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Ergodic theory provides a rigorous mathematical description of chaos in classical dynamical systems, includ-
ing a formal definition of the ergodic hierarchy. How ergodic dynamics is reflected in the energy levels and
eigenstates of a quantum system is the central question of quantum chaos, but a rigorous quantum notion of
ergodicity remains elusive. Closely related to the classical ergodic hierarchy is a less-known notion of cyclic
approximate periodic transformations [see, e.g., I. Cornfield, S. Fomin, and Y. Sinai, Ergodic Theory (Springer-
Verlag, New York, 1982)], which maps any “ergodic” dynamical system to a cyclic permutation on a circle and
arguably represents the most elementary form of ergodicity. This paper shows that cyclic ergodicity generalizes to
quantum dynamical systems, and provides a rigorous observable-independent definition of quantum ergodicity.
It implies the ability to construct an orthonormal basis, where quantum dynamics transports any initial basis
vector to have a sufficiently large overlap with each of the other basis vectors in a cyclic sequence. It is proven
that the basis, maximizing the overlap over all such quantum cyclic permutations, is obtained via the discrete
Fourier transform of the energy eigenstates, with overlaps given by specific measures of spectral rigidity. This
relates quantum cyclic ergodicity to energy level statistics. The level statistics of Wigner-Dyson random matrices,
usually associated with quantum chaos on empirical grounds, is derived as a special case of this general relation.
To demonstrate generality, we prove that irrational flows on a 2D torus are classical and quantum cyclic ergodic,
with spectral rigidity distinct from Wigner-Dyson. Finally, we motivate a quantum ergodic hierarchy of operators
and discuss connections to eigenstate thermalization. This work provides a general framework for transplanting

some rigorous concepts of ergodic theory to quantum dynamical systems.
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I. INTRODUCTION

A. Background and motivation

Ergodic theory [1-3] concerns itself with a study of the
statistical properties of classical dynamical systems, centered
around a mathematically precise classification of classical dy-
namics into different levels of randomness called the ergodic
hierarchy [4,5] (see Fig. 1). These levels, such as ergodic,
mixing, K-mixing, and others [1-5] (in order of increasing
randomness, discussed in more detail in Sec. IT A), can be used
to motivate different elements of classical statistical mechan-
ics [4,5]: ergodicity justifies the use of the microcanonical
ensemble, and mixing the approach to thermal equilibrium,
while K-mixing is responsible for chaotic dynamics.

In quantum mechanics, on the other hand, it has remained
unclear if any pertinent “ergodic” dynamical properties can
even be defined [7]. Instead, our present understanding of
quantum statistical mechanics is founded on a much less
precise, but empirically successful, connection to the sta-
tistical properties of random matrices [7,8]. Direct contact
with the thermalization of observables is made through a
comparison of the energy eigenstates (or eigenvectors) in a
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“physical” basis of a system with random eigenvectors, via
the eigenstate thermalization hypothesis (ETH) [9-16] and
related approaches [17-25]. While observables that satisfy
ETH show thermalization behaviors resembling ergodicity
and mixing [14,15], every system also has observables that
do not satisfy ETH, and it is not well understood from first
principles which of these are to be regarded as the “physical”
observables—except as determined empirically [14,15,22].
Such observable-dependent ambiguities are avoided in the
comparison of the statistics of energy eigenvalues (i.e., level
statistics) of a system with those of random matrices, at the
apparent cost of direct dynamical relevance to thermalization.
This approach is based on the observation that on quanti-
zation, typical classically nonergodic systems show highly
fluctuating energy spectra with Poisson (locally uncorrelated)
level statistics [26], while typical classically chaotic systems
show rigid spectra with the local level statistics of Wigner-
Dyson random matrices [27-30] (within the eigenspaces of
conserved quantities associated with all classical symmetries
preserved on quantization; emergent quantum symmetries
and conserved quantities must also be accounted for, e.g.,
in certain quantizations of billiards on arithmetic domains
and cat maps [7]). A semiclassical “periodic orbit” argu-
ment for Wigner-Dyson level statistics soon followed [31,32]
(with further developments in, e.g., Refs. [33-37]), assum-
ing semiclassical contributions from a “uniform” distribution
of isolated periodic orbits in the classical phase space of a
K-mixing system [7]. However, Wigner-Dyson statistics has
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also been seen numerically [38—40] on quantization of merely
mixing [39,40] and merely ergodic [38,40] systems without
K-mixing/chaos and even without periodic orbits [38,40,41].
These observations highlight the need for a theoretical under-
standing of spectral rigidity with regard to ergodicity, without
relying on K-mixing or periodic orbits (as also anticipated in
Ref. [41]).

Similar trends of spectral rigidity being associated with
“chaotic” behavior have been observed analytically (often
using basis-dependent analogues of periodic orbit theory,
for ensembles of systems) and numerically in fully quan-
tum many-body systems [14,42-55], where judgements of
the “chaoticity” of a system have been largely based on
intuition. It remains unclear exactly what kind of ergodic
dynamics is represented by spectral rigidity especially in such
fully quantum systems, in addition to those with a classical
limit. While correlation functions of local observables have
been rigorously characterized in a manner similar to the er-
godic hierarchy in the specific case of dual-unitary quantum
circuits [56-58], no direct link to level statistics is known
even in this case. Further, the only known dynamical signa-
ture of spectral rigidity—a (gradually weakening) suppression
of extremely small (vanishing in the thermodynamic limit)
quantum fluctuations representing recurrences at late times,
called the “ramp” [42], appearing in autocorrelation functions
[49,59] and quantum simulation protocols designed specif-
ically to measure spectral rigidity [60,61]—is a subleading
effect showing no transparent connection to the ergodic hi-
erarchy. The fundamental open problem indicated here, of
understanding the precise relationship between ergodicity and
the basis-independent energy level statistics of a general quan-
tum dynamical system, forms the central motivation for this
work.

B. Summary of results

In this work, we develop an approach that provides a first
general answer to the above problem within the fully quantum
regime, by introducing suitable ergodic properties (indepen-
dent of “physical” bases or observables) in the Hilbert space
of a quantum dynamical system and deriving their formal con-
nection to energy level statistics. Qualitatively, our approach is
based on the following observations. (1) Cyclic permutations
of a discrete set of states are the only invertible discrete pro-
cesses (in other words, permutations of states) whose repeated
action is ergodic, i.e., every initial state evolves into every
other state in the set. (2) A quantum cyclic permutation of
an orthonormal basis of states is a unitary operator whose
eigenvalues are regularly spaced (roots of unity). (3) Spectral
rigidity, as usually studied in quantum chaos, is essentially a
measure of how close a given energy spectrum is to a regularly
spaced spectrum. Thus, by defining a quantum version of
ergodicity in terms of “closeness” to cyclic permutation dy-
namics in a finite-dimensional Hilbert space (further justified
by a similar approach to classical ergodicity in the mathemati-
cal literature [2,62,63]), we show that spectral rigidity is most
directly a measure of this form of ergodicity in any quantum
dynamical system. In physical terms, the suppression of recur-
rences of initial states due to spectral rigidity, indicated by the
“ramp” in quantum fluctuations, is what allows certain initial
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FIG. 1. Venn diagram of the classical ergodic hierarchy [4,5].
Each successive subset denotes a level of higher guaranteed random-
ness within the preceding level. A indicates the maximal Lyapunov
exponent, whose nonzero value is a defining signature of chaos [4,5].
(Reused from Ref. [6].)

states to “cyclically” visit other states under unitary dynamics
(over the timescale of the ramp) due to the conservation of
probability. This “cyclic” form of ergodicity encoded in the
energy level statistics is, remarkably, quite distinct from the
familiar quantum thermalization process of the spreading of
an initial state over a “physical” basis (which occurs before
most of the ramp [43]) associated with random eigenstates.

Formally, a rigorous treatment of classical ergodicity in
terms of closeness to cyclic permutations of discretized cells
in a continuum phase space (or “cyclic approximate periodic
transformations”) was developed in Refs. [62,63] (see also
Refs. [1,2,64,65] for reviews and related results). Central to
this treatment are a discrete counterpart to ergodicity and a
discrete prerequisite for strong mixing (see Sec. I B for the
precise relationship), which we respectively call cyclic er-
godicity and aperiodicity. An abstract “quantization” of these
properties, where the discretized phase space cells correspond
to pure states in an orthonormal basis (qualitatively repre-
senting the smallest Planck-sized phase space cells allowed
by quantum mechanics), yields the desired quantum notions
of ergodicity. These extrapolate the classical notions to fully
quantum dynamics, rather than relying on any specific quan-
tization techniques developed for various classical systems.
Such an abstract approach is justified, and perhaps even neces-
sitated, by the established difficulty [24,25] of relating energy
levels to ergodicity in a “physical” basis (see Sec. [ A). Cor-
respondingly, our quantum definitions are in the context of a
general autonomous (i.e., time-independent) unitary quantum
dynamical system and do not rely on a classical limit.

Some key physical takeaways from our approach are the
following.

(1) Classical cyclic ergodicity and aperiodicity generalize
to quantum mechanics in a surprisingly direct way (unlike
the continuum ergodic/chaotic properties of Fig. 1) as fun-
damental quantum dynamical properties in the Hilbert space,
including in systems without a classical limit. This allows a
general observable-independent definition of quantum cyclic
ergodicity and aperiodicity.

(2) Quantum cyclic ergodicity requires the existence of
an orthonormal basis where every time-evolving basis state
“visits” every other (fixed) basis state successively in a cyclic
sequence; quantum cyclic aperiodicity requires the existence
of an orthonormal basis where no time-evolving basis state
“visits” its original self; both requirements apply within a
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FIG. 2. Depiction of the set of quantum dynamical systems in
terms of the observable-independent ergodic properties proposed in
this work, namely, quantum cyclic ergodicity and aperiodicity. One
distinct type of energy level statistics exemplifying each possibility
for the presence or absence of these properties is shown (with dashed

boundaries). The location of each such example in this diagram is
analytically justified in the course of the main text.

specified range of times. Here, a state “visits” another if their
overlap exceeds that between two generic randomly chosen
states.

(3) Spectral rigidity directly characterizes the presence of
quantum cyclic ergodicity and aperiodicity in a system, rather
than conventional ergodicity, mixing or K-mixing as believed
in the “quantum chaos conjecture” [28,30]. This clarifies the
precise dynamical role played by level statistics in relation to
the ergodic hierarchy, beyond a generic “signature of quantum
chaos” [7].

Thus this work provides a system-independent framework
that addresses the general connection between ergodic (quan-
tum) dynamics and energy level statistics, in a way that
captures the observable-independence of the latter. We fur-
ther provide both analytical and numerical evidence for the
applicability of this framework to different physically rel-
evant types of energy level statistics: Wigner-Dyson (seen
near-universally in intuitively “quantum chaotic” systems)
and Poisson (seen near-universally in “nonergodic” sys-
tems) as associated with random matrix theory [7], and
also the non-random-matrix-like spectral rigidity of quantized
Kolmogorov-Arnold-Moser (KAM) tori (classically ergodic,
nonmixing systems with no periodic orbits) and fluctuating
spectra in rational tori (classically nonergodic collections of
periodic orbits) which occur as subsets of classically in-
tegrable systems [5]. A depiction of the resulting logical
relationships is shown in Fig. 2.

C. Structure of this paper

The rest of this paper is organized as follows. The basic
theory of observable-independent quantum ergodic properties
and their connections to energy level statistics is set up in
Secs. II-IV. Section II reviews some necessary aspects of
classical ergodic theory, including the use of cyclic permu-
tations to “discretize” a dynamical system [1,2,62,63], and

defines cyclic ergodicity and cyclic aperiodicity (definitions
II.1 and I1.2) as discrete, primitive properties related to ergod-
icity and mixing that can be extended to quantum mechanics.
Section III motivates and defines their analogues in quan-
tum mechanics (definitions III.1-II1.3). Section IV shows that
quantum cyclic ergodicity and aperiodicity in a system are
quantitatively determined, through discrete Fourier transforms
of the energy eigenstates' [Eq. (21)], by specific measures of
energy level statistics: namely, mode fluctuations [39,66,67]
[Eq. (37)] and the spectral form factor (SFF) [7] [Eq. (38)].
Remarkably, Wigner-Dyson spectral rigidity emerges natu-
rally at this stage, as a direct consequence of some simple
dynamical conditions (proposition IV.2); this allows an in-
tuitive visualization of random matrix statistics in terms of
ergodic Hilbert space dynamics (Fig. 6).

The subsequent sections are concerned with demonstrat-
ing applications to different situations of physical interest.
Section V considers “typical” systems, relating quantum
cyclic ergodicity to the “ramp” in the SFF via the con-
servation of probability (Sec. VC), and provides detailed
analytical (Secs. VC and VD) and numerical (Fig. 7) evi-
dence that quantum systems with Wigner-Dyson spectra are
(quantum cyclic) ergodic and aperiodic, while those with
Poisson spectra are aperiodic but not ergodic in the ap-
propriate subspaces—covering the forms of level statistics
associated with random matrices [7,8]. Section VI considers
2D linear flows on tori, for which we are able to explicitly
construct cyclic permutations, and analytically prove both
classical and quantum cyclic ergodicity and nonaperiodicity
(theorem VI.1) as well as higher-than-Wigner-Dyson spectral
rigidity [Eq. (68)] for every 2D KAM torus (where the linear
flow has an irrational frequency ratio), with an analytical argu-
ment that the nonergodic and nonaperiodic rational tori (with
a rational frequency ratio) have comparable, but not identical,
spectral rigidity to Poisson. This covers some physically in-
teresting systems with atypical level statistics, and suggests
a wider applicability of cyclic ergodicity and aperiodicity in
characterizing quantum dynamics than random matrix theory,
while establishing the possibility of analytical proofs of spec-
tral rigidity for individual systems in this framework (which
has been considered a mathematically and conceptually chal-
lenging problem [24,25]). Finally, Sec. VII discusses some
insights about the connection between the above eigenvalue-
based dynamical properties and thermalization as determined
by eigenstates that may be gained from cyclic permutations,
in a largely semiqualitative manner that may motivate future
rigorous work.

II. A SHORT REVIEW OF CLASSICAL ERGODIC THEORY

In classical ergodic theory [1-4], one is concerned with
dynamics on a phase space (or a smaller region of interest,

"We emphasize that the fact that the connection to level statistics
is realized in specific bases, unambiguously specified relative to the
energy eigenbasis, does not reduce the basis-independence of the
definitions. This is in the same sense in which the energy eigenvalues
are basis-independent, even though a unitary time evolution operator
is only diagonal in the energy eigenbasis.
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such as an energy shell of a Hamiltonian system) P, with
an operator 7' : P — P that evolves points in the space by
the time ¢ (which may be a continuous or discrete variable,
corresponding to flows or maps). The main questions of inter-
est are which regions of phase space are explored over time
by an initial point, and how rapidly a typical point explores
these regions. These questions are conveniently posed when
there is a measure (£ (A) > 0 defined for subsets A C P that is
preserved by time evolution, u(7°A) = w(A) (in Hamiltonian
dynamics, this measure is given by the phase space volume
/ ,d"qd" p). An important feature of such systems is guaran-
teed by the Poincaré recurrence theorem [1-3]: forany A € P
such that u(A) > 0, almost every point in A eventually returns
to A, each within some (long) finite time (i.e., with the excep-
tions forming a set of measure zero). Given such a measure,
how well an initial point explores the phase space is generally
expressed through correlation functions of various sets, the
behavior of which is classified into the ergodic hierarchy [4,5].
In what follows, we normalize u(P) = 1.

A. The classical ergodic hierarchy

We first ask whether almost all initial points explore every
region of nonzero measure in P. If so, the dynamics is said
to be ergodic in P. If not, P can be decomposed into (say) M
subsets that are invariant under 7, i.e., P = Ulyzl P; (each
with a measure induced by w), such that the dynamics is
ergodic within each P;. Ergodicity in P can be shown to be
equivalent [1-5] to time-averaged correlations (e.g., presence
of the system in aregion B C P) becoming independent of the
initial condition (e.g., starting in the region A C P) with only
measure zero exceptions:

T
lim 1 dt u[(T'A)NB] = n(Au(B), YA BCP.
T—o00 2T J_ 1
(1)

These measure zero exceptions could be isolated periodic
orbits or other closed surfaces of lower dimension than P.
Here, we use dt either as a continuous integration measure or
that corresponding to a discrete sum, depending on the domain
of .

Mixing is a property in which time evolution eventually
becomes uncorrelated with initial conditions, and represents
how rapidly typical points explore a phase space region P on
which time evolution is ergodic. Generically, a system is mix-
ing if any ensemble A with sufficiently many ‘neighboring’
initial states (i.e., of nonzero measure) in P eventually spreads
out equally according to certain criteria over every region of
‘P (with deviations from this behavior allowed for a vanishing
fraction of times in the case of weak mixing). The simplest
such criterion is expressed in terms of two element correlation
functions eventually becoming uncorrelated [1-5]:

Jim u[(T'A) N B] = u(A)uB), VA,BSP, (2)

and is conventionally merely called mixing (weak mixing cor-
responds to the limit converging except at a vanishing fraction
of times, instead of exactly for all # — oo [3-5]). This can
be extended to higher order correlation functions [2,68], and
the dynamics is said to be K-mixing when all higher order

correlation functions become uncorrelated in the above sense
[2,4,5], which leads to chaotic behavior, e.g., nonzero Lya-
punov exponents [4,5]. These criteria form a hierarchy in the
sense that K-mixing implies mixing, which implies ergodicity
[4,5]. Additional levels of randomness may also be considered
[4,5]; see Fig. 1 for a depiction of the hierarchy of Ref. [4].

It is interesting to note that if one defines a unitary op-
erator Uy induced by 7 on phase space functions f(x €
P) via U-f(x) = f(T'x) (Koopman and von Neumann’s
Hilbert space representation of classical mechanics [1-3,63—
65]), some of these properties can be translated to those of
the eigenvalues and eigenfunctions of Uy, whose direct exten-
sions to quantum mechanics have been previously considered
[69]. For instance, ergodicity translates to nondegenerate
eigenvalues with eigenfunctions of uniform magnitude, and
weak mixing to a continuous spectrum with no nonconstant
eigenfunction, of Uy [3]. For a discrete and finite quantum
spectrum that corresponds to phase spaces or energy shells
of finite measure by Weyl’s law [7], the eigenvalues are al-
most always nondegenerate (i.e., are nondegenerate or can be
made so by infinitesimal perturbations) and the spectrum is
necessarily discrete, prompting us to seek alternate avenues in
which the above properties are at best emergent in the classical
limit.

