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We present a variant of the Caldeira-Leggett (CL) model of a harmonic oscillator coupled to an environment.
The CL model is a standard tool for studying the physics of decoherence. Our “adapted Caldeira-Leggett” (ACL)
model is built in a finite Hilbert space which makes it suitable for numerical studies. Taking a numerical approach
allows us to avoid the limitations of standard approximation schemes used with the CL model. We are able to
evolve the ACL model in a fully reversible unitary manner, without the built-in time asymmetry and other
assumptions that come with the master equation methods typically used. We have used the ACL model to study
topics in the field of decoherence and einselection where the full unitary evolution is essential to our work. Those
results (reported in companion papers) include an examination of the relationship between einselection and the
arrow of time, and studies of the very earliest stages of einselection. This paper provides details about the ACL
model and our numerical methods. Our numerical approach makes it straightforward to explore and plot any
property of the physical system. Thus we believe the examples and illustrations we present here may provide
a helpful resource for those wishing to improve their familiarity with standard decoherence results, as well as
those looking to probe the underpinnings of our companion papers. We expect the ACL model will be a useful
tool for exploring additional phenomena that cannot be studied using traditional approximation schemes.
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I. INTRODUCTION

The Caldeira-Leggett (CL) model is a toy model describing
a particle which moves in its own potential and is also coupled
to an environment [1–3]. The environment is usually treated as
an infinite set of harmonic oscillators and the particle is often
taken to move in a harmonic potential as well. The particle
plus environment describe a closed system which can in prin-
ciple be treated quantum mechanically as a system undergoing
reversible unitary evolution. In practice, the CL model is often
treated in the “Markovian limit,” where the particle evolution
can be described by an irreversible master equation. Working
in this limit provides tractable mathematics which can be used
to study particle-environment interactions in situations which
naturally have an arrow of time. For example, the CL model
has been used in pioneering explorations of decoherence [4]
and einselection [5].

This paper introduces an “adapted Caldeira-Leggett”
(ACL) model. The adaptations are chosen to reproduce the
essential features of the CL model as fully as possible within
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a finite Hilbert space. The goal is to be able to evolve the
ACL model easily on a desktop computer in its full unitary
form, thus enabling the convenient exploration of a more
complete range of physical situations including those outside
the Markovian limit.

Aside from describing various technicalities of how we
construct the ACL model, we present here results from
“putting it through its paces,” which demonstrate that the ACL
model does a good job of reproducing physics phenomena that
are an established part of the decoherence literature. These
cross-checks give us a solid foundation on which to explore
these directions, which we report in companion papers [6,7].
For the most part, we do not expect the phenomena presented
in this paper to be new to an expert on decoherence. On
the other hand, someone learning this topic might find our
graphical presentation centered on a specific physical system
a useful compliment to a more thorough review such as [8]
and may even provide a helpful starting point.

The physics of einselection plays an important role in
many physical phenomena (see, for example, Refs. [8–10]).
The development of the ACL model was originally motivated
by our interest in exploring the physics of einselection un-
der equilibrium conditions.1. The Markovian limit, with its

1These motivations originate in cosmology where connections be-
tween the emergence of classicality (related to einselection) and the
arrow of time (which originates with cosmology, as discussed for
example in [11]) might lead to useful insights
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definite arrow of time, clearly cannot describe the full fluc-
tuations of an equilibrium system. We also expect the ACL
model will be useful in exploring other physics outside of
the Markovian regime and we have already found one such
example (which we have named the “copycat process”) that
we mention briefly in Sec. III E and develop further in a com-
panion paper [7]. We have also found the ACL model useful
for exploring notions of thermalization in finite systems [12].

While there are a variety of other methods that can also go
beyond the limitations of Markovian evolution (see, e.g., this
review [13] and references therein), our goal was to specif-
ically model einselection in a clear and transparent manner
with as few computational resources as possible. We found
that a simplistic model of the environment (as a general scram-
bler following [14,15]) helped realize these priorities (versus
basing the environment on a detailed physical system2). Also,
since the CL model is one of the pioneering models of eins-
election, it made sense to develop the ACL model, to better
compare with the existing decoherence literature.

We organize this paper as follows. Section II defines the
ACL model and demonstrates the robustness of our numer-
ical calculations. Section III explores a variety of standard
results from the literature using the ACL model. For ex-
ample, we show how an initial Schrödinger’s cat state of
superposed wave packets is einselected to a classical mixture
of single packets. We also introduce the copycat process, a
phenomenon which we explore extensively in [7]. Section IV
explores the way the ACL model both approaches and then
remains solidly situated in a fluctuating equilibrium state
when evolved long enough. The presence of a fully fluctu-
ating equilibrium state is a behavior not accessible through
master equation techniques, but one which is very naturally
achieved with our methods. This equilibrium behavior forms
a foundation for our exploration of the relationship between
einselection and the arrow of time in [6]. In Sec. V we in-
troduce the “reduced Caldeira-Leggett” (RCL) model which
replaces the SHO with a single qubit. We demonstrate how
the RCL model can access a different set of phenomena. The
results from this paper are placed in the context of the existing
literature in Sec. VI. Among other things, we relate some of
our results to nuclear magnetic resonance (NMR) physics and
“Loschmidt echoes” (a concept developed in discussions of
the arrow of time). Section VII presents our conclusions.

A series of Appendixes present additional technical infor-
mation. Appendix A explores einselection in the “quantum
limit” of the ACL model. Appendix B presents details of
the eigenstates of the truncated SHO, which reveal differ-
ences between the truncated and the continuum cases. We
give a detailed picture of the spectra of the different Hamil-
tonians (SHO, environment, and combined) in Appendix C.
Appendix D presents our numerical techniques and toler-
ances.

