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Plasmon wake in anisotropic two-dimensional materials
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We use analytically tractable dielectric response models, which are supported by ab initio calculations for
anisotropic two-dimensional (2D) materials and quasi-2D metals that host slow plasmons, to reveal a rich variety
of the plasmonic wake patterns in the electric potential induced by a charged particle moving parallel to those
materials. Using the method of stationary phase, we discover surprising analogies with Kelvin’s ship wakes and
atmospheric wakes regarding the asymmetry of the wake, slowing down of the plasmon dispersion, and the onset
of Mach-like wake due to nonlocal effects in the dielectric response.
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I. MOTIVATION

The wave pattern trailing behind a ship that moves at con-
stant speed v on a straight-line trajectory on deep, calm water
is a ubiquitous phenomenon known as the ship wake, first
described mathematically by Lord Kelvin [1]. The wake con-
sists of a series of three-cusped deltoid curves, each formed
by the crests of a transverse and two diverging waves (which
may not all be always visible). While the size of deltoids
is scaled by λ = v2/g, where g is the acceleration due to
gravity, the cusps’ loci form the arms of a ∨-shaped sector
or wedge that enwraps the wake with an opening half-angle of
ϕK ≈ 19.5◦, independent of the speed. The universality of that
pattern is a consequence of the dispersion relation between
the frequency ω and the wave number k of the surface grav-
ity waves, given as ω = √

gk. The interest in this topic was
recently revived by questioning the universality of Kelvin’s
angle ϕK following a series of empirical observations of ship
wakes using Google Earth images [2] and the subsequent
debate [3–7].

Similar wake phenomena are studied in atmospheric sci-
ences and oceanography [8–12], and are observed in a diverse
range of other areas in physics [13–16]. The study of the
wake effect in condensed matter, where it arises in the lin-
ear response of electrons to a propagating charged particle,
has a long and distinguished history [17–20], which has re-
cently switched its focus on two-dimensional (2D) materials
[21–25].

A fascinating analogy between the Kelvins ship wake
and the electric potential in a 2D conductor perturbed by a
charged particle moving on a parallel trajectory was shown
to be a consequence of the identical dispersion, given in the
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nonrelativistic limit at long wavelengths by ω = √
g∗k [25].

This relation is a robust manifestation of the long-ranged
Coulomb interaction among the charge carriers in a 2D ma-
terial, which in the simplest case of one energy band crossed
by Fermi level [26–28] gives an acceleration at zero tem-
perature as g∗ = 2πe2|n|/m∗, where n is the doping density
and m∗ the effective mass of electrons or holes [29]. This
result is obtained by treating the dielectric response of the
material in the optical limit [30] and considering the intra-
band electron transitions only, which give rise to a Drude
conductivity, σ intra (ω) = ie2|n|/(m∗ω) (neglecting damping)
[28,31,32]. Because of the analogy with Kelvin’s wake, the
wave pattern in the electric potential in the plane of the mate-
rial may be called the Kelvin-Drude (KD) wake.

While the relation ω = √
g∗k holds for an idealized 2D

free-electron gas [24,25,33], it nevertheless describes well the
long wavelength dispersion of a low-loss sheet plasmon in
graphene and other 2D materials [34] of interest for appli-
cations at frequencies from the terahertz to the midinfrared
(MIR) [26,27,31]. However, recent studies of a broader class
of 2D materials revealed that important modifications may
arise to their optical conductivity that can affect their opto-
electronic and plasmonic properties in a fundamental way.
Accordingly, the patterns of the KD wake in such materials
may also be changed in unconventional ways, which may or
may not have a counterpart in the fluid mechanics of Kelvin’s
ship wake.

For example, in the optical conductivity of monolayer tran-
sition metal dichalcogenides (TMDs), besides the σ intra (ω)
term, there is a substantial contribution from the interband
electron transitions [28,35], which may be well approximated
at frequencies much smaller than the typical band gaps in
TMDs by σ inter (ω) ≈ −iωα, where α is an in-plane static
polarizability of the material [36–39]. The thus-amended
total optical conductivity [40], σ (ω) = σ intra (ω) + σ inter (ω),
reproduces a plasmon dispersion found in Ref. [28], ω =√

g∗k/(1 + 2παk). This relation exhibits “flattening” for in-
creasing k, which gives rise to “slow plasmons” that were
recently suggested in real, quasi-2D metals [28,35]. A similar
flattening of the dispersion at short wavelengths is encoun-
tered in models for the lee waves excited in the atmosphere
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by an air flow around orographic obstacles, such as isolated
mountains or islands in the ocean [10,11].

