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Topologically-ordered phases of matter at nonzero temperature are conjectured to exhibit universal pat-
terns of long-range entanglement, which can be detected using the entanglement negativity, a mixed-state
entanglement measure. In this paper, we show that the entanglement negativity in certain topological orders
can be understood through the properties of an emergent symmetry-protected topological (SPT) order that is
localized on the entanglement bipartition. This connection leads to an understanding of (i) universal contributions
to the entanglement negativity, which diagnose finite-temperature topological order and (ii) the behavior of
the entanglement negativity across certain phase transitions in which thermal fluctuations eventually destroy
long-range entanglement across the bipartition surface. Within this correspondence, the universal patterns of
entanglement in the finite-temperature topological order are related to the stability of an emergent SPT order
against a symmetry-breaking field. SPT orders protected by higher-form symmetries—which arise, for example,
in the description of the entanglement negativity for Z, topological order in d = 4 spatial dimensions—remain
robust even in the presence of a weak symmetry-breaking perturbation, leading to long-range entanglement at

nonzero temperature for certain topological orders.
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I. INTRODUCTION

Strongly-interacting quantum phases of matter at zero
temperature can exhibit universal patterns of long-range en-
tanglement [1-3], which may be used to store and manipulate
quantum information. Many of these quantum phases, such as
topological orders in two and three spatial dimensions, can-
not function as self-correcting quantum memories at nonzero
temperature [4—11]. It remains of interest to characterize the
patterns of long-range entanglement in quantum many-body
systems that can survive the presence of thermal fluctuations.

A thermal density matrix p ~ e ## of a quantum many-
body system described by a local Hamiltonian H is said
to exhibit topological order if it cannot be prepared from a
classical mixed state using finite-depth local quantum circuits
[8]. It was recently proposed [12] that topological order in a
thermal state can be detected by the entanglement negativity
[13-16], a mixed-state entanglement measure, which has been
studied extensively in quantum many-body systems [17-41];
in particular, topologically-ordered mixed states were con-
jectured [12] to possess a universal, constant contribution to
the entanglement negativity, which quantifies the long-range
entanglement that cannot be removed by a finite-depth, lo-
cal quantum circuit. This correction, termed the fopological
entanglement negativity, coincides with the topological en-
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tanglement entropy [42,43] at zero temperature, although it
is known that the latter fails as a diagnostic for topolog-
ical order in a mixed state. Outstanding questions remain
regarding (i) the universality of the topological entanglement
negativity within a finite-temperature topological order, and
(ii) its behavior across a thermal phase transition in which the
topological order is destroyed.

In this paper, we make progress towards answering these
questions by demonstrating a connection between the en-
tanglement negativity in certain topological quantum orders,
and the properties of an emergent, symmetry-protected topo-
logical (SPT) order [44,45] localized on the entanglement
bipartition. Specifically, we show that the entanglement neg-
ativity is determined by the “strange correlator” [46] for this
emergent SPT order (see Fig. 1). We argue that the stability of
the SPT phase, as characterized by the presence of long-range
order in these strange correlators, is intimately related to the
robustness of the topological entanglement negativity in the
finite-temperature topological order. In addition, we show that
proliferating topological excitations near the entanglement
bipartition can drive a “disentangling” transition in which
long-range entanglement across the bipartition is destroyed
while preserving the bulk topological order. We derive univer-
sal scaling forms for the topological entanglement negativity
by relating this disentangling thermal phase transition to a
zero-temperature phase transition between the emergent SPT
order and a trivial state.

The connection that we identify between an emergent
SPT order and a topologically-ordered mixed state may be
understood heuristically as follows. In certain gapped topo-
logical orders at zero temperature, the “partially-transposed”
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FIG. 1. The thermal density matrix for certain topological orders
after partial transposition on a subregion A—denoted p™*—can be
related to an emergent symmetry-protected topological (SPT) order
on the boundary of A. Eigenvalues of p’# are related to “strange
correlators” (+|O|¢), where |+) is a symmetric trivial state and |¢/)
is an SPT ordered state. We argue that long-range order in these
strange correlators gives rise to a nonzero topological entanglement
negativity. This schematic correspondence for the Z, topological
order in d spatial dimensions is shown.

density matrix with respect to a subsystem—an essential
operation in the calculation of the entanglement negativity
of that region—can be regarded as a wave function in which
gapped excitations of the topological order have proliferated
near the entanglement bipartition, with relative configurations
of the excitations weighted by their statistical braiding phase.
In a dual description, this wave function describes an SPT
order where the protecting symmetry inherits from the gauge
symmetry of the bulk topological order, when restricted to the
entanglement bipartition. When the bulk topological order is
at a nonzero temperature, the excitations in this state are no
longer localized to the entangling surface, and the partially-
transposed density matrix may be related to an emergent SPT
state, which is acted upon by a symmetry-breaking field.
While most SPT orders are immediately destroyed by such
a perturbation, if the symmetry to be broken is a 1-form
symmetry [47], the SPT order can remain robust below a finite
strength of the symmetry-breaking field, resulting in a stable
long-range entanglement below a finite critical temperature
T.. This scenario occurs in the Z, topological order in d = 4
spatial dimensions as well as in d = 3 dimensions with Z,
charge excitations forbidden.

While we focus on Z, topological order in various dimen-
sions throughout this paper, our characterization of long-range
entanglement in a mixed state through the stability of an
emergent SPT order also holds for Z, topological orders and
certain fraction orders [48]. The applicability of this corre-
spondence to other topological orders, as well as the behavior
of the negativity across phase transitions in which the entire
bulk topological order is destroyed by thermal fluctuations
remain important open questions of our work.

II. STRUCTURE OF ENTANGLEMENT NEGATIVITY

Given a density matrix p acting on a bipartite Hilbert space
H = Ha @ Hg, the entanglement negativity between A and
8B is defined by taking the partial transpose of the density
matrix with respect to the Hilbert space of the A subsystem.
The negativity Ey is defined with respect to this partially-
transposed density matrix p™ as Ey = log(||p™#||;), where

IM]|; denotes the 1-norm of the matrix M, i.e., the sum of all
absolute eigenvalues of M.

Given a local Hamiltonian A and a thermal density ma-
trix p ~ e P the negativity Ey between a subsystem ‘A of
linear size L and its complement B in d space dimensions
can be written as Ey = Ejocal — Eiopo [12,49]. Ejoca captures
short-range entanglement along the bipartition boundary, and
exhibits area-law scaling Ejoca ~ ad_]L‘qu_l to leading order
in Lg while Ep, is the fopological entanglement negativity, a
universal constant contribution that is believed to characterize
the long-range entanglement in topological order.

III. ENTANGLEMENT NEGATIVITY AT ZERO
TEMPERATURE AND AN EMERGENT SPT ORDER

We now demonstrate the emergence of an SPT order on
the entanglement bipartition in a topologically-ordered state
at zero temperature, and the relevance of this order for the
topological entanglement negativity. We focus on the Z, topo-
logical order in various spatial dimensions, and find that the
emergent SPT order is protected by a Z, x Z, symmetry. The
SPT order hosts two distinct symmetry charges corresponding
to two species of gapped excitations in Z, topological order,
namely the charge (e) and flux (m), and the protecting sym-
metry is given by the action of emergent conservation laws in
the topological order along the entanglement bipartition. The
emergent SPT order completely characterizes the negativity
spectrum (i.e., the eigenspectrum of the partially transposed
density matrix p7#) in that various eigenvalues correspond to
various operator choices in the strange correlators [46] that
diagnoses the SPT orders.

Here we outline the approach for taking a partial trans-
pose and discuss the emergence of SPT wave functions
localized on the bipartition boundary. Consider a stabilizer
Hamiltonian A = —J Y, §;, where each stabilizer §; is
a tensor product of Pauli operators over lattice sites. Dis-
tinct terms in the Hamiltonian mutually commute, and each
stabilizer has eigenvalues 6; = 1. As a result, the den-
sity matrix for this system at zero temperature is p =

140, _ ASj . .
l_[j =2 N Z{Si}[]_[j 9;’] with s; € {0, 1}. Alte.rnatlvely,
the spectrum p can be expressed as an expectation value

of operators evaluated in the Hilbert space of the {s;} vari-
1-6;

ables: p = (+|T1,Z,7 |+), where [+) =272 ) I{s,)).
and the Pauli operator Z; acts within the {s;} Hilbert space
as Zj|s;) = (1 — 2s;)|s;). Only the choice of stabilizer eigen-
values 0; = 1V j gives a nonzero eigenvalue of the density
matrix, as expected.

