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Recently, unconventional materials (or obstructed atomic insulators) have attracted much attention owing
to the unconventional feature of mismatch between Wannier centers and atomic positions. In this paper, we
demonstrate that the trigonal selenium and tellurium host an unconventional nature in both electronic and phonon
spectra. In electronic band structures, the band representation (BR) decomposition for occupied bands has to
contain the essential BR of A@3b, and the real-space invariant is §; @3b = —1. The & Zak phase suggests that
the one-dimensional Se/Te chain is a chiral Su-Schrieffer-Heeger chain. The effective magnetism can be induced
by p states at ends. More importantly, a large shift current is obtained in the Se quantum well. In addition,
in phonon spectra, three sets of phonon bands are well separated and assigned to B@3b, B@3a, and A@3b
BRs, respectively. Thus, the obstructed phonon states are predicted on the (0001) surface. As the prototypes of
unconventional materials in both electronic and phonon spectra, our findings could create much interest in the
study of obstructed surface electronic and phonon states in these novel materials.
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I. INTRODUCTION

Although topological quantum chemistry (TQC) [1-3] and
symmetry-indicator classification theory [4-8] have achieved
great success in the searching for topological band structures
in both nonmagnetic and magnetic crystal materials [9-18],
a significant proportion of materials are topologically trivial,
but host the type I unconventional feature of mismatch be-
tween the electronic Wannier centers and atomic positions,
which are named as unconventional insulators or obstructed
atomic insulators (OAIs) [19-22]. Among them, various prop-
erties have been well studied already, such as electrides
[19], thermoelectronics [21], catalysis [23], electrochemistry
[24], solid-state hydrogen storage [21], and ferroelectronics
and superconductivity [25-27]. Given an OAI with cleavage
terminations cutting through an obstructed Wannier charge
center, metallic surface states could possibly exist within the
bulk gap, which is referred to as the filling anomaly [28-31].
Such metallic states on the surface/interface are key to many
interesting physical and chemical properties of these uncon-
ventional materials [21,22]. On the other hand, the concept of
unconventionality can be extended to phonon spectra, when
phonon modes are well separated in frequency (by a frequency
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gap) [32]. For an unconventional phonon band structure, the
surface phonon modes are expected in the frequency gap. So
far, no material has been predicted to be unconventional yet in
both electronic and phonon band structures.

In this work, we demonstrate that the trigonal selenium and
tellurium are unconventional in both electronic and phonon
spectra. The essential band representation is A@3b (3b is
an empty site). The real-space invariant (RSI) is computed
81@3b = —1. The © Zak phase suggests that the 1D Se/Te
chain is a chiral Su-Schrieffer-Heeger (SSH) chain. The
electronic gap can be modified by quantum-well structures,
with electrons and holes being at two different interfaces,
which yields a large shift current. On the other hand, in
their phonon bands, the band representations are assigned to
three sets of separated phonon bands by the IR2PH [33] and
UnconvMat packages [21,34,35]. Accordingly, the obstructed
surface phonon modes are obtained on the (0001) surface. Se
and Te are the prototypes of unconventional materials in both
electronic and phonon band structures.

II. CRYSTAL STRUCTURES AND aBR ANALYSIS

The Se and Te crystals crystallize in the structure of SG
152 (right-handed). The atoms are located the 3a Wyckoff
site (WKS; Table I), and covalently bonded into chiral 1D
chains along Z. The neighboring chains are bonded by van
der Waals (vdW) forces in the other two dimensions (i.e.,
xy plane) to form a triangular lattice [Fig. 1(a)]. The band
structures of Se and Te are presented in Figs. 1(d) and 1(e),
indicating an insulating behavior. For more calculation details,
please see Appendix A. In the theory of TQC, one can identify
the BR (p @gq) for any isolated set of electronic bands, which
tells the Wannier center (¢) and local orbital character (p;
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TABLE I. The atomic positions and aBRs of SG 152 (P3,21) Se
and Te.

Atom WKS(g) Symm. Conf. Irreps(p) aBRs(p@gq) Occ.
Se 3a 2 4p* pxt A A@3a

(Te) 6pY  bpy:B B@3a Yes
p.:B B@3a

A@3b Yes

labeled by g site symmetry) [19]. The atomic valence-electron
BRs (aBRs) are tabulated in Table 1. Based on the computed
irreducible representations, the aBR decomposition for the
occupied bands is solved online [21,34] to be B@3a(p,) +
A@3), with the essential BR A@3b responsible for charge
mismatch. The RSI for the empty 3b site is computed to
be §1@3b = —m(A) + m(B) = —1, where m(p) denotes the
number of p @3b, indicating the unconventional nature of the
OAI The specific orbital-resolved band structures and TB
model are provided in Appendix B.