B. Discretizing ergodicity with cyclic permutations

We eventually want to understand how quantum mechanics
with its discrete set of energy levels can lead to ergodic and
mixing behaviors, defined classically for continuous systems.
A useful bridge between the continuum and discrete descrip-
tions is offered by the technique of discretizing an arbitrary
dynamical system in terms of cyclic permutations, which have
been studied as “cyclic approximate periodic transformations”
in Refs. [1,2,62—65]. Here, we discuss and adapt the elements
of this framework that are most relevant for our purposes, fol-
lowing Ref. [63], leading to the definition of cyclic ergodicity
and cyclic aperiodicity respectively as a discrete version of
ergodicity and a discrete prerequisite for strong mixing. These
ideas are then illustrated with simple examples, which are di-
rectly used later in the study of quantized KAM tori in Sec. VI.

A simple motivation for studying cyclic permutations is as
follows. All invertible maps on a discrete set of states act
as permutations of these states. Every permutation can be
decomposed into a set of cyclic permutations, each acting on
a separate subset of states. Among these, the only ergodic
permutations—under whose repeated action every discrete
state visits every other state—are cyclic permutations of all
states with no further decomposition into subsets. This sug-
gests the strategy of probing the ergodicity of an invertible
autonomous dynamical system by comparing its dynamics
to the repeated action of a cyclic permutation on some dis-
cretized states, in the continuum limit.

To this end, let C = {Ck}z;(l) be a decomposition of the
phase space P into a large number of w-disjoint (i.e., with
measure zero intersection) closed sets of identical measure,
w(Cy) = 1/n; we will implicitly consider C to be part of a
well-defined sequence of such decompositions, with n — oo
through a subset of the positive integers. Introduce a time
evolution operator 7¢ on P that effects a cyclic permutation
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FIG. 3. Schematic depiction of an (n = 10)-element cyclic per-
mutation for some phase space P (interior of ellipse). (a) Partitioning
of phase space into {C;};”;' and (b) Contribution to error from

(T"Cy)AC, (shaded region).

of the Cy, i.e., TcCy = Cryy (with (n — 1)+ 1 =0, i.e., the
addition is modulo n). For some choice of discrete time step
to, we would like to see if successive actions of 7" on the Cy
closely resemble the cyclic permutation effected by 7¢. Thus,
as a measure of how well T¢ approximates 7™ over a single
time step, we define the single-step error of the permutation
(differing from that in Ref. [63] by the factor of 1/2):

n—1

1
Eclty) = 5 Y pl(T°CHAC], 3)

2
k=0

where AAB = (AUB)— (ANB). The error measures the
fraction of 7 Cy that lies outside Cy1, averaged over all initial
sets Cy.

We will often directly call C the cyclic permutation in place
of 7¢ for brevity, as any 7¢ that cyclically permutes the ele-
ments of C has the same error. We also note that we can choose
to to depend on n, in particular with #p — 0 as n — oo for a
flow with a continuous time variable, so that the discrete steps
TPo with p € Z approach the continuous time flow 7" with
t € R as the decomposition becomes more refined with in-
creasing n. As a simple example, the rotation 7'6y = 6y + wt
(modulo 27, which will be left implicit in what follows) on a
1D circle with angular coordinate 6 € [0, 277 ) is approximated
by the n-element cyclic permutation C comprising of equal
intervals of the circle C, = {0 € [27k/n, 27 (k + 1)/n]}, with
zero error if ty(n) = 27 /(nw). In contrast, higher dimensional
ergodic systems typically take infinitely long to explore all
of P, and we expect ton — oo in addition to 5 — 0 in such
cases. A schematic of a generic cyclic permutation is depicted
in Fig. 3.

The single-step error €¢(#) can serve as a probe of ergod-
icity. References [62,63] showed that for a given dynamical
system, the existence of any cyclic permutation with error
€c(ty) < 2/n guarantees ergodicity as long as all nonzero
measure sets can be constructed as unions of the Cy in the n —
oo limit, while €c(fy) < 1/n with fon — oo rules out (strong)
mixing; a version of their proof is recounted in Appendix A
for the interested reader. However, these results allow room
for cyclic permutations with a larger single-step error to lead
to ergodicity or prohibit mixing. Here, we define cyclic ergod-
icity (a notion implicit in their proofs) and cyclic aperiodicity
(based on an observation in Ref. [63]) as more fundamental
discrete dynamical properties based on cyclic permutations

FIG. 4. Schematic depiction of cyclic ergodicity and nonergodic-
ity for the cyclic permutation of Fig. 3. The trajectory may be thought
of as the future and past history of the center of Cp, up to £5¢
(arrows indicate the forward flow of time). (a) Cyclic ergodicity and
(b) Non-ergodicity.

that can be used to partly characterize the ergodic and mixing
nature of dynamical systems as described below.

1. Classical cyclic ergodicity and aperiodicity

Cyclic ergodicity is a discrete counterpart to ergodicity in
a continuous system, that directly formalizes the notion of
“(almost) all points visiting the neighborhood of every other
point” in P; the additional cyclic ordering of the “points” en-
sures that the discretized dynamical system is invertible (and
first-order/“memoryless”). In terms of the decomposition C,
we want every C; to visit (i.e., have nonzero intersection with)
every other Cyp at least once during its future and past time
evolution in steps of #y. The cyclic structure (in the ordering
of the Cys for all Cys) can also be motivated as follows: if a
given initial set C; intersects almost all of C; after one step of
T" and then C, after two steps, C; must intersect almost all of
C, after one step. Formally, we have the following definition
that considers a C to visit another if their fractional overlap
(overlap divided by 1/n, the measure of each Cy) is larger
than a given precision 7(n) as n — oo, such as n(n) = n~!
(depicted schematically in Fig. 4):

Definition I1.1 (Classical cyclic ergodicity). A cyclic per-
mutation C shows cyclic ergodicity with a given precision
n(n) > 0iff any element C; € C sequentially intersects a suffi-
ciently large fraction of every other C; € C at least once under
(future and past) time evolution:
nu[(TP°C;))NCjspl > n(n)asn — oo, V jand |p| <

)

gl\” S
~

where p represents the number of integer steps of time evolu-
tion in units of #,.

For a given dynamical system, if there exists a sequence
(implicitly labeled by n) of cyclic permutations C such that

(1) C shows cyclic ergodicity for at least one choice of
n(n), and

(2) Csatisfies the generating property: every nonzero mea-
sure set in PP contains at least one Cy, in the n — oo limit,

then it follows rigorously that every nonzero measure set
visits every other, and 7™ is therefore ergodic in P (see
Refs. [2,63] and Appendix A; we also recall that generally
to — 0 for a continuous flow). It is also convenient to call
the system cyclic ergodic in P for a given n(n), without
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reference to the generating property, if it admits a sequence
of cyclic ergodic C with precision 7n(n) (mainly to anticipate
its quantum counterpart in Sec. III).

For strong mixing [Eq. (2)], we require any initial region
e.g. C; to become spread out over all of P as t — oo. This
requires that each C; on average intersects no more than a
vanishing fraction of itself in the n — oo limit (so that 7'Cy
is not preferentially distributed in C; for almost all C), for
any ¢ with ¢ — oco. Correspondingly, we call a system cyclic
aperiodic if every sequence of cyclic permutations satisfies
cyclic aperiodicity (a necessary condition for strong mixing):

Definition I1.2 (Classical cyclic aperiodicity). A cyclic
permutation C shows cyclic aperiodicity iff 7' Cy never returns
to intersect a nonvanishing fraction of C; on average, at all
times later than 7 (n):

n—1
Y ul(T'CHNCl— Oasn— 0o, Yt >1im), (5
j=0

for every f(n) — oo as n — oo.

In light of these definitions, Refs. [62,63] effectively show
that ec(fp) < 2/n for a cyclic permutation implies cyclic
ergodicity, while ec(ty) < 1/n with fon — oo implies a vio-
lation of cyclic aperiodicity (note that the reverse implication
in both cases is not always true), as the error generated in
each step is not sufficient to lead to zero overlap of 77°C;
with Cj, by p = n/2 (thereby maintaining cyclic ergodicity)
or p = n (thereby maintaining cyclic ergodicity and violating
cyclic aperiodicity) respectively; see Appendix A. Thus the
existence of a sequence of cyclic permutations C with ¢ (ty) <
2/n or ec(ty) < 1/n for a dynamical system (satisfying the
generating property, with fon — 00) respectively implies that
it is ergodic, or ergodic and not strongly mixing.

2. Examples

Example 1. A simple illustration of these ideas is afforded
by the example of rotations on a circle. A continuous rotation
T'0y = 6y + wt is ergodic (any initial point covers the entire
circle) and not-mixing (the angular width of any initial region
is preserved); as discussed after Eq. (3), the n-element cyclic
permutation C with

Cc =2nk/n,2n(k+ 1)/n] and ty = 27 /(wn)  (6)

approximates this system with €c(#p) = 0. C then shows cyclic
ergodicity, and violates cyclic aperiodicity as t — oo due to
its periodicity, thereby implying ergodic and nonmixing be-
havior. It is also worth considering an additional static degree
of freedom, e.g., a cylinder Cyl = {(0, z)} with z € [0, 1] and
T’z =z, in which case T is not ergodic on Cyl. A physical
example of this type is the 1D harmonic oscillator of fre-
quency w, with conserved amplitude A (with, say, z = tanh A)
and phase A(t). Here, the cyclic permutation C comprised
of “lengthwise strips” Ci = Ci x [0, 1] [where Cy is given
by Eq. (6)] is cyclic ergodic for any given 0 < n(n) < 1;
however, arbitrary nonzero measure sets in Cyl (particularly
those that do not span the entire range of z for all 6, e.g.,
sets with z € [0, 1/2]) do not contain any Ci. Thus C does
not satisfy the generating property, remaining consistent with
the nonergodicity of 7 on Cyl in spite of its cyclic ergodicity.

Example 2. Somewhat more nontrivial is the discrete rota-
tion on the circle,

T'6y =6y +2mat, t € Z, @)

in steps of the angle 2w« with 0 < o < 1, which is readily
seen to be ergodic only for irrational o and decomposes into
infinitely many periodic orbits for rational « (and is mixing
in neither case). Here, the construction of cyclic permutations
relies on the approximation of « by a rational number [70]. If
o = (m+6,)/n where m, n are coprime integers and |§,| <
1/2, we can construct an n-element cyclic permutation given
by the intervals

Cr = [2mnkm/n, 2w (km + 1)/n] and 1y = 1,
with error €c(ty = 1) = |6,]. 8)

For all irrational o, we can find an infinite sequence of co-
prime m, n with n — oo satisfying

1
[6,] < %, for any constant ¢ € [ﬁ’ 1), ©)]

by Dirichlet’s and Hurwitz’ theorems on Diophantine approx-
imations [71]. The error then satisfies €c(fy) < 1/n in any
such sequence, establishing ergodicity (as the C; can be used
to construct any finite interval as n — oo) as well as nonaperi-
odicity by the bounds [2,63] discussed in Sec. II B 1 (see also
Appendix A), with the latter implying the absence of mixing
(as ton — 00). This leaves the case of rational « = p/q with
coprime p and g, for which it is useful to consider the regions
By = [2wkp/q, 2m (kp + 1)/q]; each point within any such By
lies on a different periodic orbit and therefore cannot visit
another point in the same Bj. Split any such B into two
nonzero measure regions By, and Bj, which consequently
never visit each other. Any cyclic permutation satisfying the
generating property must possess some elements Cy; C By
and Cy» C By, asn — 00, which cannot visit each other by the
preceding discussion; thus, no cyclic permutation satisfying
the generating property can be cyclic ergodic for rational «.

In summary, this section discussed the connection between
certain properties of discretized classical dynamics and levels
of the ergodic hierarchy. In particular, the existence of at least
one cyclic permutation satisfying cyclic ergodicity guarantees
ergodicity (among regions of the phase space containing a
discretized element), while mixing requires that every cyclic
permutation satisfies aperiodicity (in the infinite time limit).
We note that it is not generally known how to establish
such properties for classical cyclic permutations except in
cases with a sufficiently small single-step error [2,62,63,70]
(including the examples discussed above), but we will see
that this difficulty is largely mitigated at a formal level after
quantization.

III. DYNAMICAL QUANTUM ERGODICITY
AND CYCLIC PERMUTATIONS

This section aims to find parallels to the discretized clas-
sical ergodic properties of the previous section in quantum
mechanics, which we propose as a starting point for a precise
study of quantum ergodicity. In Sec. IIT A, we define quantum
cyclic ergodicity and aperiodicity for cyclic permutations of
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orthonormal pure states in the Hilbert space, and subsequently
the ergodicity and aperiodicity of a quantum system in any
subspace of its Hilbert space—which is such that the energy
levels of the system encode all the relevant properties. In
Sec. III B, we briefly discuss the formal quantum analogues
of the classical error bounds (see Sec. II B) which can be
used to constrain the time evolution of a cyclic permutation
based entirely on the single-step error in certain cases; a more
general characterization of quantum cyclic permutations re-
quires a quantitative study of their connection to energy level
statistics, which is taken up in Sec. IV.

We consider a general autonomous quantum system with
unitary time evolution. Let Uy@t) = 0}1(1) be the unitary
time evolution operator, with D (possibly nonunique) eigen-
states {|E,) fz):_ol and D (correspondingly, possibly degenerate)
eigenvalues e~'5':

Un(t)|E,) = e B |E,). (10)

The time variable ¢ can be chosen to be continuous or dis-
crete, with E, respectively corresponding to the eigenvalues
of a Hamiltonian or eigenphases of a Floquet map. Without
loss of generality, we will use terminology associated with
Hamiltonians in what follows.

It is worth noting that such an autonomous unitary evo-
lution is itself never ergodic in the Hilbert space (even after
restricting to normalized states), but always has D conserved
quantities |(E, | (¢))|? for a time-evolving state | (¢)). More-
over, all systems with rationally incommensurate/generic
energy levels (including the vast majority of those considered
both “quantum chaotic” and “integrable/nonergodic”) have no
further conserved quantities, and consequently have the exact
same number of ergodic subsets in the Hilbert space [14,15].
Thus a different conceptual basis is necessary to define and
understand quantum ergodicity in an observable-independent
manner, while maintaining a connection to some meaningful
notion of ergodicity. The main takeaway from this section is
that suitably defined quantum cyclic permutations of pure
states are a promising candidate for this purpose, allowing a
natural quantization of cyclic ergodicity and aperiodicity.

Before embarking on a detailed discussion of quantum
cyclic permutations (which may be defined in systems with
or without a classical limit), we mention a semiclassical
motivation for considering orthonormal pure state cyclic per-
mutations. Weyl’s law [7] (generally used for semiclassical
calculations of the density of states) effectively assigns to
each phase space region A a number of orthonormal pure
states P(A) « n(A) in the semiclassical regime; see also
Refs. [72,73] for a related “quantum measure algebra.” With
A = C; in an n-element classical cyclic permutation C, we
have u(Cy) = (1/n) — 0 classically as n — oo, suggesting
that it is natural to associate the smallest number P(C;) = 1
of pure states with each (y, i.e., to consider pure state cyclic
permutations in the fully quantum description to represent
the classical n — oo limit. The invertibility of the cyclic per-
mutation in the discretized classical system translates to the
unitarity of the associated quantum cyclic permutation of an
orthonormal basis.

A. Pure state cyclic permutations for quantum dynamics

We work in an invariant subspace ¥; € H (an “en-
ergy subspace”) spanned by any subset of suitably relabeled
eigenstates {|E,) Z;é; Uy (¢) will henceforth refer to the re-
striction of the time evolution operator to X, unless specified
otherwise. In practice, ¥; may be chosen depending on con-
venience to be, e.g., in most cases, an energy shell of a
physical system spanned by all levels with energies in a range
[E, E + AE] (which is most likely to show “ergodicity” for
any width AE less than the energy scale to which spectral
rigidity extends as discussed in Sec. IV B), or the restriction
of such a shell to a subspace with fixed values of conserved
quantities showing spectral rigidity in systems with additional
symmetries. The main question of physical interest is whether
a physical system is ergodic within such a (restricted) energy
shell. However, the formal considerations of this section apply
quite generally to any energy subspace.

We seek pure state cyclic permutations that approxi-
mate Uy (t) within this energy subspace. To this end, let
C= {|Ck>}z;(; be an orthonormal basis spanning X; with
the unitary cycling operator Uc|Cy) = |Cit1). The eigen-
values of Uc are necessarily distinct dth roots of unity,
{exp(—2min/d )}ﬁ;&. It is convenient to introduce the p-step

persistence amplitudes of Uy (pto) relative to the action of U/,

%P, 10) = [(Caypl Un (plo)|Ci) an

for some choice of #y; these satisfy zx(p, tp) € [0, 1], and rep-
resent the overlap amplitude between the time evolved |Cy)
and the original |Ciy,). Then, we say that Uc approximates
Uy (t0) with p-step error

. 2
ec(p. o) =1 — (‘min z(p, 1))", (12)

kEZd
where Z,=1{0,...,n—1}. A pure state approximation

scheme for unitaries has been constructed in Ref. [65], in
analogy with certain classical noncyclic transformations (in-
directly related to classical cyclic permutations [74]), to
formalize results on, e.g., the (non)degeneracy of the classical
unitary U7 in classical ergodic theory [1,3,63,74]. As we
will see in Sec. IV A, the construction of pure state cyclic
permutations as above allows us to go much further, and tackle
nontrivial measures of the level statistics of Uy (¢) that can
e.g. distinguish between Wigner-Dyson and Poisson statistics,
seen respectively in typical “quantum chaotic” and “noner-
godic” systems.

In analogy with the definitions for classical cyclic permu-
tations [Eqgs. (4) and (5)], we can define cyclic ergodicity
and cyclic aperiodicity for these pure state quantum cyclic
permutations as below (see Fig. 5 for a schematic depiction,
and Fig. 6 in Sec. IV B for examples with exact numerical
data).