We now consider the entanglement negativity within the
ground state. By dividing the system into disjoint subsystems
A and B, taking a partial transpose on A gives [[[; 9;’]77* =
[(I1 j(éf" )il (s), where ¥ (s) = =£1 is a nontrivial sign deter-
mined by the number of pairs of stabilizers that anticommute
when restricted in A. Specifically, introducing ;| to denote
the part of 6; that acts within A and the matrix C that en-
codes the commutation relation among 9i| a: Gij=0,1 for
[6:] 4, 9j|y{] =0 and {6i| 4, 9j|ﬂ} = 0, respectively, the sign
introduced by partial transpose is

Ylls)) = (=1)Z, M
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We now focus on the stabilizer Hamiltonian for the toric
code, which describes Z, topological order in d spatial dimen-
sions. Since only those stabilizers on the bipartition boundary
can anticommute with each other when restricted in (A, the
negativity spectrum of the toric code at zero temperature de-
pends only on the boundary part of the Hamiltonian, namely,
Hy = —}a Y icr, Ai = 28 Y jeg, By {Ai}, {B;) are the Pauli-
X and Z-type stabilizers corresponding to the gapped Z,
charge and flux excitations, and R,, R, denote the locations
of those stabilizers acting across the bipartition bound-
ary. Following Eq. (1), one finds [[];., A{" [Tjer, BoTa =

M Tic, AT T1 icRy Bﬁf]l/f(a, b), with a;, b; € {0, 1} and the sign
Y (a, b) can be written as

Ya.b) =[]y Bt = [T-0 2, (@)
ieR, JERy
where ) jedi b; denotes a sum of b; variables adjacent to a;,

and ) ;. jai denotes a sum over the a; variables adjacent

to b;. This is because any two adjacent A; and B; must
anticommute when restricted on a subregion Using Eq. (2),
one can define the state |) = f Z (o) ¥ (@, b)la, b) with

normalization constant V, and the negatwlty spectrum can be

derived as
o 5
P =Tz [127 ). 3)

i€eR, JERy

The wave function |¢) exhibits a nontrivial SPT order with
respect to Z, x Z, symmetries, which arise from restricting
the conservation laws obeyed by the Z, charge and flux ex-
citations to the entanglement bipartition. Each conservation
law (e.g., the global Z, charge conservation [ [; Ajcg, = 1 for
the d = 2 toric code) gives rise to a symmetry of the wave
function (e.g., a; — 1 — a; on all sites). In addition, |) is the
ground state of the Hamiltonian H, = — > ;. Xi [ [, Zi
> jcr, Xj [ licaj Zj» where the first term is the product of a
Pauli-X on site i in R, and the Pauli-Zs on its neighboring
sites in Rp. The second term is defined similarly. ¥ (a, b) is
a Z, x Z, SPT wave function within the “decorated domain
wall” picture [50]; the phase [ [,z (—=1)* 2 jeni b implies dec-
orating the domain walls of b; charges using a; charges, and
I jeR, (=) Lico; 4 implies decorating the domain walls of a;
charges using b; charges.

The robust braiding of the symmetry defects in this SPT
order can be observed in strange correlators, and gives rise to
a topological entanglement negativity for the original Z, toric
code. Below we demonstrate these features using the 2D toric
code as an example. The model is defined on a 2D lattice with
every bond accommodating a spin-1/2 degree of freedom.
The Hamiltonian reads H = — > A, Z Bp, where A, is
the product of four Pauli-Xs on bonds emanatlng from a site
s, and B, is the product of four Pauli-Zs on bonds along the
boundary of a plaquette p. Considering a subsystem A with a
closed boundary of size L, one can label the star and plaquette

stabilizers on the boundary as Ay, By, Ay, By, ..., A, B, and
] A 1— B

the negativity spectrum is p™ = +|]_[J . 2121 2 )
where |Y) is the 1D cluster state with the parent Hamllto—
nian Hp = — Zoddi Zi 1 XiZit1 — Zeveni Zi 1 XiZi under the
periodic boundary condition. i) exhibits an SPT order pro-

tected by the Z, x Z, symmetry generated by [] .4, Xi and
[ Leven; Xi- As a consequence, only even number of A; ex-
citations (A; = —1) and B; excitations (B; = —1) can give
nonvanishing strange correlators. This number parity con-
servation reflects the number parity conservation of anyon
charges in the topological order.

Key features in the entanglement negativity are
encoded in the SPT order. For the eigenvalue of
o™ with two excitations A,, =A, = —1, the corre-
sponding strange correlator gives (+|Zpu—1Zon—1|¥) =
(+1Zam-1Zon A [T115h Zoic1 X2iZoin 11¥) = (+]¥). On  the
other hand, exciting both A; and B; in such a way that
the excitations must be exchanged in order to return to
the ground state produces a sign (—1) for the strange
correlator. A simple example is given by considering
A| = B; = A, = B, = —1, where the corresponding eigen-
value (+|Z1Z2,Z3Z4|Y) can be written as (+|Z1Z,Z3Z4|Y) =
(H 212223 Z(21 X0 23 ) (2o X324) | ) = —(+]¢).  One can
easily generalize the above discussion to arbitrary patterns
of excitations, and conclude that operators O, which are
invariant under the Z, x Z, symmetry exhibit order in the
strange correlator (+|O|y) # 0, and that the spectrum p’#
only contains two eigenvalues =+(+|v{), where plus/minus
sign corresponds to trivial/nontrivial braiding of two species
of excitations. Knowledge of the entire negativity spectrum
allows us to derive the zero-temperature entanglement
negativity: since there are 27! allowed configurations
{A;} as well as {B;} (due to Z, x Z, symmetry), and
each corresponding eigenvalue is = (-+|y) = £27I+!, one
finds entanglement negativity Ey = log(z{ A8} [pT]) =
log(2E~ 126712714y = Llog2 — Eygpo ~ With  Ejgpo = log2
being the topological entanglement negativity that reflects
the underlying topological order. Ep, may be understood as
a universal reduction in the negativity due to the Z, x Z,
symmetry of the emergent SPT.

IV. ENTANGLEMENT NEGATIVITY TRANSITION
AT FINITE TEMPERATURE

For stabilizer models at finite temperature, the partial
transpose still acts nontrivially on the boundary of
A region, resulting in pTA ~ ¢ PHatHs)(p=PHI)TA
where Hz/Hg contains stabilizers supported only on
A/B, and H, denotes the interaction between A and
$B. The negativity spectrum from the boundary part

remains in the form of a strange correlator: (e AHo)Tn ~
1-B;

1-4;
(+1TTicr, Zi * Tljer,Z; 7 1¥(T)), but crucially, a nonzero
temperature 7 amounts to introducing a symmetry-breaking
field that tends to polarize a;, b; spins: |Y(T)) ~
Z{a,,bj} ¥(a, b) ]_[ieRa tanh(BA4 )% ]_[jeRh tanh(BAp)" |a, b)
where the phase ¥ (a, b) is given by Eq. (2) (see Appendix
A for derivation). The Hamiltonian whose ground state is
|[v(T)) is given by (see Appendix B for derivation)

H,= — Z X; ]_[ Z; + sinh(K4)Z;

i€R, jeai

=Y | X [[ % + sinh(K)z; )

jeR, i€dj
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with K4 = —log[tanh(BA4)] and Kp = —log[tanh(BAp)],
and therefore, any nonzero T /As, T/Ap correspond to the
nonzero on-site field K4, Kp.

For the thermal density matrix of the 2D toric code un-
der partial transposition, the corresponding state | (7)) on
the entangling surface is a 1D cluster state perturbed by
an on-site field, which destroys the SPT order. This can
be seen by computing the negativity spectrum, which takes
the form of correlation functions in 1D Ising model, with
different choices of {A;} and {B;} corresponding to differ-
ent spin insertion and coupling strength between nelghborlng

Spll’lS. (e~ BH, )Ty; ~ Z{r,:il} i T = e Ka > Bi TiTig1
Since the Ising order cannot survive at any ﬁmte temperature
or any finite symmetry-breaking field, the negativity spectrum
is short-range correlated, and the nontrivial braiding structure
between {A;} and {B;} no longer exists. As a result, Eyypo = 0
at any nonzero temperature in the thermodynamic limit [12],
corresponding to the vanishing topological order in the ther-
mal Gibbs state.

3D toric code. Now we discuss the negativity spectrum
and the emergent SPT wave function localized on the en-
tangling surface for the 3D toric code with the Hamiltonian
H=—) A, -, B, where A is the product of six Pauli-

Xs on bonds emanating from a site s, and Bp is the product
of four Pauli-Z on bonds along the boundary of a plaquette
p. Therefore, the stabilizers on the 2D bipartition boundary
consist of A; living on sites and B; ;j living on links. Using the
formalism introduced above, the negativity spectrum of ,on‘ at

zero temperature reads p’* = (+|[[],Z; * ][]_[ ) Z” = ]|1//)
where |1{) is the ground state of the Hamiltonian H,

=2 X [1ei Zij — 2_ij) ZiXijZ;. The first term X; l_[jet)l

is a product of Pauli-X on the 51te i and four Pauli-Zs actlng
on links whose boundary contains the site i. The second term
Z;X;;Z; is a product of Pauli-X on the link (ij) and two Pauli-
Zs on the boundary of the link. |¢) exhibits an SPT order
protected by a Z, 0-form x Z, 1-form symmetry. Here the
0-form symmetry is implemented by [, X; and the 1-form
symmetry is implemented by [];;.c Xij, where C is any
1D closed loop. Note that such an SPT order defined on a
two-dimensional three-colorable graph has been discussed in
Ref. [51].

