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It is commonly believed that nonuniform Berry curvature destroys the Girvin-MacDonald-Platzman algebra
and as a consequence destabilizes fractional Chern insulators. In this work, we disprove this common lore by
presenting a theory for all topological ideal flatbands with nonzero Chern number C. The smooth single-particle
Bloch wave function is proven to admit an exact color-entangled form as a superposition of C lowest Landau
level type wave functions distinguished by boundary conditions. Including repulsive interactions, Abelian and
non-Abelian model fractional Chern insulators of Halperin type are stabilized as exact zero-energy ground states
no matter how nonuniform the Berry curvature is, as long as the quantum geometry is ideal and the repulsion
is short-ranged. The key reason is the existence of an emergent Hilbert space in which Berry curvature can be
exactly flattened by adjusting the wave function’s normalization. In such space, the flatband-projected density
operator obeys a closed Girvin-MacDonald-Platzman type algebra, making exact mapping to C-layered Landau
levels possible. In the end, we discuss applications of the theory to moiré flatband systems, with a particular focus
on the fractionalized phase and the spontaneous symmetry-breaking phase recently observed in graphene-based

twisted materials.
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I. INTRODUCTION

Flatbands are ideal platforms for realizing exotic quantum
phases of matter. Of particular interest are topological flat-
bands where fractionalized topological phases are possible
[1-7]. During recent years, there has been much progress in
creating and engineering flatband systems such as by stacking
and twisting [8—11]. Understanding the stability of fractional-
ized phases with respect to tuning parameters such as energy
dispersion, wave-function geometry, and interaction range is
crucial for material engineering, experimental realization, and
theoretical characterization of these exotic phases. Along this
path, exact statements are particularly important. In this work,
we present an exact condition for the stability of fractional
Chern insulators (FCIs), i.e., the lattice version of fractional
quantum Hall (FQH) states [3—7]. Our results also provide
a framework to systematically explore the interplay between
the wave function’s geometry and interactions, and they are
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useful in guiding material engineering toward realizing exotic
quantum phases of matter.

Landau levels (LLs) are the simplest topological Chern
flatbands, with unit Chern number C = 1 and exactly zero
bandwidth. They are well known for their extreme uniform-
ness, which is crucial for the stability of FQH states: LLs
are covariant under any smooth area-preserving deformations
[12,13], which is encoded in the LL projected density algebra
initially noticed by Girvin, MacDonald, and Platzman (GMP)
for lowest Landau level (LLL) states [14,15]:

(g, pg,] = (51255 — 15) g 1y (1

where p, is the LLL projected density operator, g is the com-
plex coordinate of momentum, which is ¢ = (g, + iq,)/ V2
in an isotropic LL, and /g is the magnetic length. The density
operator deforms the shape of LLs while preserving their
LL index [12-15]. The GMP algebra is important for FQH
physics in many aspects, including the conformal field theory
mapping [16,17], constructing exact pseudopotential projec-
tors that protect the stability of FQH states [18,19], and others.
The GMP algebra was initially derived based on the holomor-
phicity of LLL wave functions [20], which arises from the
noncommutativity of guiding centers and in fact applies to any
LL [21].

Topological flatbands realized in lattice systems are more
complicated than LLs. They can carry an arbitrary integer
Chern number, and typically do not exhibit uniform Berry
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curvature. Due to this complication, neither the holomor-
phicity of the wave function nor the exact projected density
algebra exist, thereby Eq. (1) becomes approximate. As a
consequence, FCIs are no longer expected to be exact, and
their stability is supposed to be reduced [22]. There have
been important attempts towards restoring the GMP algebra in
flatband systems. For instance, Ref. [23] highlighted the im-
portance of the Fubini-Study metric g?cb , which is the intrinsic
wave-function distance measure. Given constant Berry cur-
vature 2 = 2 and the so-called trace condition Trgy = 2,
Ref. [23] derived a GMP algebra for all topological flatbands
of C # 0. However, the assumption of constant Berry curva-
ture oversimplified the flatband problem.

In this work, we relax the above assumption by focusing
on ideal flatbands satisfying the following conditions [24]:

g‘;cb = %a)aka, Qk >0 for Vk. (2)

The w,p is a constant unimodular matrix. The Berry curva-
ture is assumed to be positive-definite but not necessarily
uniform. Recently, it was shown that Eq. (2) is necessarily
[25] and sufficiently [26-28] equivalent to the momentum-
space holomorphicity, which is a key geometric property of
the momentum-space (= boundary-condition space). For all
C =1 ideal flatbands such as those realized in the chiral
model of twisted bilayer graphene [29,30] and others [31-33],
it has been shown that momentum-space holomorphicity
highly constrains the wave function to admit a universal
form descending from the LLL wave function [24]. Such
simplicity enables exact construction of many-body model
wave functions [30] as well as exact projective pseudopo-
tential Hamiltonians [24], hence the ideal condition plays an
important role in experimental realization and identification
of FCIs [34,35]. Recently the ideal condition Eq. (2) has been
generalized to a larger family called “vortexability” [36] by
allowing nonlinear real-space embedding [37].

While much progress has been made for C =1, less is
known for generic cases of C > 1. Recently, solvable models
based on twisted multilayer graphene sheets were proposed
that realize ideal flatbands of arbitrary Chern number [38,39].
Remarkably, exact Halperin-type FCIs were found by numer-
ical diagonalization [38]. Motivated by the C = 1 case, it was
conjectured that the momentum-space holomorphicity is also
the fundamental reason for their emergence [38], however the
nature of the Bloch wave function and why FCls are stable are
still far from being thoroughly understood.

In this work, we prove that the ideal quantum geometric
condition, without assuming the flatness of €2 or gz them-
selves, is sufficient to guarantee exact GMP algebra and model
FCI states occurring as exact zero-energy ground states of
proper short-ranged interactions in all C > 1 ideal flatbands.
We achieve these results by pointing out the importance
of an emergent Hilbert space in which the wave functions’
normalization factors are adjusted to flatten Berry curvature
in an exact manner. Importantly, this leads to a simple al-
gebra for the projected coordinates identical to the guiding
center algebra in LLs, and it enables an exact derivation
for the single-particle wave function in ideal flatbands. The
general form Bloch wave function is found to be a non-
linear superposition of LLL wave functions of C distinct
boundary conditions, generalizing the previously proposed

color-entangled wave functions with uniform Berry curva-
ture [40—42] to the case of fluctuating Berry curvature. The
density algebra is proved to be closed, extending the GMP
algebra initially derived for C = 1 LLs to generic C > 1 ideal
flatbands. The closeness of the density algebra leads directly
to the exact FClIs stabilized by generic M-body repulsive in-
teractions which are Halperin-type when C > 1 and typically
non-Abelian when M > 2. Thus the ideal condition Eq. (2)
provides a general and exact statement for stabilizing FCIs
regardless of the nonuniformness of Berry curvature.

The paper is structured as follows. In Sec. II, we pose
the problem by showing unusual numerical observations. In
Sec. III, we review key analytical results for ideal flatbands,
emphasizing their real and momentum-space boundary con-
ditions, and we define the emergent Hilbert space. We show
in Sec. IV a well-defined guiding center in the ideal flatband
problems, which leads to the derivation of single-particle
wave functions in Sec. V. In Sec. VI, the density algebra is
derived, and the origin of model FCIs is explained. We dis-
cuss application of the theory to FCIs and symmetry-breaking
phases [34,43] in moiré flatband systems in Sec. VIIL.

II. MOTIVATION FROM UNUSUAL
NUMERICAL OBSERVATIONS

The ideal flatbands are not abstract concepts, rather
they can be realized in concrete models including Dirac
fermion based models [29,33,38,39] and Kapit-Mueller mod-
els [31,32,44,45]. In particular, in chiral twisted multilayer
graphene models [38,39], ideal flatbands of arbitrary C # 0
are realized exactly. In this section, we use this model as a
concrete platform to numerically study the interacting spectra,
which point out a couple of important and unusual aspects of
the projected density operator that motivates the theory to be
discussed in the following sections.

For self-consistency, we first briefly review the chiral
twisted multilayer graphene models [38,39], although the
model details are not crucial for the current discussion. De-
tails about the chiral twisted graphene model and beyond can
be found in the literature [29,30,46-51]. The chiral twisted
multilayer model consists of two sheets of graphene multilay-
ers each of which has n layers and is A/B stacked without
twist [52-54]. The top sheets are twisted relative to the bot-
tom sheets as a whole by a twist angle 6. See Fig. 1(a) for
illustration of the setup. At magic twist angles, the model
exhibits two exactly dispersionless degenerate bands shown
in Fig. 1(b), which have Chern number C = +n. Such degen-
eracy can be easily lifted by a sublattice contrasting potential,
and we focus on the C = n band. The flatband wave function
is derived in Refs. [38,39], and its components on the outmost
layers are found to be responsible for the high Chern number
and zero-mode FCIs. We hence project the wave function to
the outmost layers to get an effective single-component wave
function, denoted as ¢ (r). It can be numerically verified
that @P'°"(r) is smooth in both k and r. The Berry curvature
associated with ¢}31°°h (r), defined through the standard defini-
tion,

Qu = eadfAy,  Af = —ilup " [ogum), 3)
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FIG. 1. (a) Illustration of the chiral twisted multilayered
graphene model, where solid and empty dots represent the A and B
sublattice, respectively, and the interlayer tunneling is assumed to be
chiral and represented by the dashed line. The ¢, .., and ¢; _, label
the layer component. (b) The band structure where a tiny sublattice
bias potential is used to split the twofold degeneracy of the flatbands.
The resulting two bands are entirely sublattice-polarized. (c) and
(d) The Berry curvature and the trace condition of 2" defined
in the main text. The Berry curvature is positive-definite. (e) The
energy spectrum of the two-body v,,—; interaction for two fermions
on an Ny x N, =5 x 5 lattice. At each momentum k, there are
precisely (m 4+ 1)C = 4 nonzero eigenvalues. (f) The energy spec-
trum of the three-body on-site interaction for N = 10 bosons on an
N; X N, =5 x 3 lattice. The exact sixfold-degenerate zero-energy
ground states are non-Abelian model FCIs that are analogous to the
FQH non-Abelian spin-singlet state (NASS). In (a)—(f) we use n = 2,
namely the twisted double bilayer graphene model, as an example.

is plotted in Fig. 1(c), which integrates to the Chern number
C = n. Here u,]fl“h (r) = ek q),]fl‘”h (r) is the cell-periodic part
of the Bloch wave function. Its ideal geometry condition can
be either analytically proved or numerically verified to be sat-
isfied [38,39]. See Fig. 1(d) for the plot of the trace condition
for the n = 2 model where errors are finite-size artifacts that
will vanish in the infinite-size limit.

