) = 10)11)), (C17)

1 A A A A
—EMofc(—Mof‘off,(O + OM)oyoy + 0 + OM)oi M

8 —1 XA x
= oyOP oy

==l op
= ——5—v.OF-.

(C18)
After writing back to the LFS, we again obtain |0,)) =
—8,7510-)).

Summing up all the above discussions, we conclude that
both |0)) and |OM)) are product and read

)  Tl1+3, 1=,
|0>>=|0+>>[ R >>—60y0 ; >>] (C19)

A A 1 80 1_80
|0M>>=|0+>>H + >>+am Tm (C20)

2
where other relevant coefficients are defined as follows:

ox0 = y,0n0, (C21)

OMoaioy = §,MoionO. (C22)

The above derivation indicates that the 4" Pauli operators O,
can be divided into 22V~ different pairs up to a constant phase

factors as ((A),L, 0 ./M). For any two different pairs ( 01, O) M)
and (O,, 0, M), since

r(0,0;M) =0, t(MO;0;M)=2"s;, (C23)

we have
(0i10,)) =285, ((0;110; 1)) =2V"15;;.  (C24)

Given the state vector in LFS shown as Eq. (C8), we also
can easily obtain the matrix form in the original spin basis
using the following maps:

5l {|0+>>|1>> — OP,,
’ 10:010)) = —y,10-110)) = —1,0P_,
(C25)

S, = —1:

0. N0 oP.,
{| A+>>| )) — . s
1O:)11)) — ¥olO-))10)) = y,0P-.

APPENDIX D: CONSTRUCTING BULK-EDGE PRODUCT
STATES IN LFS AND THE ORIGINAL SPIN BASIS

In this Appendix, we provide how bulk-edge product vec-
tors in LFS can be obtained using pairs of Pauli operators. The
robustness of edge modes and their internal symmetry can be
also be easily discussed based on these constructions.

For the system consider in the main text, the general form
of the stationary states p; can be written as the combination of
Pauli operators (O, OM) with O =1 and 8, = y, = 1. This
means

1 1

where ¢ is real and satisfies |¢| < 1 to ensure the positivity of
ps. The corresponding vectorized form in LFS reads

1
ps)) = g NIA + D) = A = 5IoN]. (D2)

For a given initial state vector |p(f =0))) in LFS, if
lp(t = 0))) = [p)) ® (all)) + b|0))) is product, then |p(1)))
remains unentangled in LFS under time evolution. Since the
system tends to its stationary state defined by Eq. (D2) in the
long-time limit, we conclude that the product state can always
be rewritten as

o) = lp)) @ [+ )I1) — (A = 5)oN1/2Y,  (D3)

where the most general form of |p,)) reads
1000) = 11:) + Y Xl Om1)). (D4)

Here the coefficients y,, and the N-body Pauli operators 0,
should be carefully chosen so that the corresponding p in the
original Hilbert space represents a valid density matrix of the
system.

We note that the operators O can be classified into different
groups according to the factors (4, y,) defined in Egs. (C21)
and (C22). Therefore, due to the two-valued properties of §,
and y,, all the Pauli operators O can be divided into four
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categories (A, B,C, D) and are listed as follows:
(1) Class A: (8., y,) = (1,1)
A+ CAM)) = A1 + ¢ M)))
= AN+ ID) = A =)Io))];
(2) Class B: (6, vo) = (—1, 1)
|—¢B + BM)) = [BM(1 — ¢ M)
= B )1+ O)I1) + (1 =IO
(3) Class C: (6,, vo) = (1, —1)
1cC + CM)) = |CM(1 + ¢ M))
= [CNIL+OID) — (1 = )Io))];
(4) Class D: (6,, o) = (—1, —1)
|D —¢DM)) = 1D — ¢ M))))
= D)1 = )]0)) — (1 + )]

We also note that to ensure the Hermiticity of p, these
operators {A, B, C, D} also should be chosen to commute with
M. Therefore, the most general form of |p, )) reads

los)) = L) + Y ailhi ) + Y bilBi4)
i J

+ Y alCo)) + D dilDy ), (D5)
k !

with real coefficients a;, bj, ¢, and d;. The corresponding
density matrix can be obtained accordingly,

1 « A
i k

— (D bBM+D aD |a—-¢M) |, (D6)
7 !

where both the coefficients (a;, b, ¢, d;) and the operators
A, B i Cy, D)) are carefully chosen so that p is a positive
operator. In the special case with b; = d; = 0 for all j and
1, the positivity of p is reduced to find (a;, ¢;) and A;, ¢
such that (I + Y, @;A; + Y, cxCy M) is positive definite. For
general case, to ensure the positivity of p, a sufficient condi-
tion can be chosen such that both (I + ), aA; + >k G M)
and —(}_; b;B;M +Y",d,Dy) are positive operators.