Due to the Z, 0-form and Z, 1-form symmetry, eigen-
values of p™ are nonvanishing only when the number of
excitations in A; is even, and excitations in B;; exist along a
closed loop. Similar to the 2D toric code at zero temperature,
the negativity spectrum only contains two distinct eigenvalues
with an opposite sign &=(+||v), where the minus sign cor-
responds to the nontrivial braiding between two species of
excitations. Specifically, a loop formed by B;; excitations en-
closing an odd number of A; excitation will give a minus one
sign. In this case, the degeneracy of the negativity spectrum
originates from the long-range correlation in the following
two kinds of strange correlators: (+|Z,Z;|y) /{+|¥) = 1 and
<+| H(ij)eC ZLJW)/(-HI#) =1

At a finite temperature, the boundary part of the negativ-

ity spectrum is (e PH)fn ~ (4|7, Zi% [Tis Zl = [y (1)),
where |y (T))

is the ground state of the perturbed
SPT Hamiltonian H, = — ) ,[X; Hjeai Z;j + sinh(Ky)Z;] —
Z(ij)[ZiXi iZ; + sinh(Kp)Z;;]. The strange correlators can be

written as correlation functions in the 2D Ising model,

1— r,-
ST e T e T b 5)

{u} i

As the 2D Ising model exhibits a spontaneous symmetry-
breaking order up to a finite critical temperature 7, only in the
absence of symmetry-breaking fields (i.e., Ky = 0), the exis-
tence of the long-range strange correlator and the long-range
entanglement negativity requires taking fi4 — oo. This is
consistent with the observation that forbidding point-like ex-
citations in the Gibbs state of 3D toric code supports a finite-T
topological order [9,12,52,53]. Within the SPT order picture,
setting BA4 — oo while tuning BXp corresponds to enforcing
the O-form symmetry while adding a perturbation to break
the 1-form symmetry. Crucially, the 1-form symmetry will be
emergent at low energy as long as the Hamiltonian remains
gapped and away from a quantum critical point as shown by
Hastings and Wen based on the quasi-adiabatic continuation
[54]. Therefore, the boundary SPT order is protected by this
emergent symmetry up to a finite perturbation strength, corre-
sponding to the persistence of long-range entanglement up to
a finite critical temperature.

We now discuss a disentangling phase transition, in which
long-range entanglement across the bipartition surface is de-
stroyed by proliferating excitations on the surface, while the
bulk remains topologically ordered. Specifically, we prohibit
the excitations away from the bipartition surface (i.e., equiv-
alent to fixing bulk at zero temperature), and we consider
a tunable boundary temperature, which allows the loop-like
excitations. In this case, the transition in long-range entan-
glement negativity corresponds to the transition from an SPT
order to a trivial state, which turns out to be the order-disorder
transition in the 2D Ising model. Notably, we derive the exact
entanglement negativity Ey in the 3D toric code witha L x L
bipartition boundary at all temperatures in the Appendix C,

En(T) = L*log?2 — BE, — log Z(T), (6)

where E, = —2L*)p is the ground-state energy and Z(T') =

D€ P4 20 W is the partition function for the Ising model
on a square lattice of size L x L. This result indicates that the
negativity relates to the free energy in the 2D Ising model.
As approaching the zero temperature, the partition function Z
takes the form of N,e P« with N, = 2 being the number of
ground states, giving the zero-temperature negativity Ey (T =
0) =L’log2 — log N,. As a result, one finds topological en-
tanglement negativity Eyqp, simply reveals the number of sym-
metry broken sectors through the expression Eyopo = log Ny =
log 2. Moreover, since the transition in the Ising model occurs
at a finite temperature 7., above which log Z(T') no longer has
the subleading term log N, in the thermodynamic limit (due
to the restoration of the Ising symmetry), the topological en-
tanglement negativity exhibits a discontinuity in the thermo-
dynamic limit, Eiopo = log2,0for 7 < T. and T > T, corre-
sponding to the presence and absence of long-range entangle-
ment across the bipartition surface. In particular, as T — TC’L,
the Ising partition function is dominated by the largest and the
next-largest eigenvalues of the row transfer matrix, i.e., Z =
Al = A+ (L1 /20)E) &~ AE(1 + e7H/5) with & being
the correlat10n length for the 2-points function in the 2D
Ising model [55]. This suggests the following scaling form of
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topological negativity Eopo = log(1 4 ¢72/%), where the crit-
ical properties in & are within the 2D Ising universality class.

Above we have strictly prohibited any excitations in the
bulk, and the discussion on the general situation with a
tunable bulk temperature Ty, x can be found in the Appendix
C3. In particular, we argue that for low Ty (so that bulk
remains topological order), there exists an emergent 1-form
symmetry on the boundary, which leads to an emergent SPT in
the description of the partially-transposed density matrix. This
suggests that the universality of the disentangling transition by
proliferating the boundary excitation will remain the same as
the case for the zero-temperature bulk.

V. SUMMARY AND DISCUSSION

In this paper, we have related the stability of long-range
entanglement in a topological quantum order in the presence
of thermal fluctuations, as diagnosed by the entanglement
negativity, to the zero-temperature stability of an SPT order
under certain perturbations. Our paper therefore provides an
understanding of finite-T topological order. Note that while
we mostly discuss Z, toric code in 2D and 3D, the analysis of
4D toric code follows analogously, the details of which can be
found in the Appendix D.

Finally, we note that the discussion of this paper focuses
only on fixed-point stabilizer models (e.g., toric codes in
various space dimensions). Whether the universal physics
regarding the connection between topological orders and
emergent lower-dimensional SPTs through the partial trans-
pose continues to be applicable away from fixed points
remains an important, unresolved question.
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APPENDICES

Characterizing Long-Range Entanglement in a Mixed State
Through an Emergent Order on the Entangling Surface

In the Appendices, we provide details on statements of the
main text. Appendix A presents the derivation of negativity
spectrum for Gibbs states of stabilizer models. Appendix B
presents the derivation of the parent Hamiltonian for the state
localized on the bipartition surface induced by partial trans-
pose. Appendices C and D discuss the details on the 3D toric
code and 4D toric code respectively.

APPENDIX A: NEGATIVITY SPECTRUM FOR GIBBS
STATES OF STABILIZER MODELS

1. General formalism

Here we present an general formalism for taking a
partial transpose for Gibbs states of stabilizer Hamil-

tonian H = —J szy:l f;, where each stabilizer 8, is a
tensor product of Pauli operators over lattice sites. The
corresponding Gibbs state is p ~ e P = P! Zf‘éf, where
~ is used to indicate that we omit the normalization.
Utilizing the expansion e’ = cosh(ﬂ])—l—@j sinh(8J) =
cosh(B8J) Zsj:O,l[éj tanh(B8J)]%, the Gibbs state can be writ-
ten as a sum over stabilizer strings,

p~d T8 |ttanhp)1>, (AD)

{s;} J

where s; = 0, 1 is a classical variable denoting the absence or
presence of the stabilizer 6 ;. By dividing the system into A
and its complement B and taking a partial transpose over the
region A for stabilizer strings generates a sign ¢({s;}),

T
NSi —
[1o7| =
J

where ¢({s;}) = 1, —1. To determine the sign, we introduce
@i| # to denote the part in @,- that acts nontrivially on A,
and introduce a matrix C that encodes the commutation rela-
tion between the restricted stabilizers, namely, C;; = 0, 1 for
[0:4, 0;14] = 0 and {f;] 4, ;| 4} = 0. It follows that the sign
resulting from partial transpose is

[TL@H™T7 |os;h.