II. ACL MODEL

We consider a “world” Hilbert space w = s ⊗ e, which
is a tensor product of a “system” Hilbert space s and the

2Still, we note some connections between the ACL model and
NMR systems in Secs. V and VI C and also in [7].
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FIG. 1. Interaction term q ⊗ HI
e moves the initial environment

state along a specific path in the e Hilbert space determined by HI
e ,

illustrated by the solid curve. The rate of movement along this path
is proportional to the value of q and that allows different q states
to become entangled with different environment states. In the case
where [HI

e , He] �= 0, the action of He can push the evolution off the
original path in a variety of different directions depending on the
starting point (∝ the value of q). These various paths are illustrated
by the dashed curves. The noncommuting property can make the
process of entanglement much more efficient (especially for the large
Ne case, not shown in this sketch).

environment space e. We consider a Hamiltonian of the form

Hw = Hs ⊗ 1e + qs ⊗ HI
e + 1s ⊗ He. (1)

Equation (1) describes the form of both the CL and ACL
models. The differences arise in the specifics of the different
ingredients. These are the system Hamiltonian Hs, the self-
Hamiltonian for the environment He, and the piece of the
interaction Hamiltonian in the e subspace, HI

e . We focus on the
case where s is a simple harmonic oscillator (SHO). The posi-
tion operator of the system, qs = qSHO, is defined in the usual
way for the CL model. However, for the ACL model s is a
“truncated SHO” (in order to allow a numerical treatment) and
the definition of qSHO for that case is nontrivial. Hamiltonians
of this form have features that enable the system to become
entangled with the environment in ways that reflect certain
realistic physical situations. The interaction term changes the
state of the environment with a strength proportional to the
value of qs, so different positions become entangled with dif-
ferent environment states. When He and HI

e do not commute
(the case for both CL and ACL models) the entangling process
is much more effective, as illustrated heuristically in Fig. 1.

A. SHO

For a normal (untruncated) SHO the matrix elements of the
lowering operator a in the basis given by number (or energy)
eigenstates is given by

〈i|a| j〉 =
√

jδi, j−1, (2)

with j � 1. For our truncated SHO the same formula is valid
for â (where the hat denotes the truncated version) but it only
applies for {i, j ∈ 1 : Ns}, where Ns is the size of the truncated
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FIG. 2. Coherent state wave function (squared) for the truncated
SHO shown at different points in its period τ . Despite certain dif-
ferences from the continuum case noted in the text, the shape and
robustness under evolution of this state correspond to the properties
of continuum coherent states.

SHO Hilbert space. The operator â† is formed by conjugating
â and q̂, p̂, and ĤSHO are all constructed from â and â† using
the usual formulas from the untruncated case. These operators
in the truncated space do not have all the usual properties due
to the truncation. For example,

[â, â†] = 1 + �, (3)

where �(i, j) = −Nsδi,Nsδ j,Ns . We chose these definitions for
the truncated operators because they have some practical ad-
vantages over other choices. The main advantage is illustrated
in Figs. 2 and 3. Figure 2 shows a coherent state constructed
thus:

ψα (q) = 〈q | α〉 = 〈q| exp(αâ† − α∗â)|0〉, (4)

where |0〉 is the ground state of ĤSHO and 〈q| is the q eigen-
state of q̂. The x axis gives the eigenvalue of q̂, which is really
a discrete quantity (q̂ has only Ns eigenvalues, which run
from −2π to 2π ). The discrete sets of points plotted (shown
by markers) are connected only to reference the continuum
of the untruncated SHO, which this system is intended to
approximate.3 We call the SHO period τ and in our units
τ = 2π . We have taken Ns = 30 here and in all the examples
shown in this paper.

The top two panels of Fig. 3 show the same coherent state
at t = 0 and t = 107τ . The third panel shows the residuals.
The very small sizes of the residuals further demonstrate
the robust nature of the truncated SHO. The specifics of our
numerical approach (including several additional checks) are
discussed in Appendix D.

3The truncated form does lead to some different features in the
eigenstates of Hs as discussed in Appendix B.
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FIG. 3. Coherent state at t = 0 and t = 107τ . The third panel
shows the residuals for the probabilities (solid) and for the real (dot-
ted) and imaginary (dot-dashed) part of the amplitude. These curves
illustrate that the numerically evolved truncated model reproduces
the periodic properties expected of the continuum case to an excellent
degree of accuracy.

B. Interaction and environment self-Hamiltonian

The interaction Hamiltonian has the form qs ⊗ HI
e . For the

ACL model we use qs = q̂. The environment piece, HI
e , has

the form

HI
e = EI R

e
I + E0

I . (5)

The matrix Re
I is a random matrix constructed by drawing

each of the real and imaginary parts of each independent
matrix element of a Ne × Ne Hermitian matrix uniformly from
the interval [−0.5, 0.5] using the computer’s random number
generator.

The environment self-Hamiltonian is given by

He = EeRe + E0
e , (6)

where Re is constructed in the same manner as Re
I , but as

a separate realization. In Eqs. (5) and (6), EI and Ee are
c-numbers, which parametrize the overall energy scales. Both
Re

I and Re are fixed initially and are not changed during the
time evolution. The full Hamiltonian of the ACL model is time
independent. All the results in this paper use E0

I = E0
e = 0,

but we have found nonzero values for these offset parameters
to be helpful for other calculations we report elsewhere.

The job of HI
e and He is to move states around in the en-

vironment efficiently, so that entanglement between the SHO
and the environment can emerge as fully as possible despite
working within the confines of a finite system.4 We find the
random form of these operators does this job well and since
[HI

e , He] is just another random matrix the noncommutivity
discussed with Fig. 1 is easily achieved. The work presented
here uses Ne = 600. This choice, along with Ns = 30, was
made via an informal optimization process to maximize the

4The approach to HI
e and He used here is similar to that pioneered

in [14], although in that work the “system” was a single qubit.
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FIG. 4. Evolution of a “Schrödinger’s cat” superposition of co-
herent states (specifics similar to Fig. 2).

utility of the ACL model within the constrained resources of
our desktop computer.

There is also a simple way to modify our ACL model to
create He’s with different spectra. The crucial aspect achieved
by the random matrices in Hw is the noncommutivity of HI

e
and He. This aspect is enabled by the eigenvectors of inde-
pendently generated random matrices in large spaces having
very little overlap. One could alternatively create HI

e and He

by starting in diagonal form (with a spectrum of eigenvalues
of your choosing) and then changing basis using a random
unitary to produce a “random matrix” with the specified eigen-
value spectrum. We experimented a bit with this approach to
generating HI

e and He, but did not find that the extra com-
plexity sufficiently changed the quality of the explorations we
were doing to be worthwhile for our purposes.

The next few sections contain some illustrative examples to
showcase how standard decoherence phenomena are realized
in the ACL model. We also lay groundwork for results dis-
cussed in more detail in [6,7]. The technical minded reader
may also wish to refer to Appendixes B and D, as these
Appendixes provide more details on the numerical realization
of the ACL model (Appendix D) and its sensitivity to the finite
dimensional Hilbert space quantities introduced in Sec. II
(Appendix B).

III. SOME ILLUSTRATIVE EXAMPLES

A. Decoupled “Schrödinger’s cat”

Here we consider the Schrödinger’s cat state formed as a
coherent superposition of two coherent states:

|ψ〉 = a1|α1〉 + a2|α2〉, (7)

where each |α〉 is given by Eq. (4).
Figures 4 and 5 are of the same form as Figs. 2 and 3

but showing a state given by Eq. (7) with a1 = 1/
√

3, α1 =
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FIG. 5. Evolution of a “Schrödinger’s cat” superposition of co-
herent states (specifics similar to Fig. 3).