III. = Zak PHASE AND SURFACE STATES

With the understanding of the essential BR at 3b, we will
expect the metallic state on the top surface while no such state
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FIG. 1. The crystal structure and Brillouin zone of trigonal Se
and Te. (a) Top view and (b) side view of the crystal structure are
presented. The black arrows denote the orientations of defined local
orbitals according to 3a site symmetry. Each unit cell contains a
chiral chain along ¢ (). (c) The Brillouin zone and high-symmetry k&
points of trigonal Se. (d), (¢) The band structures of Se and Te. The
obtained spectra of the (f) (0001)-slab and (g) (0110)-slab calcula-
tions of Se. The two surface bands are indicated by the red and blue
circles, respectively, in panel (f).

on the side surface. Thus, we have performed the (0001)- and
(0110)-slab calculations. In Fig. 1(f), we clearly see metallic
surface states on the (0001) surface. Moreover, we notice that
the unconventional nature is closely related to the Zak phase
[36]. The Zak phase is defined by the integral of the Berry
connection along a reciprocal lattice vector (G). In trigonal Se
crystals, the Zak phase is defined by

Noce

G
Oky) = —iZ/O dk (u,(ky, k)0 |ua(ky, k.)), (1
n=1

where |u,(k)) is the periodic part of the bulk Bloch wave
function in the nth band, with the gauge choice |u,(k)) =
€67 |u,(k + G)) and kj = (ky, k). Due to the presence of Cy,
symmetry on I' — K/K — M and TC,, symmetry on I' — M,
the Zak phase is quantized to be zero or w(mod?2m). The
Zak phase along 'MKT is computed, being 7. Away from
the high-symmetry lines, it would slightly vibrate around
w. The 7w /0 values of the Zak phase correspond to the
presence/absence of in-gap boundary states, which are sim-
ilar to those in the SSH model [37]. The 1D Se chains are
chiral SSH chains. As shown for the (0001) slab, polarization
charges are equal to e/2 (mod e) at the ends of the 1D insulat-
ing chain. As these chiral SSH chains are vdW interacted, they
result in metallic surface states, being consistent with ab-initio
calculations.

IV. QUANTUM WELLS, INTERFACES,
AND SHIFT CURRENT

Due to existence of the m Zak phase, we can generate
in-gap states on different (0001) interfaces, to modify the band
gap and properties though the quantum-well structures. Here,
we twisted two different chiral structures by 60 degrees to
form two interfaces 1 and 2 and 180 degrees to form interfaces
3. We have performed the calculations of two quantum wells
(QWs). QW-I contains interfaces 1 and 2, while QW-II has
identical interface 3. The top and side views of the structures
are given in Fig. 9 in Appendix C. The band structures of the
quantum wells are shown in Figs. 2(a) and 2(b). In Fig. 2(b),
the flat in-gap interface states are also obtained on interface
3. In Fig. 2(a), the interface states are clearly seen in the bulk
gap, and their surface weights have been denoted by the size
of the dots for interfaces 1 and 2, respectively. We find that
the indirect band gap becomes smaller in the QW-I structure.
More surprisingly, electron and hole carriers accumulate at
different interfaces, which can prohibit the recombination of
electrons and holes.

Thus, we have calculated the shift current of this quantum
well. In second-order optical response, a shift current J(w)
can be generated by an injected linear polarized light via

J (@) = 04, (0)Ey(@)Ep(—w), @)

where E,(w) is electrical field along a and the strength of the
response can be described by the magnitude of second-order
photoconductivity o, (w) [38—40]. The results show a large
shift current at E (fiw) ~ 1.2 eV in Fig. 2. The response tenser
elements corresponding to the shift current along %, y, and 2
are given in Figs. 2(c), 8(a), and 8(b), respectively. The peak
value for the o7 (w) and 02.(w) components can reach up
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FIG. 2. The band structures [(a), (b)] of the quantum wells of
trigonal Se. The in-gap interface states are shown clearly within the
bulk gap; one can easily find that the bands from two neighbor Se
layers with direct band gaps are ~1.2 eV in a large area [red dashed
arrows in panel (a)]. The interface weights have been denoted by
the size of the red circle and blue diamond dots for interfaces 1
and 2 in panel (a). The flat in-gap interface states (red solid line)
are obtained on interface 3 in panel (b). (c) The response tenser
elements corresponding to the shift currents along . The peak value
for the o (w) components can reach up to ~45 uA/ V2, with a photon
energy of ~1.2 eV. (d) Experiment setup for detecting the 7.