J

(A2)

llsih = (=) = (=12 2y = (= 1)Zie 5,
(A3)

which can take the value 1 or —1 depending on whether the
number of pairs of restricted stabilizer 6;]4 that anticommute
is even or odd. Therefore the partially transposed matrix reads

PP~ TT1@)™ 1 | ltanh(BNIZ1*¢({s;}).  (A4)

{s;} J

Since (@_,-)Tf‘ are mutually commuting, the negativity spectrum
o', i.e., the eigenspectrum of 7%, can be obtained by replac-
ing (0;)™ with number 6; € {1, —1},

P NZ 1_[97 Y ({s;}, (AS)
{s;} j
where
1!’({5;}) = [tanh(ﬂ])]szj(p({sj})
= [tanh(B)]>/ % (1) 205G (A6)

The negativity spectrum can be expressed as a strange correla-
tor. To see this, we introduce a computational basis |{s;}) with
Zjls;) = (1 — 2s;)|s;) and the state ),

1
ly) = N ; Y ({s;Dlis;))

1 1-Z .
= ﬁ[]j[tanh(ﬁJ) : }]‘[[Czi,-]cwﬂ. (A7)

i<j
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(a) 2D (¢) 4D

FIG. 2. The location of boundary stabilizers in d-dim toric code,
where blue circles and red squares label the lattice sites correspond-
ing to A; and B; stabilizers. (a) 1D bipartition boundary in 2D toric
code. (b) 2D bipartition boundary in 3D toric code. (c) 3D bipartition
boundary in 4D toric code.

The normalization constant is Zy = Z{si][tp({s,-})]z. |+) is
the +1 eigenstates of Pauli-X operators, and CZ;; is the
two-qubit control-Z gate with the operation CZ;jls;, s;) =
(—=1)"%]s;, s;). In fact, one can derive the parent Hamiltonian
of the state |1) (see Appendix B for derivation),

H:—Z Xj l_[ Z,-—e_“zf ,

J lilGij=1}

(A8)

where ¢ = — log[tanh(8J)], and the term n{i|a-,:l} Z; denotes
the product of Z; so that {6;|#, 6|} = 0. Using the state |/),
the negativity spectrum p™ in Eq. (A4) can be expressed as a
strange correlator

1 16
=127 W, (A9)
J

1-6
where we have used 0;/ =(1-2s j)Tj, and N is a normal-

ization constant such that sum of all eigenvalues is one.

Now we apply the above formalism to the toric code
Hamiltonian, H = —X4 Z,-Ai — A Zj E’j, where A; and Bi
denote the stabilizers consisting of Pauli-X and Pauli-Z op-
erators respectively. First we divide the entire system into
two subsystems A and B, and write the Hamiltonian as
H = Hy + Hg + H,, where H4(Hg) denotes the terms in A
supported on A(B), and H, denotes the interaction between
A and B. Since only the stabilizers acting on the bipartition
boundary can anticommute when restricted in a subregion,
the partial transpose acts on the boundary part of p as p’* ~
e~BHatHs)(o=PHi)Tn and the nontrivial feature of spectrum
of p™ solely comes from the boundary part (e =#% )1, which
we derive below. Let R, and R;, label the collection of lattice
sites corresponding to the location of A; and B; stabilizers
acting on the boundary (e.g., see Fig. 2), applying Eq. (A9)
gives the following spectrum:

o -5
@~z 177 ),

i€R, JERY

(A10)

where the state |i) lives in the Hilbert space spanned by
|{ai, b;}), and can be written as [via Eq. (A6)]

1
) = ﬁ{g}[tanh(ﬁxA>]ZfeRzr [tanh(Brs)] =% p({ai, b)),

(Al1)

where the sign  ¢({a;, bj}) = [Ticg (— 1% [via
Eq. (A3)] with ) jesi indicating a summation over the sites
J € Ry, that are adjacent to the site i € R,,. This is because any
two adjacent boundary stabilizer A; and B ; must anticommute
when restricted on a subregion. Alternatively, the sign
]_[[eRa(—l)“’ it can be written as ]_[jeRb(—l)”f Licoj @i,
Therefore, Eqs. (A10) and (A11) show that the eigenspectrum
of (e7PHa)Ta are given by various choices of {A;, B;}, which
correspond to various choices of Pauli-Zs insertion in the
strange correlators.

Strange correlators as conventional correlators in classical
statistical models:

By explicitly computing the strange correlators, one finds
that they can be expressed as multispin correlation functions
of 7; spins (7; = 1 — 2a; = £1) in a classical statistical model,

(e PHYTA ~ Z |:l—[ til—zA,- i|e—HA’
i

{w}

(A12)

where H, is consisting of the on-site-field terms as well
as the interactions with a coupling strength specified
by Bji ﬁA = KA Zi % — ,3)\3 Zij ]_[iEBj Ti with KA =
—log (tanh(BA,4)). Alternatively, the negativity spectrum can
also be expressed as multispin correlation functions of o; =
1 —2b; = %1 in the corresponding “dual” classical model,

1-B;

(e—ﬁHO )7}4 ~ Z Ho-i 3 e_ﬁB’

{U/} J

(A13)

where I:IB = KB Zj 17201‘ — ﬁ)\A ZiAi Hieai [oFi with KB =
—log (tanh(BAp)). This formalism allows us to derive the
statistical models that determines the negativity spectrum for

d-dim toric code.

2. 2d toric code

The boundary of the 2D toric code involves alternating
Ai,B1,Ay,By---Ap, By stabilizers, and therefore one can
define a 1D lattice with A; defined on the ith site and B;
defined on the link between the i and i + 1 sites. It follows
that the classical model describing the negativity spectrum is
given by the 1D classical Ising model, Ay = K, ZiL:I 1;"’
BAp Z,'L=1 B;t;t;11. Alternatively, one can consider the dual
description by Hp, which is again a 1D Ising model.

3. 3d toric code

The boundary of the 3D toric code involves A; on lat-
tices and B;; on links in a 2D lattice. The effective classical
model describing the negativity spectrum is given by a 2D
classical Ising model, Hy = Ky > % — BAg Z(m BijtiT;.
Alternatively, one can consider the dual description by Hj,

which is a 2D Ising gauge theory, Hp = Kj Z(l’j) lfzcri,f

ﬂk{; ZiAi]_[<ij>|i€3<ij> gij, \yhere H(ij)\i68<ij> o;; is the inter-
action between four o spins on links that share the same
boundary site i.

4. 4d toric code

The boundary of the 4D toric code involves A; on links and
B, on plaquettes in a 3D lattice. The effective classical model
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describing the negativity spectrum is a 3D classical Ising
gauge theory, Hy = K, Y -5 ,BABZ B ]_[ledp 7;. Alter-
natively, one can consider the dual description by Hp, which
is again a 3D classical Ising gauge theory (but defined on
the dual lattice), Hy = Kp Z - G” —Bra) A Hp\leap Op,
where ]_[p‘ 1eap Op 18 the interactlon between four ¢ spins on
plaquettes that share the same boundary link /.

APPENDIX B: DERIVATION FOR THE PARENT
HAMILTONIAN OF THE STATE |¢)

As discussed above, the negativity

1-6;
P = S+ IT1,Z7 1), where ) ~ [, tanh(8)' "]
]_[l< I[CZ, J]C'f|+) Here we present the derivation for the
parent Hamiltonian of which [y) is the ground state. To start,
we define U, = [] CZ,«.,-]C"-/' and the operator

spectrum s

i<j[
Q; = —U.X;Ul +e %, (B1)
with @ =

Q;ilv) ~

On the other hand, Q; is a positive semi-definite matrix
by noticing that it can be unitarily transformed to the ma-
trix —X; + e~%%, which has non-negative eigenvalues 0 and
2 cosh(e). Therefore, |y) is the exact ground state with zero
energy of the Hamiltonian

H = Z Qj=-— Z[Uchch]; -
J j

— log[tanh(8J)]. A simple calculation shows that

[UeX,U, — e 513 24U, |+) = 0. (B2)

e %], (B3)

APPENDIX C: STRUCTURE OF NEGATIVITY SPECTRUM
AND ENTANGLEMENT NEGATIVITY IN 3D TORIC CODE

1. Structure of negativity spectrum

The 3D toric code exhibits a topological order below a
certain critical temperature 7, when forbidding the point-like
excitations. As a simplification, here we consider only the
bipartition-boundary part of the density matrix by forbid-
ding any excitations in the bulk. We show that the negativity
spectrum encodes long-range braiding between two types of
charges below T, and we derive the exact result of entangle-
ment negativity at all temperatures.