We then consider interacting phenomena when the flatband
is partially filled. We focus on finite systems on the torus ge-
ometry at band filling, v = N/(N|N,), where N is the number
of particles and N,  is the number of unit cells in each prim-
itive direction of the lattice. The two-body density-density

interaction takes the form

H=>Y vg): pghg €
q

where v(q) is the Fourier transform of the interaction po-
tential, p, is the band-projected density operator, and :: is
the normal ordering. Because of the translation invariance by
lattice vectors, the energy spectrum of H can be resolved
by the center-of-mass momentum (K, K;). We are partic-
ularly interested in the repulsive interaction v, (r; —r;) =
> g V()" 7™, whose Fourier transform v,,(¢) has a se-
ries expansion of order no higher than m:

vn(@) = co+cilgl’ +ealgl* + -+ calg™. (5)

The above series expansion is equivalent to an interaction
range expansion, as the real space form of the |g|** term
is given by the 2nth derivative of the contact interaction
8(r; — ry). In particular, vy and v; are the shortest interactions
for bosons and fermions, respectively [55].

We first consider two particles interacting with v,,, where m
is even for bosons and odd for fermions. While it is unrealistic
for bosons to occupy the flatband near charge neutrality of
twisted double bilayer graphene, we can still use that setup
to examine the band property. Remarkably, for any choice
of m and Chern number C, the two-particle spectrum always
shows a dispersive “band” with a fixed number of nonzero
eigenvalues at each momentum k, no matter what the lattice
size is. The dimension of this finite-energy “band” is precisely
(m 4+ 1)C for fermions and (m + 1)C + 1 for bosons. The
same counting is expected in the two-particle problem in a
C layered Landau levels, thereby suggesting Chern number
C ideal flatband exhibits intrinsic C internal degree of free-
dom playing the role of C layers [56]. Moreover, the “band”
dispersion of the two-particle spectrum reflects the fact that
Berry curvature is nonuniform. Apart from these finite-energy
levels, there are also massive zero modes whose dimension
increases with the system size. The typical example with
m =1, C = 2 is demonstrated in Fig. 1(e) for two fermions.
Such two-particle spectra are different from those in either
LLs or generic flatbands. For generic flatbands without ideal
geometry, the zero modes would not appear and the dimension
of finite-energy levels is hence lattice-size-dependent [5,57].
In a LL, as the v, interaction only picks out two-particle
coherent states of relative angular momentum no greater than
m, both a finite-energy band whose dimension is independent
of the system size and massive zero modes appear, however
the “band” is nondispersive due to the continuous translation
symmetry. Therefore, Fig. 1(e) clearly shows there is an emer-
gent projector property associated with the density operator of
ideal flatbands, which, however, unlike in LLs, is influenced
by the nonuniform Berry curvature.

We can further generalize Eq. (4) to multibody interac-
tions. In Fig. 1(f), the spectrum of the three-body on-site
interaction is plotted for bosons at v = 2/3 in the C = 2 band.
In this case, a sixfold exact ground-state degeneracy at zero
energy is obtained. These zero modes are expected to be
lattice analogs of the non-Abelian spin singlet states, which
are generalizations of the Abelian Halperin topological order
in bilayer LLL [58]. This result indicates that suitable short-
range M-body repulsions can stabilize model FCIs of both
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Abelian and non-Abelian types in high Chern number ideal
flatbands. Moreover, it points out that two-body interaction
is not special: there should be a general property that the
projected density operator obeys in order to give rise to FCIs
stabilized by generic M-body interactions [59].

To summarize, numerical studies on interacting two-
particle spectra and three-body interactions point out the
importance of the flatband projected density operator, which
exhibits emergent projector properties and internal C degrees
of freedom playing the role of layers, although the underlying
Berry curvature can be highly nonuniform. It motivates the
following two questions:

(1) What internal degrees of freedom in the scalar-valued
wave function u (r) play the role of layers?

(i) Why does the nonuniform Berry curvature not destabi-
lize the Abelian and non-Abelian FCIs (i.e., why are exact
many-body zero modes preserved even in the presence of
nonuniform Berry curvature)?

Thorough this work, we will show the answers to these
two questions by deriving the general form of C # 0 ideal
flatband wave functions, illustrating their physical meanings
and studying their density algebra, which we find generalizes
the GMP algebra Eq. (1) in a nontrivial way.

III. ANALYTICAL PROPERTIES OF IDEAL FLATBANDS

As we have shown, numerical experiments in ideal flat-
bands point out the unusual effects of ideal quantum geometry
on interacting problems. To address the two questions at the
end of the last section, we will focus on analytical derivations
in the remaining parts of this article. We start with review-
ing the ideal quantum geometric condition and emphasizing
its relation to the momentum-space Kihler condition in this
section. The momentum-space Kéhler condition gives novel
properties of the Bloch wave function in many aspects, such as
the unique boundary condition and the relation between Berry
curvature and the normalization factor. These general results
were derived for ideal flatbands in Ref. [24]. In Sec. IV, we
will discuss results about their important implication for the
well-defined guiding center, which establishes a connection
to LL physics in the presence of nonuniform Berry curvature.

A. Ideal quantum geometry and Kihler geometry

First of all, we set up conventions in more detail. Our
exact results apply to arbitrary system size N;,. The sys-
tem is spanned by primitive lattice vectors a;, containing
an area |a; X a;| = 2nS, and throughout this work we set
S =1 as the unit area scale. The reciprocal/momentum space
is spanned by reciprocal-lattice vectors b; such that a; - b; =
27 §;; is satisfied.

We consider a single-component complex-valued Bloch
wave function defined on this torus. Its cell periodic part
up'*(r) is lattice translational invariant following the Bloch
theorem up'°"(r) = uP'*"(r + a) for arbitrary lattice vectors
a = mia; + mya, and my > € Z. The uP'*"(r) is assumed to
be smooth in both k and r. Momentum quantization restricts
k = (n /Ny + ¢1/2m)by + (n2/Ny + ¢2/27)b,, where ny 5 €
7 and ¢, ; are fictitious boundary condition fluxes. Our result
applies to arbitrary ¢, too, so without loss of generality

we set ¢; 2 = 0. Because the flux space (a torus formed by
continuous variable ¢; ») is equivalent to the momentum space
in the presence of translational symmetry, we use these two
spaces interchangeably. The discussions in this work can be
generalized to flux space for systems without translation sym-
metry where the notion of momentum is not defined.

u,l?lOCh(r) satisfies the ideal quantum geometric condition
while not necessarily carrying flat Berry curvature. We as-
sume uP'*" has a positive Chern number; a negative Chern
number is a simple generalization. Because it is a positive
integer, the Chern number can be factorized into two positive
integers C = C1C,, and the factorization, as we will discuss, is
a gauge choice.

Systematic studies of flatbands with momentum-space
holomorphicity start from Refs. [25,60], where the authors
found that the ideal condition is automatically satisfied if the
cell-periodic part of the Bloch wave function uP'* (r) is given
by Eq. (6). Very recently, Refs. [26-28] pointed out that the
inverse is also true: the ideal condition generally implies that
up'®™" can be written as Eq. (6) under a gauge choice up to a
positive-definite normalization factor Ng:

N (r) = Nap™* (), 8 = 0, ©)

where the holomorphic coordinate k (the unbold letter) is
defined as k = w“k,, and the associated antiholomorphic
derivative is defined as 9; = w,0; . Technically, the notion of
holomorphicity w® is defined from factorizing the constant

unimodular matrix »® and the antisymmetric tensor €* as
follows [21]:

wab — wawb* 4 wa*a)b’

i€ = 0™ wb — . (7

The vectors satisfy w™w, = 1, w’w, = 0; throughout the
paper, Einstein summation is implicitly assumed, and their
indices are raised or lowered by . Note that in the isotropic
case (0", @) = (1,1)/ V2 the complex coordinate reduces to
the conventional form k = (k. + ik,)/ /2. We will work in the
general case without assuming isotropy.