3, a2 = √
2/3, and α2 = −2.1. Again, these are evolved

with system-environment interactions turned off. These fig-
ures show that the evolution of coherent superpositions is also
robust for the ACL model, even though the discrete nature of
the truncated SHO shows up in the jagged features of the wave
function when the two packets collide.

B. Generating entanglement

Now we consider the case where system-environment in-
teractions are turned on. The interactions will cause an initial
product state given by

|ψ〉w = |ψ〉s|ψ〉e (8)

to evolve into an entangled state, where the states of the
system and environment are described by the density matrices

ρs ≡ T re(|ψ〉ww〈ψ |) (9)

and

ρe ≡ T rs(|ψ〉ww〈ψ |). (10)

The von Neumann entropy,

S ≡ tr(ρs ln ρs) = tr(ρe ln ρe), (11)

takes larger values when the degree of entanglement is greater.
The maximum possible value for the entropy is given by

Smax = ln (Nmin), (12)

where Nmin is the smaller of Ns and Ne. Figure 6 shows the
evolution of the entropy for two values of EI . Throughout this
work we use units where h̄ = ωSHO = 1. We also take Ee =
0.75 throughout. For Fig. 6 the initial state has the product
form [Eq. (8)] with |ψ〉s given by the Schrödinger’s cat state
discussed above and |ψ〉e given by the 500th eigenstate of
He (indexed from lowest to highest eigenvalues). The choice
of |ψ〉e will be discussed further in Sec. IV. We consider a
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FIG. 6. Evolution of the von Neumann entropy for EI = 0.03
(“weak coupling,” dashed) and EI = 0.25 (“strong coupling,” solid).
Increasing the interaction strength causes the entanglement to in-
crease more rapidly and also allows the system to come a bit closer
to Smax.

“weak coupling” (EI = 0.03) case and a “strong coupling”
(EI = 0.25) case.

C. Einselection

A generic state for w will be an entangled state with
nontrivial density matrices, ρ, for system and environment.
Thus it is not surprising that in the interacting case that starts
in a product state the entanglement entropy will increase
from zero. This process is generally called decoherence and it
would take place with just about any Hamiltonian for w5. For
a randomly chosen Hw, one would expect the entanglement
entropy to become large and the eigenstates of ρs and ρe to
evolve randomly over time without displaying any regular
behavior.

There is a special case of decoherence called “einselec-
tion,” where the initial state and interactions can be set up to
favor a special set of eigenstates for ρs called “pointer states.”
The CL model has been used in many of the pioneering studies
of decoherence and einselection. Here we revisit some of these
results using the ACL model.

The Schrödinger’s cat state depicted in the top panel of
Fig. 5 is a superposition of two coherent states which can be
thought of as “classical wave packets.” Figure 7 shows what
this initial state evolves into by time t = 2.5τ for the weakly
interacting case. The state of s for t > 0 is a density matrix
and Fig. 7 shows the two eigenstates of ρs with the largest
eigenvalues. One can see that these look like single classical
wave packets. Figure 8 depicts similar information about the
state but evolved further in time, to t = 4τ . These eigenstates
also look like classical wave packets, just caught at a different
phase of their oscillation.

There are a variety of technical tools that are useful in
studying einselection. One can anticipate the pointer states
and study the decrease in the off diagonal element of ρs in
that basis (as per [16]). The consistent histories framework
can also be useful. The approach we use here, focusing on

5See [15] for some general reflections quantum coherence and the
emergence of entanglement.
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FIG. 7. Two most probable eigenstates of ρs after einselection
has completed. The initial state was the Schrödinger’s cat state de-
picted in Fig. 3.

the eigenstates of ρs, parallels that developed in [14] (where
a comparison with the consistent histories approach is also
presented). We also use the consistent histories method exten-
sively with the ACL model in [6].

One can look at this phenomenon a bit more systemati-
cally by studying how various moments of the eigenstates
evolve over time. Figure 9 shows the time evolution of 〈q〉
and qrms. One can see how these quantities first exhibit the
Schrödinger’s cat properties, but over time develop the prop-
erties of einselected pointer states. We conclude that the
ACL model nicely reproduces the well-known phenomenon
of einselection, as it should if it is to reflect key properties of
the CL model.

D. Evolution of the eigenvalues of ρ

Figure 10 shows the eigenvalues pi of ρs (for pure states
in w, the nonzero ones are always identical to the nonzero
eigenvalues of ρe). The evolution of the pi’s includes the
information reflected in the von Neumann entropy (Fig. 6)
and clearly shows a transient phase during einselection and
a subsequent equilibrium phase where the pi values are closer
together and hold reasonably steady. One can infer from
Fig. 9 that the time to full einselection is O(20). The dissi-
pation processes that lead to equilibration operate on a time
scale roughly 20 times longer. One can see that by the time
einselection is complete there are somewhat more than two
nonzero pi’s. This is related to the relative closeness of the

-5 0 5
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0.4
t=4

-5 0 5

0

0.2

0.4

Top
eigenstate

2nd
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FIG. 8. Top posteinselection eigenstates of ρs shown in Fig. 7,
but here shown at a different phase in their periodic motion.
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FIG. 9. Evolution 〈q〉 and qrms as a function of time for the top
two eigenstates of ρs shown in Figs. 7 and 8. (The most probable
eigenstate is shown with the solid curve; the next most probable
is dashed.) One can see these attributes evolve from those of the
Schrödinger’s cat initial state (oscillating qrms and small oscillating
values of 〈q〉) to those of individual wave packets (essentially con-
stant qrms with larger oscillations in 〈q〉).

decoherence and dissipation times,6 which in turn is con-
nected with the competition between the interaction Hamil-

6This is in contrast to more macroscopic systems, where the de-
coherence and dissipation timescales are typically widely separated
(see, e.g., Refs. [4,8,17]).
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FIG. 10. Eigenvalues of ρs. The purity of the initial state is re-
flected in the fact that only one eigenvalue is nonzero initially. The
“einselection time” (marked by the left vertical line) corresponds
to the “collapse” of the Schrödinger’s cat pure state into a mixture
of wave packets. The dissipation time (right vertical line) is about
20 times longer. The dashed horizontal lines show the probabilities
assigned to the two wave packets in the initial Schrödinger’s cat state.