When forbidding the bulk excitations, the negativity spec-
trum p’4 is solely given by (e ##)™ which can be written as
correlation functions in the 2D Ising model under a symmetry-
breaking field [via Eq. (A12)],

P (A, Bijh) ~ +|Hz : H

(ij)

;
”Zﬁhz}“ T,

(CI)

Here the constraint ]_[ (ij)eap Bij = 1 1s imposed on every pla-
quette p, which is a consequence of the local constraint in
the 3D toric code that the product of six B), stabilizers on the
boundary of each cube equals identity as the bulk excitations
are prohibited. {A;}, {B;;} determine the choice for correlators

and the sign of interactions between neighboring spins. The
above expression suggests that a finite-temperature order can
exist only when the symmetry-breaking field K4 =0 (i.e.
BAs — 00), corresponding to prohibiting point-like excita-
tions in Gibbs states at any temperatures. In this limit, the
negativity spectrum is

p" ({Ar, Bij}) ~ Z |:HT = :| P Ly Bitti  (C2)

{zi}
Due to the Ising symmetry in the Boltzmann weights,
nonvanishing negativity spectrum requires the quantity
IL r,'% having even number of 71; spins, which
amounts to the constraint that [[;A; =1. Now let us
analyze the sign structure of negativity spectrum. First
consider the case with no charges, ie., A;, B;j =1, the
corresponding eigenvalue p’# ~ p P i W s surely
positive. Next, we consider B;; = 1\7’(1 j), which gives

the  eigenvalue  p™ ~ 3 T[7, Z ePhs Ly it
Choosing A; =A; = —1 gives the two- pomt correlation
Do TiTje P2 W% This is again positive since it can
be Wr1tten as Z | TT) ]_[ iplcosh(BAg) + 7t sinh(BAg)],
where one can expand the product ]_[ () and notice that
only terms without containing t; spin variables will survive
after the summation Z . Such an argument applies to
the expectation value of 2n point functions for any integer
n. We now consider a case with negative eigenvalue by
flipping {A;} and {B;;} at the same time. Notice that the
constraint [ c,,Bij = 1 implies different allowed {B;;}
configurations are generated by flipping B;; on four links
emanating from the site i. To have a negative eigenvalue of
o™, one can set A; = A; = —1 and B;; = —1 on four links
emanating from the site i. The corresponding eigenvalue is
negative as can be seen by making a local spin flip at the site
i, giving rise to p™ ~ -3 7,7;eP48 X0 W Pictorially,
one can connect the two lattice sites i, j with A; = A; = —1
with the A string, and construct a B loop corresponding to
four links with B;; = —1. A minus sign results from the A
string piercing through the B loop.

2. Exact entanglement negativity

Utilizing the analysis of negativity spectrum above, we
here derive the entanglement negativity for 3D toric code
when point-like charges forbidden (same limit as considered
above), and show that the transition of the topological order
at finite temperature can be understood as a spontaneous sym-
metry breaking transition of the 2D Ising model. To start with,
we utilize the negativity spectrum to write down the one-norm

of the partially transposed Gibbs state, ||p7*||; = % with
%= T3 [T []n e
(A} (Bij} | {w} i
5303 3) ) LT )
(A} (Bij} {w} @

where ZEB , denotes a summation over {Bj;} subject to

the local constraint ]_[ B;j = 1. For the denominator

(ijyedp
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Zy, it is straightforward to sum over {r;} and {A;} to find
Zy = oL Z; P26 Bii For the numerator Z,, using the
fact that ]_[ (ijeapBij =1 and the local gauge invariance of
the Gibbs weight, namely, ; — —7; and B;; — —B;; on four
links emanating from the site i, one can remove B;; in the
Gibbs weight and find

7= T[S o e
{Ai} {By} | {u) i
D3I LA
{Ai} {Bij} {m} i
= 2! Z APHal?, (C4)
{Bij}
As a result,
3 2L B
ATay {Bi;}
I = S s (&)

ij
One can introduce the dual variable t; on each lattice site

by defining B;; = t;7; for neighboring sites so that the local
constraint in B;; is implicitly satisfied. It follows that

Z{Tz} eZLZﬁAE 2L2€_ﬁEg

1™ = = ,
{u} eﬂkﬂz” )it Z(T)

(C6)

where E, = —23L? and Z(T) = Z{n} P48 X6 7 s the en-
ergy and partition function for the 2D Ising model. Taking a
logarithm gives the negativity

Ey = L*log2 — BE, — log Z(T). (C7)
Such an expression shows that in the 3D toric code where
the bulk excitations and all point-like excitations forbid-
den, the negativity relates to the free energy of the 2D
classical Ising model, which therefore exhibits a singularity
across a finite critical temperature T;. In particular, one can
extract the topological negativity, i.e., the long-range com-
ponent of negativity, by canceling out the short-range area-
law component of negativity, Eipo = Ex(2N) —2EN(N) =
—1og Z(2N, T) + 21log Z(N, T) with N = L? being the num-
ber of 2D lattice sites. In the thermodynamic limit, one
expects Z(N, T > T.) = e PN for T > T,, where f is the
free energy density. In contrast, for T < 7, (the ordered
phase), the existence of two spontaneous symmetry breaking
sectors implies a universal prefactor in the partition function
Z(N, T) =2¢ PN/ Consequently, the topological part of
the negativity Eiop, exhibits a discontinuity at 7T,

log2
Etopo = {O &

In a finite-size system, the partition function Z can be evalu-
ated via the transfer matrix method, and in the leading order,
Z = A§ + A%, where Ag and A, are the largest eigenvalue
and the next-largest eigenvalue of the row transfer matrix [55].
In particular, for T > T, the correlation length £ is controlled
by the ratio between these two eigenvalues via § = L

forT < T,

forT > T,. (C8)

log(A1/Ao) "

Touk ]
SRE
(Etopo - O)
Tbulk,c
LRE
(Etopo ?é 0
Emergent o
SPT Order Trivial

FIG. 3. Schematic phase diagram for the topological negativity
(Eiopo) With tunable temperatures in the bulk (7puk) and bipartition
boundary (7;) in the 3D toric code when forbidding point-like ex-
citations as well as 4D toric code when forbidding either type of
excitations. When Tk < Thui, the bulk is topologically ordered,
and tuning 7 drives a “disentangling” phase transition where long-
range entanglement across the bipartitioning surface is destroyed.
This transition is related to the zero-temperature phase transition
between an SPT order and a trivial order.

Therefore, when approaching to 7, from above, the partition
function is Z = AL(1 + ¢~2/%), and the topological negativity
behaves as Eypo = log(1 +e7L/5) for T > T..

3. Entanglement negativity when bulk excitations are allowed

Above we have discussed a disentangling transition where
long-range entanglement is destroyed by thermalizing the
boundary, while the bulk remains fixed at zero temperature.
Now we consider the general situation (Fig. 3) with a tun-
able bulk temperature T,k = 1/Bpuk and a Euna})le boupdary
temperature Ty = 1/8;, namely, p ~ e Prx(HatHz)p=Polls e
still impose the condition A4 — 0o so that the point-like
excitations are prohibited. As Tpyk < Tpuikc, the bulk is topo-
logically ordered, and the corresponding loop-like excitations
are well-defined and obey an emergent, local constraint after
an appropriate coarse graining. This local constraint results in
an emergent 1-form symmetry localized on the entanglement
bipartition and gives rise to an emergent SPT in the descrip-
tion of the partially-transposed density matrix; this implies
that the topological negativity Eop, = log2 at small 7. More
precisely, as we will show below, the negativity relates to the
annealed average of the 2D boundary theory over the 3D bulk
fluctuation, and for Tyyx < Thuike, the bulk fluctuations can
be integrated out, leaving behind a coarse-grained 2D bound-
ary theory whose universal properties remain the same as in
Touk = O (see Appendix). Therefore, at a fixed Tpuix < Touik.c»
increasing the boundary temperature 7; leads to a disentan-
gling transition from long-range entanglement (Ep, = log?2)
to short-range entanglement (Ei,p, = 0) where the univer-
sality belongs to the aforementioned 2D Ising universality.
Alternatively, the long-range entanglement can vanish by de-
stroying the bulk topological order when increasing Ty, at
a fixed 7. This is because for Tyyx > Toukc, the loop-like
excitations are in the confined phase where the emergent
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gauge symmetry no longer exists. This in turn invalids the de-
scription of SPT localized on the bipartition boundary, which
indicates the absence of long-range entanglement.

We here discuss the details on entanglement negativ-
ity when bulk excitations are allowed, but any point-like
charges are prohibited (via A4 — 00) so that the topolog-
ical order persists up to a certain critical temperature. In
this case, we consider the partially transposed Gibbs state

|
tr{e—ﬂ(ﬁﬂ-ﬁ-ﬁzs) [(e—ﬁﬁa )T:}( ™

AT;
127 =

even n— 1 tr[e*ﬂ(ﬂy{+ﬁ8+ﬂa)]

= lim

Z{AS} Z{B,,} f({Bp})e_ﬂ(H]H'HB) coshLz (,BM)[ Z{r,-}

pla = e PUHatHs)[o=BHi\Ta )7 \where Z is the thermal parti-
tion function tre #Ha+Hs+H1) anqd the spectrum of the partial
transpose of the boundary Gibbs state [e #7171 is given
by Eq. (A12). Here we employ a replica trick by studying
tr[p™]" for even integer n, from which negativity can be
obtained by taking n — 1 limit, i.e., Ey = log|p™*||; with
”i)Tﬂ ”1 = 1iIne\/enn—)l tr[i)Tﬂ]n~ SPGCiﬁcally,

i T 2 eP*s i B;/T/T/]"

even n— 1

Z{Ax} Z{BF} f({Bp})e—ﬂ(Hﬂ-‘erH—Ho) ,

(€9

where the trace has been replaced by a sum over stabilizer {A,} and {B,}, subject to the local constraint that the product of six

B, stabilizers on the boundary of each cube is one,

raBy=11s

cube

]_[ B, =1

(C10)

pedcube

Also note that we have expressed the negativity spectrum of the boundary Gibbs state in terms of correlation functions of Ising

spins in 2D.