Quite possibly the most exciting modification of the plas-
mon dispersion occurs in anisotropic 2D materials, such
as the doped semiconductor phosphorene [41–43] and the
semimetallic WTe2 [44]. Those materials are naturally occur-
ring realizations of hyperbolic metasurfaces [45–47], which
can support a topological transition from elliptic to hyperbolic
shapes of isofrequency dispersion curves in the plane of the
plasmon wave vectors k. In the case of doped phosphorene,
the anisotropy gives rise to a diagonal optical conductivity ten-
sor, with the components σx(ω) and σy(ω) along its principal
crystalline axes, labeled as the armchair (AC) and the zigzag
(ZZ) directions, respectively. The intraband parts of σx/y(ω)
retain the Drude form, given for a single band with damping
γ by

σ intra
x/y (ω) = i

e2

mx/y

|n|
ω + iγ

, (1)

where the anisotropy of the Drude weights is encoded via the
effective electron (or hole) masses, mx and my, in the AC and
ZZ directions, respectively [48–51]. On the other hand, the
interband electron transitions were shown to play a pivotal
role in facilitating a hyperbolic plasmon dispersion to occur in
the THz-MIR range [44,52]. In that range, the interband parts
of σx/y(ω) may be approximated similarly to the TMDs [28]
by σ inter

x/y (ω) = −iωαx/y, where αx and αy are the components
of a static polarizability tensor in phosphorene [37,38,51].

Furthermore, the role of the interband transitions in “flat-
tening” the plasmon dispersion [28,35] is disrupted in some
2D materials by the proximity of the continuum of the intra-
band electron-hole (e-h) excitations, giving rise to nonlocal
effects for increasing k [32,53–55], so that the phase speed
of the plasmon attains a minimum at the Fermi speed. This
is analogous to the nonlocal effect in the KD wake due to a
sound mode in 2D electron liquids [24,25], or to the effect of
capillarity in Kelvin’s ship wake [56,57], where the ensuing
velocity thresholds for the wave formation give rise to a Mach
or Cherenkov type of wake in both systems [16,24,25,56].
Leaving out the sound mode in the hydrodynamic limit of
electronic motion in 2D [58], we shall assess the nonlocal
effects in the KD wake due to the proximity of the e-h
continuum, which is a characteristic of the random phase
approximation (RPA) for the intraband electron transitions in
a 2D electron gas [36,49,55,59]. For sufficiently large doping
density |n|, these effects may be well approximated analyti-
cally by a semiclassical model [53,54,60,61], which is readily
adapted to an anisotropic material [36,37,40,49].

Our primary goal in this article is to elucidate modifica-
tions in the KD wake in a generic anisotropic 2D material
represented by doped phosphorene [51] and described by an
effective 2D dielectric function ε(k, ω) [37,62]. We remark
that a recent study revealed a quite strong anisotropy in the
stopping force on a charged particle moving parallel to doped
phosphorene [37], echoing observations related to an equiv-
alent effect of the wave resistance for a ship moving in the
presence of a shear current in the water beneath the ship
[6,63]. With Kelvin’s ship wake shown to exhibit a prominent
shear-induced anisotropy [6,63], it is intriguing to see how the

KD wake in a 2D material is affected by the anisotropy in the
effective electron/hole masses, which have no equivalent in
fluid mechanics.

II. MODELING

For a particle of charge Q moving with constant velocity v
at distance z0 > 0 above a 2D material that occupies the z = 0
plane of a Cartesian coordinate system, the electric potential
in that plane at the position r = (x, y) in the moving frame of
reference is [37]


(r) = Q

π

∫∫
>

d2k
k

e−kz0 �
[

ei k·r

ε(k, k·v)

]
. (2)

Here, we used the property ε(−k,−ω) = ε∗(k, ω), where ∗
means complex conjugate, to restrict the integration domain to
the half-plane k · v > 0. Switching to polar coordinates, k =
(k, θ ), with θ taken with respect to the AC direction, we may
write for a free-standing material in the optical limit [37]