10-3 100 103 106

t

0

0.2

0.4

0.6

0.8

1

E
ig

en
va

lu
es

 o
f 

s

FIG. 11. Similar to Fig. 10 but with the initial state and Hamil-
tonian parameters modified as discussed in the text. This example
shows more strongly separated decoherence times and dissipation
times. Note in particular that the two top eigenvalues spend an
extended period of time at the probability values (dashed lines)
assigned to the initial (superposed) wave packets, indicating that the
environment has made a “good measurement” of the SHO.

tonian (which tries to localize the SHO in space) and the SHO
Hamiltonian (which causes localized states to spread).

Figure 11 shows a case with more widely separated de-
coherence and dissipation times. The calculation shown in
Fig. 11 uses τSHO = 2π × 103 and the initial state is a super-
position of eigenstates of qSHO (in the same proportions and
locations as the coherent states used in Fig. 10). These differ-
ences mean the interaction term (∝qSHO) is not trying to “chop
up” the initial wave packets, in contrast to the coherent state
initial conditions, which spread across several eigenstates of
qSHO.

Note that for a while p1 and p2 in Fig. 11 correspond to
the probabilities assigned to the wave packets in the initial
superposed state. This feature means that the environment can
be thought of as “making a good measurement” of the SHO,
in the sense that interactions with the environment have put
the SHO in a classical mixture of wave packets with the right
probabilities. Later, this good measurement comes unraveled
as dissipation sets in.

E. Copycat process

Our ACL model allows us to scrutinize the very first steps
of the einselection process. In doing so we have become
intrigued by certain aspects of these early stages. Figure 12
shows the early evolution of the second eigenvalue and eigen-
state of ρs, in the case where the system starts in a pure
Schrödinger’s cat state which becomes entangled with the
environment. The eigenstate takes an intriguing form that
appears to be a “mirror image” of the initial state and remains
in this form in a transiently stable way over several decades
of time evolution (and growth of p2). We call these mirror
image states “copycat” states. In [7] we systematically inves-
tigate this curious behavior and argue that it is quite generic
for early time evolution of Schrödinger’s cat states. We also
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FIG. 12. Copycats in the early stages of entanglement: the sys-
tem is initially taken to be in a Schrödinger’s cat state (second row,
left panel), which becomes entangled with the environment as it
evolves. The second eigenvalue and |ψ (q)|2 for the first two eigen-
states of ρs are shown from early stages of the evolution. The second
eigenstate generically takes the mirror image “copycat” form over
several decades of evolution before finally einselecting to a coherent
state form.

discuss how this phenomenon generalizes in the case of larger
numbers of “cats.”

IV. APPROACH TO EQUILIBRIUM

Figure 13 shows the evolution of entropy and energies
over time for a variety of initial states of the environment for
the weakly coupled case (EI = 0.03). The strong coupling
case is shown in Fig. 14. We start the environment in an
eigenstate of He, with values of the index ie chosen from
{1, 100, 200, 300, 400, 500, 600} (ordered so the ie runs from
lowest to highest eigenvalues). Each case shows character-
istics of equilibration. Each curve corresponds to a single
realization of the random Hamiltonians used in HI

e and He. We
have found that the noteworthy features of the curves remain
unchanged as different realizations are chosen, except for the
cases at the ends of the spectrum where the density of the
eigenstates of He is low and the noise from the randomness
shows up more strongly. Also note that the timescale for the
first significant evolution of the entropy up from zero is similar
for all values of ie except the extremal ones, which rise more
slowly. This also chimes with what one might expect from the
low density of states case.

The finite sizes of the systems make standard definitions
of temperature difficult to utilize. Still, in [12] we have
found some generalized notions of equilibration and even
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FIG. 13. Evolution of entropy and subsystem energies over time,

choosing the environment initial state from among the eigenstates of
He. The dotted curves correspond to the very lowest and very highest
eigenvalues and the other curves run from lowest to highest index
(from the set given in the text) corresponding to the low or high
positions on plots. Each entropy curve stabilizes over time around
its highest value and the corresponding energy curves stabilize as
well (implying no net energy flow after the initial transient). These
are characteristics of equilibration.

thermalization apply, without reference to temperature. These
ideas allow us to understand the behavior of the ACL model
as “equilibration,” as suggested strongly by Figs. 13 and 14.

V. REDUCED CALDEIRA-LEGGETT MODEL

The ACL can be reduced by replacing the SHO with a
single qubit and turning off the self-Hamiltonians of both the
system and the environment. The resulting “reduced Caldeira-
Legget” (RCL) model has this Hamiltonian7:

HRCL = λSz ⊗ HI
e , (13)

where Sz ≡ | ↑〉〈↑ | − | ↓〉〈↓ |. We consider an initial
Schrödinger’s cat state of the form

|ψ〉s = a1|↑〉 + a2|↓〉 (14)

and present results using a1 = 1/
√

3 and a2 = √
2/3 (as with

the SHO Schrödinger’s cat state discussed above).
Figure 15 shows the evolution of the eigenvalues of ρs.

The simplified form of the RCL model means there is no
self Hamiltonian for the system competing with the interac-
tion term and the pointer states are simply the spin states

7The RCL is the same model discussed in [14] with H↑
1 = −H↓

1

and E1 = 0.
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FIG. 14. Figure is constructed the same way as Fig. 13 except
here strong coupling (EI = 0.25) is shown. The behavior is broadly
similar in terms of equilibration (with the overall entropies tending
to be larger, as mentioned with Fig. 6). In the strong coupling case
the backreaction tends to significantly impact the effective potential
in which the oscillator moves and can even shift around the location
of the minimum. The additional broad oscillations on the approach
to equilibrium vs Fig. 13 appear to be related to this effect.

{| ↑〉, | ↓〉} determined by the form of the interaction Hamil-
tonian. Thus the “good measurement” behavior (with the pi’s
stabilizing at the values |a1|2 and |a2|2 given by the dotted
lines) is realized more robustly than in the case depicted in
Fig. 11.

Figure 16 shows the (real parts of the) off-diagonal ele-
ments of ρs in the pointer state basis (also known as 〈Sx〉).
From this perspective, the approach of 〈Sx〉 toward zero re-
flects the process of einselection. The uneven fluctuations in
the approach toward zero reflect inefficiency in the decoher-
ence process. The RCL model has no self-Hamiltonian for e
and thus the decoherence boosting effects depicted in Fig. 1
are not available (Fig. 17 shows results comparable to Fig. 16
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P
i

FIG. 15. Eigenvalues of ρs (Pi) as a function of time for the RCL
model. The simplified form of the RCL (vs the ACL) model allows
the Pi’s to settle at the values set by the initial Schrödinger’s cat state,
producing a stable “quantum measurement.”
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FIG. 16. Quantity 〈Sx〉, giving the off diagonal elements of ρs in
the spin basis for the RCL model. While the spin basis is nominally
the pointer basis, the inefficiencies of einselection in the RCL model
allow significant deviations from zero at late times.

but with a self-Hamiltonian added, and one can see that the
oscillations have essentially disappeared). In Sec. VI C we
discuss how such curves relate to phenomena seen in NMR
experiments and connect these features with a phenomenon
known as Loschmidt echoes. And in [7] we explore more
systematically the variety of behaviors possible for the full
complex values of the off-diagonal elements of ρs.