By considering the limit 14 — 00, every star stabilizers Ay is pinned at 1 in the denominator and for the numerator, only A;
in the bulk is pinned at 1, i.e., the boundary star stabilizers A; are allowed to fluctuate. As a result,

Yy e S F(B P s

lr,

/SAB i BijTit) )"

p(Zr, HA

Ta . —
”p ”1 evelllznel 2 (B,) f({Bp})eZp BApB, (Cl 1)
Introducing n copies of the Ising spins {r*} with replicaindex @ =1, 2, ..., n, one can sum over {A;} in the numerator,
" n
Z Z nAIPT P Xy Binti | — oL? Z ... Z l_[ S (1_[ T = 1>eﬂlu Ylomt X BTy (C12)
A} \{w} 1 {(t (t"} i a=1

This is essentially a partition function for n copies of the 2D Ising model, where the spins in different replicas at any given lattice

site index i are coupled through the delta function constraint. Therefore, the negativity is given by Ex

Z?EHE Z {Bij} f({Bp})eﬂ)tB Z BP hmeven n—1 [Z{

—loglp™ |, with

gy TL ([T 7 = 1) Toea o B0

AT,
1271l =

Z{B,J}ﬂ{Bp})e“B o

(C13)

It is useful to express the result above in terms of the ratio of two partition functions with an annealed average over the bulk
fluctuations of B, stabilizers that are described by the 3D Ising gauge theory,

)eﬁ)\B ZZ:I Z” Bjjtf T, ])

where the numerator is

E lim
even n— 1

ij

and the denominator is

I s I (Z{Bij} limeyen n—1 [Z{ T Z n 1_[ 8(1_[01 1 T bulk (C14)
p T 2%
(B;j) bulk
E R ([T =) |
bulk
ulk p " ¢
Z?mk Z f({B })eﬂAB " By limeyen n—1 [Z{fi‘} te Z 1_[ a(l—la 1 T )eﬂ)\ﬂ L=t Lp B ] (C15)
ulk
St F((Byhe s " B
K
Zbulk f({B })E'BABZ” B, Z B eﬁ)»B ZijBij
<Z PLIEDNY Bij> — (B} P [ Biy) ] . (Cl1e6)

Bij} bulk

St F((By)e? o X B
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As a sanity check for the replica trick, one can show that when forbidding the bulk excitations, i.e., B, =

recovers the result in Appendix C 2. In this case,

Z{B,-,-} lirneven n—1 [ Z{T,-l}

AT,
127" 1l =

Z "}1_[ S(Hoz ITt

1 in the bulk, ||p™ |

) Bg Y o Z” Bijt¥ T,]

2 (8, €

J

with {B;;} subject to the constraint that [ ; ., ,

B;; in the Gibbs weight, the numerator can be simplified as

E lim
even n—1

ij

Note that such the aforementioned gauge symmetry exists
only for even n while for odd n, sending 7 to —z/ for
all replicas is not allowed (due to the violation of the con-
straint []},_, 7 = 1). On the other hand, natively taking n —
1 would lead to 3~ p

would give ||p™*||; = 1 (i.e., negativity would be zero).
Using the constraint ]_[ (ij)eap Bij =1, one can introduce
the Ising variables via B;j; = 7;7; so that

P 2iiBii for the numerator, which

D T I
12 = > P =— (C19)
1
with Z =) - P4 X being the partition function of 2D

Ising model that behaves as Z = 2¢ P/ for T < T, and
¢ PLS for T > T, with f being the free energy density. There-
fore, the nonzero log2 topological entanglement negativity
results from the spontaneous symmetry breaking of the Ising
model that emerges from the local constraint of the boundary
B, stabilizers, namely, ]_[W)Eap B =1

Now we consider the Gibbs state with tunable temperature
in the bulk and the boundary, i.e., p ~ e~ PruxHatHs) p=FsHas
The 2D boundary theory is coupled to the 3D Ising gauge
theory in the bulk, and the aforementioned constraint of the
boundary plaquettes no longer exists due to the fluctuating
B), stabilizers in the bulk. However, when the bulk is in the
low-temperature deconfined phase (Tpux < Touik.c), the Wilson
loop operator satisfies the perimeter law, i.e., (W (C)) ~ eelCl
where |C| is the perimeter of the closed loop C. It is known
that one can find a renormalized (fattened) Wilson loop opera-
tor such that it satisfies the zero law (i.e., the Wilson loop does
not decay at all). Since the product of plaquette across the bi-
partition boundary is equivalent to the product of two Wilson
loops in the bulk, one expects to find an emergent constraint
on those boundary plaquettes satisfied on a larger length scale
so that one can find a coarse-grained 2D Ising model, which
displays an order-disorder transition as tuning the boundary
temperature. On the other hand, for Tyyx > Tpuik.c» due to the
confinement of the Wilson loop in the bulk, the emergent con-
straint on the boundary plaquettes no longer exists. Therefore,
there is no emergent 2D Ising model description that exhibits
an ordered phase, contributing to topological entanglement
negativity.

; ZH5<HI —1) Bn Ty Ly T8

B Y ;; Bij (€17

B;; = 1 on the 2D bipartition boundary. Using the local gauge symmetry in the
numerator, B;; — —B;; for four links emanating from a site i with ¥ — —t for all replicas @ = 1,2, ...,

n, one can remove

(C18)

ZZ«W 1P T = Y P,

{Bij} {m {Bij}

t

APPENDIX D: ENTANGLEMENT NEGATIVITY
IN 4D TORIC CODE

1. Summary for the discussion on 4d toric code

Consider a four dimensional hypercube with each face
(i.e., two-cell) accommodating a qubit, the 4D toric code
Hamiltonian is H = —X, Z,AZ — Ay, B,, where A, is the
product of six Pauli-X operators on the faces adjacent to
the link [, and B. is the product of six Pauli-Z operators
on the faces around the boundary of the cube c. Since this
model only possesses loop-like excitations, the topological
order persists up to a finite critical temperature. The bound-
ary of a 4D hypercube is a 3D lattice, where the boundary
stabilizers are A; living on links and Bp living on plaquettes.

The negativity spectrum of 4D toric code at zero tempera-
1- —Bp

ture reads p™ = (+[[[], Z, . ][H Z,% 1Y), where |¥) is
the ground state of 3D cluster state Hamlltoman [56], H, =
=2 Xp [1icapZi = 22 Xi 1,45, Zp- The 3D cluster state
exhibits an SPT order protected by the Z, 1-form xZ, 1-form
symmetry so that the corresponding symmetry transforma-
tion acts on closed deformable two-dimensional surfaces.
Specifically, any symmetry transformation can be obtained by
taking the product of the following symmetry generators S, =
[, peoc Xp and Sy = [];.,c5 Xi- It follows that the nonzero

1-Bp

eigenvalules of p’* require the operator (I, z ][]_[ Z, 22 ]
respect the 1-form symmetry. This implies that these operators
are closed loops supported on the edges of the direct lattice
and its dual lattice, and the braiding between a loop in the di-
rect lattice and a loop in the dual lattice gives a —1 sign factor
in the negativity spectrum as a consequence of the emergent
SPT order. Note that the sign structure of braiding between
loops in this SPT order has been discussed in Ref. [57].

At finite temperature, negativity spectrum from the
boundary Gibbs state is glven by the strange cor-

relator (e Pf)Tn ~ (+|[[T, Z, = ][]_[ Z, T ]|¢(T)) where
| (T)) is the ground state of H,= ZP[X ]_[”Ez,le +
sinh(Kp)Z,] — >, [X; Hp:leap Z, + sinh(K4)Z;], namely, the
3D cluster state Hamiltonian under an on-site perturbation.
One finds that the strange correlators are the Wilson loop
operators in 3D Ising gauge theory coupled to dynamical
matter fields

E 1_[ f/ 2 e Ka Z[ L +Brs 2Byl licop o

{z:}

(D1
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with K4 = —log[tanh(B8X4)]. Since the deconfined phase of
the gauge theory persists up to a finite 7 /A4, T /Ap [58-62],
the SPT order in | (T)) persists up to a finite symmetry-
breaking field that corresponds to 7., below which the
long-range entanglement negativity exists. Note that despite
the perturbation, the SPT order is protected by the emer-
gent 1-form symmetry throughout the entire deconfined phase
[54,62-64].