ε(k, θ, ω) = 1 + i2π
k

ω
[σx(ω) cos2 θ + σy(ω) sin2 θ ], (3)

where σx/y(ω) = σ intra
x/y (ω) + σ inter

x/y (ω).
In computations we used parameters deduced from ab

initio calculations for an electron-doped phosphorene with
n = 1013 cm−2 [51], which are listed in the Supplemental
Material (SM) [40]. The dielectric function in Eq. (3) with
those parameters constitutes what we call the optical model,
whereas setting αx = αy = 0 gives the (anisotropic) Drude
model. The details of the semiclassical model are given in the
SM [40] and in Ref. [37]. The dependence on the direction of
motion of the charged particle enters through the polar form of
its velocity, v = (v, θ0), with θ0 taken with respect to the AC
direction. All distances are normalized according to x̄ = x/�c

and ȳ = y/�c, where �c = 2πm0e2/(h̄2n) ≈ 1.19 µm.
Our choice of the scattering geometry is geared toward ex-

periments on electron energy loss spectroscopy (EELS) with
aloof electron beams [64–66]. We select the distance to be
z0 = 50 nm as a typical value in such experiments and we
narrow the parameter space down by choosing the speed of
v = 2vB, where vB = e2/h̄ is the Bohr speed. Our reason for
choosing this speed is to make the Froude number [3,24,56],
Fr = v/

√
z0g, take an average value of Fr ≈ 1 when the accel-

eration g is given by gd = 2πe2n/md , where md = √
mxmy is

the density of states (DOS) mass of phosphorene [40,48,49].
With such a choice of the parameters pertaining to the inci-
dent particle, it is justified to neglect both relativistic effects
[67,68] (see also Fig. S10 in the SM [40]) and the quantum
mechanical wavelength of the incident electron [66] in the
wake potential.

Important information on the wake patterns in the far-field
region of the r = (x, y) plane is revealed by the method of
stationary phase [6,11,25] while taking into account the sin-
gularities in the integral in Eq. (2). The curves with constant
phase are obtained from the critical points of f = k·r in
Eq. (2) with fixed r, subject to the constraint ε(k, k·v) = 0.
This is equivalent to solving the equation ε(k, ω) = 0 in the
absence of damping to obtain the plasmon frequency ω =
ωp(k) while imposing the radiation condition, ωp(k) = k·v.
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Then, the curves of constant phase f are obtained as [11]

r = f
vg(k) − v

k·vg(k) − ωp(k)
, (4)

where vg(k) = ∂ωp(k)/∂k is the plasmon group velocity. In
the SM [40], we show how the right-hand side of Eq. (4) may
be written in polar coordinates, k = (k, θ ), see Eqs. (S17) and
(S18) in the SM [40]. All our models of the dielectric function
yield analytic expressions for ωp(k, θ ), see Eqs. (S11), (S14),
and (S15) in the SM [40], and they allow for an explicit
solution of the corresponding radiation conditions ωp(k, θ ) =
kv cos(θ − θ0) in the form k = kr (θ ). Upon inserting those
expressions in the right-hand side of Eq. (4), one achieves a
parametrization of the coordinates x and y on isophase curves
in terms of angle θ ∈ (θ0 − π

2 , θ0 + π
2 ). Then, analyzing the

extremal points in the slope function S(θ ) = −y/x can be used
to deduce the opening angles ϕw of wedges enclosing different
types of waves in the wake, taken with respect to the direction
opposite to v [63].

III. RESULTS

In Fig. 1, we show the density plots of the wake potential
in doped phosphorene for three directions of motion of a
charged particle with v = 2vB. In the AC direction, Fig. 1(a),
characterized by a light electron mass mx, the wake is dom-
inated by transverse waves that are concave-shaped relative
to the direction of motion, which is opposite from the typical
convex shape of transverse waves in the classic Kelvin’s wake
[11,24,25,56]. The half-opening angle of the wedge enclosing
the wake is found from the stationary phase analysis [40] as
ϕAC ≈ 23.8◦, somewhat larger than ϕK ≈ 19.5◦. In the ZZ
direction, Fig. 1(c), characterized by a heavy electron mass
my, the wake is dominated by diverging waves, enclosed by a
wedge with a quite larger half-angle of ϕZZ ≈ 57.2◦. While
the stationary phase analysis shows that the wakes consist
of both the transverse and diverging waves, as well as hy-
brid waves in the AC direction (see below), some of those
waves are suppressed depending on the Froude number, Fr =
v/

√
z0g. For Kelvin’s wake, it was shown that the transverse

waves dominate for small, Fr < 1, while the diverging waves
dominate for large, Fr > 1, values [3,24,56]. Evaluating the
Froude number with gx/y = 2πe2|n|/mx/y using our parame-
ters [40] gives Fr ≈ 0.57 in the AC direction and Fr ≈ 1.64
in the ZZ direction, explaining the observed types of waves in
Figs. 1(a) and 1(c).