to ~45 and ~80 uA/V?2, respectively, with a photon energy
of ~1.2 eV. So large photoconductivity is comparable to the
record of reported values in semiconductors [41-49], making
the Se quantum well a promising photodetection device. We
further analyzed the origin of the strong response. From the
electronic band structure, one can easily find that the bands
from two different interfaces (1 and 2) with direct band gaps
~1.2 eV in a large area [see Fig. 2(a)]. The optical transi-
tion between the interfaces 1 and 2 contributes to the peak
value of photoconductivity and can generate a strong in-plane
shift current via the tenser elements 02X (w) and o3 (w). The
details of the second-order optical conductivity are given in
Appendix A.

V. MAGNETISM AT THE ENDS OF THE CHIRAL
SSH CHAIN

To investigate the magnetic property at the ends of the
chiral SSH chain, we induce a vacancy defect on the surface
of the (0110) slab and passivate an end by the F atom. The
relaxed crystal structure is obtained in Fig. 3(a). The non-spin-
polarized and spin-polarized band structures are calculated. In
the non-spin-polarized band structure of Fig. 3(b), an isolated
state is localized at the end of the chain, being half filling
and metallic. The partial charge distribution of this end state
is plotted in Fig. 3(a). After considering spin polarization, it
becomes insulating with 1 ppg at the end with a lower total
energy. The magnetism is induced by the unpaired p electron
at the end of a SSH chain. The polarized end state is confirmed
by the calculations with two (or more) vacancies on a chain to
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FIG. 3. The structure of the decorated (0110) slab (a) and the
computed band structures without (b) and with spin polarization
(c). Band decomposed charge density of the isolated in-gap band of
(b) is plotted in (a) with an isosurface value of 0.01 e A3, (d) The
magnetic distribution of the 2 x 2 supercell of the (0001)-surface
termination with different magnetic configurations. The arrows in-
dicate the initial magnetic directions, while the values indicate the
final converged magnetic moments.

reduce the interaction between the two ends of the chain in the
slab structures.

Then we simulate the magnetic ordering on the ideal
(0001) termination, which is an arrangement of the ends of
the chiral SSH chains. We have performed the calculations
for different magnetic configurations in a 2 x 2 supercell. The
results are shown in Fig. 3(d). We use the energy mapping
method to estimate the nearest-neighbor exchange interaction.
Here, we consider an Ising-type model,

H=E)+ ZJ,‘,]'S,‘S]‘. (3)
(i,

Because there are three types of nearest-neighbor exchange
interactions, the NN J; ; can be divided into J, along @, J,
along b, and J,, along a + b. We consider one ferromagnetic
(FM) and three antiferromagnetic (AFM) configurations, as
indicated by the arrows in Fig. 3(d). We find that the FM and
AFM-I states converge to paramagnetic states during the self-
consistent calculations and the converged magnetic moments
in AFM-II and AFM-III states are presented in Fig. 3(d). The
converged energies are given in Table II. According to the
Ising-type model, the energies of the Se magnetic configura-
tions can be written as

Erm = Ey, Eapma = Eo,
Expmn = Eo + (Jo — Jp — Jap) /4,
Expvmn = Eo + (—Jo — Jp +Jap) /4. 4

TABLE II. The energies of different magnetic configurations
(reference to AFM-III).

FM AFM-1 AFM-II AFM-III

Energy (meV) 72.38 72.38 19.08 0
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FIG. 4. The calculated bulk and (0001)-surface phonon spectra
of Se [(a), (b)] and Te [(c), (d)]. The obstructed phonon states (OPS)

are clearly shown in the frequency gap of the bulk projections.

We can solve J;, = 15.7 meV. Then, assuming |J,| = |J,|, we
get J, = —J,p = 1.2 meV. As expected, J,/J,p is much less
then J;, and these J values are consistent with the most stable
configuration AFM-IIL.

