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Probing the evolution of quantum superposition states in a nuclear spin-5/2 system
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We report the effects of off-diagonal coupling on eigenstates and eigenvalues of a realistic quantum Hamil-
tonian, a '2!Sb (spin I = 5/2) nuclear spin Hamiltonian in an antimony single crystal. In our nuclear resonance
experiment, off-diagonal matrix elements are generated and controlled by the angle 6 between the directions
of the electric field gradient and an external magnetic field. With a very small 8, a two-state-like avoided level
crossing is directly probed as a function of an external magnetic field. On the other hand, by increasing 6 under
a weak magnetic field, we find that the nuclear spin transitions undergo dramatic changes as 6 approaches 90°.
All our experimental observations are in excellent agreement with exact diagonalization calculations for the
Hamiltonian, demonstrating how superposition states of a multistate quantum system evolve as a function of a

well-defined control parameter.
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I. INTRODUCTION

The von Neumann—-Wigner theorem [1-4], often referred
to as the noncrossing rule, states that any two eigenvalues
for a Hamiltonian cannot be degenerate unless the two cor-
responding eigenstates have different symmetries. As a result,
linear superpositions of degenerate eigenstates, i.e., having the
same symmetry, lead to an avoided crossing of energy levels
in close proximity. This theorem is indeed fundamental to
numerous quantum phenomena, including quantum resonance
in molecules [5], the Landau-Zener effect [6], topological
band crossings in solids [7], Rabi oscillations [8,9], and
macroscopic quantum tunneling of distinct states [10-14].
Despite the widespread applicability and usefulness of the
von Neumann—Wigner theorem in various fields, an exper-
imental challenge remains in investigating the evolution of
unperturbed basis states towards coherent superposition states
as a function of a control parameter, being essential for quanti-
tatively understanding the effects of the theorem on an isolated
quantum system. The difficulty lies in finding a real quantum
system that fulfills the following prerequisites: (i) isolated
multiple basis states, (ii) easily tunable off-diagonal coupling,
and (iii) an energy scale accessible by an experimental setup
for both diagonal and off-diagonal matrix elements.

A nuclear spin system does meet these criteria, since nu-
clear spins in a solid behave as an ensemble of coupled
particles with well-defined energy levels [15,16]. When nuclei
with spins greater than 1/2, thus possessing a quadrupole mo-
ment, are placed in an axially symmetric electric field gradient
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(EFG), the nuclear quadrupole interaction, in the absence of
an external magnetic field H, has its spins quantized in the
direction of the EFG. By applying H that are not parallel to the
principal component EFG tensor, tunable off-diagonal matrix
elements can be generated [17-21]. The crucial task for our
experiment is then to find a suitable nuclear spin system in
which the quadrupole interaction has the right energy scale
relative to the Zeeman one in order to achieve superposition
states with like symmetry by mixing the initial basis states.
After an extensive search for a quadrupolar spin system, we
have chosen antimony metal [22,23] as the best candidate
material for our purpose, since the '?!Sb isotope in the metal
has a suitable and comparable strength of both quadrupole
and Zeeman interactions, enabling us to drive the nuclear spin
energy levels to intersect by applying small external magnetic
fields.

II. EXPERIMENTAL DETAILS

A high-quality Sb single crystal (approximately 12 x
4 x 2 mm?®) acquired from MaTecK GmbH (Germany) was
cooled to 4.2 K in a liquid helium bath cryostat. 2! Sb (nuclear
spin I = 5/2) nuclear magnetic resonance (NMR)-nuclear
quadrupole resonance (NQR) experiments were carried out
using a TecMag spectrometer in a variable resistive magnet.
In order to control the angle between the ¢ axis of the crystal
and an external magnetic field, the bath cryostat was manually
rotated. The '!Sb NMR spectra were obtained by a standard
spin-echo technique with a typical 7 /2 pulse length of 2-3 us.