It is worth mentioning that »“ has an equivalent canonical
definition as it is the constant null vector of the quantum
geometric tensor [24]:

Qw, =0 for Vk, (8)

where the quantum geometric tensor is defined by using the
covariant derivative of wave functions Df = 9] — iAj, where
the Berry connection Ay is found in Eq. (3), whose real
symmetric and imaginary antisymmetric parts are the Fubini-
Study metric and the Berry curvature, respectively:

6ab

A" = (Dl " | Dl = & + i )

B. Implications from Kéhler geometry

We have reviewed the relation between the ideal quantum
geometric condition and momentum-space holomorphicity
[25-28]. In this section, we discuss two implications from
Kihler geometry: the uniqueness of the boundary condition,
and the relation between the normalization factor and Berry
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curvature. They are important in deriving the ideal flatband
wave function and the density algebra.

1. Uniqueness of the boundary condition ¢y

Following Ref. [24], we can generally denote the
momentum-space boundary condition of u!°'® as

upSl (r) = uf°(r) exp (— ib; - r + iy,). (10)

where the complex phase ¢y ; is not only required to be
holomorphic in k but is also constrained to satisfy a cocycle
relation [24],

—27C = Pp,.b, — P01, + D05y — Dby, (11)

Such a constraint [Eq. (11)] is required from the simplified
Chern number formula derived for ideal flatbands [24]:

1
C=— 7{ dk 3 In ul”°(r), (12)
2mi

which means that the winding of the wave function in the
momentum space around the Brillouin zone at any fixed r
must reflect the topology of the wave function. The cocycle
relation Eq. (11) implies that the boundary condition factor
¢k, must be a linear function of holomorphic coordinate k
[24]. The phase ¢y is the so-called factor of automorphy
which appears in classifying holomorphic line bundles [61].
Following the results of holomorphic line bundle classifica-
tion, the boundary condition complex phase ¢ ; is unique up
to gauge transformations [61]. Without loss of generality, we
choose the symmetric gauge,

¢k,bj = ij(—lk — lb]/Z) + C_,'T[, ] = 1, 2, (13)

where C;, are the two positive integers dividing the Chern
number C = C,C,, and the ambiguity in their choice will prove
to be unimportant.

2. Kdhler potential

The antiholomorphic component of the Berry connection
A = w,Aj, can be computed from the standard definition:

Ak = _i<ul§loch|5ku£loch>’
=—i / d?r N (r) 3 [ Ny (r)].

= —i(N; " 9eNk) / d*r NEu®* (ryul®°(r),

= —iék lnNk. (14)

Then from Q = —i(3; Ay — 0;Ax), where Ay, is the complex-
conjugate of A, we obtain the expression for the Berry
curvature [24,62,63]:

Qk = —23](5/( lnNk. (15)

Equation (15) shows that In Ny is the momentum-space
Kihler potential that governs the spatial fluctuation of Berry
curvature. It has an important implication: for ideal flatbands,
the Berry curvature can be effectively flattened by adjusted
by the normalization of the wave function. More precisely, by
factorizing Ny into

Ne = e WK, (16)

Hilbert space # Modified Hilbert space 4

Normalization Normalization

Berry curvature

RN

—pk

Berry curvature

—>k

FIG. 2. The normalized flatband wave function defines a Hilbert
space H where the Berry curvature is nonuniform. For ideal flat-
bands, the wave function’s normalization can be tuned such that the
resulting wave function u (r) defines a modified Hilbert space H in
which Berry curvature can be exactly flattened. As a consequence,
ue € H perceives an identical k-dependence as LLL wave functions.
Such a property greatly simplifies the problem, enabling a thorough
characterization of a flatband wave function from a momentum-
space formulation. As an illustration, we used k to represent the
2D momentum-space. The normalization and Berry curvature are
represented by the dashed and solid lines, respectively.

the Berry curvature is accordingly split into @ = C + &,
i.e., the uniform and fluctuating parts. The fluctuating part
Q. = —20,0; In Ny averages to zero when being integrated
over the Brillouin zone, which does not contribute to the
quantization.

We can thus flatten the Berry curvature by adjusting the
normalization of the wave function. See Fig. 2 for an illus-
tration. We define the following unnormalized wave function
ux(r), which perceives constant Berry curvature, to be in the
modified Hilbert space H [64]:

we(r) = N uo (1) = & §F 100 ), (17)

An important consequence is that uy perceives a flattened
Berry curvature and has the same k-dependence as the LLL
wave functions. Therefore, the momentum-space formulation
of the LLL problem can be directly applied to flatband prob-
lems, which we will discuss in detail in the following section.

To summarize, in this section we reviewed two implica-
tions from Kéhler geometry: the uniqueness of the boundary
condition and the relation between normalization and Berry
curvature. We use the latter to define a modified Hilbert
space H in which the wave functions u (r) perceive constant
Berry curvature. We summarize the real-space and boundary-
condition space of ug(r) below by combining results from
Eqgs. (10), (13), and (17) [65]:

e + ;) = w(r), (18)
e TRy ) = (1) DT (r). (19)

In Sec. V, we will use these boundary conditions to determine
the most general form of ug (7). In the next section, we discuss
the guiding centers in ideal flatbands and point out their sim-
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ple algebra in 7, which is essential to many aspects of ideal
flatbands.

IV. GUIDING CENTER IN IDEAL FLATBANDS

The guiding centers are particles’ projected coordinates,
which typically are noncommutative. They and their algebra
are known to play a crucial role in quantum Hall physics. In
this section, we first review guiding center in LLs, followed by
discussing the difficulty faced by generic flatbands. In the end,
we show that the ideal flatbands are exceptions, because there
are well-defined guiding centers with closed simple algebra.

A. Guiding center in Landau levels

In LLs, an electron’s cooArdinate is split into the guiding
center R and Landau orbital R which correspond to the center
and cyclotron motion of classical orbitals, respectively. With-
out loss of generality, we choose a symmetric gauge under
which the guiding center and Landau orbital are

R = —il2e™dy, + /2, (20)

R = +il2e™d, + r'/2. @21)

They form two independent sets of Heisenberg algebras
[R*, R") =0,

[RY, R"] = —il2e™ (22)

and [R, R"] = +ilZe®. Tn particular, Eq. (22) can be called
“guiding center algebra.”

The guiding centers and their algebra are one of the most
important intrinsic features for physics inside a single LL
[21]. They are the essence of many “ideal aspects” of Lan-
dau levels: for instance, they are the physical origin of the
holomorphicity of LLs [21], they imply an infinite degree of
deformation symmetry [12,13], and they are crucial to the
stability of FQH states [16,18].

A physically intuitive way to think of Eq. (22) is based
on the coherent state: the projected particle is no longer a
point particle but has finite support, and Eq. (22) describes the
uncertainty of its 2D coordinates. Such a coherent state can be
translated or deformed while preserving the area, and in fact
these processes are all generated by operations constructed
from guiding centers. More precisely, the R itself is the gener-

ator of a magnetic translation group, and A" = {R%, Rb}/2
deforms the metric of the coherent state while preserving
its determinant, and in fact such metric deformation gives a
Hall viscosity response [21,66-68]. Most generally, all area-
preserving deformation of Landau levels is generated by €K,
whose leading- and second-order expansion in g correspond to
the magnetic translation and metric deformation, respectively,
and generally all higher-order deformations exist. Due to the
simple form of the guiding center algebra, Eq. (22), it is
straightforward to derive the algebra for e4X:

I X i R
[elq"R, e,qz.R] = 2isin <‘%l§>el(ql+qz)£’ (23)

which in fact is precisely equivalent to the GMP algebra
shown in Eq. (1) when noticing that the LLL projected density

q-R

. A : _ 1,272 . .
operator is p, = 7 e™ 44 ls | where the Gaussian factor is the

form factor.

B. Why GMP algebra fails in generic flatbands

Following Blount [25,69-71], the projected coordinates 7
are given below for band systems:

A . loch | - loch
QaBloch = _lal? - <u113 o |131?I/l113 o >’

= —idf + AL (24)

To avoid the real-space representation as used for LLs, we
denote the above k-space representation as Q. It is straightfor-
ward to check that their commutator is the Berry curvature 2
form,

[leoch’ Qll%loch] = _laI?AIlé —(a < b),
= —ie® Q. (25)

This immediately means that higher-order commutators such
as [0%oens [Q510ns Ot ]] depend on the Berry curvature
derivative 9 €2, which generally is nonvanishing in flatband
systems. As a consequence, the GMP algebra is not expected
to exist, reducing the stability of correlated phases of matter
due to such geometric instability [22,72,73].

C. Emergent guiding center algebra in ideal flatbands

In this section, we point out the exact and extremely simple
guiding center algebra that emerges in ideal flatbands. The key
reason lies in the Kédhler potential discussed in Sec. III B 2.
It means that the complication from the nonuniform part of
Berry curvature can be exactly and completely removed by
adjusting the normalization of the Bloch wave function.

The H-space projected coordinate operator is

A

Qa = —ia,? — <uk|i8,fuk>
= —idf — Ce“ky/2. (26)

Equation (26) is derived as follows: we can first look at 0, 0%
following the definition of projected coordinates Eq. (24) and
wave function Eq. (17), we have

w0, 0"

—i0 — (ugc|iOyu)
—idy + iCk)2, 27)

which immediately implies Eq. (26), because O is the linear
combination of w,Q° and its complex conjugate. Technically
we have treated ui(r) as normalized wave functions when
computing the expectation value of any operator O in this way,
Owe = [ d°ruj(r)O(r)uy (r), without dividing their normal-
ization Ny N, .