VI. UNCONVENTIONAL PHONON SPECTRA

The phonon modes are originated from the vibration of the
atoms, which would induce the atomic vibration band repre-
sentations as the p-orbitals in the phonon spectrum. Similarly,
the phonon spectra with a set of separated phonon bands being
not a sum of aBRs are defined as the unconventional phonon
spectra [32]. As a result, the obstructed phonon modes emerge
on terminations of finite-size samples. The phonon spectra are
computed and shown in Fig. 4 for Se and Te. We use IR2PH
to deal with the phonon modes from the DFPT calculations
and obtain the irreps [33]. Through tqc.data, the BR decom-
position for each set of phonon bands is solved online [34],
as shown in Figs. 4(a) and 4(c). As expected, the obstructed
phonon states are obtained in Figs. 4(b) and 4(d). Based on
the full list of symmetry-protected Weyl phonons in Ref. [50],
the depicted A and H points are double and monopole Weyl
points, respectively. The arc states of Weyl points are shown
in Fig. 10 in Appendix D.

VII. DISCUSSION

In summary, we present that the trigonal Se and Te are un-
conventional elements in both electronic and phonon spectra.
The essential BR of the occupied electronic bands is B@3b
and it is characterized by a nonzero RSI 6 @3H = —1. Since
the 3b site is the center of bonds in the 1D chiral Se/Te chain
in the z direction (v Zak phase), the metallic in-gap states are
obtained on the (0001) surfaces and interfaces. Noting that
the topological property of the Se/Te chain was investigated
very recently [51]. As semiconductors, the band gap can be
modified by the quantum-well structure with electrons and
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FIG. 5. The MBI band structures of Se and Te.
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holes being at two different interfaces, which benefits the
application of the solar cells. A super-high shift current is
obtained in the quantum well. Additionally, based on the BR
decomposition of the phonon bands, we conclude that the
phonon bands are unconventional and the obstructed surface
phonon modes are obtained on the (0001) surface/interface.
As the prototypes of novel kind of materials with both elec-
tronic and phonon unconventional band structures, our study
can create future interest in the study of surface charge and
phonons in these kind of materials.
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APPENDIX A: CRYSTAL STRUCTURE
AND CALCULATION METHODS

The elementary substances Se and Te (SG 152, P3,21)
host a hexagonal lattice (parameters a, ¢ along X, Z, respec-
tively), whose atoms are located at Wyckoff positions 3a,
ie., A=(x,0,1/3), B=(0,x,2/3), and C = (—x, —x, 0),
forming a right-handed trigonal helix along Z. The parame-
ters are (a, c, x) = (4.4593 A, 5.9282 A, 0.26197) for Te and
(a,c,x) = (43662 A, 4.9536 A, 0.2254) for Se. The modi-
fied Becke Johnson (MBJ) band structures of Se and Te are
presented in Figs. 5(a) and 5(b) [52,53].

TABLE III. The Slater-Koster parameters of the p-orbital TB
model of Se and Te. V;5/ppr (V, ) denote the parameters of NN

po | pp
(NNN) bonds.
Atom Vopo Vppr Voo Vo
Se 32 —0.5 1.2 —-0.3
Te 2.5 —-0.2 1.3 —0.285
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FIG. 6. Orbital-resolved Wannier-band structures for Se; the size
of the circles denotes the weight of defined local (a) p,, (b) p.,
and (c) p, orbitals, respectively. (d) Illustration for the orientations
of defined local orbitals (red arrows: p,, cyan arrows: p,, and blue
arrows: p,).

We performed the first-principles calculations based on the
density functional theory (DFT) implemented in the Quantum
ESPRESSO package [54,55], using the projector augmented-
wave (PAW) method [56,57]. The electrons are described
using the generalized gradient approximation (GGA) with
the exchange-correlation functional of Perdew, Burke, and
Ernzerhof (PBE) [58] for the exchange-correlation functional.
The plane-wave cutoff energy was set to 70 Ry. The thickness
of the vacuum layer along % axis was set to >15 A. The
lattice dynamical properties are described using the GGA with
exchange-correlation functional of PBE for the exchange-
correlation functional. The plane-wave cutoff energy was set
to 50 Ry. The phonon calculations are performed in the
framework of density functional perturbation theory, as im-
plemented in the Quantum ESPRESSO package.