III. RESULTS
A. Exact diagonalization calculations

Figure 1(a) shows the trigonal (space group R3m) crystal
structure of antimony [22]. Since the Sb atoms have an axial
symmetry about the ¢ axis, the EFG V,, at the Sb nuclear
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FIG. 1. (a) Crystal structure of Sb. An axially symmetric electric field gradient V,; is along c at the nuclear site. (b) The angle 6 between
V.. and an external field H in the xz plane can be controlled by rotating the crystal around the y axis. The radio-frequency field H;, which
induces transitions between the energy levels, is applied along the y axis. (c) Schematic diagram of the quadrupole and Zeeman energy
splitting for I = 5/2 with a finite V., in an axial symmetry and H = H%. (d) The NQR spectrum for '2!'Sb (I = 5/2) measured at 4.2 K, which
yields vy = 11.527 MHz. The spectrum for the isotope 'Sb (I = 7/2) is also shown. [(e)—(g)] Energy level diagrams obtained by exact
diagonalization calculations. The spin states (either |m) or |m')) of the levels just after the Zeeman splitting are in the same order as those in
the diagram on the right-hand side of (c). (e) For 6 = 0° (V,, || H), a pure level crossing takes place. (f) For 8 = 4°, the level repulsion between
the |—%) and |+%) states is observed, as emphasized in the inset. (g) Angular dependence of the energy levels at H = 100 mT.

site is parallel to the ¢ direction [23]. When H = 0, the EFG
partially lifts the sixfold degenerate nuclear spin levels of
1218b to three doublets separated by integer multiples of the
quadrupole frequency vy = 3eQV,./21(2] — 1)h, where e is
the electron charge, Q is the nuclear quadrupole moment, and
h is the Planck constant, as shown in Fig. 1(c). The application
of H lifts the remaining degeneracy by producing a Zeeman
splitting of the quadrupole doublets as shown in Fig. 1(c). The
total nuclear Hamiltonian is given by [24]

A h
H:—th-H—i—%(ﬂ?—fz), 1)

where y is the nuclear gyromagnetic ratio and 1 is the nuclear
spin operator. In our experimental setup, H = HZ and the
crystal can be rotated in order to control the angle 6 between
V., and H as illustrated in Fig. 1(b).

The '?!Sb NQR spectrum obtained in zero field is shown in
Fig. 1(d), in which the resonance frequencies correspond to vy
and 2vg [see Fig. 1(c)]. The linewidth of the spectrum is about
80 kHz, which sets the resolution limit of our experiment.
The NQR spectrum of the other isotope '2>Sb is also shown
for comparison, which is composed of three equally spaced
resonance frequencies consistent with the larger nuclear spin
I =7/2 and a smaller vg. In the present study we focus solely
on 121Sb.

Using the experimentally obtained vy = 11.527 MHz, we
calculate the nuclear spin energy eigenvalues of '2!Sb (in
frequency units) as a function of H and 6 by the exact di-
agonalization (ED) of the Hamiltonian (1). The results are
presented in Figs. 1(e) and 1(f) for & = 0° and 4°, respectively.
For 6 = (°, the energy levels intersect without affecting one
another (level crossing), in agreement with the diagonalized
Hamiltonian. For 8 = 4°, an avoided crossing is found be-
tween the energy levels associated with the |—%) and |+%)
states [see the inset of Fig. 1(f)], while other energy lev-
els show nearly pure level crossings within the resolution
limit of 80 kHz. Indeed, the ED calculations show that only
the two lower-energy states are significantly mixed, forming
the mixed states of approximately O.70|—%) + 0.69|+%) at
0.567 T where the two energy levels are closest to each other,
with negligible mixing with other states. Interestingly, the
mixed states are very close to symmetric and antisymmetric
superpositions of |—%) and |+%), ie., %(|—%) + |+%)). The
two-state-like superposition states are also formed for 6 < 4°
with a reduced level separation, whereas they are progres-
sively contaminated by other basis states as 6 is increased
away from 4°. Hence, we attribute the two-state-like behavior
to the weak off-diagonal coupling limit (6 < 4°).

In order to investigate the effect of strong off-diagonal
coupling on the system, the angular dependence of energy
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FIG. 2. The 2!Sb NMR frequencies v as a function of H measured at 4.2 K for [(a)~(c)] & = 0° and [(d)—(f)] # = 4°. The solid lines are
the nuclear transitions allowed by the selection rule, obtained from the energy eigenvalues depicted in Figs. 1(e) and 1(f). The dotted rectangle
regions in (a) and (d) are enlarged in (b) and (e), in order to show clearly the pure level crossing for 8 = 0° compared with the avoided crossing
for & = 4°. Selected NMR spectra for the data in (b) and (e) are shown in (c) and (f), respectively, where the axes are interchanged. The dashed
lines in (e) and (f) denote the unperturbed resonance frequencies calculated for 6 = 0°.

eigenvalues is calculated at a fixed magnetic field of 100 mT,
as shown in Fig. 1(g). Note that the basis states |m) chosen for
6 = 0° evolve into superposition states |m’) when 6 > 0°. It
is worth stressing that we do not add an external perturbation
to the Hamiltonian but modify the internal parameter 6 of the
otherwise diagonalized Hamiltonian on the basis states |m)
to generate off-diagonal matrix elements. A peculiar feature
is that the energy splitting between the |:|:%/) states increases
with increasing 6 becoming maximal at 90°, while the split-
ting for two other doublets |j:%/) and |:t§/) becomes minimal
at 90°.