Using the emergent SPT order, we now discuss the na-
ture of transition in long-range entanglement. As considering
zero temperature in the bulk, tuning the boundary tempera-
ture drives a disentangling transition that corresponds to the
presence/absence of long-range entanglement across the bi-
partition surface. The universal properties of this transition is
governed by the transition from an SPT order to a trivial state.
In particular, for the case where one type of excitations on the
entangling surface is prohibited, e.g., say A4 — 00 so the
matter fields are absent in Eq. (D1), we derive the exact result
of negativity (see Appendix D 3 for details)

Ey = 3L — BE, — log Z(T). (D2)

This result resembles the exact negativity expression for
the 3D toric code with point-like charges forbidden, but
here E, = —3L3g and Z(T) = Z{I]} eP 2o licr ™ denote the
ground-state energy and the partition function in the 3D
classical pure Z, gauge theory. This expression implies that
the transition in negativity is mapped to a confinement-
deconfinement transition of the Z, gauge theory. Moreover,
across the critical temperature 7, in the thermodynamic
limit, log Z exhibits a discontinuity in its universal sublead-
ing term, i.e., logZ(T.") —log Z(T.*) = 2log 2, indicating
Eiopo = 210g2, 0 respectively for T < T, and T > T.. This
can be seen by mapping the finite-temperature 3D classical Z;
gauge theory to the ground subspace of 2 + 1D quantum Z,
gauge theory H = —3_ [lijcapZij — 82y Xij with the
Gauss law imposed on every vertex ]_[<i et Xij = 1. Tuning
g drives a transition from a deconfined phase with four degen-
erate ground states to a confined phase with a single ground
state, thus resulting in a discontinuity of log4 in logZ at
the critical point of the 3D classical Z, gauge theory, which
belongs to the 3D Ising universality.

Finally, for the more general case when the bulk is thermal
(but one type of excitations is still prohibited), the schematic
phase diagram of bulk topological order and the long-range
entanglement still follows Fig. 3. In particular, when the bulk
is topologically ordered (Touk < Thuikc), tuning the boundary
temperature drives the disentangling transition, where the crit-
ical properties of long-range entanglement are still governed
by the SPT-trivial order transition (see Appendix D5). On
the other hand, for the case where both types of excitations
are allowed on the boundary, since the negativity spectrum
is described by 3D Ising gauge theory coupled to matter, we
expect the transition in the negativity remains governed by a
deconfinement transition, as suggested based on the replica
calculation (see Appendix D 4).

2. Structure of negativity spectrum

The 4D toric code exhibits a topological order below a
certain critical temperature 7.. As a simplification, here we

consider only the bipartition-boundary part of the density
matrix by forbidding any excitations in the bulk. The spectrum
of the partially transposed boundary part of the Gibbs state
is characterized by strange correlators that can be written as
correlation functions in a 3D Ising gauge theory coupled to
matter field,

1-B)
2

[e—ﬂ*’v]fM(H[Hzﬂl} [1z* |y
1 p

Z 1-A 1—
- |:1_[ 7 :|e_KA X 5t 4B X, By Ticap

{u} !
(D3)

with K4 = —log[tanh(BA4)]. Here {A;} determines the spin
insertion in the correlator and {B,} determines the sign of
interaction between spins in the 3D lattice. To understand the
structure of negativity spectrum, it is useful to denote A; = —1
with an occupied link in the lattice and denote B, = —1 with
an occupied link in the dual lattice piercing through the pla-
quette p on the original lattice. Due to the local constraints in
4D toric code, the bipartition-boundary stabilizers A; and B,
are subject to the constraints that the product of six plaquettes
B, on the boundary of each cube is one, and the product of
six links A; emanating from each vertex is one. The above
constraints amount to imposing the condition that only closed
loops of A; (denoted as A loops) in the direct lattice and closed
loops of B, (denoted as B loops) in the dual lattice are allowed.
Equation (D3) shows that the negativity spectrum is charac-
terized by a classical 3D Ising gauge theory coupled to matter
fields, which therefore exhibits a deconfinement-confinement
transition at a certain critical temperature. As a result, such a
transition corresponds to the transition for topological order in
the toric code. Note that it is interesting that while the thermal
partition function tre #### can be written as a product of two
partition functions for two independent pure gauge theories
(therefore exhibiting two transitions with critical temperatures
Ty ~ O(1y) and Ty ~ O(Xp)), the partially transposed Gibbs
state exhibits a single deconfined transition, which is deter-
mined by both A4 and Ap. It is also interesting that setting
A4 = Ap while varying the temperature corresponds to a tran-
sition along the well-known self-dual line in the gauge theory
[58-62].

3. Exact entanglement negativity

Here we consider the limit BA4 — o0, i.e., K4 = 0, and
discuss the sign structure of negativity spectrum and the
derivation of entanglement negativity. In this case, the neg-
ativity spectrum is given by the pure gauge theory

[efﬂHa]Ty{ ~ Z [ r]lfl}eﬁ)xg ZFB,, Hleap ‘[,. (D4)
{m} L1

Here we first discuss the braiding structure between A
loops and B loops. Consider the case with a single A loop,
the corresponding eigenvalue is >\ [[])cc, 7]ePrs Xp ey @
which is nothing but a Wilson loop in the 3D Ising gauge the-
ory. Such a quantity exhibits a long-range correlation below a
certain critical temperature 7; (deconfined phase) in the sense
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of a perimeter law %%l > 0, where |C,| denotes the length
of the close loop C4. Now we consider adding a B loop in
the dual lattice that braids with the A loop by flipping B,,.
It follows that the corresponding eigenvalue can be written
as — > allliee, 7,]ePs Lo e ™ which remains long-range
correlated in the deconfined phase with the perimeter-law
scaling —e~%%l > (0. The above analysis indicates that the
braiding and sign structure survives in the long-distance below
T..

Now we discuss the calculation of negativity. First, the
one norm of p™* with p ~ e P is the sum of all absolute
eigenvalues,

Iy

Z/{A,},{B,,} }Z{n] [1,4,° P8 X, Bo [licp fz}
I ’

Z;Al}v{b’p} Z{r/} Hl A/ ’ eﬁlu 2y B Tieap ¥

where the denominator is simply fixed by the requirement that
sum of all eigenvalues of p’* is one. Here Z/{ 4y, Tefers to
summing over {A;} and {B,} subject to the constraints that the
product of six plaquettes B, on the boundary of each cube
is one, and the product of six links A; emanating from each
vertex is one. To resolve the local constraint of {B,}, one intro-
duces the dual variables {g;} on links via B, = [],.;, &, and
therefore Z , can be replaced by summing over independent
g1 variables. Usmg a calculation analogous to 3D toric code,
we find

1™ 111 = (D5)

3NBA _BE,
o = € N
1 Z{g,} eﬁ)”B 2o icop &t Z(T)
where N =13 E, = —3NAg, and Z(T) =

Z{ - P X Ml sr g ground-state energy and the partition
function for the 3D pure Z, gauge theory. Taking a logarithm
gives the entanglement negativity
Ey =3Nlog2 — BE, —log Z(T). D7)
This expression allows us to compute the topological
negativity Eyppo, i.e., the long-range component of
entanglement  negativity,  Eypo = EN(2N) — 2Exy(N) =
—1logZ(2N,T) + 2log Z(N, T). To compute such a quantity,
a simple way is by mapping the finite-temperature 3D
classical Ising gauge theory to the zero-temperature 241D
quantum Ising gauge theory with Gauss law imposed,

7 = Z P 2ollicop 8 ~ lim tl"(eMﬁ 2o, ZitMBgY, X’)

M— o0

(D)

with e72#¢ = tanh(B). Therefore, Z ~ Nge MPE: where E, is
the ground-state energy of the 241D quantum Ising gauge
theory, and N, is the corresponding ground-state degeneracy.
Crucially, tuning g in such a model induces a confinement-
deconfinement transition at a critical g.. The regime g < g,
corresponds to the deconfined phase with N, = 4, while the
regime g > g. corresponds to the confined phase with N, = 1.
As a result, there exists a universal subleading term in log Z
that characterizes the number of topological sector in the
gauge theory, and Eyopo = 2log2orOfor7 < T.and T > T..