The irreducible representations of electronic states and
phonon modes were computed by our homemade programs
IR2PW and IR2PH, respectively. They are released on Github
[33].
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FIG. 7. (a) The illustration of NN bonds (green solid lines) and
NNN bonds (black dashed lines). The band structures of TB models
(red dashed lines) vs ab initio calculations (black solid lines) of Se
(b) and Te (c).

—
o
e

=
E!
=
£
G
-80 . . .
0.0 0.5 1.0 1.5 2.0
(b) Phonon energy(eV)
30T
gm
210
g +
= 0
g -107
220 . . .
0.0 0.5 1.0 1.5 2.0

Phonon eﬁergy(eV)
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TABLE IV. The location, frequency, chiral charge, and degener-
acy of the Weyl points between 8th and 9th phonon bands.

Weyl points Loc. (fractional) Freq. (cm™') Charge Deg.
WP1 (0.0,0.0,0.5) 227.34896 +2 1
WP2 (0.0,0.0,0.24) 226.65376 +1 2
WP3 (0.33,0.33,0.5) 227.16528 +1 2
WP4 (0.0, —0.15, —0.35)  227.93953 -1 6

The same band topology, we mainly focus on the discus-
sion of Se in the main text hereafter.

It is physically different from that of the p-n junction
mechanism. In bulk optical response, the linear response can
be understood as J¥(w) = o (w)Ep(w), where o,,(w) is the
first-order optical conductivity. A current J*(w) along the a di-
rection can be generated by the applied optical-electrical field
Ey(w) along the b direction. One can see that J*(w) and Ep(w)
are with the same frequency; therefore, the bulk photovoltaic
effect is forbidden in the first-order response and dominated
by the second-order response. The bulk photovoltaic effect
can be considered as a joint effect of the frequency-dependent
density of states and the wave function.

We calculate the second-order optical conductivity by

J(0) =050, w, —w)E,(w)Ep(—w)
X Re[E,(w)Ep(—w)],

3
e
c a _ba b _bic
Uab(()’ w, —w) = % E E fnm(rmnrnm rmnrnm)

k  mn

x 8(hiw — Epp), (A1)

where n and m are band indices, f,, = f, — f is the
Fermi-Dirac distribution difference, r;, = A5 (1 — 8,,) is
the interband Berry connection, the r&? = aarTb term relates
to the mediate virtual states, and E,,, = E,, — E,, is the energy
difference. We deal with the delta function §(iw — E,,;,) by a

Gauss distribution with a smearing factor of 0.01 eV.

APPENDIX B: ORBITAL-RESOLVED BAND STRUCTURES
AND TB MODEL

The orientations of the defined local orbitals at each Se
atom according to 3b site symmetry are presented in Fig. 6(d).

(a) (b)
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_ 6
2 .
= 2
2 232.51
§ o
g 2
i3 4

209.26L S 1 ok 6

T M K T 1.0 1.0

FIG. 10. (a) The (0001) surface phonon spectrum of a semi-
infinite Se. (b) The surface arc states terminated by the projection
[dashed line in (a)] of Weyl nodes with unequal topological charge.
The yellow and purple points denote the Weyl nodes with chiral
charge +1 and —1, respectively. Two charge 41 and one charge +2
Weyl nodes at T degenerate to +4 Weyl nodes, resulting in quadruple
helical states and surface arcs.

The orbital-resolved bands with respect to this orbital setup
are shown in Figs. 6(a)-6(c), from which we can find that the
defined p, orbitals are fully occupied forming the aBR B@3a.

Through the Slater-Koster method [59], the band structures
can be well reproduced by a p-orbital tight-binding (TB)
model with two kinds of bonds: the nearest-neighbor (NN)
bonds and the next-nearest-neighbor (NNN) bonds in Fig. 7.
Their ppo and ppm parameters are given in Table III. The
band structures of the TB model are given in Fig. 7.

APPENDIX C: LARGE SHIFT CURRENT
AND QUANTUM WELLS

These topics are covered in Figs. 8 and 9.

APPENDIX D: WEYL POINTS AND SURFACE STATES
IN PHONON SPECTRUM

The Weyl points between the 8th and 9th phonon bands
in the phonon spectrum of Se are listed in Table IV. The
corresponding surface/arc states are obtained in Fig. 10 for
the (0001) surface.
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