B. Experimental results and discussion

Now we present our experimental results and compare
them with the above ED calculations. The '*!Sb NMR fre-
quencies vy, which are equivalent to the nuclear transition
energies obeying the selection rule Am = %1, are depicted
in Figs. 2(a) and 2(d) as a function of H for 8 = 0° and 4°,
respectively. Figures 2(b) and 2(e) offer an enlarged view of
the dotted rectangle regions in Figs. 2(a) and 2(d), respec-
tively, and selected raw spectra are presented in Figs. 2(c)
and 2(f). For 6 = 0°, the vy values change linearly with H
through the level crossing field, being well described by the
calculated transitions (solid lines). In contrast, for 6 = 4°,

we observe a clear repulsive behavior between the transitions
+% <~ —% and +% <~ +% as shown in Figs. 2(e) and 2(f),
whereas other transitions with larger resonance frequencies
appear to intersect each other like for & = 0°. This is precisely
because an avoided level crossing occurs only between the
|—%) and |+%) states as predicted in the inset of Fig. 1(f).
Note that the vy values for 8 = 4° are clearly increased in
comparison with those for & = 0° [dashed lines in Figs. 2(e)
and 2(f)]. These results imply that a very small off-diagonal
coupling tends to generate linear superpositions of low-lying
intersecting states selectively, resulting in the two-state-like
avoided crossing.

Having illustrated the influence of a small off-diagonal
coupling on eigenstates, we now aim to unravel the vari-
ous potential results when the off-diagonal coupling becomes
strong, i.e., 6 is large. For simplicity, we focus on the tran-
sitions which involve the |+£1") and |+3') states. The 2'Sb
NMR spectra measured at H = 100 mT are displayed in
Fig. 3(a) as a function of . The Zeeman-split NMR peaks
at & = 0° follow the angular dependence of the resonance fre-

. 1 / 3 / 1 / 3 !
quencies computed for +5 <> +35 and —3 <> —3 . Roughly
at 6 > 20°, we detect emerging NMR peaks whose intensity
grows with increasing 6 at the expense of the intensity of
other two peaks. Since the calculated transitions among the
energy levels in Fig. 1(g) are in perfect agreement with the
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FIG. 3. (a) Selected NMR spectra associated with the transitions between the |:I:%,) and |:|:%

/) states as a function of 6 measured at 100 mT.

Due to the mixing of basis states, the otherwise forbidden transitions (leftmost and rightmost spectra) are allowed, yielding four transitions at

0° < 6 < 90°. The color density of each line indicates the transition probability W;; = |(m,’.|1y|m})|2. Note that the transitions —%/ < —3

!
3" and

—|—%/ < —|—%’ vanish at 90°. (b) Angle dependence of the NMR frequencies vy at 100 mT. The solid lines represent ED calculations. (c) The
NMR spectra for the +1' o :l:%/ transitions as a function of 6 measured at 180 mT. The NMR signal intensity is shown as a function of 6 for

(d) the transition —%/ <~ :i:%

resonance frequencies of the four NMR peaks [see Fig. 3(b)],
we conclude that the new NMR peaks arise from the otherwise

forbidden transitions j:%/ <~ :F%/. It is remarkable that at 90°
the signal intensity for j:%/ <~ j:%/ vanishes whereas that for
:l:%/ N :F%, reaches a maximum [see Fig. 3(a)].

The contrasting behavior of the NMR signal intensities
near 90° is confirmed by measuring the transitions +%/ <~
:i:% at the higher field of 180 mT, as shown in Fig. 3(c). A
frequency gap is apparent at 90°, indicating that the energy
splitting between |+ %/), which is barely visible at 100 mT [see
Fig. 1(g)], increases with increasing H. Moreover, as seen in
Figs. 3(a) and 3(c), the identification of the two peaks at 90° as
distinct from the two at 0°, i.e., the former not resulting from
the shifting of the latter, is very revealing. Without follow-
ing the complete angular dependence of the NMR spectra as
shown in Fig. 3(a), it would have been challenging to discern
this subtle but important difference.