VI. COMPARISON WITH OTHER WORK

A. Limits of einselection

As reviewed in [8], Zurek and collaborators have (in the
context of CL models) considered various interesting limits
which cause different pointer states to be selected by the
decoherence processes. We have reproduced each of these
limits in this paper.

The “quantum measurement limit” occurs when the in-
teraction term dominates. In that limit the pointer states are
eigenstates of the interaction Hamiltonian. The case we il-
lustrate in Fig. 11 is approaching the quantum measurement
limit. Another extreme is the “quantum limit,” where the self-
Hamiltonian of the system dominates. The pointer states in
this case are the energy eigenstates of the system. We explore
this limit for the ACL model in Appendix A.

When the effects of the interaction term and self-
Hamiltonian are similar (the “intermediary regime”), the

0 5 10 15 20
t

0

0.2

0.4

<
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x>

FIG. 17. Off diagonal elements of ρs in the spin basis for the
RCL model amended to include a self-Hamiltonian for the environ-
ment. As discussed in the text, this modification suppresses the late
time oscillations observed in Fig. 16. [The added term in Hw has the
form of the last term in Eq. (1), with He defined by Eq. (6) with
Ee = 0.025 and E 0

e = 0.]
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pointer states tend to be the coherent states. Much of our
discussion in Sec. III covers this regime.8

B. Other treatments of the CL model and the Markovian limit

Physicists studying decoherence and einselection often en-
counter the CL model in the context of master equations.
These master equations describe the evolution of the system
density matrix, without the need to specify the full dynamics
of the surrounding environment [8]. However, to derive such
master equations, approximations such as the “Born approx-
imation” and “Markov approximation” are typically made.
Both are reviewed in [8,18], but we draw attention to the
Markov approximation here.

In the Markov approximation, the environment is assumed
to be “memoryless.” This assumes any quantum correla-
tions between parts of the environment that were created
due to system-environment interactions are quickly “forgot-
ten.” “Quickly forgotten” is often quantified by the statement
τcorr 
 τs—where τcorr is the timescale for destroying such
dynamically generated environmental self-correlations and τs

is the timescale over which the system density matrix changes
noticeably [8]. The Markov approximation is often appropri-
ate for cases where the system and environment are weakly
coupled, for example. However, there are many situations of
physical interest where this inequality does not hold and the
influence of environmental correlations on the system cannot
be neglected [8,18]. Nevertheless, the Markov approximation
is standard in many master equation approaches to studying
decoherence, including the CL master equation—though there
are exceptions, e.g., Ref. [19].

Other assumptions that typically enter into deriving the CL
master equation are a high temperature environment—such
that the thermal energy of the environment is much larger than
the energy scale set by the system’s natural frequency—and
an environment which is described by an “ohmic” spectral
density with a suitable UV cutoff scale.

One consequence of these assumptions, along with the
Markov approximation, is that the CL master equation typi-
cally predicts exponential decay for the off-diagonal elements
of the system density matrix—an exponential rate of deco-
herence. This exponential result is also found in other parts
of the literature on decoherence, such as scattering induced
decoherence [8,17] and particular limits of spin-boson models
[8,20]. While even within master equation approaches it is
known that exponential decay is not always valid [8,18,21],
there remains strong focus in the literature on exponential
decay.

In contrast to the CL master equation approach, our results
from the ACL and RCL models show a more varied range of
time dependence in the decay of off-diagonal system density
matrix elements. Examining Figs. 16 and 17, for example, the
decay is not exponential at all (except perhaps in a narrow
time range). In our work we have not made any assumptions of

8For the way we have parametrized HI
e , the environment size Ne

impacts the strength of the interaction term. When that effect is taken
into account, the effective strengths of HI

e and Hs are similar for the
“weakly interacting” parameters chosen in the first parts of Sec. III.

Markovian evolution; we have simply solved the Schrödinger
equation directly for system and environment in its fully
unitary form as discussed in Sec. II. Therefore, deviations
from Markovian behavior and exponential decay should be
unsurprising. As Zurek and collaborators [16,22,23] explicitly
note in the context of the formalisms they develop—which
have some parallels to our work—exponential behavior is a
very special case.

Furthermore, our main motivation for developing the ACL
model is to study equilibrium systems. The detailed balance
exhibited by such systems would imply that the “forgetting”
of correlations and “(re)emergence” of correlations should
contribute equally to the physics. Markovian treatments are
by construction unable to include such features.

C. Loschmidt echoes and NMR

In [22,23] Cucchietti, Paz, and Zurek (CPZ) consider a
model very similar to our RCL model. They observe oscilla-
tions similar to those that appear at later times in our Figs. 16
and 17. CPZ point out that these oscillations can be thought of
as Loschmidt echoes and also note that such features appear in
NMR experiments (e.g., Refs. [24]). The notion of Loschmidt
echo originates in discussions of fluctuations in the arrow of
time (the direction of entropy increase) in equilibrium systems
[25]. The Loschmidt echo refers to the possibility of partial
time reversal occurring. CPZ note that, in expressions like our
Eq. (13), HI

e multiplies | ↑〉〈↑ | and | ↓〉〈↓ | with an opposite
sign, something that can be thought of as effectively generat-
ing two evolutions in the e subspace, with each being the time
reverse of the other. In this way they make the connection with
Loschmidt echoes.

In this paper we have interpreted the oscillations as in-
efficiencies (or, more specifically, nonmonotonicity) in the
establishment of entanglement between system and environ-
ment. These inefficiencies reflect the finite environment size
and various properties of Hw, as discussed in Sec. V. This
narrative also seems to work well for the NMR results, where
it appears that in the cases where the oscillations occur the
environment is effectively finite (comprised predominantly
of nearby spins). While the different narratives (“inefficient
decoherence” and “partial time reversal”) may superficially
sound quite different, in this case they are describing the same
phenomenon.