Definition I11.1 (Quantum cyclic ergodicity). A pure state
quantum cyclic permutation C shows cyclic ergodicity with
precision n(d) iff

|(Cret p|Un (p1o)ICi) | > n(dD),

Equation (13) states that (C shows cyclic ergodicity iff)
any initial state |Cy) € C “visits” all the other elements of C
sequentially with sufficiently large overlap [i.e., zx(p, fo) >

Vkand|pl <d/2. (13)
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Haar-random

persistence

(a)

Haar-random
persistence

(®)

FIG. 5. Schematic depiction of (a) cyclic ergodicity and aperiodicity, and (b) nonergodicity, for a (d = 10)-element quantum cyclic
permutation in a polar representation (r,0) € [0, 1] x [0, 27r) of the corresponding (d = 10)-dimensional Hilbert space ¥,; the angular
direction is parametrized as = 27 p/d, and the radial coordinate is r = f(| (C0|(Ijg )?|yr)|) for any vector ) € ¥,, where f : [0, 1] — [0, 1]
is some monotonic function and (76” is extrapolated to noninteger p in some convenient manner (e.g., connecting the |C;) along some smooth
path). The basis vectors |C;) are depicted by arrows representing the corresponding axes. Each of (5a) and (5b) may be loosely regarded as a
“quantization” of the respective classical versions in Fig. 4. The trajectory indicates the persistence amplitude zo(p, #) of the initial state |Cy)
(1 at the outermost boundary, O at the center) in the radial direction up to |p| = 5 (visible trajectory) and beyond (“Haar-random persistence”).
The region of “Haar-random persistence” refers to zo(p, fo) < O(d~'/?), which includes all typical Haar random states by canonical typicality
[17,18]. Consequently, this region has by far the largest (Haar) volume in X,, while the depicted outer regions of nonrandom overlap with the

|Cy) together form a relatively tiny fraction of the space.

n(d)], at least once in its future and past evolution. Similarly,
in place of a vanishing average self-intersecting fraction for
classical cyclic aperiodicity in Eq. (5), we define quantum
cyclic aperiodicity in terms of a sufficiently small mean over-
lap amplitude of a pure state in C with itself, with an additional
restriction to a time interval (¢;, 1) with 0 < t; < t,:

Definition I11.2 (Quantum cyclic aperiodicity). A pure
state quantum cyclic permutation C shows cyclic aperiodicity
in a time interval (¢1, t,) with precision n(d) iff

1 N
7 D HCIOaIC) < nd), Vi : Jtl € (). (14)
k

The question of interest is now the choice of precision
n(d) and the time interval (¢;,1,) that are most useful in
physical situations. An important consideration for the former
is suggested by canonical typicality [17,18], which here refers
to the observation that a typical “Haar random” [8] pure state
|[¥) in ¥, (by which we mean a normalized state (¥ |¢) = 1
that is randomly chosen with respect to the Haar/“uniform”
distribution, invariant under unitary transformations, in the
space of such states) has what we call a “random” overlap with
every pure state in a given orthonormal basis {|¢k)}z;(§ € Xy,
namely |(¢|¥)| € O(d~'/?), in a fairly strong sense (i.e.,
Z';:l |(¢>k/,|1p)|2 ~ n/d for large n, appearing equally dis-
tributed [17,18] over large collections of the |¢)). Thus the
action of Uy (ty) on any generic choice of cyclic permutation
C C X4, such that Uy (t9)|Cy) looks Haar random, is over-
whelmingly likely to have p-step persistence amplitudes of
zw(pity) € O(d~1/?) for almost all p in any system. Conse-
quently, the simplest nontrivial definition of cyclic ergodicity

for a quantum cyclic permutation (i.e., one not automatically
satisfied by a generic cyclic permutation in every system)
would be one that requires a larger overlap than this “trivial”
random value to consider a given state as having “visited”
another state. Thus the most physically useful choices of
1(d) should formally satisfy n(d) € O(d*~'/?) for any & > 0
to account for all “nontrivial” overlaps and n(d) ¢ O(d~"/?)
to exclude trivial overlaps as d — oo, while taking values
physically regarded as “somewhat larger than” d~'/? for finite
d. For any such choice, we use the asymptotic notation:

f@d) >n@d)= >0, s)

f@ <nd)= fsod"?. (16)

Now we consider the physically appropriate time inter-
val (#1,%;) (which stands in contrast to allowing/requiring
infinitely long times in classical aperiodicity). The quan-
tum recurrence theorem [75] (Poincaré recurrence for the
flow ¢, (t) = ¢,(0) — E,t of phases ¢, = arg(E, |y (t)) in the
energy eigenbasis) guarantees that aperiodicity will even-
tually be violated for every cyclic permutation after some
extremely long time (possibly exponentially large in d; see,
e.g., Ref. [76] for a related discussion of recurrences), and
we also do not want to rule out recurrences for small times
t ~ O(1)ty when the state is still “near” the initial state. For
this reason, #, /fy ¢ O(1) and d < 1, /ty € O(d) are physically
appropriate choices, in which case we will write

fo L [t] = O(tod), a7

in place of |t| € (#;, 1) in Eq. (14). To summarize, definitions
III.1 and III.2 rigorously apply for any finite d, while our
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choice of precision 1(d) and aperiodicity time interval (¢, t)
suitable for physics are informed by (and mathematically rig-
orous in) the d — oo limit.

We emphasize that it is cyclic ergodicity and
aperiodicity—among  classically  relevant  dynamical
properties—that have direct quantum dynamical counterparts
as given by definitions III.1 and III.2, allowing an
observable-independent definition of quantum ergodicity in
definition I11.3 below. While “continuum” (or conventional)
ergodicity and mixing are classically fundamental and
observable-independent, any attempted quantization appears
to acquire a strong dependence on the choice of “physical”
observables [14,15,22] due to the necessary involvement of
eigenstates (this is briefly discussed further in Sec. VII A).
Consequently, we will often drop the “cyclic” qualifier for
quantum cyclic ergodicity and aperiodicity, and treat them as
the fundamental quantum ergodic properties of interest in the
remainder of this paper.

It is now convenient to define when a quantum system is
ergodic or aperiodic in an energy subspace X,;. For ergodicity,
we require the existence of an ergodic cyclic permutation in
¥4, with the range of the time step fy restricted by tod < T,
for T small enough to avoid the timescale at which quan-
tum recurrences may unavoidably occur in any system. For
aperiodicity, we note that a cyclic permutation composed of
the energy eigenstates, e.g., |Cx) = |Ey), violates aperiodicity
(and ergodicity) with the maximum possible value (1) for the
mean overlap in Eq. (14); we are therefore able to construct
nonaperiodic cyclic permutations [those that violate Eq. (14)]
for any quantum system and cannot require all cyclic permuta-
tions to be aperiodic (as a prerequisite for mixing), a situation
which has no classical analog in the absence of superpositions.
On the other hand, the aperiodicity of a cyclic permutation C
is governed by the following inequality:

! CilUy()|C)| > ! Tr[U 18
E;I( d0nOICA > S TrOn @], (18)

which follows from writing the trace in the {|C;)} basis and
using the triangle inequality for complex numbers (we will
see in Sec. IV A that this inequality is saturated by some cyclic
permutation in every system). Thus systems with sufficiently
large (3>0(d'/?)) trace of Uy (t) would possess no cyclic per-
mutation satisfying aperiodicity. Correspondingly, it is natural
to call a quantum system aperiodic if it admits an aperiodic
cyclic permutation. We then have the following definitions
of ergodicity and aperiodicity, pertaining to a dynamical (i.e.,
time-domain) version of quantum ergodicity (which is distinct
from the use of “quantum ergodicity” in the mathematical
literature to refer to the delocalization of energy eigenstates
in a given basis [24,25]):

Definition 111.3 (Ergodicity and aperiodicity of a quantum
system). We call a quantum system (dynamically) ergodic
with precision n(d) in the energy subspace ¥, within a time
T > 0, if it admits at least one cyclic permutation that is
ergodic with precision n(d), satisfying fod < T. Similarly,
the system is aperiodic in (¢, ;) with precision n(d) in X,
within the time T if it admits at least one cyclic permutation
aperiodic in (#;, ;) with precision 7(d), satisfying tod < T

While this definition is stated in general terms, we will
assume the physically motivated precision and time interval
specified by Eqgs. (15)—(17) in all physical applications con-
sidered later.

As a simple example, every system is always ergodic and
not aperiodic in any subspace X; consisting of a single en-
ergy level. For typical quantum systems, we will implicitly
assume a choice of T that is as large as possible while be-
ing much less than the quantum recurrence timescale for a
generic quantum system, e.g., evolution by a (Haar) random
unitary in X,. In general, identifying which energy subspaces
%, of the system satisfy these properties would provide an
observable-independent characterization of the ergodicity of a
quantum system. In anticipation of Sec. IV A, we emphasize
that definition III.3 is insensitive to unitary transformations
of ¥, (which would simply map cyclic permutations in X,
to each other), and consequently independent of any observ-
ables or measurement bases that one may consider; whether
a system is ergodic or aperiodic in the above sense is then
determined entirely by the unitary invariants of Uy (fy) within
this subspace: the energy eigenvalues {En}z;(').

B. Quantum bounds from the single-step error

Similar to the classical case, we can rigorously prove
ergodicity or disprove aperiodicity for a cyclic permutation
given just the single-step error ec(1, #p). In the quantum case,
this is made possible by noting that the single-step deviation
Up = UCT Uy (ty) of time evolution from a cyclic permutation
is unitary, corresponding to a (complex) rotation in the Hilbert
space X,; it can thus be described by effective angles of
deviation 6;(p) = arccos zx(p, tp) of each ﬁH(pto)|Ck) from
UCP |Ck). A simple application of the triangle inequality in X,
(see Appendix B 1) shows that the p-step angle of deviation
cannot exceed the sum of the corresponding single-step angles
(with the bound being saturated for a 2D rotation of a vector
in successive steps of the 6;(p)):

p—1
min {ek(p), %} <Y by (D). (19)
q=0

Using ec(p, to) = sin® 6x(p), it follows from here that
ec(l,t9) < 7r2/d2 implies ergodicity and ec(l,%)) <
72/(4d*) implies nonaperiodicity for C (for large d); we
emphasize that these are one-way implications. These results
are of interest to the extent that they are the direct extension
of the classical bounds of Refs. [62,63] (see Sec. IIB) to
pure state cyclic permutations; however, they are similarly
restricted in their applicability to special systems that admit
sufficiently small single step errors as in the classical case.
In the next section, we will show that an analysis in terms of
the energy level statistics of X, allows one to characterize
ergodicity and aperiodicity in much more general terms in the
quantum case.

IV. OPTIMAL CYCLIC PERMUTATIONS
AND ENERGY LEVEL STATISTICS

In this section, we explicitly identify how specific mea-
sures of energy level statistics determine the ergodicity and
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aperiodicity of a quantum system. Sec. IV A constructs certain
cyclic permutations directly related to the energy eigenstates
(specifically, their discrete Fourier transforms) and establishes
results concerning their optimality for determining ergodicity
and aperiodicity. Building on these results, Sec. IV B shows
that ergodicity is directly determined by the mode fluctuation
distribution [39,66,67] of the energy levels, while aperiodicity
is directly determined by the spectral form factor [7].

A. Optimizing ergodicity and aperiodicity with discrete
Fourier transforms of energy eigenstates

1. Discrete Fourier transforms of energy eigenstates

To establish the ergodicity or aperiodicity of a general sys-
tem in a subspace X, given the corresponding energy levels
(E}¢ n o» it is convenient to explicitly identify “optimal” cyclic
permutations in X;, which are the “most likely” to be ergodic
and/or aperiodic in a system. A special role in this regard is
played by the set of cycling operators which are diagonal in
the energy eigenbasis:

d—1
Oclg) = e ™| Egn) (Eqan, (20)
n=0

where g : Z, < Z4 ranges over all permutations of the in-
dices n € Z; = {0, ...,d — 1}. This corresponds to cyclic
permutations C which can be written as a discrete Fourier
transform (DFT) of the energy eigenstates,

d—1
ICe(q. @n)) = fZe ke Egy), (1)

for arbitrary phases ¢, that do not influence the persistence
amplitudes.

In Sec. IV A 2, we show that the minimum value &, (p, fo)
of ec(p, ty) for a given p, among all cyclic permutations C
in X, occurs when the corresponding Uc has the form in
Eq. (20) by (1) theorem IV.1 when ey (p, o) < 2/d (“small”
errors), and (2) a heuristic argument for “generic” energies
{E,}Z) when emin(p, to) > 2/d (“large” errors). This shows
that an ergodic system is most likely to possess an ergodic
cyclic permutation among the set satisfying Eqs. (20) and
(21). Further, in Sec. IV A3, we prove that the system is
aperiodic in X, if and only if any and all cyclic permutations
of the form in Eq. (21) are aperiodic. Thus the “most likely”
aperiodic cyclic permutation is also given by the above set.
The involvement of energy eigenstates in Eqgs. (20) and (21)
naturally connects ergodicity and aperiodicity to functions of
the energy levels {E,l} . Later, in Sec. IV B, we discuss
how these properties are determmed by concrete measures of
energy level statistics.

We note that Eq. (21) allows an intuitive interpretation of
why DFTs of energy eigenstates correspond to optimal cyclic
permutations: states of this form (particularly when g sorts the
E,(» in ascending order with n) are the closest one can get to
defining approximate “time eigenstates” |Cy) with quantized
“time eigenvalue” k (of a fictitious “time operator”” conjugate
to the energy in X,, keeping in mind the Fourier relation
between, e.g., canonically conjugate position and momentum
variables in quantum mechanics [77]). Time evolution by

Uy (t0) should then ideally cause the time eigenvalue k to be
incremented by 1 in such a state, essentially functioning as
a cyclic permutation of the |Cy) (up to small errors caused
by discretization). In other words, Uy (fy) ~ Uc with arguably
minimal error for such “time” eigenstates.

2. Optimizing ergodicity via persistence amplitudes

The optimality of cyclic permutations satisfying Eq. (20)
for small errors is formalized by the following theorem.

Theorem IV.1 (Optimal cyclic permutations). If the system
(in some energy subspace ;) admits some cyclic permutation
C" with p-step error ec/(p, tp) < (2/d) for a given p and f,
then ec(p, tp) attains its minimum value among all cyclic per-
mutations for a cyclic permutation C, whose cycling operator
Uc satisfies

lim (O (t0)e?, Uc] = 0. (22)

Here, Y is any fixed Hermitian operator (which effectively se-
lects a unique eigenbasis of Up (1) if the latter is degenerate).
In particular, the global minimum of the error is achieved by
one such U for every choice of Y.

Outline of proof. The proof of this statement is outlined
below in the special case of p =1 (with Uy = Uy(ty)); the
full proof may be found in Appendix B 2.

We note that unitary transformations V on %4, being the
most general orthonormality preserving linear transforma-
tions, can generate all possible cyclic permutations from a
given C via |C}) — V|Cy), which induces a transformation
Uc — VUV, Our initial objective is to identify the global
maximum of the one-step mean persistence,

1 d—1
2l 10) = 3l o), (23)
k=0

over all cyclic permutations. We have |Tr(UCTUH)| /d <
z(1, tp) (as is evident from expressing the trace in the C basis);
on the other hand, there always exists a unitary transformation
ICk) — |C)) = €#|Cy) to a basis C”, leaving the z(1, 1))
unchanged, such that |Tr(UT,,UH)|/d = z(1, tp). Thus a cyclic
permutation that maximizes the trace overlap also necessarily
maximizes z(1, #p), with the same maximum value:

1 orript
max 7 [Tr[VU-V

> Uyl = max z(1, 10). (24)
all v all C

The maxima of the trace overlap can occur only when it is
stationary with respect to small variations of Uc—effected
by V = X for all small, Hermitian X . Correspondingly, im-
posing stationarity via |Tr(eXUle X Uy)| = |Tr(U Up)| +
O(X?) gives
OO0l — U0y = Fe  forsome F = FT,  (25)
where o = mg[Tr(UgUH)], as a necessary condition for a
given cyclic permutation C with cycling operator Uc to maxi-
mize both |Tr(UCTUH)| and z(1, #p). We then have two distinct
cases of interest.
(1) F = 0. Solutions to Eq. (25) with ' = 0 [equivalently,
those satisfying Eq. (22)] exist in every system, correspond-
ing precisely to the set of cyclic permutations satisfying
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Eq. (20). For such solutions, we have z;(1, t)) = z(1, tp) for
all k as (Crie|Un|Cjye) = (Ci|Uy|C;). If the global maxi-
mum zm.x(1, %) of the mean persistence occurs at such a
solution, it must also have the smallest error by Eq. (12), as
ming Zx max (1, f0) = Zmax (1, o) in this case, while

minzi(1, f0) < 2(1, 70) < Zmax(1, 70) (26)

for any cyclic permutation.

(2) F # 0. The status of solutions with F' % 0 is much less
clear, with respect to whether they exist in a given system, and
if so, whether such solutions can include the global maximum
of z(1, fp). To analyze this further, we write

040 = é4e®  and US0y = e, 7)
for Hermitian A, B. We then have the following properties
when Ug is a solution to Eq. (25):

{Eigenvalues of eiA} = {Eigenvalues of B } (28)
Tr(sinA) = Tr(sin B) = 0, (29)
sinA = sin B, (30)

with the first following from the definition of ¢4 and % as
products of the same two operators ordered differently (which
must have the same eigenvalues [78]), the second from the
definition of &, and the third from # = F't. From these, we can
show that any F # 0 solution must have ec(1, %) > (2/d);
this is done in Appendix B2, but here we describe a more
intuitive argument showing that a sufficiently small error rules
out £ #0.If A, B and the error are “infinitesimal” [which is
allowed by Egs. (28) and (29)], we have F ~ i(A —B) =0
to leading order by Eq. (30). In other words, the difference
F between two unitaries ¢, ¢/ sufficiently close to 1 must
be (almost) anti-Hermitian, while Eq. (25) requires that F
bAe Hermitian; the two requirements are only consistent for
F =0.

On extending these considerations to general p (see Ap-
pendix B 2), we get theorem IV.1. |

Based on the above outline, we can also describe a heuristic
argument for why we expect Eq. (20) to include the opti-
mal cyclic permutation for “generic” Uy (fy). F = 0 solutions
to Eq. (25) always exist without imposing any constraints
on the eigenvalues of U, = Ugl?H = ¢Bti* whatsoever; but
for Eq. (30) to not reduce to A = B (and therefore, F = 0)
requires sin B to have at least one degeneracy [on account
of Eq. (28)]. We expect that this additional fine-tuning of
the eigenvalues required for £ # 0 makes it unlikely for the
optimal cyclic permutation to occur with this condition for a
generic Uy (o). If this is the case, Eq. (20) generically includes
the optimal cyclic permutation for small or large error.”

’In numerical experiments with small d (up to d = 5) and arbi-
trarily chosen eigenvalues E,fy of 0H(t0), we see that the global
minimum of the error over all unitary transformations Uc — VOV?
does appear to occur for a cyclic permutation satisfying Eq. (20) for
both small and large optimal errors, providing some support for this
argument.

3. Optimizing aperiodicity

Using (CelOn(OIC) = (10 0y )T 1C)) =
(C;|Uu (t)IC;) for DFT cyclic permutations from Eq. (21) (or
equivalently, Eq. (20) or [Uy (1), Ué_] 1 = 0), we have

IZCﬁ(tC—lT[Ut)] 31)
7 k HCx|Un ()| k>|—5|r ()]l (

This shows that the DFT cyclic permutations of Eq. (21) all
saturate the lower bound of Eq. (18). Thus the aperiodicity
of any (and every) one of these DFT cyclic permutations
is a necessary and sufficient condition for the system to be
aperiodic in ;.