Interestingly, Eq. (26) takes a similar form to the guiding
center of LLs [Eq. (20)] but formulated in momentum space
and using an effective magnetic length /2 = C. In analogy to
the Landau orbital operator in LLs, we define the following
operator:

0 = —id¢ + Ce™ky)2, (28)
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which commutes with Q°. It is easy to check that 0 and @
individually obey the Heisenberg algebra:

[0°, 0%] = —ie“C, (29)
(0%, O") = +ie®C. (30)

0 and é are in fact the momentum-space form of the
guiding center and the Landau orbital, respectively. For this
reason, we can refer to them as the dual guiding center and the
dual Landau orbital. The existence of two such well-defined
sets of Heisenberg algebra is important to the physics in ideal
flatbands. For instance, in the so-called “LLL condition,” i.e.,
the magnetic translation algebra, pseudopotentials are all well
defined in an exact manner for ideal flatbands, but generalized
from LLs in a nontrivial way. We illustrate their meaning
one by one throughout this paper. To begin with, we discuss
the “dual LLL condition,” which is seen from noticing that
the modified Hilbert space H is completely annihilated by
the following ladder operator analogous to the Landau level
annihilation operator used in quantum Hall physics:

aury =0, Vu € H, (1)

where

A

b = 0, 0% = —idy + iCk)2. (32)

Moreover, the dual guiding center @ leaves the Hilbert
space H invariant, because it commutes with Q. Then there
exists another set of ladder operators,

[a,a'1=1, (33)

a=awi0'/VC,  at = w,0VC,

such that they map states within 7:

aug e H, a'weH, VueH. (34)
In this sense, H behaves like the LLL Hilbert space in quan-
tum Hall physics, and hence we expect that u; will show
similarity in its form with the LLL wave function. In the next
section, we utilize such properties to fully characterize the
ideal flatband wave function, following the same idea of how
the torus quantum Hall wave function was initially derived
[74,75].

We comment that the choice of gauges, i.e., the Brillouin
zone factorization C; » and the particular form of ¢y ;, only
affects the concrete form of dual guiding centers and dual
Landau orbitals. For ideal flatbands, the existence of such
a complete separation of two sets of Heisenberg algebras is
a fundamental consequence of ideal quantum geometry and
is gauge-independent. This is also the key for the existence
of exact properties even in the presence of nontrivial Berry
curvature.

To summarize this section, the flattening of Berry curvature
in the modified Hilbert space 7 greatly simplifies the ideal
flatband problem. The F{-space projected coordinates, i.e., the
dual guiding centers, map states within 7 and obey the same
algebra as the guiding centers in LLs. Therefore, tools from
quantum Hall physics can be applied to analyze ideal flatbands
in many aspects, which we discuss in the following sections.

V. IDEAL FLATBAND WAVE FUNCTION

The emergence of guiding centers and their exact algebra
in ideal flatbands can greatly simplify the flatband problem
while retaining their nontrivial aspect: nonuniform quantum
geometries. It also motivates the idea that tools from quantum
Hall physics can be applied to analyze the flatband problem. In
this section, we point out that it is crucial to adopt a position-
momentum exchanged view to carefully compare the two
systems: ideal flatband and Landau levels [25]. Importantly,
we point out that the wave functions of ideal flatbands are
highly constrained by their quantum geometry, exactly how
the LLL wave function is highly constrained by the magnetic
field [74,75]. Utilizing the emergent dual guiding centers and
their algebra, we define a dual version of the magnetic trans-
lation group and use it to fully characterize the ideal flatband
wave function. We prove that there is a unique general form
of the single-particle Bloch wave function for all topological
ideal flatbands, and we provide their explicit first quantized
expression.

A. Dual magnetic translation group

In Landau levels, the guiding center R generates the mag-
netic translation group (MTG), which adiabatically transports
particles while preserving them within the LL where they
initially started. In this section, we define the dual-MTG for
ideal flatbands, such that this group adiabatically transports
Bloch wave functions while preserving their ideal quantum
geometric condition. We then use the dual-MTG to derive
ideal flatband wave functions.

The dual-MTG is generated by the dual guiding centers. Its
group elements are

1(q) = ¢4Q = ¢~ Tkt (35)

As discussed in the last section, the dual guiding center
leaves H invariant. Therefore, t(q) also maps states within
H and preserves their ideal quantum geometric condition.
The algebra of the dual-MTG is easily derived based on the
noncommutativity of Q:

1(qt(gy) = €11 (g,)t(q,). (36)

From the above, we see that translating particles across
the whole Brillouin zone commute because [¢(b;), t(b,)] = 0.
However, they are not the minimal translations that commute
with each other. The minimal commuting set is determined by
fractional translations by distance b 1.2

by =b,/Ci, b, =b,/C,. (37)

b, , thus define a smaller Brillouin zone, which is only a 1/C
fraction of the flatband Brillouin zone. Consequently, their
real-space unit cell is enlarged by a factor of C. We denote
the real-space lattice vectors as

dl = Clal, 512 = Cgaz. (38)

We illustrate an example of the newly introduced lattice
vectors with C = 2,C; = 2, and C; = 1 in Figs. 3(c) and 3(d).
As we will see shortly, the new lattice vectors in fact define
new degrees of freedom that are crucial in constructing the
ideal flatband wave functions and in mapping the flatband to
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FIG. 3. (a) Inserting boundary condition fluxes ¢, , pumps the
momentum. Such a flux insertion process is generated by the mag-
netic translation operator in quantum Hall systems. (b) In ideal
flatbands, one can define a dual magnetic translation and use the
coordinate r to pump states |u,). Here r = xa; + ya, with x,y €
[0, 1) is defined within the unit cell spanned by a; . (c¢) Example
of the lattice unit cells @;, and the enlarged unit cells &, , on an
Ny =N, =4 system for Chern number C =2 (C; =2, C; = 1).
The blue and red squares are representative magnetic unit cells of
the two lowest Landau level states. (d) The momentum-space of the
same system, where there are in total N;N, = 16 degrees of freedom
representing orthogonal 16 flatband states denoted by the black dots.
In mapping to the lowest Landau levels, the first Brillouin zone
gets downfolded by C times into the gray area spanned by b, ,, but
each momentum point is enriched by C colors. The total degrees of
freedom are unchanged.

LL physics. Before going into the details of the wave func-
tion, we first revisit the boundary condition Eq. (19), which
highlights the importance of position-momentum duality and
sheds light on the connection between the ideal flatband and
LLs.

B. Boundary condition revisited

It is important to notice that the momentum-space bound-
ary condition Eq. (19) in fact can be precisely rewritten in
terms of the dual MTG as follows:

eib,Quk(r) — (_I)Ciefibi'ruk(r)' (39)

Equation (39) is akin to the boundary condition in quantum
Hall problems. Recall that for quantum Hall problems defined
on a torus of length L, , consisting of N;, magnetic unit
cells along the two directions, periodic magnetic translation
across the torus imposes the following boundary condition for
all quantum Hall states @y (r):

eiLI'XR/]tz; Oy (r) = (—I)Niei(bi Dy (r), (40)

where ¢, are the boundary condition fictitious fluxes; see,
e.g., Fig. 3(a).

It is useful to compare Eq. (39) with Eq. (40). First of all,
it is interesting to notice that for ideal flatbands it is the wave
function’s coordinate e~ that tunes the boundary condition
of the dual-MTG. Thereby tuning r generates a Thouless-
pump [76] that transports states, analogous to tuning ¢; » in
quantum Hall problems that transport particles. See Figs. 3(a)
and 3(b) for a comparison of the “flux insertion process” in
Landau levels and ideal flatbands.

In fact, the dual Thouless pump can be numerically ver-
ified, for instance by using the chiral twisted multilayer
graphene model [38,39]. In Fig. 4, we plotted the absolute
value of the ideal flatband wave function uf'*"(r) from the
C =2, 3 model for the top and bottom panel, respectively.
We see at any fixed r that the wave function exhibits C zeros.
Moreover, when we continuously vary r, the pattern of zeros
evolves analogous to charge pumping. There always exists a
lattice vector a such that the indices of zeros get exchanged
when r — r 4+ a. Such a zero exchange phenomenon will
immediately become clear when we derive the wave function
in the next section.

Lastly, we comment that MTG and dual-MTG differ in
many aspects, yet correspondences exist. A comparison be-
tween MTG and dual-MTG can be found in Table I. In
particular, the Brillouin zone factorization C; » in ideal flat-
bands corresponds to the torus factorization N, in Landau
levels. This can be understood as follows. In quantum Hall
setting, since the LLL wave functions are holomorphic in
real-space coordinates and the space has topology of the torus,
the wave functions have Ny = NN, zeros per the Riemann-
Roch theorem. The latter relates the number of zeros to the
dimension of the vector space of holomorphic sections of
degree N, line bundle. In other words, there are in total Ny
independent wave functions on the LLL. A similar reasoning
applies to ideal flatbands. Due to the Chern number formula,
Eq. (12), at any fixed r the ideal flatband wave function is a
holomorphic section of degree C line bundle, so it will have
exactly C zeros in the first Brillouin zone spanned by b; ;.
This implies C independent solutions satisfying the boundary
condition Eq. (19). In the next section, we will construct an
explicit basis of the wave functions.

C. Irreducible representation of the dual magnetic
translation group

In the end of the last section, we mentioned that there
must be C linearly independent wave functions given the
momentum-space boundary condition Eq. (19) as a conse-
quence of the Riemann-Roch theorem. In this section, we
use the dual-MTG to derive them. Since wave functions are
irreducible representations of the dual-MTG, we start by dis-
cussing the representation in general. It is useful to first review
the representation in Landau level problems as the dual-MTG
shares many similarities with the MTG, although it is also
quite different.