VII. CONCLUSIONS

We have presented a modified version of the classic
Caldeira-Leggett (CL) model which can be studied using full
unitary evolution in the combined system-environment space.
This adapted Caldeira-Leggett (ACL) model enables explo-
rations beyond the various approximation schemes which are
usually used with the CL model. Examples of such explo-
rations are presented in companion papers devoted to studying
whether the notion of einselection makes sense under condi-
tions which do not exhibit an arrow of time [6] and examining
the very earliest stages of the einselection process [7]. This
paper provides background information, including details of
how the ACL model is constructed and of our highly accurate
numerical techniques.
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We have also reproduced a number of well-known results
from the literature on decoherence and einselection. These
build our confidence that the ACL model is well suited for our
intended studies and also help us know its limitations. Our full
numerical treatment enables detailed scrutiny of all aspects of
the process of einselection and our extensive graphical repre-
sentations of that phenomenon may provide a useful resource
for those wishing to learn more about einselection.

In addition, Sec. III E briefly introduces results which an-
ticipate the work presented in [7]. Also, experts versed in
the notion of the “quantum limit” of the einselection process
might enjoy our exploration of that limit in Appendix A.
While such experts would not find those results altogether
surprising, we appreciate the way the ACL model allows us
to explore interesting intermediate behaviors on the way to
the full quantum limit.

We conclude that the ACL model provides a reliable tool
with which to explore decoherence and einselection under
conditions which cannot be treated using the standard approx-
imation schemes.

ACKNOWLEDGMENTS

We thank W. Zurek for numerous inspiring conversations
(over many years in the case of one of us, A.A.), which created
the foundation for this work. We also thank F. Anza, N. Curro,
and Z. Wang for discussions of NMR phenomena. This work
was supported in part by the U.S. Department of Energy,
Office of Science, Office of High Energy Physics QuantISED
program under Contract No. KA2401032.

APPENDIX A: QUANTUM LIMIT

In [26] Paz and Zurek consider the case where Hs dom-
inates over the other terms in Hw. They call this case the
quantum limit. We consider the quantum limit in the con-
text of the ACL model here. While our results are broadly
consistent with the existing literature, we also noticed several
interesting behaviors which have so far not been reported.

The pointer states in the quantum limit have been shown
to be the eigenstates of Hs [26]. To explore this limit with the
ACL model we use the “predictability sieve” ideas [5,8,27–
32], which are grounded in the notion that the pointer states
should be the states which are most stable against entan-
glement with the environment.9 Here we consider the case
where EI = 3 × 10−3 and Ee = 0.015, well below the values
considered elsewhere in this paper, while keeping Hs the same.
We considered initial states of product form [Eq. (8)], where
|ψ〉s is either an eigenstate of Hs, the Schrödinger’s cat (SC)
state shown in Fig. 5, or a single (α = 3) coherent state (CS),
and compare the evolution in these cases.

Figures 18 and 19 show the evolution of the von Neumann
entropy for these choices of initial state. Identifying
robustness against entanglement with small values of the

9While we are not doing a thorough sifting of the entire Hilbert
space in our analysis here, we find utilizing predictability sieve
arguments to make comparisons between specific states sufficient for
our purposes.
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FIG. 18. von Neumann entropy evolution in a case where Hs

dominates. The initial state is a product state with |ψ〉s given by a
cat state (solid, upper), energy eigenstates with index 11 (dashed), 6
(dotted), 2 (dot dashed), or a single coherent state (CS, solid, lower).
In the idealized “quantum limit,” where Hs fully dominates, the
energy eigenstates are the pointer states which are expected to be the
“most robust” against the onset of entanglement. In this example we
see that there is an early and intermediate period where the coherent
state is favored and it is only later that the full einselection of the
energy eigenstates sets in.

entropy at late times, one can conclude that the cat state is
least robust, the lower n energy eigenstates are most robust,
and the coherent state comes in about the same as n = 11.
(We found the larger n values reach larger late-time entropies
but, as discussed in Appendix B, we also expect significant
finite size effects to come in for the higher eigenstates
of Hs.) Interestingly, the cat and the CS states exhibit
much lower entropies for several decades of earlier time
evolution which suggests a different (and transient) hierarchy
of robustness. Furthermore, if one uses the timescale for
the early time onset of entanglement as the measure of

0 0.02 0.04 0.06 0.08
t

0

0.2

0.4

0.6

0.8

1

S
/S

m
ax

10-5

Cat
n=11
n=6
n=2
CS

FIG. 19. Zooming in on Fig. 18 and showing linear axes. The dif-
ferent initial rates of the onset of entanglement are clearly exhibited
here. In this initial period the coherent state (CS) is the most robust
against entanglement.
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FIG. 20. Evolution of 〈q〉 (dashed) and qrms (solid) for the first
and second most probable eigenstates of ρs starting with different
initial states. The coherent state initial state in the top panel initially
exhibits the usual oscillatory behavior, but then degrades into noise.
The energy eigenstate initial state in the third panel is highly stable
as expected in the quantum limit. The second Schmidt states (second
and fourth panels) are ill defined at t = 0, but they emerge due
to the interactions with the environment. Each roughly reflects the
behaviors of their corresponding first Schmidt, although the energy
eigenstate initial state case takes a while to get there. The energy
eigenstate initial states, in order descending from the top curve, are
n = 11, n = 6, and n = 2.

robustness, the coherent state is significantly more robust
than the other cases considered. The original work on the
quantum limit [26] only showed the stability of eigenstates
of Hs at late times and did not actually compare the rate of
onset of entanglement. It appears that during the early and
intermediate periods the coherent states exhibit the strongest
resistance to entanglement (reflecting the sort of behavior
demonstrated in Sec. III E) and only later does the long time
behavior set in ultimately favoring the energy eigenstates.