B. Ergodicity, aperiodicity, and energy level statistics

In a DFT basis, the p-step persistence amplitudes defined
in Eq. (11) are equal, z(p, t9) = z(p, to), and the persistence
amplitudes can be expressed directly in terms of the energy
eigenvalues E,;:

1 on .
2(p 10)[q] ‘_TT[UH(I”O)UC P [q]]’

QU

QU

1 2
— Z exp [lp(% — q(n)lo):| ' (32)
n=0

The corresponding p-step errors are given by ec(p, t9)[g] =
1 —z%(p, to)lq], as per Eq. (12), among which the global
minimum &nin(p, tp) is attained for some choice of ¢
(if this minimum is less than (2/d), as guaranteed by
theorem IV.1).

We will regard the z(p, fo)[g] as measures of the energy
level statistics within X, in particular the deviation of the
(permuted) energy levels from a regularly spaced spectrum.
Namely, let

tod

An(lo, q) = (EE(I(,,)) —n (33)

represent the deviation of the g(n)th level in a rescaled spec-
trum from the integer n. The persistence as a function of time
as given by

2
1 .
2(p, 1o)lql = ‘2 > i/ dAi0a)

n

2
d—o00

o ‘ / dA f(A;ty, g)e " FTPIDA (34)

where f(A;fy, g) is the probability density function of the
A, (ty, @) in the d — oo limit (or sufficiently large d).
Intuitively, the persistence at any time p would be maxi-
mized when the A, are minimized. A practically reasonable
choice of 7y and g to estimate the global minimum of the
one-step error, for uniform density of states Q(X;) = (d —
1)/(Emax — Emin) (i.e., appearing uniform over large energy
windows [7] within X;), is one in which the rescaled levels
todEq(n)/ (27 ) are each close to the nth integer. In other words,
to ~ 2mQ(X,)/d, with g chosen to be the sorting permutation
¢ that sorts the energy levels in ascending order of the phase
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(Ety mod 2m):
{(Egnyto mod 271) > (Eg(myto mod 27)}
= q(n) > q(m) (35)

(essentially, L7 is the lowest energy level in %,, E5) the
next higher level and so on until the highest level Egy—1),
for this choice of fy), ensuring that fodEg,)/(2m) remains
reasonably close to g(n) for some choice of #y. For a given t,
it is shown in Appendix B 3 that Eq. (34) is indeed maximized
at p = 1 when g = g, among a certain class of “small” permu-
tations when A, < d. In other words, the sorting permutation
is a (discrete version of a) local minimum for the error.

In this case, the A, are essentially what have been called
mode fluctuations [39,66,67] in the spectrum3; the Gaussian-
ity of their distribution has been conjectured to be a “signature
of chaos” [66,67]. A minor, but important, technical distinc-
tion between A, and conventional mode fluctuations is that
there is no unfolding [7,8]—a convenient modification of the
energy levels to make 2(X;) appear uniform over large en-
ergy scales while preserving shorter range correlations—prior
to calculating the A,. Such a procedure, while useful for com-
bining short or medium range level statistics from different
parts of the spectrum for improved statistical quality in nu-
merical studies, manually alters the long-range structure of the
spectrum and does not preserve the dynamics of the system
in the time domain. This makes unfolding unsuitable for any
analytical approach aiming to relate the unmodified dynamics
of a system to its energy levels, including the present study.
Given this qualifier, Eq. (34) naturally states that the Fourier
components of mode fluctuation distributions, obtained with-
out unfolding, directly determine the optimal persistence of
cyclic permutations. As we will see more quantitatively in
the discussion around Eq. (41), this means that the persis-
tence may be large enough to show cyclic ergodicity only
when X, is contained in a sufficiently narrow energy shell,
within which larger scale variations in €2(X,) can readily be
neglected.

Another relevant (and extensively studied) measure is the
spectral form factor (SFF) [7] (here, of the energy levels
within ¥;), defined by

1 N
K(r) = ‘ETr[UH(t)]

2

1 _

== D ETE(36)
n,m

The SFF is usually the central analytically tractable quan-
tity in studies of “quantum chaotic” systems, as far as level
statistics is concerned [7,32]. Excluding O(1) transients at
early times (the “slope” [42]), a high degree of spectral rigid-
ity in such systems is indicated by significantly suppressed
late-time quantum fluctuations [79] in K(¢), over a length

3The term “mode fluctuations” has been used with at least two
different meanings in the literature [39,66,67]. In Refs. [66,67] and
related works cited there, it refers to the fluctuations of the spectral
staircase around a straight line. Our usage is in the sense of Ref. [39],
referring to deviations of the levels themselves from a straight line.
The two are different in general, but show close agreement in their
statistical properties for Wigner-Dyson random matrix ensembles
[87,88] (see also Sec. VD 2).

of time, to well below its “natural” yet small average value
(K(t)), = d~' seen over the longest timescales, e.g., to around
K(t) ~ [t/SZ(Ed)]d’1 when t < Q(X;) for Wigner-Dyson
statistics (these suppressed fluctuations form the “ramp” [42]).
For low spectral rigidity, there is weaker or no suppression,
e.g., for Poisson spectra, virtually all late-time fluctuations in
K(t) oscillate strongly around d .

Calculations of K(¢) in several “quantum chaotic” systems
(with various approximations) suggest that the low magnitude
of the ramp is determined by generic randomness properties
and low levels of recurrence/periodicity of certain physical
processes, rather than any direct notion of ergodicity—e.g., an
appropriate “uniform” # and minimally correlated distribution
of strictly isolated periodic orbits in systems with a chaotic
classical limit [7,31-33], analogous properties of closed Feyn-
man paths in random Floquet systems [44,45,80], or small
return probabilities in diffusive processes [33,81,82]. Indeed,
from Egs. (31) and (36), it is clear that the SFF is most directly
associated with aperiodicity. Nevertheless, in Sec. V, we will
show how the behavior of the SFF ramp influences cyclic
ergodicity within X;—connecting an observable-independent
notion of quantum ergodicity to these somewhat better under-
stood recurrence properties of specific physical processes in
some systems, while remaining applicable to more general
systems.

In terms of the measures z(p, #p)[¢] and K(¢), we have the
following direct requirements on the energy level statistics
within X, for ergodicity [Eq. (13)] and aperiodicity [Eq. (14)]
as per definition II1.3.

(1) Ergodicity in %4.

2(p.10)lg1 > 0@™"), V¥ pl < %’ 37)
is a sufficient condition for ergodicity if satisfied at all |p| <
d /2 for at least one choice of ¢ (usually ¢ = g) by Eq. (32).
It is also necessary that Eq. (37) be satisfied by at least one
q = q, for each |p| < d/2 in a cyclic ergodic system, if the
heuristic argument for the large error version of theorem IV.1
holds.

(2) Aperiodicity in X .

K@) S0Wd™), Vip< |t| = O(td) (38)
is a necessary and sufficient condition for aperiodicity, by
Egs. (31) and (36).

A further question is if the simplest i.e., p = 1 measures of
level statistics can be used to study these dynamical properties
for all times p, say for a given g. To enable this, we first have
the formal bound of Eq. (19), which can be expressed in terms
of ec(1, tp) as a lower bound on the decay of the persistence

“This distribution of periodic orbits, called the Hannay-Ozorio de
Almeida sum rule [31], is often motivated in terms of its similarity
to ergodicity [7]. It is worth emphasizing that in spite of the math-
ematical similarity, the two are logically and conceptually distinct,
partly due to the fact that isolated periodic orbits are of measure zero
in Eq. (1); as noted in Ref. [31], KAM tori are ergodic systems that
do not satisfy this sum rule.
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(viaz = cos9):

Wpoto) = {Cos(p' ec(10).  |pl < m//Eec(T o).
7 o, Ipl = 7 /Aec(1, 1),

(39)
neglecting O[psé/ 2( 1, tp)] contributions.

In general, by the reciprocal relation of Fourier variables,
a slow decay of the persistence corresponds to a narrow dis-
tribution f(A;t, q), e.g., as measured by the variance Ui =
(f3)a — (f)a, which is related to z(1, o) via Eq. (34). When
g is a sorting permutation, a low o3 essentially implies a
high rigidity of the spectrum. While the precise connection
between ergodicity, aperiodicity and ai depends on the func-
tional form of f(A;#, q), it is natural to pay special attention
to the case of an ideal Gaussian distribution of mode fluctua-
tions, as has been seen in typical “quantum chaotic” systems
[39,66,67]. In this case, we get z(p, tg) ~ Pl (up to random
fluctuations) and ec(1, %)) =2y = 4J120'§/d2 (for ec K 1)
from Eq. (34). More significant is the following proposition,
which follows from substituting the Gaussian form of z(p, fy)
in Eq. (37), as well as in Eq. (38) after identifying 22(d, 1) =
K(tyd) (detailed in Sec. VD 1).

Proposition IV.2 (Ergodicity, aperiodicity, and Wigner-
Dyson spectral rigidity). If z(p, ty) = e 4 0(d~'/?) with
y > 0 when |p| € O(d) for some DFT cyclic permutation C,
then as d — oo,

Cyclic ergodicity and aperiodicity of C <=

2
|:02 = 40[—2 Ind, with @ € (1, 2], and Eq. (38) holds:|.
T
(40)

This form of oi is precisely that of the Wigner-Dyson
circular random matrix ensembles—COE, CUE, or CSE
respectively corresponding to maximal ensembles of sym-
metric, unconstrained, or self-dual unitaries [7,8]—for o =
1, ﬁ, 2, which also satisfy Eq. (38). Moreover, in typical
“quantum chaotic” systems, the energy levels show Wigner-
Dyson statistics (in particular, possessing the spectral rigidity
of the circular Wigner-Dyson ensembles and Gaussian mode
fluctuations) [7,8,39,66,67], if ¥, is chosen to be a suf-
ficiently narrow energy shell spanning [E, E + AE] with
AE S 27 [tramp(E); here, framp(E) can be directly identified
[43] as the time beyond which the ramp appears in the
SFF around the energy E after eliminating the effect of
early-time transients as described below.’ This ramp time is

SAs an illustration, a Hamiltonian CUE-class Wigner-Dyson
system with an energy spectrum of width £ has |TrUy(1)> =
Et/(2m) (up to fluctuations [79]) for sufficiently small tZtmmp
[43]. Each (disjoint) energy shell %(k) [with unitary UH(k)(t)] of
width AE, = 2m /t contributes phases E, (k)¢ that span [0, 2;r) with
|TrUH(k)(t)|2 =1 (irrespective of the number of levels d; in the
shell), effectively behaving like a CUE random unitary [7,8] at the
time 7. The direct sum of all M = £/AE = £t/(27) such CUE-like
unitaries has the individual traces combine with random phases,
giving |TrUy (1)|* = M (see also Refs. [43,82]). In other words, the
quantitative form of the Wigner-Dyson ramp in Hamiltonian systems
is due to all energy shells of some width AE < 27 /t,.mp behaving
like circular ensemble random unitaries at the time t = 27 /AE.

system specific, e.g., ranging from #,,p = 1 in some quan-
tized chaotic maps [83], O(1) to growing logarithmically with
system size in some Floquet many-body systems [43-45,47],
or the timescale of diffusion in some disordered systems
[43]. In general, the definite width AE of X, introduces a
large sinc?(tAE /2) transient (see also Ref. [84]) owing to the
Fourier sum in Eq. (36), due to which the SFF effectively takes
the following form when AE S 27 /tramp:

. of AE
K(t) = sinc <t7) + ramp(). 1)

Thus, by choosing #) =27 /AE (= 27w Q(%,;)/d, in agree-
ment with our earlier estimate after Eq. (34); we also note
that this is the minimum timescale for nontrivial dynamics
in an energy window of width AE, suggested by the energy-
time uncertainty principle) so that integer steps pfo coincide
with the zeros of the transient, we can eliminate the influ-
ence of this transient and obtain cyclic permutations that are
directly determined by the intrinsic spectral rigidity of the
system represented by the ramp (this will be justified further
in Sec. V). In addition, this means that the period #od of such
cyclic permutations is given precisely by the Heisenberg time
ty =27 Q(%,) of X4, at which the individual energy levels
typically dephase completely marking the end of the ramp [7].

Overall, this proposition suggests that all energy shells of
width AE < 27 /tramp in systems with Wigner-Dyson level
statistics are ergodic and aperiodic with #t) = 27w /AE (by
definition III.3), as the sorted DFT cyclic permutation is both
ergodic and aperiodic, which is anticipated by the numerical
data in Fig. 6 for CUE and Poisson level statistics. From a
dynamical standpoint, the ergodicity of such systems only
holds within thin energy shells is not surprising—this just
reflects the fact that Hamiltonian systems with a classical limit
are only ergodic in thin energy shells and not over phase space
volumes covering a wide range of energies.

V. CYCLIC PERMUTATIONS FOR TYPICAL SYSTEMS

In this section, we study the behavior of DFT cyclic per-
mutations for a “typical” system with sufficiently random
fluctuations in the energy levels. Based on a general decom-
position of Uy (pty) into a periodic part that follows the cyclic
permutation and orthogonal random fluctuations in Sec. V A,
we motivate a Gaussian estimate for the time dependence
of persistence amplitudes for sufficiently early p in typical
systems in Sec. V B. In Sec. V C, we show how the Gaussian
estimate can be used to derive a lower bound for the error from
the SFF for the system sampled at discrete times pty given by
Eq. (52), directly connecting cyclic ergodicity to the size of
quantum fluctuations in the SFF ramp (which is often analyt-
ically tractable). In Sec. VD, we discuss detailed analytical
and numerical evidence for proposition IV.2, showing that in
the ideal case where the Gaussian estimate remains valid for
longer times (pty < ty) in an individual system, cyclic ergod-
icity and aperiodicity are equivalent to requiring the spectral
rigidity of energy levels to be in the range spanned by the
Wigner-Dyson circular ensembles: COE, CUE, and CSE.

A. Periodic and random parts of time evolution

For a cyclic permutation C with cycling operator Uc that
commutes with Uy (i.e., a cyclic permutation of a DFT basis),
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zo(p,to)

[Co)

[Ca)
2

@

zo(p,to)

[Ca)
2

(b)

FIG. 6. Exact numerical data for a polar representation of (a) cyclic ergodicity and aperiodicity [data for a single CUE [7,8] random matrix
with E, spanning [0, 277 )], as well as (b) non-ergodicity [data for a single realization of Poisson/uncorrelated energy levels spanning [0, 27 )],
via the trajectory of |Cp) in a Hilbert space X,; with d = 2048, and 1y, = 27 /AE = 2w Q(Z,)/d = 1. Essentially, the cyclic permutation basis
elements |C;) are points on the boundary (with p = k) of the polar representation, and the permutation is ergodic if the actual trajectory of
any such point remains closer to the boundary than O(d~"/?) for at least one full rotation of the angular coordinate (including future and
past evolution). The angular coordinate is 8 = 2w p/d (depicted here for p € Z), and the radial coordinate represents zo(p, fo) via the map
r = g(zo(p, t9))/g(1) with g(x) = {1 + tanh[In(x*d/2)/6]}. The trajectories extend up to |p| = 4d. The chosen cyclic permutation in both
cases is the sorted DFT cyclic permutation. This figure anticipates the ergodicity of Wigner-Dyson level statistics and nonergodicity of Poisson
level statistics (Sec. V). The central region zo(p, ty) € O(d~'/?) of Haar-random persistence again corresponds to nearly all of the Haar volume
of ¥, by canonical typicality [17,18], and is where the trajectory typically remains for long times with the exception of occasional recurrences

near the boundary. See Fig. 7 for a different depiction of similar data.

the p-step persistence probability z%(p, ) is given by the
analog of the SFF for the error unitary Ux = U, YW to):
2

. 42)

1 N
& p, 1) = | 3 (05]

To study the development of the persistence over time, it is
convenient to write a general expression for U L in terms of
the p-step errors ec(p, tp). On account of [Ux, Ucl =0, we
have (Cr1¢|Un|Cj1e) = (Cx|Un|C;), due to which U¥ can be
expressed simply in terms of powers of Uc:

X = [(\/1 —ec(p, 1))l
d—1

+ (Vecp, 10) Y vm (p)UC"’} e (43)
m=1

for some phases ¢ (p) and complex error coefficients v, (p).
Unitarity U A’UA = UAUX =1 translates to nonlinear con-
straints on the v,,(p):

d—1
D (PP =1, (44)
mzld—l
Un(P) + V", () = —gp Y Vi (D)Vism(p), form 0, (45)
k=1

where vy(p) = 0, and g, = /ec(p, 10)/[1 — ec(p, 1o)].

As a matter of nomenclature, we call the first term propor-
tional to 1 in Eq. (43) the “periodic part,” and the remaining
terms involving Ué" (orthogonal to the periodic part) the “ran-
dom part,” of time evolution. This is because the former be-

comes a term proportional to UC” in Uy (pto) which is periodic
in p, while we expect the v,,(p) to generally (but not necessar-
ily) look “random.” In fact, (a subset of) the v,,(p) are directly
related to the SFF of Uy (ptp) within the subspace X4, via

2

= ec(p. 10)v_p(P)I*,  (46)

and the expectation of randomness in the v,,(p) reflects the
randomness in the SFF ramp [44,49,79] (more precisely,
particularly in the phases of Tr[Uy (¢)]). Additionally, K (pto)
serves as a (rather weak) lower bound for the p step errors.
In particular, ec(p, tp) = O(1) if K(pty) = O(1), establishing
the impossibility of finding cyclic permutations that are
reasonably close to U (t0), when 1y < framp, 1.€., in the
early-time “slope” regime of the SFF. To refine this bound,
we will need a generic expression for the p dependence of the
right-hand side, derived in the following Sec. V B.

1 N
K(pty) = ETI'[UH(ptO)]

B. Gaussian estimate for persistence amplitudes

Using Eq. (43), one can readily express the persistence at
arbitrary time p in terms of the one-step parameters ec(1, fy)
and v, (1). The resulting expression involves a complicated
multinomial expansion in the v, (1) (with (f ) representing
binomial coefficients),

P
ORem ) = [(1 —ec(L)"? ) <p )gﬁ
N

s=0

XY v (D)o (DO | (47)

mp,..., ms
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which is hard to extract general predictions out of. To simplify
the expression, we invoke a heuristic argument that relies on
the expected randomness of the v,,.

Specifically, we assume that each v,,(1) is well described
by an ensemble of complex numbers with a fixed magnitude
and random phases, subject to the constraints (44) and (45).
Further, if one neglects O(v/ec(p, ty)) corrections to the v,
Eq. (45) essentially becomes

vm(p) & —vZ,,(p). (48)

Thus pairings of v,,(1) and v_,,(1) in Eq. (47) have a defi-
nite phase and generate contributions that potentially interfere
constructively, while the remaining random terms add out of
phase. This suggests following a strategy similar to methods
based on the pairing of closed Feynman paths in studies of
generic semiclassical [7,32,35,36,85] and quantum [44,80]
“chaotic” systems: we evaluate the contribution from terms
dominated by pairings of v, (1) and v_,,(1) with at most
one free v, (1), assuming (with no proof beyond the above
argument) that the remaining terms are negligible. As is com-
mon with these methods, other contributions would eventually
dominate at large enough times, when ec(p, fy) is sufficiently
large and v, (p) is sufficiently random, invalidating Eq. (48)
for such p.