Figures 3(d) and 3(e) show the integrated NMR signal

%/ PN :l:%/
at 100 mT and —i—%/ <~ j:%/ at 180 mT, respectively. The
solid lines are the calculated transition probabilities W;; =
2| (mj| Ha m';)|* o [(mj|f,lm’)|* to which the experimental
data are scaled The W;; values are also expressed as color
gradation in Figs. 3(a) and 3(c). The theoretical curves are
in fair agreement with the experimental data, capturing well

intensity as a function of 6 for the transitions —

"at 100 mT and (e) the transition —|—%/ <~ :i:%

"at 180 mT. The solid lines denote W;j.

the contrasting behavior of the NMR signal intensities near
90°, even though we do not make experimental corrections
to the signal intensity such as the 7; effect or the frequency
dependence of the transmitted power. In particular, the zero
transition probabilities for :i:%, < :I:%, at 90° account for the
disappearance of the relevant NMR peaks.

Further, the ED calculations reveal that the six eigenstates
become superpositions of three basis vectors at § = 90° as
shown below, whereas otherwise they consist of all six basis
vectors:

|+%/> = —0.46|+1) +0.27|—3) + 0.85|+3),

|- %/> = —0.54|—1) + 0.46|+3) +0.71|-3),
[+3') = 0.44]4-3) — 0.76|-3) + 0.48+3).
|—3') = 0.24|—1) — 0.72|+3) + 0.65|-3),
[+3') = 0.77|+1) + 0.60|—2) + 0.22|+3),

|-3) = 0.81]-1) +0.52|+3) +0.28]-3). )

While the relations among the coefficients of each superposi-
tion state look somewhat ambiguous, it is clear that there exist
two groups of superposition states, each of which consists
of three identical basis vectors without a common one among
them. Specifically, when the Hamiltonian is modified to have
the strongest possible off-diagonal coupling (i.e., at 90°), the
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total number of symmetries of eigenstates is essentially re-
duced to two, the minimum number of symmetries in the
presence of the Zeeman interaction. Equation (2) also tells
us that the states of each pair |+m') have opposite symme-
tries and thus should not interact with each other near 90°.
Given this, the significant increase (decrease) of the energy
splitting between |£1") (|£3") or |£3")) with increasing ¢
towards 90°, as shown in Fig. 1(g), may seem puzzling. Note
that the vanishing of the :i:%/ < :I:%/ transitions at 90° is
explained well by the fact that the selection rule Am = +£1,
which holds as long as the set of basis states |m) is unaltered,
cannot be satisfied between any superposition states with like
symmetry.

It is important to realize that the fully cooperative mixing
of all basis states at 90° is very different from the two-
state-like behavior induced at the small angle of 4°. This
implies that there are infinitely many superposition states
which can be readily accessed and modified through NMR-
NQR measurements. One just needs to adjust the internal
control parameter 6 which governs all Hamiltonian matrix
elements, under small external magnetic fields. Since the
manipulation of quantum superpositions through the con-
trol of off-diagonal coupling and the energy-splitting gap
is fundamental to quantum technologies, our findings in
the multistate quantum system could contribute to various
applications in quantum computation and quantum infor-
mation. Specifically, our research could be valuable in the
study of qudits, which are higher-dimensional quantum
systems [25-30].

IV. CONCLUSION

We have presented an NMR-NQR study on the drastic ef-
fects of off-diagonal coupling on eigenstates and eigenvalues
of a '?!Sb nuclear spin system in an antimony single crystal.
By precisely tuning the angle 6 between the electric field
gradient and an external magnetic field, we have revealed
two important observations, i.e., (i) a direct probing of an
avoided level crossing under weak off-diagonal coupling and
(i) a detailed full evolution of nuclear transitions and the
associated superposition states as a function of the angle in
a small external magnetic field. The experimental results were
in excellent agreement with exact diagonalization calcula-
tions, proving the ability to manipulate superposition states
in a multistate quantum system as a function of a well-defined
control parameter. Therefore, our work not only deepens the
understanding of fundamental principles underlying quantum
physics but also may hold the potential for advancements in
quantum computation and quantum information processing.
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