The most intriguing wake pattern occurs in Fig. 1(b) for
the direction with θ0 = π/4, midway between the AC and
ZZ directions. The wake is dominated by diverging waves,
which show a marked anisotropy with respect to the direc-
tion of motion of the charged particle, with a wedge having
the opening angles of ϕright ≈ 82.7◦ and ϕleft ≈ 23.9◦ to the
right (toward AC) and left (toward ZZ), respectively. This
wake asymmetry is quite similar to the asymmetry found in
Kelvin’s ship wake in the presence of a sideways shear current
[6,63] (see, e.g., Fig. 4 in Ref. [6]). In the case of the KD
wake, the asymmetry in the far-field region is dominated by
the asymmetry of the effective electron masses in the Drude
model. Thus, we analyze in Fig. 2 the isophase curves from an

FIG. 1. The normalized wake potential, 
z0/Q2, in doped phos-
phorene as a function of the normalized coordinates x̄ (AC axis)
and ȳ (ZZ axis) from semiclassical model for three directions of
motion, indicated by the arrows with (a) θ0 = 0, (b) θ0 = π/4, and
(c) θ0 = π/2, for a particle moving at distance z0 = 50 nm with the
speed v = 2vB. The dashed black lines define the wedge enclosing
the KD wake, while the solid gray lines are the asymptotes of the fan
waves, defining the Mach-like wedge, see Fig. 3.
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FIG. 2. The isophase curves with f = −π in coordinates x̄ (AC
axis) and ȳ (ZZ axis) using the Drude model of anisotropic material
with fixed DOS mass md = √

mxmy and variable ratio μ = my/mx

taking values of 1 (black), 2 (green), 4 (red), 8 (blue), and 16 (orange)
for v = 2vB and three directions of motion with (a) θ0 = 0, (b) θ0 =
π/4, and (c) θ0 = π/2. The gray lines in (b) show the axes rotated
through θ0 = π/4.

anisotropic Drude model having the DOS mass md fixed by
the phosphorene data [51], while letting the anisotropy ratio
μ = my/mx be a variable parameter. Notice that the isotropic
Drude limit with μ = 1 gives rise to a black deltoid curve in
Fig. 2, which is the classic Kelvin’s pattern consisting of two
diverging waves and one convex transverse wave.

One sees in Fig. 2(a) that the transverse and diverging
waves no longer meet at the same pair of cusps when μ > 2.
Rather, there emerge two new branches, which we call hybrid
because they connect the endpoints of the transverse wave
with the endpoints of diverging waves on the opposite sides of
the wake. As a result, Fig. 2(a) shows that for θ0 = 0 the three-
cusped Kelvin’s deltoid undergoes a topological transition to
a five-cusped pentacle at μ = 2 [40]. The loci of the endpoints
of the hybrid branches now define two wedges, one enclosing
a concave transverse wave, which dominates the wake in
Fig. 1(a), and the other wedge that encloses the diverging
waves. In Figs. 2(b) and 2(c), the KD wake retains a deltoid
form, which grows in size and broadens with increasing μ

[69], while getting asymmetrically distorted for θ0 = π/4 in
Fig. 2(b). Interestingly, one sees in Fig. 2(b) that the diverging
wave in the wake with μ = 16 [70] precedes the position of

FIG. 3. The isophase curves (solid lines) with f = −π in nor-
malized coordinates x̄ (AC axis) and ȳ (ZZ axis) using the Drude
model (green), optical model (red), and semiclassical model (blue) of
doped phosphorene for a particle moving in the AC direction (θ0 =
0) at the speed v = 2vB. The dashed and dotted lines indicate the
wedges enclosing the transverse and diverging waves, respectively,
while the dash-dotted lines pass through the cusps where “fan” waves
get detached from the diverging waves in the semiclassical model.

the particle on the side toward the AC direction. Similarly, one
of the wedge angles in Kelvin’s ship wake was also found to
exceed π/2 for a strong side-on shear current [6].

It should be noted that the shape of the wake patterns in the
anisotropic Drude model is independent of the particle speed
[40]. Namely, in analogy with the classic Kelvin wake, the size
of the isophase curves in Fig. 2 can be scaled with λ = v2/gd ,
which removes the dependence on v when the coordinates
are expressed in the normalized form x̃ = x/λ and ỹ = y/λ
(see Figs. S3– S5 in the SM [40]). On the other hand, while
the optical and semiclassical models yield wake patterns that
approach those of the Drude model as the speed increases,
they exhibit a remarkable evolution of shapes of the isophase
curves at low speeds, v < vB, as shown in Fig. S5 in the SM
[40]. Studying those effects requires more advanced models
of the dielectric function to describe nonlocal effects at low
speeds, going beyond the scope of this work.