The assumed dominance of paired error coefficients can be
used to derive a general form of U Z for small p, and from
there an estimate for z(p, #9) using a recurrence relation; this
is detailed in Appendix C, with numerical evidence for error
coefficient pairing. For ec(1, 7)) < 1 and p < 1//ec(1, tp),
the general form is

Z(P’ tO)

V1 —ec(l, ty)

TP ,—ippa(l) ~
Upye 7% ~

[ 1 —ec(l, 1)l

d—1
+ pv SC(l,lo)ZV:~(1)UE:|- (49)
r=1

In other words, time evolution for small p simply manifests as
arelative growth of the random part in comparison to the peri-
odic part, up to an overall phase. This gives a simple Gaussian
expression for the persistence amplitude (in the same regime
of small error and time):

1 ec(l,rg) , 1
2T —eclin) 28c(1,to)lpl}~ (50
The second (linear) term in the exponent is negligible until
|pl ~ 1/ec(1, ty), and we will simply drop it in further calcu-
lations. The Gaussian follows the sinusoidal lower bound in
Eq. (39) rather closely, suggesting that typical cyclic permu-
tations are surprisingly close to saturating the lower bound.
In other words, U Ap remains close to a 2D rotation in Hilbert
space, until a time p ~ 1//ec(1, tp) when the cyclic permu-
tation develops a large (~1) error.

e

C. Lower bound on the error from the SFF

Now we are in a position to quantitatively analyze the con-
nection between the SFF ramp and the persistence of cyclic
permutations. The one-step error coefficients v,,(1) can be
related to the SFF K(pf) in the p < 1/4/ec(1, ty) regime,

using Egs. (43), (46), and (49):

1 —ec(1,t0) K(pto)

lv_p (D> ~
¢ 22(p, to)ec(l, 1p)  p?

(51

Summing over p = —p to p excluding 0, the left-hand side
can be at most 1 on account of the normalization constraint,
Eq. (44). Expanding z%(p, ty) = 1 — O(ec(1, tp)p?) and using
K() = K(—t), we get

ec(l, 1)
~2(1 —ec(l,19))

A

P 1
Z’“Pfo){—z + O[sc(l,to)]} (52)
p=1 P

Every term on the left-hand side is positive. Considering only
the first term and choosing the largest possible p for which
the second term is negligible then gives a reasonably restric-
tive lower bound on e¢(1, #p). Correspondingly, we take p =
1/(M/ec(1,1y)), where M is some large number satisfying
M=0(1)2>1.

Equation (52) is the main relation of interest connecting the
recurrence properties represented by the SFF to cyclic ergod-
icity via ec(1, ty) [assuming typical v, (p)]. It demonstrates
that the suppression of recurrences indicated by the small
magnitude of the SFF ramp is essential for the dynamics to be
able to closely follow a cyclic permutation, essentially due to
the conservation of probability [Eq. (44)]. As it involves only
integer steps p € Z of time pty, we see directly that choosing
to = 2 /AE for an energy shell prevents the sinc>(tAE /2)
transient in Eq. (41) from influencing ergodicity.

We can also derive explicit bounds for specific cases. As
such sums of the SFF over time are generally self-averaging
(i.e., fluctuations of the ramp average out to give a more
steady sum) [44], we replace K(pty) with a smooth power
law expression for the ramp: K(t) = AtY for 1y <t K fod,
y > 0, and with A <« 1, which accounts for the behavior of
a wide variety of systems ©; all such systems have K(ty <t =
O(thd)) < 0O(d ~1) and are consequently aperiodic. Evaluating
the sum in Eq. (52) for this power law (Appendix C3) gives
the following constraints on the error:

2a)c2—y), for0O<y <1,
ec(1,1) 2 atl ln)l\, fory =1, (53)
2
[20] L5]7F, fory > 1,

where ¢ (z) is the Riemann zeta function. Now we consider
the most important (i.e., typical) cases of practical interest.
Poisson statistics [7] corresponds to A = d~! and y = 0, for

®In the following sense, y = 0 and A = d~! corresponds to generic
integrable systems with Poisson statistics [7,26]; y = 1 corresponds
to generic “chaotic” systems when A € O(d~?) [7,8], and those with
macroscopic conserved quantities for larger magnitudes of A [48,82];
integer y > 1 with A € O(d~?) corresponds to tensor products of
y independent chaotic systems, as well as the y-particle sectors of
single-particle chaotic systems with A € O(y!d~?) (for large d), in
which the many-particle SFF shows an exponential ramp [50-52].
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which we obtain

> ’

SC(L tO)IP(nsson ~ 3d . (54)
Together with the conditions for Eq. (22), this implies that
every (DFT and non-DFT) cyclic permutation for a system
with Poisson level statistics has ec(1, %) > (2/d). As long
as z(p, tp) is not drastically different from a Gaussian in p,
as expected from the typicality considerations of Sec. V B, it
follows that the persistence decays to the Haar random value
by p < 0(d'?) « d/2, and no DFT cyclic permutation is
even remotely close to being ergodic for a typical system with
Poisson statistics. On the other hand, the circular Wigner-
Dyson ensembles [7,8] have y =1 and A = 2/(Bd?) with
B =1, 2, and 4 for COE, CUE, and CSE, respectively. With
to = 1 (= 27 2/d), the error satisfies

80(1, 1)|Wigner—Dyson é % ll’ld, with ﬁ € {lv 27 4} (55)
These relations encode the following property: any system
admits cyclic permutations with large error, but only suffi-
ciently rigid spectra can admit cyclic permutations with small
error, quantifying the discussion in Sec. IV B. For instance,
if a system is known to have a cyclic permutation with error
smaller than (2/d), we can rule out Poisson statistics for that
system.

D. Cyclic permutations and Wigner-Dyson level statistics

1. Spectral rigidity for ergodic, aperiodic systems with almost
exactly Gaussian persistence amplitudes

From the viewpoint of the Gaussian estimate, an idealized
situation is when the persistence amplitude z(p, #p) remains
exactly Gaussian as it decays all the way through to the
random state (order of magnitude) value z(p, ty) € O(d~'/?).
Writing gzl =e¢ec(1,19)/[1 —ec(1,1y)], we can solve for g
corresponding to ergodic or nonaperiodic evolution by impos-
ing:

1
exp [—ﬁgﬁdﬂ >cd ', (56)
where o = 2 for ergodicity and o = 1 for nonaperiodicity
[from Egs. (13) and (14)], while ¢ is some O(1) positive con-
stant. From Eq. (34), we also obtain a Gaussian distribution
for mode fluctuations given some g; (assuming that the DFT
cyclic permutation under discussion corresponds to a level
permutation function g),

1
f(As,q) = exp [—%—ZAZ}, (57)
A

2
2moy

with variance o3 = g2d?/(47?). Requiring ergodicity and
aperiodicity therefore gives

) _ o
Op = mlnd + 0(1),
This amounts to a derivation of Eq. (40).
The logarithmic growth of the variance of mode fluctua-
tions with the dimension d of the energy subspace is a direct

withe € (1,2].  (58)

consequence of the Gaussianity of the persistence. In less ide-
alized situations, it is possible to have a non-Gaussian tail in
Eq. (50), for p 2 1//ec(1, ty), even if the Gaussian estimate
holds for smaller times. It is worth noting that non-Gaussian
tails at long times would show up as non-Gaussianities near
A =~ (0 in the mode fluctuation distribution; such deviations
from Gaussianity are largely determined by the complicated
correlations between the errors v,,, partly encoded in the fluc-
tuations of the SFF K (pty). The main takeaway here is instead
the extremely specific numerical range « € (1, 2], of the co-
efficient multiplying the logarithm, demanded by ergodicity
and aperiodicity. For non-Gaussian tails, one would have a
similarly specific range of some other parameter.

2. Ergodicity and aperiodicity for Wigner-Dyson spectral rigidity

Now we consider Wigner-Dyson random matrix ensembles
as well as individual systems with Wigner-Dyson level statis-
tics within energy subspaces Xy with AE < 27 /tramp. There
is numerical evidence that the mode fluctuation distribution is
exactly Gaussian [39,66,67] (as well as an analytical proof of
Gaussianity for a closely related measure, number fluctuations
[86]) especially near A = 0, suggestive of an almost Gaussian
persistence even at late times. In Refs. [87,88], the leading
behavior of the variance aﬁ (there called A*) for Wigner-
Dyson ensembles has been shown to be equal to that of the
(spectrum or ensemble averaged) spectral rigidity parameter
As(d) [8,32,89]—measuring the variance of the ‘“‘spectral
staircase” around a best fit straight line—when 7y = 2r /AE
is determined by the slope of the straight line and ¢ = g is
the sorting permutation. Moreover, A3(d) can be calculated
exactly [8,32,85] by using the appropriate Wigner-Dyson en-
semble averaged SFF Kg(¢) for the energy subspace.

In fact, the leading contribution for large d comes only
from the ramp at r < ty, given by Kg(t) ~ t /(B 2d) with
B = 1,2, 4 respectively for COE, CUE, and CSE [much like
in the derivation of Eq. (55)]. The result is a logarithmic
dependence of o} on d to leading order (forfy = 1 and g being
the sorting permutation),

1
—Ind + O(1),

2 . .
GA|Wigner-Dyson - ﬂnz with g8 € {1, 2, 4}.

(59)

This precisely corresponds [via Ui = gzld2 /(4m?)] to an error
that saturates the lower bound in Eq. (55), providing an impor-
tant sanity check. Comparing this with Eq. (58) [or Eq. (40)],
we see that the Wigner-Dyson ensembles span exactly the
range of allowed coefficients for ergodic, aperiodic systems
with a Gaussian persistence. CUE is well within this range,
whereas COE is at the upper bound and barely ergodic while
CSE is at the lower bound and barely aperiodic (here, it is
worth noting that for CSE, we have considered only one
nondegenerate half of the doubly-degenerate spectrum as is
conventional [7,8]).

It remains to be verified that z(p, fy) for Wigner-Dyson
random matrix ensembles is indeed well approximated by a
Gaussian all the way until p € [d/2, d] as suggested by the
ideal Gaussian distribution of mode fluctuations, so that the
identification between Eq. (59) and Eq. (58) can be made
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FIG. 7. Numerical support for ergodicity and aperiodicity of realizations of Wigner-Dyson random matrix ensembles, for d = 2048, = 1,
and g being the sorting permutation. Level spacing data, showing the distribution of nearest neighbor level spacings S € {Egzu41) — Egqw ),
depicts the closeness of the realization to an ideal Wigner-Dyson distribution as given by the appropriate Wigner surmise [7,8]. Persistence is
plotted (in red) in terms of persistence probabilities z2(p, ). The lower bound (“bound,” green) of Eq. (39) is satisfied, and good agreement
is seen with the Gaussian estimate (“Gaussian,” blue) of Eq. (50) including the tail at long times; both are calculated based on the numerical
value of ec(1, 7y) for the realization. The Poisson persistence probability fluctuations (for a sorted, uncorrelated distribution of points in the
same range of energies/eigenphases; in gray) are included to provide a visual reference for the range of persistence probabilities that should
be considered O(d~") for random states, while simultaneously substantiating the nonergodicity of Poisson statistics. The timescales when the
random matrix persistence amplitudes reach O(d~") are consistent with p = d/2 for COE, p = d/ /2 for CUE and p = d for CSE as predicted
by Eqgs. (56), (58), and (59). (a) COE level spacings, (b) COE persistence (linear scale); pt, = time, (c) COE persistence (log-linear), (d) CUE
level spacings, (¢) CUE persistence (linear), (f) CUE persistence (log-linear), (g) CSE level spacings, (h) CSE persistence (linear), and (i) CSE
persistence (log-linear).

with some confidence. We provide numerical support for this
statement in Fig. 7 for d = 2048.

VI. CYCLIC ERGODICITY AND SPECTRAL
RIGIDITY IN 2D KAM TORI

In this section, we study the quantum ergodic properties
of linear flows on 2D tori, a class of nonmixing dynamical
systems for which the framework of quantum cyclic permu-
tations allows an analytical proof of spectral rigidity when
the system is ergodic—thereby rigorously demonstrating the
link between cyclic ergodicity and spectral rigidity at the

level of an individual system, without relying on ensembles or
heuristic arguments. It is convenient to classify these tori into
the ergodic KAM tori (with an irrational frequency ratio) and
nonergodic rational tori (with a rational frequency ratio). For
some physical context, we note that both occur as invariant
subsets of classically integrable systems, with almost all KAM
tori remaining stable under small perturbations [5,90]. It is
particularly interesting to note that KAM tori, though ergodic,
possess neither periodic orbits nor random matrix (-like) level
statistics as required in semiclassical explanations of spectral
rigidity [7,32,33]; the results of this section (together with
Sec. V concerning random matrix level statistics) therefore
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suggest a wider applicability of cyclic permutations as a way
to understand spectral rigidity in terms of ergodic properties.

In Sec. VI A, we discuss a simple quantization procedure
for these tori, motivated by the standard quantization of in-
tegrable systems. In Sec. VIB, building on the example of
irrational rotations discussed in Sec. II B 2, we prove that all
2D KAM tori are both classical and quantum cyclic ergodic
(if suitably quantized), while all rational tori are nonergodic.
Finally in Sec. VIC, we show using the corresponding cyclic
permutations and theorem IV.1 that all 2D KAM tori possess
much higher spectral rigidity than Poisson and even Wigner-
Dyson statistics (as indicated by a smaller ec(1, #p) or ai) and
verify this result numerically. We note that this remains con-
sistent with the Berry-Tabor conjecture of Poisson statistics in
typical integrable systems [26], as the latter typically contain
several uncorrelated KAM tori overlapping with each other
in an energy shell, leading to enhanced spectral fluctuations
(similar to Refs. [55,82]) and low spectral rigidity of the
integrable system.

A. Quantization of linear flows on a torus

The Hamiltonian of a linear flow with frequencies @ =
(wy, wy) on a 2D torus is given by

H =] 0=Jw+Jo, (60)

with angle variables 6 = (6, 6,) € [0, 27r)* conjugate to the
action variables J = (Jx, Jy). The equation of motion of the
linear flow is 70 = 0 + wt.

The ergodicity of this system on the 2D phase space
Py = {(6,, 6,)} with fixed J is characterized [1,2] by the ratio
a = wy/w,. When o is irrational, the dynamics is ergodic
on this phase space, and the system may be called a KAM
torus’ [5,91]; but when « is rational, Py decomposes into
an infinite number of invariant ergodic and periodic subsets,
which share the same period. In both cases, there is no mixing.
We emphasize that the system of Eq. (60) is different from a
free particle moving on a torus. The latter is never ergodic in
its phase space, but possibly (depending on initial conditions)
merely visits all points among its position coordinates with
conserved momentum. The Hamiltonian of the free particle is
quadratic in J rather than linear, and its level statistics has been
found to be Poissonian [92,93] (see also Ref. [67] for its mode
fluctuations) in accordance with the Berry-Tabor conjecture
[26] for fully integrable systems.

The quantization of Eq. (60) can be motivated by consid-
ering how such tori occur as invariant subsets of integrable
systems [5,26,90]. The Hamiltonian of a 2D integrable system
with constants of motion I = (I, I,) is given by H = H(I),
with quantization restricting each f; € Ny to the non-negative
integers due to the periodicity of the conjugate angle variables.
Classically, expanding I = Iy 4+ J in the neighborhood of I

"There is an additional formal requirement that |a — m/n| >
c(|n| + |m|)~" for some constant ¢, with y > 2, and all m,n € Z —
{0} in the strict mathematical definition of a KAM torus, required
for stability under perturbations [91]. All but a negligible fraction
of irrationals satisfy this property (especially as y can be arbitrarily
large), and we will ignore this restriction when using the terminology.

(say, with J;, J, > 0) gives Eq. (60) to leading order (up to
an Ip-dependent constant) with @(Ip) = [0H/dI](Ip). Thus a
natural way to quantize Eq. (60) in terms of operators J. 0
is to restrict the eigenvalues Jy, J, of fx, fy each to a finite
(but large) set of consecutive integers; up to additive constants
in H, this is equivalent to working in the Hilbert space X,
spanned by

{I0) : Jx € Za,, Jy € Ly}, (61)

with d = d,d,. Of particular interest is the following manifold
of f-states corresponding to points on the torus:

10) = \/T DTN M) ex, (62)

Y J€Zy, €Ly,

We can construct infinitely many complete orthonormal bases
for X, in this manifold, each comprised of d such states, such
as {(0x, 6,) = Qmny/dy, 2mny/dy) i ny € Ly, ny € Zg,}. It is
straightforward to see that time evolution reproduces the clas-
sical equation of motion in this manifold:

Ou(1)10) = ¢~ 7'10) = |0 + w1), (63)

which provides a natural way to map classical cyclic permu-
tations onto X;.

B. Classical and quantum cyclic ergodicity

Here, in Sec. VIB and Sec. VIC, we will see how cyclic
permutations can be used to rigorously prove spectral rigidity
for KAM tori. First, we show that all 2D KAM tori admit a
classical cyclic permutation (sequence) that is cyclic ergodic
and not aperiodic. This is made possible by identifying the dis-
cretized flow on the torus as a sequence of irrational rotations,
allowing us to use the cyclic permutations constructed for the
latter in Sec. II B 2. Using Eqgs. (62) and (63) to adapt this con-
struction to a quantum cyclic permutation of an orthonormal
basis in X, we will show the following.

Theorem VI.1 (Quantum cyclic ergodicity and nonaperio-
dicity of 2D KAM tori). For every linear flow on a 2D torus
with irrational frequency ratio & = w,/w, there exists an infi-
nite sequence of energy subspaces X,; with d — oo (such that
dy, dy — 00) in which the system is ergodic and not aperiodic,
within any time T > min(2rd,/w,, 2nd, /wy).

Thus the quantum dynamical properties of 2D KAM tori
reflect their classically cyclic ergodic and nonaperiodic nature,
which is further consistent with their ergodicity and lack of
mixing.