Figure 20 shows the evolving properties of the top two
eigenstates of ρs (also known as “Schmidt states”). For
the coherent initial state (CS), these Schmidt states exhibit
the properties of coherent states (steadily oscillating 〈q〉 and
constant qrms) for an extended period before degrading into
more noisy, unstable behavior. This fits with the narrative we
surmised from the entropy curves. For the energy eigenstate
initial state the top Schmidt is perfectly stable, maintaining
the energy eigenstate features, as expected for a pointer state.
The second Schmidts (panels 2 and 4) emerge due to the pro-
cess of decoherence (they are ill defined at t = 0, where ρs has
only one nonzero eigenvalue) and reflect interesting properties
of the decoherence process (also discussed in Sec. III E). For
the energy eigenstate initial state, the second Schmidt (fourth
panel) first reflects some oscillating behavior before becoming
highly stable as well. The curves for the CS initial state case
exhibit a transient period of stable behavior around t = 106

0

0.2

0.4

0

0.2

0.4

-5 0 5
q

0

0.2

0.4

Schmidt
1

Schmidt
2

Schmidt
3

FIG. 21. Energy eigenstates as pointer states: snapshots of the
|ψ (q)| for the three most probable eigenstates of ρs (solid curves).
Each panel shows the state at t = 104, t = 105, t = 106, and t = 107.
These correspond to the period of time where all the curves in the
fourth panel of Fig. 20 are very stable. The wave functions at these
different times are mostly indistinguishable to the eye, indicating that
the stability goes well beyond the two moments plotted in Fig. 20.
Also plotted on each panel are (top to bottom) the n = 6, n = 7,
and n = 5 eigenstates of Hs (markers). As discussed in the text, the
behaviors depicted here strongly reflect the fact, developed in earlier
literature, that the energy eigenstates of Hs are the pointer states in the
quantum limit. We are especially intrigued by the second and third
panels which illustrate that Schmidt states similar to these pointer
states are distilled out of the messy physics of decoherence by the
einselection process. (The eigenvalues are 0.98, 0.015, and 0.004.)

but the stability does not extend to other moments of the
Schmidts. Those Schmidts are not actual eigenstates of Hs.

Figure 21 shows the full wave functions of the Schmidt
states for the case where the initial state is an energy eigenstate
(the top two of these have moments shown in Fig. 20). These
“snapshots” are taken for t >= 104, where the corresponding
curves in Fig. 20 are very stable. One can see that these
Schmidts are highly stable in this time period and are very
close to true eigenstates of Hs.10

10It is interesting that, despite their high degree of stability, the
second and third Schmidts do not match perfectly to eigenstates of
Hs. We conjecture that this is due to a small “effective potential” for
the SHO due to the interactions with the environment.
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FIG. 22. Evolution of the top 12 eigenvalues of ρ2 for the case
where the system starts in its n = 6 energy eigenstate. The interesting
crossing behavior and alternating “noise bulges” are discussed in the
text.

Finally, in Fig 22 we show the evolution of several of
the top eigenvalues of ρs. Not surprising for a case with
very weak interactions, the top eigenvalue does not deviate
too far from unity. We also note the interesting “crossover”
behavior, where alternate eigenvalues rise faster and expe-
rience an initial noisy period in equilibrium before settling
down. We speculate that this behavior is related to the eventual
emergence of the other eigenstates of Hs as eigenstates of ρs

and suspect that the two types of behavior are related to the
parity of the energy eigenstates that emerge.

All the results reported in this Appendix appear to be
consistent with statements in the literature about the quantum
limit case, although we have not done a sufficiently thorough
investigation to explicitly demonstrate that eigenstates of Hs

are the most robust against interactions with the environment
out of all possible choices. The behavior of the other eigen-
states of ρs noted here is intriguing. While it appears broadly
consistent with established ideas about the quantum limit, we
have not found any report of these particular effects in the
literature.

APPENDIX B: EIGENSTATES OF Hs

Our form of Hs does a nice job of describing the evolution
we associate with the continuum SHO using a finite Hilbert
space, as discussed in the body of this paper. Here we provide
some further information, focusing especially on the eigen-
states of Hs.

Figure 23 and 24 depict selected eigenstates of Hs shown
along with their continuum counterparts, given in the q basis.
In these figures the states of the truncated SHO are shown only
as markers (with no connecting lines) to emphasize the fact
that these states exist in a finite space. (In these figures the
normalization is adjusted for easy cross-comparison.) One
can see that the lower energy eigenstates (Fig. 23) follow
the behavior of the continuum states quite nicely. As one
approaches higher energies (Fig. 24) the eigenstates reach
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FIG. 23. Energy eigenstates of the truncated SHO (markers)
along with the corresponding continuum SHO eigenstates (curves).
The two track one another nicely, although the tracking comes under
a bit of strain for the n = 15 state where the continuum state starts
pressing up against the finite bounds on q which exist in the truncated
case.
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FIG. 24. Energy eigenstates of the truncated SHO (markers)
along with the corresponding continuum SHO eigenstates (curves)
shown for larger n values. The tracking behavior noted in Fig. 23 is
present here as well, although the edge effects are more pronounced.
For these n values, taken alone the markers appear to trace very
different curves, but this is only because the discrete grid on which
they lie beats in an interesting way off of the frequencies exhibited
by the continuum states.
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FIG. 25. Ground state of Hs. Blue: |ψ (q)|. Red: Re[ψ (q)]. The
state is defined in an Ns dimensional Hilbert space and the discrete
nature of that space is expressed by the markers on the plot. The
markers are connected by lines in order to reference the contin-
uum SHO case. In the case of |ψ (q)| this correspondence appears
to be simple, but Re[ψ (q)] has jagged features not found in the
continuum SHO ground state. We discuss the nature of these fea-
tures in the text and note that, while appearing to be exotic, they
do not interfere with an intuitive understanding of our truncated
SHO, which overall exhibits behaviors very similar to the continuum
case.

the edge of the finite q range and start showing nonzero
values at the q edges. This leads to behaviors at high energies
that deviate significantly from the details of the continuum
case, although some broad features remain. Because of this
behavior, we have avoided studying cases that put the SHO
in higher energy excitations in this paper as well as in other
work using the ACL model, since our intention is to represent
a realistic SHO as well as possible. We found for example
that coherent states with considerably higher amplitudes than
those shown here executed interesting combinations of re-
flection and periodic transmission at the q boundaries, which
is hardly surprising given the forms of the higher energy
eigenstates.

We also note an exotic feature that appears as an artifact
of our finite construction. Figure 25 shows the same ground
state wave function shown in the top panel of Fig. 23, but
here we show ψ (q) both with and without the norm. The
un-normed values show a jaggedly varying sign. In continuum
terms such jaggedness would result in an energy much higher
than the ground state energy, but our Hs has correspondingly
complicated off diagonal elements coupling certain neighbor-
ing points which make the ψ (q) shown truly the lowest energy
state. We have also checked that these considerations do not
disrupt our use of continuum intuition with other eigenstates
of Hs, at least for n � Ns/2. The robust behavior of the iso-
lated oscillator reported in Figs. 3 and 5 also supports our
confidence that our truncated SHO is overall a good approxi-
mation to the continuum case.
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FIG. 26. Eigenvalue spectra of Hw (lower panel) and its two main
components, the SHO (upper) and He (middle). We discuss in the
text how these spectra relate to one another and reflect the way the
different H ’s are defined.