The largest differences between the three dielectric models
of doped phosphorene are observed for the particle motion in
the AC direction, which are discussed in Fig. 3 by juxtapos-
ing three isophase curves. Compared with the Drude model
(green), the main effect of the interband part in the optical
model (red) is to move the central cusp in the pentacle where
the diverging waves meet to a position way behind the particle
(see Fig. 8 in Ref. [11] and Sec. S4 in the SM [40]), while still
exhibiting two wedges that enclose the transverse (dashed)
and diverging (dotted) waves. On the other hand, the isophase
curve in the semiclassical model (blue) follows closely the
curve in the optical model, excepting the region of the cusp
where the diverging waves meet, which is broken by the
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emergence of a pair of “fan” waves [57] due to nonlocal
effects. Those fan branches extend asymptotically to infinity
behind the particle, forming a Mach-like wedge (gray lines in
Fig. 1) with opening angles defined by a direction-dependent
threshold for the particle speed due to the e-h continuum
(Eq. (S19) in the SM [40]). The fan branches meet the di-
verging branches at a pair of cusps that define a new wedge
(dash-dotted) in Fig. 3 in a manner similar to the structures
revealed in recent studies of capillary-gravity wakes (see, e.g.,
Fig. 7 in Ref. [56] or Fig. 8 in Ref. [57]).

IV. CONCLUSION

By using three dielectric response models that were estab-
lished in recent studies of hyperbolic plasmons in anisotropic
2D materials and slow plasmons in quasi-2D metals, we dis-
played a diverse set of wake structures in the potential induced
by the passage of a charged particle. By taking advantage of
analytical tractability of our dielectric response models, we
performed a detailed stationary phase analysis, enabling us
to identify unexpected analogies in the shape of the wake
patterns in those materials with similar effects observed in
the macroscopic ship and atmospheric wakes regarding the
asymmetry (due to shear currents), flattening of the dispersion
(in the orographic lee waves), and the Mach-like wakes (due
to capillarity), even though the microscopic origins of those
effects in 2D materials are quite different from those in the
macroscopic wakes.

While our modeling is suited for the scattering geometry
in EELS with an aloof electron beam of medium energy
[64,65], the displayed wake patterns may be difficult to ob-
serve in such a setting because of the fast time scales and
the short length scales in the response of the 2D target ma-
terials. A possible alternate scenario would involve a static
obstacle in the presence of an electron flow in the material,
like in the recent experiment [71]. While this experiment
agrees with the hydrodynamic limit of the electron motion
in 2D [58], it also points to a need to extend the present
study of the wake effect to low (relative) speeds, where the
wake patterns are strongly affected by the plasmon disper-
sion at increasing wave numbers. In that context, exploring
various analytical models of the electron dynamics in both
the hydrodynamic and RPA regimes would be of interest for
extending the stationary-phase analysis to speeds near the
velocity threshold for the wake formation. Such an analysis
could yield valuable insight into the directionality of plasmon
excitation in anisotropic 2D materials and the role of nonlocal
effects.
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at infrared frequencies, Phys. Rev. B 80, 245435 (2009).

[32] V. Despoja, T. Djordjevic, L. Karbunar, I. Radovic, and Z. L.
Miskovic, Ab initio study of the electron energy loss function
in a graphene-sapphire-graphene composite system, Phys. Rev.
B 96, 075433 (2017).

[33] A. L. Fetter, Electrodynamics of a layered electron gas. I. Single
layer, Ann. Phys. 81, 367 (1973).

[34] Y. Li, Z. Li, C. Chi, H. Shan, L. Zheng, and Z. Fang, Plasmonics
of 2D nanomaterials: Properties and applications, Advanced
Sci. 4, 1600430 (2017).

[35] C. Song, X. Yuan, C. Huang, S. Huang, Q. Xing, C. Wang, C.
Zhang, Y. Xie, Y. Lei, F. Wang et al., Plasmons in the van der
Waals charge-density-wave material 2H-TaSe2, Nat. Commun.
12, 386 (2021).

[36] M. N. Gjerding, L. S. R. Cavalcante, A. Chaves, and K. S.
Thygesen, Efficient ab initio modeling of dielectric screening
in 2D van der Waals materials: Including phonons, substrates,
and doping, J. Phys. Chem. C 124, 11609 (2020).

[37] M. Moshayedi, M. R. P. Rivas, and Z. L. Mišković, Stopping
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