1. Classical cyclic permutation

For the classical construction, we first observe that for
T, =27 /w, (the period along the 6, direction), the map
Ty, 6y) = (Ox, 6y + 2rar) with r € Z is a discrete rota-
tion of any 6, = const. circle in the 6, direction, with o =
wy/w,. Writing o = (my + 8,,)/n, as in Sec. II B 2 with co-
prime integers m, and n,, we know that every rotation admits
an ny-element cyclic permutation C, with error |3, | by Eq. (8).
To adapt this to the torus, we divide the 6, direction into n,
elements and consider time steps in units of #y = T, /n,, such
that each step captures a 1/n, fraction of the error generated
in the full rotation by 7, = n,t, [see Fig. 8(a)]. Formally, our
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FIG. 8. The (a) classical cyclic permutation of Eq. (64) withn = 49,n, = n, =7, m, = 10 and t; = 27 /(wyn,), and (b) the corresponding
quantum cyclic permutation of Eq. (65) [overlaid on a depiction of the classical cyclic permutation] with d = 49, d, = d, =7, m, = 10, and
to = 21 /(wyd,), for an irrational flow on the 2D torus with o = /2. For these parameters, we have 6, ~ 0.704/n, < 1/n, (and likewise
with d,), making both the classical and quantum cyclic permutation ergodic and nonaperiodic. Trajectories 708 starting from 6 = (0, 0) are
depicted in red up to p = 2d, = 14, which corresponds to » = 2 steps of the irrational rotation T"TXG}. at 6, = 0. Additional details: (a) The C;
are depicted as squares (blue-edged; thicker edges for k = 0 to 14). The evolution 77°C, of the set Cy (gray, filled) is shown for p = 0 to 14.
The corresponding p-step errors are determined by the portion of each highlighted square that does not intersect a gray region. (b) Filled disks
represent pure states in |@)-space. The depicted pure states are the |C) (blue; highlighted or opaque for k = 0 to 14, transparent otherwise) and

U (pto)|Co) for p = 0 to 14 (red, lying on classical trajectory).

cyclic permutation C for the 2D torus consists of

k k
k o k+1 aly | aomy 41
Ck=[2n—,2n i } X [271 R ) S } ,
Ny ne g, ny ny .
. _ 2 |5ny|
with error € 1y = = (64)
Wy Ny g

It is easily verified that the intersection of the Cy,, (for g € Z)
with 6, = 0 gives precisely the cyclic permutation of Eq. (8)
for the rotation 7'7*. From the discussion of irrational ro-
tations in Sec. IIB2, we can find a sequence of coprime
my, ny, — 00 such that |8, | < 1/n, for all irrational «. Thus
we have €c(f) < 1/n with n — oo for all n,, establishing
the existence of a classical cyclic permutation showing cyclic
ergodicity and nonaperiodicity (by the bounds discussed in
Sec. II B) for all 2D KAM tori.

There are two straightforward extensions of this construc-
tion that are worth mentioning: 1. choosing #y = 27 /(w,n,)
and considering irrational rotations in the 6, direction gives
essentially similar results, and 2. for rational «, the nonergod-
icity of the flow implies that no cyclic permutation with the C;
reducing to (neighborhoods of) points in the n — oo limit is
ergodic or aperiodic, as can be shown by suitably adapting the
corresponding discussion for rational rotations in Sec. II B 2.

2. Quantum cyclic permutation

We note that among the @-states of Eq. (62), any two states
1), 16") are orthogonal if (6, — 6)) = 27¢/d, or (6, — Qy/) =
27 ¢/d, for some £ € Z. A pure state cyclic permutation cor-
responding to Eq. (64) can then be constructed using these
states, by formally setting d, = n,, d, = n, and considering

the set of points given by the d “lower” corners of the classical
C; in Eq. (64) [see also Fig. 8(b)], namely,

k
k = m,
0= [2n" 27 %)),
d, d,

. 2w 2mm,
thU0:0 —— - ’
win e = o+ (. 2 )

and typ = 27 /(w.d,). From Eqs. (63) and (65), it is clear that
[UH(t), Uc] = 0 as both 0H(t) and O are additive maps on
the torus; consequently, the above cyclic permutation corre-
sponds to a DFT of the energy eigenstates.

Using Egs. (62) and (63), it is straightforward to
evaluate the p-step persistence probabilities z2(p, ) =
{Cr1 10 (pto)|Ce)|? in terms of the frequency ratio o =
(my + 84,)/dy. We obtain the following exact expression for

p#0:

1C) =

(65)

. 8a,
sin? [pn d(_/x]

2( t 27 )
I\ plo= = I
) dy
Wydy dZsin [pm dxdy]

(66)

To discuss ergodicity and aperiodicity in the quantum case, we
need a slightly more refined implication of Eq. (9) concerning
Diophantine approximations than in the classical case, namely
that every irrational o admits an infinite sequence of my, dy
with |84,| < ¢/d, for some constant ¢ < 1 (this constant en-
sures that |84, does not even approach 1/d, asymptotically, as
d, — 00). Using (sinx)* < x? in the denominator of Eq. (66),
we get that 2(pty) = sincz[pmsdy/dx]; as the smallest zeros
of the right-hand side occur at |p| = d,/3,,, 22(p, to) is guar-
anteed to remain ®(1), i.e., no less than O(1) for any d,
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FIG. 9. Spectral properties of 2D KAM tori with & = /2, compared with analytical predictions corresponding to the cyclic permutation
with fy = 27 /(w,d,) constructed in Sec. VIB; d, = d, = 41 and d = 1681, except in (d) which considers a range of d,. (a) Level spacings,
required to be at most 3 delta functions. (b) and (c): comparison of unwrapped and wrapped density of states, showing how the choice of

to = 27 /(w.d,) leads to a uniform “wrapped” density of states, when “low,

<

mid,” and “high” energy portions of the spectrum demarcated

by multiples of w.d, are considered separately. (d) Comparison of the analytical prediction of Eq. (68), where m, is numerically chosen to
be the nearest integer to dya, with the sorted (¢ = ¢) DFT error for 1 < d, = d, < 100, excluding points where m, and d, are not coprime.
(e) The persistence amplitude of Eq. (66) for m, = 58 (with §,, ~ 0.707/d,) compared with the sorted DFT persistence obtained numerically,
showing extremely close agreement and confirming cyclic ergodicity; this also shows that d, = d, = 41 belongs to the infinite sequence of
ergodic, nonaperiodic ¥, in Theorem VI.1. (f) Numerically computed SFF, showing a peak at p = d (as expected analytically) and elsewhere,

confirming nonaperiodicity.

belonging to the above sequence, until some |p| > d,d,/c >
d (as ¢ < 1). Tt follows that z>(p, 1) > O(d™") for |p| < d,
making the constructed cyclic permutation ergodic and non-
aperiodic (the latter via z2(%d, ty) = K(Ftyd)). As this is a
DFT cyclic permutation, it follows from the considerations
of Sec. IV A 3 that no cyclic permutation in ¥, is aperiodic.
On using these results in definition I11.3 with tod = 27 d, /wy,
while noting that analogous results would hold if we swap the
0, and 6, directions, we directly get theorem VI.1.

When o = m/€ is rational with coprime m and ¢, the
motion in |@)-space is periodic with period T,, = 27 €/w,. In
particular, we have

KorT,)=1, VrelZ, 67)

immediately ruling out aperiodicity in any X, over any time
T > T,. Further, from Eq. (46), we get zx(p, ty) = 0 for every
cyclic permutation in some ¥, with pty = rT,, which rules
out ergodicity for any cyclic permutation with ty = rT,/p
with (p € Z) < d/2. Ruling out ergodicity for more general
tp would require a more detailed study of spectral properties.

C. Spectral rigidity

Having established the classical and quantum cyclic er-
godicity of 2D KAM tori, as well as nonaperiodicity in both
the irrational and rational cases, we now turn to an analytical
and numerical study of the spectral rigidity of the quantized

systems, with the main results depicted in Fig. 9. The distri-
bution of the energy levels depends sensitively on o (via H =
(Jx + Jya)oy for Jy € Zg4,, Jy, € Z4,), and this dependence has
been studied numerically and analytically in the context of the
2D harmonic oscillator in, e.g., Refs. [26,94,95]. Their main
analytical result is that the nearest-neighbor level spacings
S € {Egk+1) — Egqy} within sufficiently small energy win-
dows takes the form of at most three § functions, P(S) =
23;1 ¢;j8(S — §;) with ¢;, S; > 05 this behavior is shown in
our context in Fig. 9(a). This distribution is quite unlike the
smooth level spacing distributions of Wigner-Dyson (compare
with Fig. 7) or Poisson level statistics [7], and these results
leave open the question of how the spectrum may be quan-
titatively characterized in direct relation to some dynamical
property of the system.

The cyclic permutation of Eq. (65) provides precisely such
a characterization, via the persistence probabilities in Eq. (66).
As discussed in Sec. IV B, these quantities are themselves
measures of energy level statistics when the cyclic permu-
tation is a DFT of energy eigenstates, due to Eq. (32). The
associated map ¢ that permutes the energy levels before com-
paring them to regularly spaced levels is determined by the
choice of my; for convenience, we denote this map g, for
the cyclic permutation of Eq. (65). Then, setting d, = dy for
convenience and using Eq. (66) with §,;, < 1/d, to obtain the
single-step DFT error ec(1, 19)[gm 1 =1 — (1, t0)[gm,], we
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get

2
8C<1, fo = %)[qm},] < % +0Wd™), (68)
where d belongs to the infinite sequence occurring in theorem
VL1 (with d, = d,), for every irrational «. By the discussion
in Sec. VC, we expect ec(1,1)[g] = O(d™") for Poisson
statistics, and ec(1,19)[g] = O(d~?1Ind) for Wigner-Dyson
statistics, for all ¢; Eq. (68) thus constitutes an analytical
proof that all 2D KAM tori have significantly “more rigid”
spectra than both Wigner-Dyson and Poisson statistics in the
appropriate energy subspaces. In Appendix D, we argue that
rational tori are nonergodic over a range of 7, and show
spectral rigidity of the same order of magnitude as Poisson
statistics.

Another measure of spectral rigidity is the sorted DFT
single-step error ec(1, #p)[g], which is most directly related
to the conventionally studied mode fluctuations according to
Sec. IVB. Given our choice of fy, the permutation ¢ =g
corresponds to a direct sorting of the “wrapped” energy levels:

2

wX)C

A
- m[(i + ;-“) mod 1}, (69)

which are essentially the eigenphases of the time evolution
operator Uy (to = 2 /[wyd,]). Indeed, while the density of
states is highly nonuniform with linearly growing and decay-
ing parts when expressed in terms of H(Jy, Jy), it naturally
appears uniform in terms of the wrapped energies Ey, j,) at
to (or the eigenphases of Uy (t0)); see Figs. 9(b) and 9(c). It is
this “wrapping” that allows the spectrum to have energy levels
close to a regularly spaced spectrum (and correspondingly
high spectral rigidity) as per the discussion in Sec. IV B.

We should also expect the analytically calculated DFT
error of Eq. (68) to not be less than the sorted DFT error (see
also the corresponding discussion in Sec. IV B):

ec(1,10)[qm,] > ec(1, 10)[q]. (70)

We numerically verify this to be the case for ¥, (withd, = d,)
both belonging to and outside the infinite sequence to which
theorem VI.1 applies; however, we specifically appear to have
ec(1,10)[qm,] ~ ec(1, tp)[q] for several X, including all those
belonging to the infinite sequence (i.e., with |84 | < 1 /dy).
This is shown in Fig. 9(d). Further, we find that the persistence
amplitudes z2(p, 1p)[g] are also in close numerical agreement
with Eq. (66) for X, in this sequence, as seen in Fig. 9(e).
Finally, the SFF is shown in Fig. 9(f), with a large O(1) peak
expected at p = +d from Eq. (66).

In conclusion, we have analytically proven and numerically
verified that all quantized 2D KAM tori admit an infinite
sequence of energy subspaces that are cyclic ergodic and
nonaperiodic, with an exact expression for the spectral rigidity
that is of a higher order of magnitude than even Wigner-
Dyson level statistics (i.e., has lower error). On the other hand,
quantized rational tori were shown to be nonaperiodic and
argued (in Appendix D) to have spectral rigidity compara-
ble to Poisson statistics, making them unlikely to be ergodic
in any subspace. These quantum properties directly reflect

mod 27

Eq, ipto = H(Jy, Jy)

the discretized classical ergodic properties of these systems.
Some additional numerical evidence (outside the scope of this
paper) further indicates that it is possible, and perhaps even
typical, to have cyclic ergodic and nonaperiodic subspaces for
KAM tori even when X, is not in the infinite sequence for
which we are able to prove these properties analytically. These
subspaces often show an almost ideal Gaussian persistence
and an apparent O(d~21nd) error (e.g., for « = V2), but we
do not yet have a quantitative understanding of this behavior.

VII. DISCUSSION: DYNAMICAL ERGODICITY
AND THERMALIZATION

In classical dynamical systems, it is usually unnecessary
to differentiate between two equivalent notions of ergodic-
ity. The first is “dynamical ergodicity,” by which we mean
the dynamical behavior where almost all initial states in
phase space visit the neighborhood of every other state. The
second is “thermal ergodicity,” referring to the initial-state-
independence of time-averaged expectation values of any
observable, as quantified by Eq. (1). The direct equivalence
[1,3] between the dynamical and thermal property is at the
foundation of classical statistical mechanics [4].

The analogous picture for quantum dynamical systems is
the main subject of this section, which we will approach
in a semiqualitative manner. As noted in Sec. I, ETH has
been proposed as a quantum analog (or at least, a sufficient
condition) for the thermal ergodicity of physical observables,
and is largely a statement about energy eigenstates in some
“physical” basis (with minimal conditions on the energy
eigenvalues themselves, namely, nondegeneracy and rational
incommensurability) [14—16]. The detailed study of quantum
cyclic permutations in the previous sections strongly suggests
that quantum cyclic ergodicity, which directly decodes spec-
tral rigidity into a dynamical property in Hilbert space, is
the appropriate quantum counterpart to dynamical ergodic-
ity. The open problem of the connection between dynamical
and thermal properties in quantum statistical mechanics is
therefore essentially equivalent (through the framework of
cyclic permutations) to that of the connection between the
observable-independent energy eigenvalues and observable-
(or basis-)dependent energy eigenstates of a quantum system.

The close correspondence between quantum and classical
cyclic ergodicity suggests that one may explore these con-
nections in systems with a classical limit, and apply it to a
more general class of quantum systems that show spectral
rigidity and ETH. In particular, we may treat a quantum cyclic
permutation C in some ¥, as representing a fictitious phase
space (or energy shell) P[C] in systems with or without a
classical limit. By Weyl’s law [7], an ensemble of 1(A)d pure
states in C represents a region P[C] of measure ©(A) (see
Sec. III, and Refs. [72,73]). Such an ensemble corresponds
to a mixed state of the form

1
D(A) = —— C{Cr], 71
D(A) M(A)dk§)| ) (Cel (71)

where C(A) C Z, is a set of indices of size |C(A)] = w(A)d
(with | - | denoting the cardinality of a finite set). Interestingly,

while such a connection between mixed states and phase space
regions could in principle be used to quantitatively connect
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the quantum error ec(1, ty) to that of the classical cyclic per-
mutations, it is not clear how to do this in practice. This is
because the dominant contribution to the classical error is in
the lack of overlap of these mixed states, which is determined
more strongly by their support in Hilbert space [96,97] than
the much smaller contribution from the error in the overlap of
the constituent pure states, except in the trivial u(Cy) — 1/d
pure state limit.

It is also worth noting that not all P[C] correspond to the
actual phase space P in systems with a classical limit, but
likely only those that satisfy the generating property with
respect to classical phase space regions (see Sec. [IB). At a
strictly formal level, any n-element partition By (n) of P can
be used to define nondegenerate observables b[ By (n)] that take
distinct values on each By (n) asn — oo (e.g., bis essentially 0
for the tori of Sec. VI); such observables admit an orthonormal
eigenbasis B = {|By)} by the standard procedure of quantiza-
tion, such as the postulates in Ref. [77]. The quantum analog
of the generating property then appears to be

(C=DB)= (PIC]="P), (72)

for some such B, and is therefore an observable-dependent
eigenstate property, unlike cyclic ergodicity.

A. Quantum analogues of classical ergodicity and mixing

If such a generating C has error ec(1, ty), we can approxi-
mate Uy (pty) ~ 05 whenever |p| < 1/4/ec(1, ty) [from the
bound of Egs. (19) and (39)]. As we will see below, this
approximation implies that late-time quantum dynamics in
the fictitious phase space basis P[C] can be described in
nearly classical terms up to extremely long times for suf-
ficiently rigid spectra (e.g., ty/\/In(ty/tramp) With to = tramp,
tod =ty for Wigner-Dyson spectra), standing in contrast to
rapid “quantum” thermalization processes such as scrambling
that cause an initial state to rapidly spread in some “lo-
cal” basis over much shorter times (closer to framp) Without
any significant influence of spectral rigidity beyond ¢ > framp
[43,45,56,59,82,84,98].

Using the above approximation with Eq. (71) forA, B C P,
we have

W(TPA N B) ~ $|C(TP’OA) NC(B)I. (73)

In this way, thermal properties of fictitious phase space re-
gions A, B can be represented over this timescale as simple
correlation functions of subsets C(A), C(B) of Z, under rel-
ative shifts, which may obey, e.g., Eq. (1) or (2). We further
expect that not all such regions A, B are “physically relevant”
in the classical limit: some may correspond to, e.g., scattered
points or regions that do not contain the neighborhood of
any point in the appropriate physical variables (such as the
highlighted set {Ck}}(io in Fig. 8). The definition of such
regions requires considerably higher resolution (of measure
~1/d) in the physical variables than classically accessible,
and arguably become unphysical in the classical limit. Thus,
if all physical regions A, B, ... satisfy Eq. (1), we have the
emergence of effectively classical ergodic behavior, and if
they further satisfy Eq. (2), we have mixing behavior, in the
fictitious phase space P[C].

We note that such statements, about the physicality of
fictitious phase space regions with respect to observables, is
again an observable-dependent eigenstate property and not
determined by spectral rigidity. This suggests that the clas-
sical ergodic hierarchy is significantly encoded in the energy
eigenstates (with spectral rigidity determining the timescale of
applicability), while it is their discretized counterparts (cyclic
ergodicity and aperiodicity) that are fully encoded in the en-
ergy eigenvalues. Such a conclusion is consistent with the
mathematical observation [64] that classical cyclic permuta-
tion errors cannot fully identify classical mixing behaviors,
which instead requires an “incongruity” of the C; when ex-
pressed in terms of the physical variables in the n — oo
continuum limit (essentially, the C; must be arranged errat-
ically in phase space such that nonconstant eigenfunctions
Sfm=o(x € P) of the classical unitary U7 ~ Uy, which sat-
isfy f,(x € C) = exp(—2rwikm/n) for 0 < |m| < n, do not
exist as smooth, well-behaved functions of the phase space
coordinates x in the n — oo limit; see also Sec. [T A). An
identical conclusion is suggested by the numerical observation
[39,40] that similar spectral properties may be seen in mixing
and merely ergodic systems, and one may require explicitly
identified physical variables to distinguish them (see also a
related discussion of physical bases and the role of eigenstates
in Ref. [22]). Nevertheless, in Sec. VII B, we argue that a con-
nection between spectral rigidity and eigenstate properties can
be made if we introduce an appropriate dynamical criterion to
identify physical observables.