1. Landau level and the usual magnetic translation group

We denote the magnetic unit cell by @; » too, and we con-
sider a system of length L; = N;a; for i = 1, 2. It will be clear
later why we use the same notation as flatbands. Quantum
Hall wave functions are labeled by a magnetic momentum k.
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FIG. 4. Momentum-space zeros and their exchanges. Each figure plots |uP'*"(r)| as a function of k in the Brillouin zone with position r
fixed. For each panel, from left to right, the position r changes from ry = (0.5, 0.5)ay, to ry + a, where ay, is the moiré lattice constant and a
is a lattice vector. In panel (a), the wave function is taken from the chiral twisted bilayer graphene model (C = 2) and a = —a; — a,. In panel
(b), the wave function is taken from the chiral twisted trilayer graphene model (C = 3) and @ = a,. There are in total C zeros in the Brillouin
zone at fixed position r, and their pattern is lattice translational invariant, but indices can be exchanged. We comment that such nodal structure
is only visible when the “unnecessary complications” from the physical layers of the model are removed by the projection procedure defined
in Sec. II. The motion of zeros induced by varying position is the dual version of the Thouless pump.

Besides being eigenstates of MTG across the sample Eq. (40),
they are also eigenstates by translating @, »:

BRI By = ik |y ). (41)

We can refer to Egs. (40) and (41) as the maximal bound-
ary condition and the minimal boundary condition for the
quantum Hall problem, respectively. These two boundary con-
ditions together quantize the momentum points onto the lattice
shifted by the boundary condition fictitious flux ¢ »:

n P\ n o 92 \;
k=—+— )b+ |+ — )b,
<N1 27r> ! <N2 271) 2
where I;l,z are the lattice vectors reciprocal to @ 5.

For a general vector d allowed by the boundary condition,
state |y ) transforms as

(42)

R @) = ¥ |0y, 43)

@a)g = 15 €ad”. (44)

It is straightforward to verify that Eq. (43) preserves the mag-
netic translation algebra.

The maximal and minimal boundary conditions Eqgs. (40)
and (41) uniquely determine the expression of the LLL wave
function, which is holomorphic in real-space coordinates up
to a Gaussian factor [74,75]. The first quantized wave function
can be written by the Weierstrass sigma function o (z),

O (r) = (r|Px)
= 0z — et/ ie 2B =2 (45
where z; = —iklg, and k = 0w, is the complex momen-

tum coordinate. The Weierstrass sigma function satisfies a
quasiperiodic translation property [46,77-79]:

o(z+a) = - igz), i=1,2.  (46)
2. Basis functions of ideal flatbands and the dual magnetic

translation group

Having reviewed the MTG properties for Landau level
states, we now proceed to discuss ideal flatband wave func-
tions. We will derive the representation for the dual-MTG in
complete analogy to the derivation from Egs. (41) to (45) used
for Landau levels.

TABLE I. Comparison of the dual-MTG with the standard one requires a view from position-momentum duality. The flatband Brillouin
zone corresponds to the entire real-space torus defining the quantum Hall problem, and fractional flatband Brillouin zone b, , corresponds to
one magnetic unit cell. There are C dual magnetic unit cells in the flatband problem, and Ny magnetic unit cells in the quantum Hall problem.
Interestingly, for ideal flatbands it is the coordinate r, instead of momentum k, that tunes the boundary condition and labels representations.

The coordinate r induced charge pump is shown in Fig. 4.

dual-MTG (for ideal flatbands): ¢'4'¢

MTG (for LLs): efd*R//3

Torus

Unit cell

Maximal boundary condition
Minimal boundary condition
Representation
Transformation

Brillouin zone; b; = Cib;; C = C, x C,
by x b, =27/(CS); @, x d, = 27w (CS)
e?Qu,) = (—1)C1e% |u,)
)
luy) withr =Y, 5 (n; — ¢/ 27 )ai; /C;

¢u,) = ¢34 |u,,,)

Real-space torus; L; = Ni@;; Ny = N; X N,
@) X @y =2ml2; by x by, =2n/12
eiL,-xR/1§|¢k> = (=1)Niei® | dy)
eidixR/l§|q>k> — _ei[l[-k|<Dk)
| D) withk = 3", ,(n; + ¢i/270)bi/N;
RIG|Py) = 2K\ Dy )
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The fact that real-space coordinate r tunes the boundary
condition of the dual-MTG motivates us to interpret the ideal
flatband wave function as the projection of a quantum state
|u,) into the momentum coordinate space, in complete anal-
ogy with quantum Hall wave functions being understood as
state @, labeled by boundary condition k projected into the
real-space as shown in Eq. (45):

u(r) = (kluy). (47)

Similar to LL wave functions, the ideal flatband states
are not only constrained by the maximal boundary condition
Eq. (39) but by a minimal boundary condition defined below:

Py = —e 7|y, ). (48)

The two boundary conditions, Eqs. (39) and (48), quantize
the coordinates r on a lattice,

m 431 ~ n <52 ~
r=\|5>—— a1+ |5 — 7 |a, 49
(Cl 27‘[) ! (Cz 27‘[) 2 ( )
where @, satisfying e i = ¢ibiT g precisely the boundary
condition for the dual-MTG. For a generic vector ¢, the state
|u,) transforms as

e1%\u,) = €21y, ), (50)

(ry)" = Ceq,. 51

We remind the reader that C above should be understood as
CS since we have set the unit cell area 27.S = 27 throughout
the paper. In this way, CS has the dimension of area to convert
momentum into a coordinate.

The quantization of r in Eq. (49) implies C independent
states, which are related by lattice translations. Denoting,

a; = o1a; + 024y, (52)

the first quantized wave functions of the C independent states
can be labeled as

Vf ) = (kuria,). (53)

where o = (07, 0) is the integer-valued color index with o; €
[0,C; —11.

For notational simplicity, we drop the color index for the
o = (0, 0) component. Its wave function is

@) =o0(z— zk)eézzkefﬁlzlzefﬁlmz, 54)
where 7z = —iCk. According to Eq. (53), wave functions of
other colors are obtained from lattice translations:

W (r) = w(r + a,). (55)

It is worth noticing that e*Tue(r) is precisely the LLL wave

function Eq. (45) of magnetic length [ = +/C. Wave functions
with other colors are distinguished by their minimal boundary
condition, which we discuss later in the section on mapping
a flatband to LLs. We conclude this section with the follow-
ing comment: all v} (r) obey the required momentum-space
boundary condition Eq. (19), which can be straightforwardly
verified by using the quasiperiodicity of the sigma func-
tion. Thereby, v} (r) are the basis functions spanning the
C-dimensional holomorphic line bundle on the momentum-
space manifold for any fixed coordinate r.

D. General form of ideal flatband wave functions

Although all vy (r) satisfy the required momentum-space
boundary condition, they violate the real-space lattice transla-
tional invariance, Eq. (18). Thereby, they individually cannot
be the wave function for ideal flatbands. In this section, we
derive flatband wave functions satisfying both the momentum-
space and real-space translational properties.

Since at any fixed r basis functions vf (r) span the vec-
tor space of the holomorphic line bundles specified by the
momentum-space boundary condition Eq. (19), the wave
function u (r) can be definitely written as

we(r) =Y By(ryvf (r), (56)

where B, (r) is the linear superposition coefficient that varies
as a function of r. For the time being, we assume that 5, (r) of
different colors o are independent functions.

We then impose the real-space boundary condition
Eq. (18). The invariance of u (r) under lattice translations by
a; » imposes the following constraints:

Be(r+a1) = Boi1,0)(r), (57)
Bs(r +az) = Boyo,1H(), (58)
Ba(l‘—i-d,') = _e—%a,x(ﬂra,)&r(’.)‘ (59)
These constrain 5,(r) to have the following form:
By(r) = B(r+a,), (60)
B(r+a;) = —e % B(r), (61)

where B(r) = By—o(r). Therefore, the wave-function form is
uniquely determined by the function B(r) [80].

Now we have proved that the ideal flatband wave function
satisfying the boundary conditions Egs. (18) and (19) has the
general form

Ci—1C—1

w(r) =Y Y Blr+ao)ur+a,), (62)

01=0 0,=0

where B(r) is a k-independent quasiperiodic function satisfy-
ing Eq. (61), and it tunes the Berry curvature. It is now obvious
that factorization C ; is a gauge choice: a difference choice of
factorization affects basis vy, whereas i is basis-independent.
When taking C = 1, the wave function reduces to the form
consistent with the result derived in Ref. [24]. Our wave
function Eq. (62) is in the explicit first-quantized form and
is a generalization of the previously derived “color-entangled
wave function” with constant Berry curvature [40—42]. Here
“color” refers to the LLL wave functions vy, and translations
“entangle” them.

Now we comment on the pattern of zeros and their ex-
changes observed from the wave function of the chiral twisted
multilayer graphene model shown in Fig. 4: since lattice
translation can permute the color index, zeros are rearranged
under one period of such lattice translation; the flatband wave
function ug, which is a summation of all color components, re-
mains invariant so the pattern of all zeros is lattice translation
periodic.
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We can label the location of the C-zeros in the complex
momentum space by ¢—;... c(r), which are C smooth func-
tions that map coordinate r to k = wk,. There is an important
consistency check we can perform. As a consequence of the
Abel theorem, the sum of the positions of the zeros of each
of our basis wave functions shall add up to the boundary
condition modulo the lattice [81],

C
—iY &)=z mod maj +ma,. (63)

i=1

We anticipate that the zeros ¢;(r) will be useful in constructing
an explicit first-quantized Halperin-type wave function by re-
garding index i as layers. We leave this for future exploration.