We note that any Hermitian observable operator X which
maps to a product form in LFS can also be constructed follow-
ing the above discussions. For instance, all operators defined
in Eq. (D6) are product in LFS. If we choose the two operators
Xi and X, as (X1, X») = (O, OM), then the ratio (X;)/(X>)
can be simplified as
(X1)  (Xilp)) o+ yo+805(80 —vo)

X2)  ((Xalp)) 80— yo+ 8¢ (So+10)

where in the last step, we have used the two-valued properties
of 8, and y,. Therefore, (X;)/(X>) is time-independent during

8¢ ™™, (D7)

the evolution for an initial product state. This can be used to
clarify the existence of LMEMs in this dissipative system.
The edge modes are topologically protected by the internal
symmetry of the system. The influences of perturbations on
the system can be characterized by introducing additional
interaction H’ to the Hamiltonian H, or new dissipator L’ into
the Lindblad equation. The edge modes are decoupled from
the bulk modes as long as the corresponding Lindbladians
Xp and X in LFS are commuted with «; and k45, namely,
(X, k1] = [Xnw, kan] = [Xv, k1] = [Xp, kan] = 0. Since

«ilp)) = —of MpMoy, (D3)
kan|p)) — ioyp Moy, (D9)
Xwlp)) — [H', pl, (D10)

Xulp)) = 2L pL' — L'L'"p — pL'L"", (D11)

using the spin language, we can rewrite [Xy/, k1]|p)) = 0 as

[Mo{H'of M —H', p] =0, (D12)

which is valid for any given density matrix p. This leads to
the following constraints for H’ as

[H'.oy] =[H o] =[H M]=0. (D13)

Similar discussions also hold for additional dissipator L’ by
noticing [Xy/, k1]|p)) = 0, and we have

2(MoyL oy MpMoiL'of M — L pL')
— (Mo L'L "o M —L'L")p

—p(MoL'L "o M — L'L') = 0. (D14)

To ensure that the above identity holds for any density matrix
p, we have

[L oy] =L of]=IL",M]=0. (D15)

In the main text, the existence of LMEMs is verified for
different initial states and observables. Both of them can be
re-expressed as bulk-edge product vectors in LFS. Specif-
ically, for N =8 and po= 1[I + ZIJY;ZI 0.2(c707, + Uj)]
(I+0.5 1—[1jy=1 o;)/ 2V all the corresponding operators M; =
ojoiy +0; (2< ] <N —1) satisfy 6y, yu) = (1,1) and
belongs to A-class discussed above. The relevant vector of pg
is product and reads

N—-1

00)) = (1)) + 0.2 ) " IM;4)))(1.5]1) — 0.5(0)))/2",
i=2

(D16)

with £ = 0.5, and M; = aj‘q;‘+] —i—oj?. Similarly, using the
maps

of = [of )U) =10, (j # 1,N), (D17)
ofot = [(o7afy,), ))ID) = 10)), (D18)

we can find that the relevant vectors in LFS for observables
X = 27;21 (ojot + of)/\/l and X; = X; M can be written
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as
1X1)) = M) (1)) +10))), (D19)
1X2)) = M) (1)) = 10))), (D20)
where
N-1
ML) = D (070 +07) >> (D21)
Jj=2

APPENDIX E: CORRELATION ((ik;x4y))
IN LFS AND THE PURITY OF p

In this Appendix, we show that the correlation ({ix k4y))
defined in LFS is closely linked with the purity Tr(p?) of the
density matrix p. We also show how the correlation can be
detected using only local observables in spin basis.

Since any density matrix p can be expanded using pairs of
Pauli operators (O,-, 0 M), the corresponding vector in LFS
can always be written as

1)) =Y _rilop)y = Y ril0; ))a;I1)) + b;10))). (El)

J J

Therefore, the occupation number ({(o(¢)|d, j d.|p(t))) of the
edge mode for the given vector |p(¢))) in LFS reads

> rrilpdd]delpj))
ij

= Zri*rja;‘aj((
ij

Using the relations ((0; |0, 1)) =2V718;; and iKikay =
2cfc, — 1, we immediately obtain

{p)ldid,|p(t))) =

0:+10,+)). (E2)

(pOlikikay|p@)) =271 P (af — b7).  (E3)

Meanwhile, the purity Tr(p?) of the density matrix p can be
re-expressed in LFS as

> rtrilieile) =281

ij

(pD)]p(1))) = a; +b7).

(E4)

This means that for bulk-edge product state in LFS with
(aj,bj) =(a,b) for all j, the correlation ({ikiksy)) =
({(p(®)]ik1kan|p(@))) is directly linked with Tr(p?), and sat-
isfies

2 2

— (o), (ES)

. a
({ik1Kkan)) = m

Specifically, for the initial state discussed in the main text,

N
po= |1 —1—0.31_101]?(01Z +o0j03 + 0]
j=1

N
w|1+¢]]ot /zN, (E6)
j=1

the corresponding product vector in LFS can be written as
100)) = lpo.+)) @ [(1 +O)I1)) — (1 = ©)loN1/2Y  (ET)
and

lpo.+)) = 111)) +0.3(|(07) ) + |(e03) )

+[(o03) ) +[(o30503).,))). (E)
This state has nonzero components in subspaces defined by
{pj =1(v)}and {pjz1 = 1L(V)), p1 = —1}.
For larger y, the eigenvectors of £ for eigenvalue A with
the minimum |[Im(A)| > O are degenerate in the subspace
{pjz1 = 1(¥j), p1 = —1} and read

X z X X
o3 + 0j0y03)

N
p? = ao] +01<72 1_[0 , (E9)
j=1
,0l = otcri oy + oy, (E10)

with o« = (iy £ /y% —J?)/J. The above excited states and
the stationary state can then be viewed as the combinations of
following operators:

{ Hol,aloz,al} { 1_[ laz,ol}naiz.
The purity Tr(p?) can be approximated as

1
(plp)) =Te(p®) = o5 3 (0i)*.

O;eM

(E11)

For the given initial state |pp)), since the following relations

hold,
<01 oy l_[o > = ¢(o]03), (E12)
prte)een
<]_[ o;> =, (E14)

we finally have

I ,
(pliciea|p)) = Z5¢ (14 (o7) +{o03)). (E13)
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