B. Poincaré recurrences and eigenstate thermalization

It is natural to ask if we can characterize a physical phase
space P[C] directly based on some physical property, without
relying on observables such as B (which may only be pos-
sible to identify in quantum systems with an explicit phase
space description [99], and even then, may be complicated
by the nonclassical behavior of, e.g., Wigner quasiprobability
distributions [100-102], especially for small ©(Cy)). In this
Sec. VII B, we consider a quantum analog of Poincaré recur-
rences as a candidate for this role, noting that it is satisfied by
the physical phase space in all classical systems—ergodic and
nonergodic.®

We introduce the following ad hoc definition based on
the classical statement of the Poincaré recurrence theorem
[1-3] (see also Sec. II): any subspace H(A) € X, with pro-
jector TT(A) (and density matrix p(A) = [T1(A)/Tr[I1(A)]) is
Poincaré recurrent if there exists an orthonormal basis .A for
H(A), such that any pure state |yr) € A returns to have a
larger-than-random overlap with the subspace at some time
t, with fp < [t] < O(tpd):

Tr[IT(A) Oy (O1Y) (w1055 ()] > 0@d ™). (74)

We note the similarity of the restriction on the range of ¢ to
that in the definition of cyclic aperiodicity [Eq. (14)].

$We recall that quantum recurrences [75] of phases in the energy
eigenbasis occur over times possibly exponentially large in d [76],
and are not directly relevant at earlier times.
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For simplicity, we assume that it is sufficient to consider
DFT cyclic permutations as representing any (sub)regions in
phase space. We also assume that the persistence amplitude
is the only greater-than-random component of any state with
respect to a DFT basis of interest [in other words, none of the
terms 8é/2(p, to)vm(p) exceed od~"?) in magnitude], as is
typically the case for, e.g., Wigner-Dyson or Poisson statistics
[partly due to Eq. (46)]. Let £(C) then represent the random-
ization time of a DFT cyclic permutation C—the smallest time
for which we have z(tg /9, ty) € O(d ~1/2) which generically
decreases with increasing ec (1, ty).

The time f; determines the minimum dimension of
Poincaré recurrent subspaces H(A) that have the diagonal
form in Eq. (71). Specifically, only subspaces with

tod

dimH(A) = u(A)d > @,

(75)

are guaranteed to be Poincaré recurrent. Non-aperiodic cyclic
permutations have #z(C) > fod and every subspace is recur-
rent; for ergodic ones, tg(C) > tyd /2, and any subspace with
H(A) > 2 (in other words, every subspace that is not a pure
state) is recurrent.

If we impose Poincaré recurrence for all regions of the
form of Eq. (71) containing more than one pure state ((t(A) >
1/d).? as a criterion to identify a physical phase space P[C] =
P, it follows that the only DFT cyclic permutations that
can satisfy this requirement are ergodic ones. In other DFT
bases, Poincaré recurrence fails for certain regions A with
2/d < u(A) < to/tgr(C). Thus, if we want to construct a fic-
titious phase space for some energy subspace X, that satisfies
Poincaré recurrence for arbitrarily small regions (of greater
than the smallest volume 1/d), there are two possibilities
given our assumptions.

(1) X, is itself ergodic, and a corresponding ergodic
(DFT) cyclic permutation C allows the definition of mixed
states corresponding to Poincaré recurrent phase space regions
according to Eq. (71).

(2) X; must be decomposed into M ergodic subspaces
¥4,(1), ..., Xg,(M), each spanned by d; energy levels (re-
spectively) that add up to d. Poincaré recurrent phase space
regions can then be defined according to Eq. (71) on the com-
bination of their respective ergodic (DFT) cyclic permutations
C(1),...,C(M). The previous case corresponds to M = 1.

This is the key component of our argument: imposing an
ad hoc Poincaré recurrence requirement to identify a physical
phase space basis P[C] = P forces this basis to be a collection
of ergodic cyclic permutations. Thus we obtain a quantum
analog of the classically more trivial statement that the phase
space P is either itself ergodic or decomposes into ergodic
subsets [1-3].

°If we imagine pure states as corresponding to regions with negligi-
ble (= 1/d) phase space measure, they are effectively measure zero
sets which are not required to satisfy Poincaré recurrence even clas-
sically, unless they are on, e.g., periodic orbits. More realistically, we
should expect recurrence times to increase with decreasing measure.

In either case, the projectors [1(A) can be written as

M
A=Y Y (Cm))(Ci(m)), (76)

m=1keC,,(A)

where each C,,(A) is a set of n,,(A) = |C,(A)| indices of
elements of C(m), and ), n,(A) = n(A) ~ u(A)d.

The connection to ETH emerges if one asks for the matrix
elements of these projectors in the energy eigenbasis. Let
{|Ek(m))}Z’;El be the energy eigenstates contained in 34, (m),
whose form is explicitly known as DFTs of the |Cy(m)).
Assuming that (in the generic case) each C,(A) is randomly
distributed on C(m) (so the phases of the DFT can be taken to
be random for 1 < n,, < d,,), we have

nm(A) V1 (A)

m

(Ex(m)|TI(A)|E;(m)) = &+ 0( )Rk,(m),

(77)

m

for some random d,, x d,, Hermitian matrix Ry ;(m) with O(1)
matrix elements (with weak correlations ensuring 2 = ﬁ).
On the other hand, the statement of ETH for an n-dimensional
projector [T may be motivated by random matrix arguments
(e.g., similar to Refs. [14,16,61]; see also Ref. [103] for a
discussion of the role of highly degenerate projectors), giving

N n n
(EdTLIE)) = 280, + 0(*/7_)1@,», (78)

in the full energy subspace X,;. We see that Eqs. (77) and
(78) are guaranteed to agree for M = 1. For M > 1, the first
(diagonal) terms of Egs. (77) and (78) can only agree through
a statistically unlikely coincidence n,,/d,, = n/d; even in the
rare instance that this holds, the second (fluctuation) term of
the former typically has matrix elements of size O[(~v/Mn)/d]
(or zero when k, j correspond to different X, (m)), and ETH
can be satisfied only for M € O(1).

We have essentially argued (under some simplifications,
e.g., focusing on DFT bases with typical random parts),
that a quantum correspondence between dynamical ergodicity
(equivalently, spectral rigidity) and thermal ergodicity (es-
sentially, observable-dependent ETH or eigenstate properties)
can be established within the framework of cyclic permuta-
tions, given a single additional principle to identify physical
observables. In particular, given Poincaré recurrence, ETH is
satisfied by generic projectors onto “physical” phase space
regions (which then show quantum analogues of thermal er-
godicity and mixing, albeit over long times > frmp) only
if the system is cyclic ergodic in X,. It would be interesting
to see if such an argument can be made more rigorous, and
suitably generalized to systems without a classical limit where
a similar correspondence between eigenvalue and eigenstate
statistics is observed [14] but not yet understood. To do so,
it would be necessary to determine if there is any link be-
tween a Poincaré recurrence requirement for the fictitious
phase space observables considered here (relevant for ¢ >
tamp dynamics), and the local or few-body observables (rel-
evant for r < tamp) that are the subject of conventional ETH
[10-12,14-16,104].
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VIII. CONCLUSIONS

We have identified fully quantum dynamical properties
in the Hilbert space that resemble discretized classical er-
godic properties, namely cyclic ergodicity and aperiodicity,
and shown how these are determined by precise measures of
energy level statistics, thereby introducing genuine dynamical
elements into the study of quantum ergodicity and “chaos.”
These properties were illustrated with four physically relevant
types of level statistics: Wigner-Dyson, Poisson, and that of
2D KAM and rational tori. A key takeaway is that we can
isolate the precise aspects of random matrix behavior—an
exact Gaussian distribution of mode fluctuations with variance
oi in the range of Wigner-Dyson spectral rigidity—that are
sufficient conditions for cyclic ergodicity, identifying which
of the numerous measures of level statistics [8] are physically
important (from the present viewpoint). However, random ma-
trix behavior is not necessary for cyclic ergodicity, as typified
by 2D KAM tori. Our study of the latter included an analytical
proof of spectral rigidity in an infinite sequence of subspaces,
demonstrating that cyclic permutations may offer an intuitive
path towards the open problem of rigorously connecting spec-
tral and ergodic properties in individual systems [24,25].

Our dynamical construction also clarifies that spectral
rigidity should be most directly associated with (quantum)
cyclic ergodicity and aperiodicity, rather than stronger notions
of chaos as is the norm in the literature [7]. This provides
a general theoretical framework for justifying numerical ob-
servations [38—40] in systems with a nonchaotic, ergodic
classical limit. At the same time, the precise relationship
between these eigenvalue-based “cyclic” dynamical proper-
ties and more familiar (semi)classical properties (generally
involving both eigenvalues and eigenstates in the classical
limit) merits further investigation, perhaps based on a clas-
sical limit of Eqgs. (46) and (52) that relate quantum cyclic
ergodicity to mean recurrence properties (such as, possi-
bly, the semiclassical effect of periodic orbits [7,31,32])
in a DFT cyclic permutation. As argued in Sec. VII, the
classical limit may also provide inspiration for identifying
fully quantum connections between dynamical (or eigenvalue)
and thermal (or eigenstate) properties in arbitrary quantum
systems.

The approach developed here may generalize to “quan-
tizing” other dynamical properties of physical interest.
Connections between quantum dynamical properties and a
suitably defined Kolmogorov-Sinai (KS) entropy (a measure
of chaos closely related to Lyapunov exponents [5], see,
e.g., Ref. [105] for candidate definitions) may be accessi-
ble through noncyclic permutations, which are related to the
classical KS entropy in Refs. [2,63]. Generalizing further to
nonunitary dynamical structures could help associate precise
dynamical properties with the recently observed analogues of
spectral rigidity in autonomous dissipative quantum systems,
whose evolution is generated by nonunitary Liouvillian su-
peroperators [106—108]. Finally, the precise understanding of
the spectral rigidity of 2D KAM tori in terms of their dynam-
ical properties obtained in Sec. VI may serve as a starting
point to adapt elements of KAM theory [5,91]—the classical
study of the development of ergodicity under perturbations
to integrable systems—to fully quantum systems. The rapid

development of ergodicity in many-particle systems even un-
der small perturbations, while not well understood in quantum
mechanics, is believed to be essential for the applicability of
statistical mechanics [15,109].
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APPENDIX A: CLASSICAL CYCLIC
PERMUTATIONS (REVIEW)

This proof essentially follows Ref. [63]. First, we dis-
cuss the bound for cyclic ergodicity. Assume that each
of the (say) Mc¢ ergodic subsets {Pj}j}ic] of P completely
contains at least one element Cp;y € P; of the decomposi-
tion. As T'Cp(;) € P; for all ¢ by definition, we must have
p[(TPUHD=PWDI0C, ) N Cpj41)] = 0. An important excep-
tion to this behavior is when M = 1, where there is no reason
to impose a vanishing intersection. Thus

Mc
1 N 1
5 2 HTPIEDTIC, ) ACy )] = —Mc, (A1)
j=1
for M- > 2. Now, we need to know how the error in an
£-step time evolution (T C)ACre is related to the error

(T"C,)AC,,+1 made in approximating each step. For this, we
note that

(TD04) = G

CUT"Cy) = CulUTU(T™A) - Cy], VACP

(A2)

= ul(T*CHACk4] < Z (T Copm—1)AChpm],
m=1

(A3)

where the second line follows from recursively applying the
first line to 7" *D0CACyy, with A = C;. Using this in
Eq. (Al), one obtains €¢c > (M¢/n) for M¢ > 2, giving €c <
2/nfor M¢c = 1.

Cyclic aperiodicity is more straightforward. We impose
u[(T™C) N Cr] = 0 (up to possible corrections that vanish
as n — 00), which implies €c > 1/n from Eq. (A3).

APPENDIX B: QUANTUM CYCLIC PERMUTATIONS
1. Fastest decay of persistence

Given a cyclic permutation basis C = {|C}) j;é, consider
some initial state |Cy). After p steps of time evolution, it
evolves into

O (pto)|Ce) =2 (p. 10)e P |Cieyp) + 1/ 1 = 22(p. 10) |V, ),

B1)
where |v,£’2 p) is some normalized vector orthogonal to [Cy,),
and ¢y (p, fo) is an unimportant phase. This leads to a recur-
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rence relation for the persistence amplitudes,
w(p+ l;to)ei@(l’ﬂ;to)
= (Crsp+1108 (t10)Un (pto)|Cr)

= (p)e P (Cy 110y (1) |Crsp)

+ /1= 2(p. 10)(CsprtlUn ) |v) ). (B2)

Using the triangle inequality for the magnitudes of these vec-
tors gives

[P 1)z (L 10) = /1= 2(p. 10) /T = 22, (1 10)

< u(p+ L)

< {ap (1, 0+ 1= 20101 - 22, (L1},
(B3)

on noting that Uy(to)|v,§]_?p) is orthogonal to Uy(to)|Ck+p), and
consequently the inner product of the former with |Ciypy1)

cannot exceed v 1 (1, tp) in magnitude.

Z/H—p
The above inequalities can be simplified by defining

Oc(p) = arccos zx(p, to) € [0, r/2]. In terms of these vari-
ables, Eq. (B3) becomes

min {Qk(l?) + Oy p(D), %} 2 O(p+ 1) 2 |6c(p) — Oy p(D].
(B4)

Summing 6y (p 4+ 1) — 6x(p) from p = p; to p = p, — 1 gives

sgn(p2) min {Hk(PZ)v %} — sgn(p;) min {Gk(m), %}

pa—1
< (sgn(p2) — sgn(p1)) Y Oerp(1), (BS)

p=pi

which becomes Eq. (19) when p; = 0. We see that the bound
is saturated when Uy (fo) at the pth step acts like a 2D rotation
by the angle 6;4,(1) in the same direction as the previous
steps.

2. Optimal errors for cyclic permutations

When Up is a cycling operator, Ué’ is generally a permu-
tation operator on C = {|Cy) Z;& that can be decomposed into
a direct sum of cycling operators, each acting on a separate
[d/N(d, p)]-sized subset of C:

L= P Ucip. (B6)

The number of cycling operators N'(d, p) is given by the
greatest common divisor of p and d; in particular, N'(d, p) =
1 when p and d are coprime, including p = 1. This is most
easily seen in the eigenvalue structure of U”, which consists of
N(d, p) identical (degenerate) sets of distinct [d /N (d, p)]th
roots of unity. It is also convenient to consider twisted ver-
sions of UCP , in which each cycle acquires an additional phase

aj(w):

N(d,p)

AP}E @ eia/(l‘))UC,j(p).
j=1

It is worth noting that the twisting functional w affects only
the eigenvalues of Ué’ , lifting the degeneracy for most values
of the o;(w), while preserving at least one complete or-
thonormal set of its eigenvectors. Also, the p-step persistence
amplitudes zx (p, fp) are invariant under the action of w.

(B7)

a. Optimizing the error via the trace inner product

Due to its non-negativity, the minimum persistence at a
given p is bounded by the mean persistence at that time:

1 d—1
-2 wp ).
k=0

min z;(p, tp) < (B8)
J€ZLq4

We also have the inequality,

Q

171

<= Y (€G08 O proCi .

(B9)

ST {02) Out]| <

T
(=]

for any w, where the right-hand side is just the mean persis-
tence at p, expanded out.

Let us assume that for every C and given a p, there exists a
unitary V¢ and a twisting functional w such that

1 o N ni A
gTr[Vcw{ CP}TVC'UH(pto)]
1 d—1
|( Ck|w UH(pt())|Ck>| (B10)
s

If this holds, then on account of Eq. (B9) and the invariance
of the z;(p, tp) under the action of w,
d—1

1 O PN 1
ETr[Vw{ Zl VTUH([”O)]‘ = max ~ ;z/c(p» fo),

‘max
Veld(d)

(B11)

where w is chosen so that Eq. (B10) is satisfied for some C that
maximizes the right-hand side of Eq. (B11). This follows as
Ve becomes a special case of V, and the only freedom to vary
the orthonormal basis C is through its reorientations in Hilbert
space—precisely given by all possible unitary transformations
V € U(d) acting on the energy subspace .

Now, we need to establish that Eq. (B10) is indeed valid,
and identify w. It is convenient to consider the two cases of
nondegenerate and degenerate Ué’ separately.

(1) Case 1. |p| and d are coprime. In this case, UC” is itself
a cycling operator. We separate the persistence inner product
into an amplitude and phase,

(el (08) O (pto)| Gy = z(p. 10)e ™. (B12)

Let ¢(p, to) = ZZ;(; ér(p, ty). Define a new cyclic permuta-
tion C’ with basis vectors

|C/i> — ei Zy:,ll“):k {pn(p.t0)—[D(p.10)/d1} ICe), (B13)
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where Z;’:_ll)p:k Pjip=¢-—p+do+¢p+---+ Prpisasum
over the index with steps of size p, and subtracting ¢(p, to)/d
from each term ensures the single-valuedness of the phases in
the new basis. This induces a unitary transformation Uz —
U = VCUCVJ [where Uq is required to satisfy Eq. (B12)
with the |Cy) replaced by |C; )], such that

V04 (p1o)|C) = zi(p, 10)e® P04

We see that Eq. (B10) is then satisfied for a twisting func-
tional w with ay(w) = —¢(p, to)/d [however, this phase is
inconsequential in this case, being absorbed by the absolute
value in Eq. (B11)].

(2) Case 2. |p| and d have a nontrivial common factor.
For this case, we can ensure that the analog of Eq. (B10)
for each [d/N(d, p)]-element cycle is satisfied following
the procedure leading up to Eq. (B14), with the total phase
@(p, ty) replaced by that corresponding to the respective cycle,
aj(p, to). Then, it follows that Eq. (B10) is also satisfied
overall for Ug with a twisting functional w given by o;(w) =
—¢;(p.10)/d.

Thus, from Eq. (B11), we can maximize the mean persis-
tence by maximizing the magnitude of the trace

(Ve (02)' (B14)

F0c) = |Tr[w{O2} Ou (pio)]|

with respect to reorientations Uc — VUV, In Sec. B 2 b,
this maximum is shown to occur for some U¢ satisfying

(B15)

[0 (pto), w{02} ] =0,

as long as f,,(l?c) > /d(d — 2) at some such point.

If Uy (pty) and w{UCp } both have nondegenerate eigenval-
ues, each has a unique set of d eigenvectors corresponding to
the respective eigenvectors of Uy (fy) and Uc. Equation (B16)
then implies that both sets of eigenvectors are identical, and
U must commute with Uy (fy) to achieve a local extremum of
the mean persistence.