To conclude this section, relying on the emergent dual
guiding centers and their simple algebra, we derived the most
general form of a Chern number C ideal flatband wave func-
tion in Eq. (62). It is given by C LLL-type wave functions
entangled by lattice translations. During this derivation, we
pointed out the importance of adopting a position-momentum
exchanged view for flatbands.

VI. INTERACTING PHYSICS: DENSITY OPERATOR,
EXACT GMP ALGEBRA, AND MODEL FRACTIONAL
CHERN INSULATORS

Motivated by the unusual numerical observation discussed
in Sec. I, in this section we carefully examine the projected
density operators and their algebra. Utilizing the universal
form of the ideal flatband wave function derived in the pre-
vious section, here we explicitly derive the projected density
operators and their algebra for all topological ideal flatbands.
Importantly, we show that the density operator obeys a closed
algebra, generalizing the GMP algebra in a nontrivial way.
The generalized GMP algebra is the fundamental reason for
the rise of the model FClIs. This result strongly disproved the
common lore that fluctuating quantum geometries destabilize
FCI-type many-body phases of matter.

A. Definition of the density operator

We define the H-space projected density operator as fol-
lows:

Py =Y (ukglur)el,  cx, (64)
k

and we denote the flatband projected density operator as

~Bloch __ Bloch |, Bloch\ T
Pq = Z (ukJrq |uk >Ck+qu- (65)
k

Here uy € H and ub'™" € H are defined in Eq. (17). These
two density operators differ by k-dependent normalization
factors in their matrix element. We will focus on p, and
will justify why the normalization factor is unimportant for
many-body zero modes.

62 and ¢ are the standard particle creation and annihila-
tion operators obeying the standard commutation relation: for
fermions we have {¢, ¢} = 0 and for bosons [¢, éy] = 0.
Since they create/annihilate the wave function uy, they must

obey a boundary condition inherited from Eq. (19):
€ px
Chp = me kel (66)
where 7; is plus or minus 1: for a vector on the b-lattice (which

of course includes the b-lattice),

n = (=)™t for b = mb, + nb,. (67)

B. Emergent exact GMP algebra atC = 1

We begin with C = 1 ideal flatbands as their color space
has a simple unit dimension. We then generalize to generic
C > 1 ideal flatbands. We can drop the color index in this
case. Reducing Eq. (62) to C = 1, we get its wave function
previously derived in Ref. [24]:

ur(r) = Br)®i(r), (68)

where ®4(r) is the LLL wave function of magnetic length
Ig = 1. Since for C =1 there is no difference between the
a-lattice and the a-lattice, as implied from Eq. (61), B(r) is
a quasiperiodic function satisfying

B(r+a;) = —e 2 B(r). (69)

We define a lattice periodic function that admits a Fourier
transform as follows:

A = 1B@)P =) wpe, (70)
b

where wj are the unique tuning parameters in the C = 1 prob-
lem. Equation (68) implies that the flatband form factor can
be expressed in terms of LLL form factors:

(el = op(Dele® | D) = " awpfy (71)
b b
where the form factor of the LLL wave function is given
below,

= / d*r e O} (r) Dy (r),

_ i / 2 0 12— Vk—k +b|212
= npe 2(k+k)Xb]Beszlee 4|k k'+b| IB. (72)

With this form factor, we can rewrite p, as follows:

A ~GMP
Py=3 B, (73)
b
where i);}MP =>4 (f +q’kc;: +qCk is the LLL density operator

obeying the GMP algebra Eq. (1). In deriving Eq. (73), the
boundary condition Eq. (66) is used.

Equation (73) is one of the key results of this section:
it shows that the flatband density operator p, is obtained
from downfolding the LLL density operator into the Bril-
louin zone, and the downfolding coefficients w, are the
tuning parameters for the Berry curvature. It also pro-
vides an explanation to the exact FQH-type FCIs occurring
in the C =1 ideal flatbands, alternative to the approach
from constructing many-body wave functions [30]. To see
this, we expand the flatband density-density interaction as
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follows:

H="Y" |-
b

A GMP A GMP A GMP A GMP
“Pgrp P_g_p T E @} - Parb Pg1b:

b0
£ ape) PO AT 4)

b+

The two terms in the first line are the modified relative
interaction and the center-of-mass (COM) interaction [24],
respectively.

The first term scatters particles by relative momentum
q + b while preserving their COM; the strength of interaction
is modified by the coefficient wp, but the power (range) of
the interaction remains unchanged. Therefore, this part cannot
modify the zero mode.

The second term represents a new type of interaction: the
two-particle interaction depends not only on their relative dis-
tance R_ = R, — R, but also on their COM ﬁ+ =R, +R,.
Since the relative guiding centers commutes with the COM,
two sets of independent pseudopotential operators can be con-
structed,

) d*ql? b

Py =2 (2q)’§ Ly(g*)e 3¢tk (75)
N d*ql?

B, =2 (zq)iLm(q e~ 14l it R (76)

where L, (x) is the nth Laguerre polynomial. Integration over
q is replaced with a lattice sum for finite systems. The exact
GMP algebra ensures that P* individually are exact projectors
that project two particles into their COM angular momentum
M and relative momentum m channel, respectively. Since the
FQH ground states are exactly annihilated by the relative pro-
jectors 13,; and insensitive to the COM projector, the inclusion
of such COM interaction also cannot modify the existence of
zero modes. The last line of Eq. (74) is a mixture of these two
contributions, which also does not affect the interacting zero
modes. A more detailed discussion on the COM interaction
and the generalized FQH model can be found in Ref. [24].

Last but not least, we justify the statement that ignoring
the normalization factor cannot affect the dimension of inter-
acting zero modes. For the unnormalized basis, or generally
speaking for the nonorthonormal basis, the eigenequation is
described by the following:

D Hupcg =1 _ Oupcp, (77)
B B

where o, 8 denote the entry of the Hamiltonian, O is the
basis overlap matrix, and A is the eigenvalue. As long as O
is fully ranked, the A = 0 eigenvalue, if it exists, is unaffected
by the concrete form of O. Therefore, we arrive at a useful
message for our problem: treating a nonorthonormal system
as orthonormal does not affect the dimension of zero modes.

C. Emergent exact GMP algebra at general C >
of model Hamiltonians

1 and a family

The physics of higher Chern bands is enriched by their
color degrees of freedom. We start with a discussion about
the tuning parameter for the Berry curvature, followed by dis-
cussing the general C # 1 density operators and their algebras.

1. Tuning parameter for Berry curvature

To extract useful information for Berry curvature, we de-
fine

Agor(r) = €959 BE (1) By (r)e™ T @007 (78)

where

(@5), = Céwlag)’ = <——b2 +2b ) (79)

Ci G/,
Based on the quasiperiodicity Eq. (61), it is easy to show that
A is a-lattice translational symmetric satisfying Agq (r) =
Ay (r +a). Here a denotes a generic lattice vector @ =
md, + na,. As a consequence, A, can be decomposed into

Fourier modes on the b-lattice:
Asr () = wy (0. 0')e"". (80)
b

Compared with Eq. (70), the Fourier modes here are enriched
by the color indices and are defined on a smaller momentum-
space lattice scale. We remind the reader that this is because
for C > 1 the LLL wave function v{ has an enlarged magnetic
length I3 = C. See Fig. 3(c) for an illustration of the corre-

spondence between flatband and LLL lengthscales.

In fact, not all coefficients wj(o, ') are independent be-
cause colors can be related by lattice translations. It turns
out after straightforward Fourier transformation analysis that
the independent tuning parameters of the system are given by
w;(0, 80), where 8o = ¢’ — o is the color difference taking
values from do; € [0, C; — 1]. All other components can be
generated via

wy(0, 0 + 80) = wj(0, 56)e47 P (81)

We therefore can focus on the wj;(0, 0) components. Soon
we will find that it is particularly convenient to define and use
the new notation:

wplgss] = @30, 50). (82)

The color space is periodic as the functions B, are all
quasiperiodic when r is advanced by a lattice vector @. This
puts another useful relation to the Fourier components that
allows us to move from fractional lattice b to integer lattice b.
Such a relation is
Oy 10s0) = e T anlgy, —B1 (83
We leave detailed derivations of Eqs. (81) and (83) to the
Appendix.

An important implication from Eq. (83) is that, for any
lattice vectors b, one can always factorize it into an “integer
part” b living on the b-lattice and a remaining “fractional part”
b’ defined within by ,, such that b = b+ 5. Then Eq. (83)
states that the fractional lattice dependence can be effectively
“absorbed” into the color space. To conclude, we find that the
C > 1 system is enriched by the color degrees of freedom, and
useful information about band geometries is contained either
in the set of parameters

{w5(0,86) | b = mb + nby; 80, € [0,C; — 11}, (84)
or equivalently in the set of parameters

{wplqs,]1|b = mb, + nby; S0, € [0,C — 11}. (85)
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We will find {wj;(0, §0)} convenient for numerical calcula-
tion as the color space is smaller, and {ws[g;s,]} convenient
in analytically deriving the density algebra because of the
absence of a fractional lattice b-dependence.