APPENDIX C: ENERGY SPECTRA

Here we take a look at the eigenvalue spectrum of Hw and
see how it relates to the spectra of Hs and He. Figure 26
shows histograms of the eigenvalues of each of these H’s
using Ee

I = 0.01, Ee = 0.05, E0
I = Ee

I , and E0
e = Ee. (These

are different from the values used in this paper but match those
used in [6], where the spectrum of Hw will be relevant for a
discussion of our “eigenstate einselection hypothesis.”) The
spectrum of a true SHO is flat and so is the spectrum for our
SHO shown in the top panel of Fig. 26, although this spec-
trum is truncated at E = 29 reflecting the finite Hilbert space
inhabited by our truncated SHO. The spectrum of He (middle
panel) reflects the well-known “Wigner semicircle” property
of random matrices. The eigenvalues of Hw are essentially
sums of eigenvalues of Hs and He (with a small additional
contribution from the interaction term). So it is not surprising
that the full spectrum of Hw (lower panel) appears to be a
combination of the spectra shown in the upper and middle
panels. For these parameters the energy of the SHO dominates
and the spectrum of Hw roughly takes the form of the SHO
spectrum (modulated by little semicircles). For cases where
He dominates the spectrum of Hw looks more like a single
semicircle, with “wings” giving a broadening induced by the
SHO spectrum.

APPENDIX D: NUMERICAL TECHNIQUES
AND TOLERANCES

The total Hamiltonian (Hw) was constructed as described in
the text and then diagonalized numerically. The initial states
were constructed in the appropriate subsystem bases and then
expanded in the basis of eigenstates of Hw. Time evolution
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Algorithm 1. Steps to generate ρs(t ) and ρe(t ) in the ACL model

Inputs: Choices for EI and Ee (overall energy scales of the
interaction and environmental Hamiltonian), |ψ (t = 0)〉s,
|ψ (t = 0)〉e, Ns and Ne (system and environment dimensions, set to
Ns = 30 and Ne = 600 in the text).

Outputs: ρs(t f ), ρe(t f ).

Runtime: O(2) h for all steps, given Ns = 30, Ne = 600, and the
computing setup discussed in this Appendix.

Procedure:
1. Construct Hw

Hw = Hs ⊗ 1e + qs ⊗ HI
e + 1s ⊗ He

Hs = â†â + 1
2〈n − 1|â|n〉 = √

n, n ∈ {1, Ns}, â† = (â)†

qs = q̂ = 1√
2
(â + â†)

HI
e = EI Re

I , He = EeRe

where Re
I and Re are separately constructed random Ne × Ne

Hermitian matrices (see Sec. II B)

2. Diagonalize Hw

Find eigenstates and eigenvalues of Hw

3. Construct |ψ (t = 0)〉w = |ψ (t = 0)〉s ⊗ |ψ (t = 0)〉e

4. Expand |ψ (t = 0)〉w in eigenstates of Hw

|ψ (t = 0)〉w = βi|Ei〉w

5. Evolve |ψ〉w to desired t f

βi(t f ) = e−iEit f βi(t = 0)

6. Calculate ρs(t f ), ρe(t f )
ρs(t f ) ≡ T re(|ψ (t f )〉

ww〈ψ (t f )|)
ρe(t f ) ≡ T rs(|ψ (t f )〉

ww〈ψ (t f )|)

was performed by rotating the phases of the coefficients of
the eigenstates of Hw according to the Schrödinger equation.
Density matrices for subsystems s and e at a given time were
generated by rotating into an s × e product basis and tracing
over e and s, respectively. These density matrices were then
used to extract information about the two subsystems. (Note
that the state of w expressed in the eigenbasis of Hw was al-
ways saved so there was never a need to “rotate back” and thus
no associated noise introduced in the evolution.) Algorithm I
shows a schematic of the procedure to generate ρs(t ) and ρe(t )
in the ACL model.

Regarding numerical accuracy, the critical aspect was the
ability of our code to accurately evaluate exponentials with
potentially large imaginary arguments (to rotate the phases).
The residuals shown in Figs. 3 and 5 give some sense of the
capabilities of our code. Note that, while those figures refer
to the case where EI = 0 and focus on the behavior of the
SHO, the results were generated with Ee = 0.03 and Ne =
600 (and thus Nw = 18 000) so the residuals reflect a stronger
test than one might initially expect. Figure 27 shows several
quantities discussed in this paper evolved to later times than
previously shown. One can see evidence of the breakdown
of numerical accuracy around t = 1014, when the exponen-
tial expressions for the (extremely large) phases start failing
to compute properly. For example, energy conservation (the
constancy of the solid curve in the lower panel) is lost and
the requirement that S � Smax = ln(Ns) [Eq. (12)] is violated.
These and many other tests of the numerics proved robust
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FIG. 27. Various quantities are shown evolved over a huge time
range to illustrate the point where our numerical computations fail.
Top panel: entropy. Middle panel: qrms of the most probable eigen-
state of ρs (discussed in Fig. 9). Bottom panel: 〈Hs

SHO〉 (dashed), 〈He〉
(dotted), and 〈Hw〉 ≡ 〈Hs〉 + 〈He〉 + 〈HI〉 (solid). All the quanti-
ties show the expected physical behavior until t ≈ 1014, where the
breakdown of the numerical computation of the phases sets in. This
figure illustrates the very large dynamic range of our numerical
computations. (Recall that the SHO period is 2π .)

up to times just below the t ≈ 1014 breakdown point. The
availability of accurate numerical computations over such a
wide time range provides excellent latitude for exploring the
physics of the ACL model. (For context, recall that the period
of the oscillator is τ = 2π .)11

Our calculations were performed using MATLAB on a 64 bit
Windows computer with a 3.6GHz Intel i7-4790 processor
and 32GB RAM. Each time step, which included calculating
a wide variety of information from ρs and ρe (including the
sort reported here), took 20–30 s. (We noticed a roughly 25%
speedup after simultaneously upgrading from Windows 8.1
to 10 and from MATLAB R17a to R18b.) The initial construc-
tion of all relevant matrices (of which the diagonalization of
Hw is the most time consuming) takes around 1.5 h for the
case with Ns = 30 and Ne = 600. We rarely wanted more
than 2000 time steps to produce long times views such as
those shown in Figs. 13 and 14 and for many purposes (such
as Fig. 9 and various rough explorations) a lot fewer were
sufficient. Much of our code development and testing could
be done with smaller environment sizes, for which the time
steps were more or less instantaneous. With these sorts of
turnaround times we found it possible to work with the ACL
model in a reasonably interactive manner.

11For the senior member of this collaboration whose last experience
with this kind of calculation was in the 1990’s [14] the comparison
of capabilities between then and now is truly remarkable.
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