When there are degeneracies [in any of Uy (1), UH(th),
or w{UCp }], we can nevertheless reach a similar conclu-
sion by infinitesimally breaking the degeneracies. We can
define Uy s,y = Un(pto)e®”, where 8, — 0 and ¥ is any
finite Hermitian operator (i.e., with finite matrix elements
in any orthonormal basis), such that Uy s,, has nondegener-
ate eigenvalues when §, # 0. Similarly, we define ws,) by
aj(we,)) = aj(w) + 8,y; with §,, — 0, with the y; chosen
so as to ensure the nondegeneracy of the eigenvalues of
w{Ué’} (essentially, infinitesimally twisting any degenerate
e 0c i(p), € Uc i (p), ... relative to each other). Re-
expressing Eq. (B11) in terms of these variables, gives

(B16)

max

LtV {0
Veu) |d W)

} ViU, (pto)]

d—1

= max — Z 2%(p, 10) + Oy, 8u), (B17)

where O(8,, 8,,) consists of terms of the form (8,)*(8w)"Yas
with a,b > 1. As with Eq. (B16), the solution to the max-
imization on the left-hand side must be among its local

extrema, given by

[UH(&,)(ptO)a w(&u){Ué}}T] =0.

Now, each nondegenerate operator Uy s,)(pto) and ws, {UZ}
has a unique set of d eigenvectors, which the above equa-
tion asserts are identical. We can choose ¥ and y; to break
the degeneracy of Uy (pty) and w{Ug } in any desired way,
i.e., to pick any complete orthonormal subset of each set of
eigenvectors. By Eq. (B17), any such choice is equally good
for maximizing the mean persistence in the §,, §,, — 0 limit.
In particular, we can pick U)((sw){[jé’ }" so that its eigenvectors
are identical to those of UC; similarly, we can choose Y so that
the eigenvectors of UH(,;u)( Pto) are identical to any complete
orthonormal set of eigenvectors of Uy (1o). In other words, any
choice of degeneracy breaking in the neighborhood of degen-
erate operators only infinitesimally affects the local extrema
of the left-hand side of Eq. (B17).

Thus the right-hand side of Eq. (B8) attains its global maxi-
mum when the eigenvectors of Uc are fixed to be any complete
orthonormal set of eigenvectors of Uy (1), with the only free-
dom remaining in the assignment of the distinct eigenvalues of
Uc to these eigenvectors. This can be concisely expressed as
follows: the global maximum of the mean persistence occurs
among the solutions to

(B18)

lim [0y (t9)e™", Uc] = 0, (B19)
for any Hermitian ¥. For any Uc satisfying this property,
all the z;(p, tp) are equal at any given p. It follows that
min; z;(p, ty) is also maximized, and the p-step error mini-
mized, by the same U that maximizes the mean persistence.
From the requirement fp(ﬁc) > /d(d — 2), we get the con-
dition ec(p, ty) < (2/d) on such a minimum of the error.

b. Local extrema and the global maximum
for large persistence amplitudes

For simplicity, let U; = w{U£} and U, = Uy (pty). We seek
stationary points of the real valued function [from Eq. (B15)]

ITr(0, 05)] (B20)
with respect to small reorientations of U; by V, to first order.
This would yield all the local maxima and minima (as well
as saddle and inflection points) of the function except the
global minima when the function attains the value 0, where
it is not differentiable. We write V = ¢X with X near 0,
and require the phase of the OX) term in Tr[VUF Vio,]
to be orthogonal to the phase of the O(1) term [so that the
first variation corresponds only to a change in phase and not
in magnitude; alternatively, one could directly extremize the
square of Eq. (B20)]. This gives

Tr(R[0], 0a]) = ¢(X)Tr(U; 0,) for all Hermitian X (B21)

with ¢(X) required to be a real-valued function, for the sta-
tionary points. As can be verified by imposing this for each
independent degree of freedom in the matrix elements of X,
this requires

[e=™20], 0] = F, (B22)
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where F is some traceless Hermitian operator, and «; is the
phase of Tr(U, U5).
Up to this point, the unitarity of U; and U, played no role.
Now, we use the fact that their products are unitary and write
e_i“‘ZUITUZ = ¢ and l?ze_i"‘”lAllT = ¢An, (B23)
for Hermitian A, and A,. Formally defining sines and
cosines of Hermitian operators through their Taylor series
(which are also Hermitian), Eq. (B22) then gives

cos Ay, — cosAy + i[sind;, —sind, ] =F. (B24)
The Hermiticity of £ demands that the anti-Hermitian part of
the left-hand side vanishes, giving

sinAj, = sinAy,. (B25)
Let {a(k)}f;ol be the eigenvalues of A}, and A,; (which must
have identical eigenvalues up to irrelevant shifts of 2z, as
products of two unitaries have the same eigenvalues irrespec-
tive of the order [78]). As long as it is known that a(k) €
[—m /2, /2], the sine is invertible and Ay = A (In fact,
one gets Ay, = Ay and therefore F = 0 for “generic” val-
ues of a(k) such that sinAzl is not degenerate, i.e., the set
{a(k), m 4 a(k)} is nondegenerate). Consequently,

{ak) € [-7/2,7/2], Yk} = ([e720,, 0,1 = 0) (B26)

at a stationary point. The vanishing commutator on the right
side of the implication is precisely the condition of Eq. (B16).

The question of interest is now if there’s a simple way to
guarantee the restriction on a(k) in Eq. (B26). To see that there
is, we note that [Tr(e"2)] € R by the definition of a», which
implies

Z cos a(k) = Tr(eh12),

k
Z sina(k) = 0.
k

Let us maximize the multivariable function b[a(k)] =
> _r cosa(k) with fixed a(0) [and free a(k # 0)] subject to the
constraint in Eq. (B28) (and implicitly, non-negativity) using,
e.g., the method of Lagrange multipliers. The stationary points
of bla(k)] occur at

B27)

(B28)

ak #0) = c + g,  with g € {0, 1}, (B29)

for some constant c¢. The global maximum of b[a(k)]
corresponds to ¢ € [-m /2,7 /2] and & = 0 Vk. Imposing
Eq. (B28) to fix ¢ in terms of a(0), we get

Z cosa(k) < bmax[a(0)]
X

_ / sin® a(0)
= COSG(0)+(d — 1) 1-— m

This is a monotonically decreasing function of |a(0)| in its
full domain [0, ] for d > 2. In particular, if |a(0)| > 7 /2,
then it is guaranteed that bla(k)] < bmax[7 /2] = /d(d — 2).
Re-expressing bla(k)] in terms of the trace of the relevant

(B30)

unitaries, we then have
{(ITr(0,02)| > Vd(d - 2)}
= {a(k) € [~ /2, 7/2], YV k}.

Combined with the implication in Eq. (B26), it follows that
maxima for which the trace is no smaller than /d(d — 2)
occur for cycling operators that commute with time evolution,
i.e., when [ij , Uz] = 0. Such commuting operators remain
local extrema of the trace in other cases, but it is unclear in
the present analysis if the global maximum is among them.
For comparison with the following Appendix B 3, we note that
a(k) = —2n pAy/d, where Ay are the mode fluctuations used
elsewhere [see Eq. (34)] in the main text.

(B31)

3. Decrease of persistence for small permutations
of sorted energy levels

When A, < d, assuming that the energies E, have been
shifted by some additive constant so that Zk A =0, we
have [representing d times the persistence amplitude as per
Eq. (34)]

-1 o2 ¢!
Zefzmm/d —1_ - Z Ai + O(Aidﬁ). (B32)
k=0 k=0

For simplicity, we assume that the levels are already sorted,
ie., E, < E,, when n < m. This further implies

A, — Ay > —|n—m|. (B33)

Any permutation g(n) can be broken up [8] into a set of
cyclic permutations g,(n), each involving a subset of N, lev-
els £[q,]1 = {E,, }kN’:Bl. For the rest of the argument, we will
require [where the subtraction of r is on Z (linear), and not on
Z.4 (circular or modulo d)]

lre —ril <d/2, Yk, jeZy, (B34)

for each ¢,; permutations ¢ satisfying this are what we refer
to as “small” permutations. This will ensure that Eq. (B32)
remains valid under these permutations without discrete shifts
of some of the A; by multiples of (27).

The new mode fluctuations after permutation are given by
AL = Ay, F e — e, (B35)

for each cycle g,. It follows that the mean is preserved, i.e.,
N—1 N—1
dOAL =) A,
k=0 k=0

Our goal is to show that the variance of the A is larger

than that of the Ay, which would translate to a decreased
persistence by Eq. (B32). We have

(B36)

N,—1 N,—1

k=0 k=0
N,—1 N,—1

=23 Aplrepr —nd+ Y g —nd®. (B37)
k=0 k=0

In general, the r;y; are not in any simple (e.g. ascending or
descending) order. We can split each difference [ry+; — 1] in
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the first term on the right-hand side into a sum of differences
of the r; lying between (and inclusive of) them:

Y G, Gia =T, (B38)

ri€lr,riqr]

Ark+l[rk+1 - Vk] =

where ¢y = sgn[riy1 — r¢], and the r; are chosen to be sorted
according to j. On including terms with different values of k,
each interval (rj4; — r;) occurs in an equal number of terms
with positive {x = +1 (1341 = rj41) and negative & = —1
(re4+1 < 7). We can arbitrarily pair each positive term ry
with a negative term r_, and use Eq. (B33) for the difference
Ay, — A,_noting that v, > r_. This amounts to replacing the
equality with >, and each A, with —r¢ ., in Eq. (B37). We
therefore obtain

N,—1 N,—1
DAL= (A
k=0 k=0

Nr_l N,-—]
P Z[rk+1 — P+ -2 Z Ti1[Frg1 — l’k]},

Tk+1

k=0 k=0
N,—1 s N,—1 )

S Y ) Y (80 (339
k=0 k=0

The second equation follows from simplifying the first.
Adding all such equations from each g, together, we get

d—1 d—1
Ze—znm;/d < Ze—zm‘m/d + 0(A3d_3). (B40)
k=0 k=0

This shows that sorting the energy levels corresponds to the
maximum persistence at p = 1 for a given 7y and small Ay, at
least among other possibilities that can be obtained as small
permutations of the sorted levels. This is more like a discrete
version of a local extremum. It would be interesting to check
if “larger” permutations not subject to Eq. (B34) would lead
to significantly better maxima; this is unlikely to be the case
without some nonintuitive conspiracy between distant energy
levels.

APPENDIX C: TIME DEPENDENCE
OF PERSISTENCE AMPLITUDES

1. Error coefficient pairing in discrete sum over paths

We rewrite Eq. (43) for p =1 as

d—1
Ope 92 = (1-— 31)1/2 |:ﬁ + g1 Z vm(l)Ué":|, (Cl)

m=1

where ¢, = ec(p, o) and g; = +/&1/(1 — ). We note that g;
is also the coefficient that occurs on the right-hand side of

Eq. (45). The pth power of the error unitary is

)4
0§e*iP¢A(l) =(- 81)11/2 E : [(p)grl
S
s=0

X Z Vi (1) 2 0y (DO

mp,..., N

d—1 P
= —e)?)” (Z Fﬁ”)UC’, (€2)

r=0 \s=0

where (?) = p!/(s!(p — 5)!) is the binomial coefficient, and
we recall that the sums are modulo d. We have also defined

re = (i’)gﬂ 3 (D) v (DB + - 4 my = 1),
mi,...,ng

(€3)

with ©(x) = 1 if x is true and O otherwise. Each term with
fixed r in (C2) represents a sum over paths for the transition
amplitude from any |Cy) to |Cy,).

Now, we apply the assumption of error coefficient pairing,
by considering only terms where as many m; as possible
are each paired with a corresponding 1, = —m;. For even s
in Eq. (C3), restricting to such pairings necessarily implies
that m; 4 - - - + my; = 0. For odd s, it is not possible to pair
all error coefficients and a free error coefficient remains,
whose index must necessarily be r if the remaining coeffi-
cients are paired. Schematically (in the sense that we avoid
explicitly enumerating the possible pairings), for non-negative
integer u,

P2 & 8,0 (zl;)g%” Z [V (DY, (D] - [V, DV, (D] (S2))
pairings
reh ~ g1v,(p — 2u) (;4)8?1)%;[\;,"1(1)1)ml(l)]...[vmu(l)vmu(l)] . (C5)

In the second line, we have accounted for s = 2u + 1 different
ways of choosing the unpaired coefficient, and used s(’;) =
(p+ 1 - s)(sfl)'

For a given u, the sum over pairings and coefficients within
the braces in Egs. (C4) and (C5) are identical, irrespective
of the value of r. Treating g; as a formally independent pa-
rameter that we can take partial derivatives with respect to,

(

we can further replace (p — 2u) with (p — g,0/9g;) acting
on its right in Eq. (C5), which moves all the u dependence
to inside the braces. For even p, this means that each sum
over s in Eq. (C2)—which is naturally restricted to even s for
r = 0 and odd s for r # 0 after pairing—produces coefficients
for all r that are identical except for the operators outside
the braces in Eqs. (C4) and (C5). If the time dependence is
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sufficiently slow, the result for odd p can be extrapolated (to
a good approximation) in any convenient way between those
for p = 1. Thus we have the approximate form

056*17%(1) ~ (1 — EI)P/2

U . B
X []1+g1 > v (UL (p—glygl h(p, g1).
r=1
(Co)

The function h(p, g;) originates in the sum over pairings
within the braces of Egs. (C4) and (CS5); from the above
expression, it is formally related to the persistence amplitude
at p by

2p.to) = (1 — 81)”/2h<p, .

o > (C7)
>

2. Gaussian estimate

The persistence amplitude at p 4+ 1 can be expressed in
terms of the coefficients in U} and U}, as follows:

1 Al oA
-+ Ly = | T0102)

d—1
= V1—eyT—¢,+ /&5, »_v:(v_.(p)
r=1

(C8)

Substituting the appropriate expressions for ¢, and v, from
Eq. (C6), we get

2p+1,00) ~ (1 —g)/?

z2(p.to) + {(1 —e)?

d—1 5
xg%Zw(l)v_,(l)(p—gl h(p. g1)

r=1 Tgl
(C9)

Now, we assume that the second term within the absolute
value is smaller than the first, and ph > g10h/dg;; both will
be justified retroactively. Further defining

d—1

ve ==Y v (b, (1),

r=1

(C10)

which happens to measure the goodness of the approximation
in Eq. (48), we are led to

z2p+1t9)~ (1 —e)'?[1 —gipvcla(p. o). (C11)

It is now straightforward to multiply over values of p from
some given p through to 1. For 1 <« 1 and setting v¢ ~ 1 as
per Eq. (48), we get

_ &

2(P.10) ~ exp | — = |pl — g—2'p2 . (C12)
2 2

We see that the smallness of the second term in Eq. (C9) and

ph > g10h/0dg, are both satisfied when p <« 1/gy, i.e., when

the persistence amplitude is still close to 1.

3. Minimum error constraints from the SFF
Substituting the form K (t) = At¥ in Eq. (52) and dropping
subleading terms in &; = e¢(1, #p) gives

1/(M /er)
21 Z P25 en.
p=1

(C13)

For y € [0, 1), the left-hand side is dominated by small p and
is independent of M. Replacing 1/(M,/e1) — oo, we obtain
61 2 2 L2 —p),

~

(C14)

where ¢ (x) is the Riemann zeta function. In particular, for y =
0 and A = 1/d (Poisson statistics), we have ¢ 2 m2/(3d) €
O(1/d). For y > 1, it is instead the terms with larger p that
dominate. Using the leading term in Faulhaber’s formula for
the sum (formula (0.121) in Ref. [110]; equivalent to replacing
the sum with an integral), we have

-1
28] —[1/(My{€—]1)]y Ser (C15)

The presence of M € O(1) > 1 in this expression allows us to
make only order of magnitude statements. We get

~1

(C16)

which implies &; > O(d=**D) when A € O(d~?) and t; €
O(1), for any y € O(1) > 1. The most generic case (i.e.,
typical for Haar random [7,8] systems), y = 1, is a bit more
subtle. Here, it is again the large-p terms that dominate, so we
take the y — 1 limit of Eq. (C15), which gives

&1
1
in (777
This is a transcendental equation for &, but we can nev-

ertheless invert it to leading order in A~! [i.e., substituting
&1 = u(A)A and solving for w, neglecting In(In A )], obtaining

2 2h. (C17)

1
€1 i)»lohl x (C18)
For Wigner-Dyson statistics, A € O(d “2yand ty € O(1) gives
e > cd21nd for a constant c.

4. Numerical evidence for error coefficient pairing
To provide numerical evidence for the pairing of error
coefficients, we test the prediction of Eq. (C6) when g 0h/0g)
is negligible, i.e., Eq. (49) in the main text. More directly, we
define

1
Un(p) = ————=vm(p). (C19)

pz(p, to)
Equations (C6) and (49) then imply that ¥,,(p) = ¥,,(1) for
any p < 1//ec(1, tp). This is verified in Fig. 10 for the (8 =
2,d = 2048) CUE dataset of Fig. 7, for which 1//ec(1, ty) =~
525.
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FIG. 10. Comparison of 7,,(p) with ¥,,(1), using magnitudes |9,,(p)|?, |J,,(1)|?, and residuals |9,,(1) — 9,,(p)|* for d = 2048. The residuals
are predicted to be negligible compared to the magnitudes at the same m for p < 525, which these plots are in good agreement with even when
p is a considerable fraction of 525. (a) p = 100, (b) p = 100, zoomed in, and (c) p = 250.

APPENDIX D: NONERGODICITY AND SPECTRAL
FLUCTUATIONS IN RATIONAL TORI

When o = m/¢ is rational with coprime m and ¢, all energy
eigenstates of the form (J, — rm, J, + rt), r € Z for a given
(Jx, Jy) have the same energy [26]. Consequently, taking into
account the restriction of (Jx, J,) to arectangle of area d in X4,
the energy spectrum is O(V/d)-fold degenerate with 0(Vd)
unique energy values (when d, = d,). Thus, in the calcula-
tion of the mode fluctuations A, = [E,ytod/(2m)] — n [see
Eq. (33)] for generic ¢y, each unique value of E is associated
with 0(«/3 ) different (at best, consecutive) values of the in-
teger n due to the degeneracy, and we have A, 2 O(+/d) in

general. This argument means that for rational tori, we should
expect [based on Egs. (32) and (34)]

ec(L.1o)lg] ~ O(d%03) 2 0™, (D1)
which is at least of the same order of magnitude of spectral
fluctuations as Poisson level statistics. Given that the one-
step error for any cyclic permutation must be >0(d~") in
this case by theorem IV.1, it follows that rational tori are
unlikely to possess any ergodic cyclic permutation in X;.
We also note that an analytically solvable illustration of this
argument is given by the sorted DFT cyclic permutation for
to = 2 /(w,d,) when d, = d,, in which the (wrapped) energy
levels are exactly ~/d-fold degenerate.
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