2. Family of exact parent Hamiltonians

We proceed to discuss interacting physics in C > 1 ideal
flatbands. The explicit form of the wave function and the
wave-function overlap enables us to derive the explicit form of
the flatband projected interacting Hamiltonian. In this section,
we focus on the two-body density-density interaction Eq. (4),
but the methods here apply to generic M-body interactions.
We derive a family of Hamiltonians, whose Berry curvature
is tunable, while all of them preserve model FClIs as the
exact zero-energy eigenstates for short-ranged interactions.
Therefore, these Hamiltonians are exact parent Hamiltonians
for model FClIs. In the following section, we derive the den-
sity algebra for general C > 1, and we provide a theoretical
understanding for the origin of these model FCls.

The 7i-space projected density operator is defined in
Eq. (64). For numerical calculations, all degrees of freedom
must be restricted to the N; N, orthogonal states defined within
the first Brillouin zone of the flatband. Thereby, we need to use
the boundary condition Eq. (19) to convert the momentum of
c,L appearing in Eq. (64) into the first Brillouin zone. The re-
sulting density-density interacting Hamiltonian for numerical
diagonalization study is

k 2k
H=Y" Z U,y Ty FA b Cf ChyCryr (86)

where 8b = k| + k, — k3 — k4. The Z;c sums momentum k
defined in the first Brillouin zone, while Zb sums reciprocal-
lattice vectors b of the entire two-dimensional momentum
space. In the above, F is defined and expressed as

FK = / d’r e Tk (P (r)

=YY w(0,0)g* (0. 0), (87)
oo’

and the function g is

’ iC 4 ! ’
glgk (o, o'/) — o2 (T46 %40 s xk—qqy xk )fi:“r‘lmk 14, , (88)

where f is the LLL form factor given in Eq. (72) with /2 = C,
and n; is defined in Eq. (67). wy(0o, ¢’) are the tuning pa-
rameters of the model discussed in the last section. They are
equivalently parametrized by wp[q;,].

Our interacting Hamiltonian Eq. (86) is a generalization of
the previously studied color-entangled Hamiltonian [41,42] to
allow nonuniform Berry curvature. The model of Ref. [41] has
constant Berry curvature and corresponds to setting wp[q;,] =
85.0855.,0 In our model.

We have numerically verified that for all parameters
wplqs,], our model Hamiltonian Eq. (86) exhibits exact
v~ = [(m + 1)C + 1]-fold zero-energy degeneracy at filling
fraction v for the short-ranged v,, interaction. Particle-cut
entanglement spectra analysis shows that these exact FCIs
are Halperin-type states. Moreover, we numerically find

that multibody short-ranged interactions support non-Abelian
model FCIs, such as analogs of Read-Rezayi series [82]
and a non-Abelian spin-singlet state [83], as exact zero-
energy eigenstates for arbitrary wplg;,], suggesting that the
momentum-space complex structure is the origin of exact
FCIs for generic M-body repulsions, and it should be a new
fundamental property of density operators. In the next sec-
tions, we analytically derive the density operator and discuss
their hidden exact GMP algebra.

3. Density operator and closed algebra

The general form of a Chern C ideal flatband wave function
is a superposition of C LLL-type wave functions. Using this
fact and the Fourier modes wp[q,] defined in the previous
section, the density operator can be directly computed. Af-
ter some algebra detailed in the Appendix, we find that the
flatband density operator is given as follows:

!
Pe=) > wlgs,]
do b

where Z sums color from §o; € [0, C — 1]. It is downfolded
from pMP into the flatband Brillouin zone, and the downfold-
ing coefficient wp[q,] is precisely the coefficient that controls
the Berry curvature distribution in the flatband problem. The
pOMP is can be expressed as

Yol
> 6o e, e (90)
k

ety (80), (89)

AGMP((SO.)

where ¢ (50) = gk (0, 50) defined in Eq. (88). The physical
meaning of the density operator will be clarified in the next
section.

Importantly, pSMP obeys a closed algebra of Girvin-
MacDonald-Platzman type. Denoting ¢ = w“q, as the com-
plex variable, we have

(g™ (Sa1), P (802)]

— [6’_7‘15”1 XG50, oC (41~ 50y )" (42~ G50y) _ H.C.]

X Pytg, (801 +802). oD

Equations (89) and (91) are key results of this work. They
are valid for any system size N; » and Chern number factor-
ization C; , > 1. They follow directly from the ideal quantum
geometric condition Eq. (2) without using any further as-
sumptions [84]. They show how Berry curvature fluctuation
(controlled by wplq,]) influences the projected density oper-
ator and how the exact GMP algebra emerges in the Hilbert
space H of ideal flatbands.

4. Mapping to multilayer Landau levels

In this section, we discuss the physical interpretation of
density operator p°MP, and how the GMP algebra gives rise
to exact FCIs. We first recall that the colors, i.e., the basis
functions vy, are related to each other by lattice translations,
and each of them has a magnetic unit cell @, , that encloses
an area C times larger than the lattice unit cell. Thereby, their
magnetic Brillouin zone is C times smaller than the flatband
Brillouin zone. For what follows, we assume commensurate
geometry such that »; is divisible by C;. Incommensurate
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geometries can be easily turned into commensurate geome-
tries by gluing multiple systems together. Such gluing merely
changes the spatial periodicity of the interaction, which we
argue will not affect interacting zero modes as they are only
sensitive to the short-ranged component of interaction. See
Figs. 3(c) and 3(d) for an illustration of C = 2.

The colors are LLLs of C distinct boundary conditions. To
see this, we use them to define ®f:

DI(r) = " Ty (r + ay), 92)

which can be equivalently expressed by

Y (r) = ¢ TPy, (). 93)
They satisfy the following minimal and maximal boundary
conditions:

el’E,‘~R|q)]l:> — _e—2ﬂi0i/ciei5ixk|¢)g>7 (94)

" * o) = (=) of). (95)

This means that given the maximal boundary condition
Eq. (95), colors are distinguished by their C different minimal
boundary conditions thus living in C different Hilbert spaces
‘Hs with o; € [0, C; — 1]. Such C spaces H,, are not necessar-
ily orthogonal but are independent, thereby fully spanning the
flatband Hilbert space #, and this is an equivalent description
of flatband physics. Therefore, when C > 1, we are dealing
with a problem with multiple boundary conditions. Now we
come to a subtlety. Remember that the notion of momentum
is itself a gauge choice, i.e., it is dependent on the boundary
condition. This is clearly seen from Eq. (93): although v} or
®7 is indexed by a momentum k, their momentum measured
from the Hq—o space is in fact k + ¢q,. To clarify, we refer
to the momentum measured from the o = 0 frame as the
“absolute momentum,” and the momentum measured from
individual H, as the “relative momentum.” So ®} has relative
momentum k and absolute momentum k + ¢q,;.

The density operator ,?)qGMP (80) then has a simple interpre-
tation: it boosts the absolute momentum of a particle in H_4
by ¢ and at the same time maps it into H_s—_4/455- 10 see this
explicitly, we can rewrite the density operator as

P (0 — o)

= > &5 — o)k + g) (k|

k
_ efgq‘,xqar ka+q+q.,,k+qa/ . |CI)70 )<q)7(r/
k

’

k+q+q, k+qy

(96)

where |k) € # is a flatband state and |®,°) e H_sisalLLL
states, and f is the LLL form factor. We thus justified the
meaning of the density operator discussed above.

The resulting interacting Hamiltonian in the LL basis is
not standard, however, but interacting zero modes can still be
understood. First, the downfolding induced by Berry curva-
ture Eq. (89) implies that there is a center-of-mass interaction
in this generalized FQH problem. Such a center-of-mass in-
teraction cannot affect the zero mode for the same reason
as explained in the C = 1 case discussed in Sec. VIB and

Ref. [24]. Second, different from the layers in LL problems,
here colors are not orthogonal. The nonorthogonality also
cannot affect zero modes; see the discussions around Eq. (77).
Lastly, the density operators in multilayer LL problems are
diagonal in layer, whereas in flatbands the density operator is
not diagonal in colors. We have numerically verified that this
also does not affect the dimension of zero modes.

To conclude this section, using the explicit form of the
universal color-entangled wave function provided in Sec. V,
in this section we explicitly computed the ideal flatband den-
sity operator. We found generally that the flatband density is
obtained from downfolding p“M? into the flatband Brillouin
zone in an exact manner. Importantly, the algebra of pOMP is
closed, generalizing the previously derived GMP algebra from
C = 1 LL to the much more general case for ideal flatbands of
arbitrary C > 0 in a nontrivial way. We demonstrate that the
generalized GMP algebra enables an exact mapping from the
flatband problem to the multilayered LL problem, where color
plays the role of a layer in such mapping. While the resulting
multilayered LL problem is still nonstandard in many aspects
(exhibiting center-of-mass dependent interactions, nonorthog-
onal layer degrees of freedom, and a nondiagonal density
matrix), we show that neither of them can modify the dimen-
sion of many-body zero modes. This summary also answers
the two questions posed at the end of Sec. II, which motivated
the theory presented in this work.

VII. DISCUSSIONS

Flatband systems are ideal venues to explore strongly
interacting phenomena. However, the physics is often compli-
cated by the interactions and by the wave function’s intrinsic
geometry, such as Berry curvature. Through systematically
studying flatbands in the ideal limit, we derive a general
form of a high Chern number Bloch wave function that will
be useful for describing various types of quantum phases
of matter: on the one hand, our wave function is inherited
from the LLL wave function, thus it can naturally express
FQH-type fractionalized states; on the other hand, the internal
color degree of freedom allows them equally well to describe
symmetry-breaking phases. Moreover, we derive a family of
exact interacting parent Hamiltonians and point out the hidden
closed density algebra. This will provide a general framework
and pave the way to thoroughly explore the interplay between
the wave function’s geometry and interaction. Our theory also
has practical implications for realistic moiré materials and
beyond.