4. Replica calculation for general A, and Az when forbidding
bulk excitations

In the discussion above, we consider the limit A4, — o0 to
derive the entanglement negativity. For the negativity at any
A4 and Ap, we employ a replica trick by studying tr[p7#]"
for even integer n, from which negativity can be obtained
by taking n — 1 limit, namely, Ey = limeyen 1 tr[p™]" =
hmeven,,_,]AZn /Z, where Z is the thermal partition function
Z = tre”P" and Z, is the nth moment for the boundary part of
the Gibbs state, i.e., Z, = tr{[e ##1]7#}" Using the negativity
spectrum [Eq. (D3)], one finds

/

Z, ~ Z anll?le

(A} By} | {m} 1

n

-
—Ka Y 5L +Bs > Bplicopm

D9)

where K4 = — log[tanh(B8A4)] and ~ indicates that we have
omitted a prefactor [cosh(BA4)]" with N, being the number
of links in the 3D lattice. Due to the local constraint for B,
that the product of six B, on the boundary of a cube is one,
any allowed {B,} can be reached by flipping four B, sharing a
link /, which is equivalently to flipping the spin 7;. Therefore,
one can introduce independent g; = %1 variables living on
links to resolve the local constraint on {B)} and find

n
!/

~ 1—g1,
7y~ 2 § 1_[-[ 3 e Ka X 4B, Tieny @

A g} | {u} !
(D10)
By introducing # replicas,
SIDY [Taans =
(A} {gi} {7/}
x e K1 Xia L 2 Yo ieop 71 (D11)

with o denoting the replica index, we can sum over {A;}
subject to the constraint that the product of six A; on
links emanating from a vertex is one. This effectively

couples spins on different replicas, Y wan T (Ap)Ze=t =~
]_[1,8(]_[“ leap T = 1), where the constraint is that for any
given plaquette p, the product of spins on its boundary across
all replicas is one. Therefore, one finally simplifies Z, =
tr{[e PP} as

ZZ —Kady = w, +Brs D, 2,

{gi} {

X HIIUHS 1_[ =1,

ledp V4 v,ledp

tr{[e” ﬂHa]Tn

(D12)

and evaluating such a quantity for even n followed an an-
alytic continuation to n — 1 gives entanglement negativity.
Although we are unable to compute such an quantity analyti-
cally, this expression suggests that the transition in negativity
relates to the deconfinement-confinement transition of 3D
Ising gauge theory coupled to matter fields.
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5. Entanglement negativity when bulk is thermal
We here discuss the entanglement negativity when bulk excitations are allowed, but one type of excitations is prohibited (via
Ja — 00). In this case, we consider the partially transposed Gibbs state p7* = e~ #Ha+He)[o=BHi|Ta /7 \where Z is the thermal
partition function tre #(Ha+Hz+H2) and the spectrum of the partial transpose of the boundary Gibbs state [e #2177 is given by

Eq. (D3). Here we employ a replica trick to compute the negativity, i.e., Ey = log 15" [l with 27 [l = limeyenn—r1 tr[p™1".
Specifically,
ATan tr{e=PHa+Hz) [ (=B )Ta )
1Pl = lim tr[e—FBAa+lis+i;)]
L 2t sy SUALL (Bhen PR cosh™ (B iy T, P2 ool (D13)
e 2 s, S (ALY (B} e PHatHatH:) .

where the trace has been replaced by a sum over stabilizer {A;} defined on 1-cells and {B,} defined on 3-cells in the 4D lattice,
subject to the local constraint that the product of six B), stabilizers on the boundary of each cube is one,

raan By =TTl IT B=1) IT8[ ITT a=1] (D14)

4—cell cedd—cell 0—cell 0—cell €dl

In addition, we use B, to denote the cube stabilizers B. across the 3D bipartition boundary since those stabilizers live on
plaquettes of in the 3D lattice.

By considering the limit A4 — 00, every stabilizer A; is pinned at 1 in the denominator and for the numerator, only A; in the
bulk is pinned at 1, i.e., the stabilizers A; across the 3D bipartition boundary fluctuate. Note that these boundary A; stabilizers
are subject to the constraint that the product of six A; emanating from a vertex is one in the 3D bipartition boundary, i.e.,
[T, 8(IT,ca; A1 = 1). As aresult,

bulk

o S 3y FUAD. (Be)eP o B (3 TT, AT P BTy !

I lim 2~ D15
17l = _ lim > ) F(B)ex: Prabe (D15)
Introducing n copies of the Ising spins {7/} witha = 1, 2, ..., n, one can sum over {A;} in the numerator, subject to the constraint

l_lu 8(1—Iv€31 Ar=1),

Z ZHA ﬁ/\BZpB [ieop @ 23L% Z ZH‘S 1_[ TI =1 eﬁkgza 1 225 Bp [licop , (D16)

A} \{u} ! T {7} a,ledp

where different replicas are coupled by the constraint that for any given plaquette p, the product of spins its boundary across all
replicas is one. Therefore, the negativity is given by Ey = log || p7*||; with

bulk . n u
z:bulk Z f({Bp})eﬂAB Be limeyen ns 1 [Z{rll] .. Z[t,”] Hp S(Ha,leap T = l)eﬁ)”ﬂ ST By Tl ]
Y5, S ({Bc})ePs e .

It is useful to express the result above in terms of the ratio of two partition functions with an annealed average over the bulk
fluctuations of B, stabilizers that are described by the 4D Ising gauge theory,

<Z{Bp} limeven n—1 [ Z{rf} e Z{n’x} Hp 8( l_[a,leap tla = l)emB La=i Z,, & H’EHF Tld])bulk

1™ = (D17)

12" = —— (D18)
(Z{BP} P p)bulk
where the numerator is
<Z lim | Z ZH(S 1_[ Tl =1 eﬂ)‘BZu 1 2pBp [licap >
5y even n— o wlcip -
_ Z?;}]; Z f({Bp})eﬂ)LB "B llIneven n—1 [Z oo Z{r” l_[ 8(1_[01,163[7 ‘Cla = l)eﬂ)LB Lani Zpo H,Eap fl"] (D19)
Z‘i;“;f({B })ebrn X B
and the denominator is
bulk bulk pp
sy, B g SUBDP P T B3y B ]
ePE LpPr = . (D20)
Z bulk Big Y b““( B,
(3,) bulk > 5y fUBe)ePs
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As a sanity check for the replica trick, one can show that when forbidding the bulk excitations, i.e., B. = 1 in the bulk, |||
recovers the result in Appendix D 3. In this case,

> imesen ot [ Xy - ey TT, 8 ([asea, 7t = 1) 2o 2 BTl |
25 }eﬁxg 2B

ij

P

1™ = (D21)

with {B,} subject to the constraint the product of six B, on the boundary of each 3-cell is one, i.e., [],c;. By =1 in the
3D bipartition boundary. Using the local gauge symmetry in the numerator, B, — —B,, for four plaquettes sharing the same
boundary edge labeled by ! with 7* — —t/ for all replicas « = 1,2, ..., n, one can remove B, in the Gibbs weight, the

numerator can be simplified as

Zeveljlrlzl—ﬂ Zgns
Tt op

{B)} {r)}

n

a=11ledp

Note that such the aforementioned gauge symmetry exists
only for even n while for odd n, sending 7 to —t for all
replicas is not allowed (due to the violation of the constraint
that couples different replicas). On the other hand, natively
takingn — 1 wouldleadto > B,) P8 2B for the numerator,
which would give ||p™||; = 1 (i.e., negativity would be zero).

To resolve the constraint Hpeac B, =1, one can introduce
the Ising variables 7; defined on links via B, =[], T so

that
3L° B 3 3
Z{n} 3L Brs 3L 3BAsL

~Ta _ _
1571 > P52 Tieap 7

(D23)

with Z = 3", e## 2l ™ being the partition function of
3D Ising pure gauge theory. By mapping this partition func-
tion at finite temperature to the zero-temperature 241D
quantum Ising gauge theory, one finds log Z has a universal
subleading term 2log2,0for T < T, and T > T. Such a term
corresponds to the topological entanglement negativity results

l_[ 1_[ Tla =1 | Yot Zpleap @ | — Z Z ) 1_[ =1 eP*s ollicpn — ZeﬁABSLS.

{By} {u} ledp {B)}
(D22)

(

from the deconfinement transition of the Ising gauge theory
that emerges from the local constraint of the boundary B,
stabilizers, namely, Hpeac B,=1.

Now we consider the Gibbs state with tunable temperature
in the bulk and the boundary, i.e. p ~ e Pruxlatts)o=FiHy
The 3D boundary theory is coupled to the 4D Ising gauge
theory in the bulk, and the aforementioned constraint of the
boundary plaquettes no longer exists due to the fluctuating
B, stabilizers in the bulk. However, when the bulk is in the
low-temperature deconfined phase (Tpyx < Thuik.c), One can
still find an emergent constraint on the B, stabilizers in the
3D bipartition boundary (similar to the discussion for 3D
toric code in Appendix C3) to derive a coarse-grained 3D
Ising gauge theory that exhibits a deconfinement-confinement
transition as tuning the boundary temperature 7. This implies
that for Tpukx < Touk,c, tuning the boundary temperature T
still drives a transition from long-range entangled phase to a
short-range entangled phase whose universality is the same as
the case with Ty = 0.
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