First, our results are useful in guiding the experimental
search of FCIs in moiré materials. Recently, FCIs were re-
ported in twisted bilayer graphene with weak external fields
[34]. The role of ideal quantum geometry in this experiment
has been highlighted, mainly motivated by the exact results
for the C = 1 ideal flatbands in the twisted bilayer graphene at
the chiral limit [24,29,30] and numerical results in the realistic
parameter regime [35]. The importance of the ideal geometry
for general C > 1, however, has not been rigorously justified.
Our exact results presented in this work set ideal quantum
geometry as one of the most crucial indicators [35] for experi-
mental realization of generic FCIs in moiré materials [85-93].
The key message from our results is as follows: optimizing the
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single-particle bandwidth and band geometry to approach the
ideal condition Eq. (2) should be given high priority before
employing heavy numerical computation involving interac-
tions.

Second, recently the momentum-space geometry was
found to be important not only for FCIs but also for other
phases such as symmetry-breaking states [43], superconduc-
tivity [94-97], and others [98-103]. For example, in twisted
monolayer/bilayer graphene systems, various topological and
nontopological symmetry-breaking states are observed exper-
imentally [34,43]. In particular, half-filling a C = 2 band is
experimentally found to have spontaneous translational sym-
metry breaking to give rise to a topological charge density
wave. In a recent exact diagonalization study with realis-
tic interactions, a nearly degenerate continuous manifold of
topological charge density waves was reported [92]. Such a
topological charge density wave state can be naturally under-
stood from our theory as spontaneous color polarization: as
the ideal flatband wave function is a nonlinear superposition
of C LLL states shifted by lattice translations and thus distin-
guished by their boundary conditions, the real-space charge
density wave pattern is a consequence of the polarization in
the color space. In general, our single-particle wave func-
tion can be regarded as the parent wave function for various
daughter states: a generic flatband wave function can be ar-
gued to be perturbed from this wave function by breaking the
Kihler condition, adding finite dispersion, breaking internal
color space symmetries, or others. Apart from quantum Hall
related physics, exploring the implication from ideal quantum
geometry for flatband superconductivity [94-97,104,105] in
double-layer time-reversal symmetric high Chern bands is an
interesting future topic.

Besides the wave function, our derived family of interact-
ing Hamiltonians with tunable Berry curvature also deserves
future explorations. They are model Hamiltonians with con-
trolled properties: for arbitrary tuning parameters of the Berry
curvature, FCIs are exact zero energy as long as the interaction
is short-ranged. These model Hamiltonians are thus ideal plat-
forms to explore the intrinsic role of long-ranged parts of the
interaction and their interplay with wave-function quantum
geometries in determining the ground states and the quantum
phase transitions. For instance, in the C = 1 case, a transition
from the Laughlin state to a Wigner crystal is proposed to
occur in the heterostructure of a Dirac material/type-II su-
perconductor when tuning the range of Coulomb interaction
[33]. Richer phase diagrams and phase transitions are ex-
pected to occur in high Chern bands and in multilayer moiré
materials.

Our theory also opens new directions to the theory of
FCI and FQH. Understanding the density operators and their
correlations in flatband systems has been a long-term topic
[4,22,23,106-110]. As GMP algebra is tightly related to the
neutral excitation [14,15,21], it is interesting to ask how Berry
curvature fluctuation influences it and the possibility of ne-
matic transitions tuned by geometry, which can be examined
based on the theory presented here. Moreover, since in quan-
tum Hall physics the GMP algebra is closely related to other
responses such as Hall viscosity [21,66-68,111], we believe
the ideal flatband is a natural place to explore this geometric
response and beyond in flatband systems [112—114].

Furthermore, our work bridges condensed matter physics
and mathematics. Many of our results are motivated and
supported by intuitions and rigorous statements from both
fields, in particular the quantum Hall and flatband physics,
and the Kihler geometry in mathematics. We expect more
insights from bridging these two fields in the future. Con-
cretely, the Bergman kernel might be useful to reformulate
the density algebra derived in this work, and it offers new
perspectives to the emergent pseudopotential projectors. The
coherent states in the emergent Hilbert space # and geomet-
ric quantization also deserve further exploration. Moreover,
higher-dimensional generalization of ideal flatbands is also an
interesting future direction [115-117].

ACKNOWLEDGMENTS

We are grateful to Jennifer Cano, Andrew J. Millis, and
Bo Yang for collaboration on C = 1 ideal flatbands [24]. The
work of S.K. was partly supported by the IdEx program and
the USIAS Fellowship of the University of Strasbourg. Z.L.
is supported by the National Key Research and Development
Program of China through Grant No. 2020YFA0309200. The
Flatiron Institute is a division of the Simons Foundation. This
work is also supported by the Center of Mathematical Sci-
ences and Applications at Harvard University.

APPENDIX: SOME USEFUL DERIVATION DETAILS
1. Fourier coefficients

In this section, we discuss the derivation details for
Egs. (81) and (83). Equation (81) follows directly from the
following identity:

Agor () = A so(r +ag)e T 95790~ S50 (A1)

Therefore, the Fourier coefficients wj(o, 6’) can all be re-
duced to w;(0, §0), which we simply denote as w;(50°), where
30 = 0’ — 0. Equation (83) follows from

w(o + Cie;) = _e%a;ﬁjxqul~1+6’/5/_ (0), (A2)

which can be obtained by using the quasiperiodicity of B(r)
given in Eq. (61):

Ao oo, (r) = —e~ 08X Ay (). (A3)

2. Form factor
In this section, we show the calculation details of the form
factor 7% defined in the main text. For the b = 0 component,

we simply denote it as F*'. Using the general form of the
single-particle wave function, we arrive at

}—Iick' — § :/ere—%q,xq‘,re—ib-re%(q,—q‘,r)-r
oo’

x Agor (N (r)vg, (1), (Ad)
where A, is defined in the main text. Then by using
V() = kDT ok (1), (AS)
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we arrive at the following:

]:éfk' — 2 E w(o o./)e§(—q,,><q0/+q¢,><k—q,/><k’)
b
oo’}

X (@i, [ PHEHTET Dy ) (AG)

The second line is nothing but the LLL form factor. We sum-
marize the expression for the form factor as follows:

Kk K
FE =33 "w(0.0)8% (0. 0. (A7)
oo’}
where functions g and f are
g]ik'(a,’ (T/) = e%(*‘luX‘IU'Jr‘I.er*‘Ia/ ><k')f5k+q,,k’+qa,’
Kk _ nze§(k+k’)xie§k><k’€7%\kfk/fi\z (A8)
;= .
We notice
’ iCro i _: i i
#(0.0") = me TPt f K (6 o), (A9)

where the index b is omitted for g’,ﬁ"z/ o- It is easy to check that
4% (0, 6”) depends only on the color difference:

/ iC 7y iC / [ 4 2
gkk (50.) — 677q5”><(k+k )€7k><k e*j‘k*k —56 | . (Alo)

3. Density operator

In this section, we derive the expression for the flatband
density operator p; = >, ]—"”‘I'kcz +qCk and derive their al-
gebra. First, by using Egs. (81), (A7), (A9), and (A10), the

explicit form for the density operator is

R _ic b b
pg=>_ > npe T ®TObay (50) T (50) - o] ar
3o kb
(A1)

where ) 5, sums color from o; € [0, C; — 1]. Now we further
simplify the density operator from the b-lattice to the b-lattice.
By using Eq. (83),

ic

wp(50) = nye™ T Soqyg; — B, (A12)

where b = b + b, we arrive at the following steps of deriva-
tion:

iC 7!
A —IC (k+q)x (b+B)
Pg = Z Z Nyig€ °

—cy 7/ +q+b+b k T
X 7]5/6 2 anawb[qéo - b] X gk 1 ' [qéa] : Ck+qck

_ic 2/
=3 me T s aylg,, B

50 kb
bk 2y
x gt (956 — b 1- ChtqChs
i iCR , -
where g-tbk (gs) = e TPk d) k(g — b) and ngnp =

r/I;ere%i’Xb are used. We defined gt [q,]= &% (o). This sim-
plifies the density operator into the following form:

(A13)

/

A — i€k b bk
pg=>_ > me T *0uyg,, 1RGNl ar.
So kb

(A14)

where Z;a sums color over §o; € [0,C — 1]. Then using
the boundary condition from Eq. (19), ;. .= npe~ TEx k) .

c,t g+ WE arrive at the final result:
P = Z Z @plgs,1 ¢ (S0) - Clt+q+bck' (Al5)
S0 k,b
This can be rewritten as
/
py=)_ Y @slgs,] - pgiy (80), (Al6)
o b
where
pMP(s6) =Y " K (sa) - ¢f Al7
PN S0y =) (80) - Cpy k- (A7)

k

We now prove that f)SMP((SO') satisfies a closed algebra.
To start, we note that independent of particle statistics, the
commutator of the density operator is

(g B01), " (302)]

_ ¥
= Z Cltq,+4,*
k

x [tk 5o, d 0 (Sey) — (1 2)]. (AL8)
It is easy to verify that g satisfies a “chain rule”:
gratnkta se)) . gtk (sq,)
gHitek(de +80y)
— e*%%a, XG50, ec(th G50, )" (42*%52). (A19)

We see that the right-hand side is k-independent: this is non-
trivial and leads to the closed density algebra shown in the
main text after plugging into Eq. (A18).
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