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Making ghost vortices visible in two-component Bose-Einstein condensates
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Ghost vortices constitute an elusive class of topological excitations in quantum fluids since the relevant phase
singularities fall within regions where the superfluid density is almost zero. Here we present a platform that
allows for the controlled generation and observation of such vortices. Upon rotating an imbalanced mixture of
two-component Bose-Einstein condensates, one can obtain necklaces of real vortices in the majority component
whose cores get filled by particles from the minority one. The wave function describing the state of the
latter is shown to harbor a number of ghost vortices which are crucial to support the overall dynamics of
the mixture. Their arrangement typically mirrors that of their real counterpart, hence resulting in a “dual”
ghost-vortex necklace, whose properties are thoroughly investigated in the present paper. We also present a
viable experimental protocol for the direct observation of ghost vortices in a 23Na + 39K ultracold mixture.
Quenching the intercomponent scattering length, some atoms are expelled from the vortex cores and, while
diffusing, swirl around unpopulated phase singularities, thus turning them directly observable.
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I. INTRODUCTION

Vortices are the most fascinating and universal structures
in classical and quantum fluids. The appearance of vortices
in a quantum fluid constitutes the hallmark of superfluidity.
Unlike a classical fluid, in fact, a superfluid cannot rotate as a
rigid body due to the irrotational character of its velocity field,
which is, in turn, proportional to the gradient of the phase
field associated to the macroscopic wave function [1]. For this
reason, a superfluid can gain angular momentum only in the
form of discrete topological defects (vortices).

Quantum vortices are found in various physical systems,
ranging from liquid helium [2,3] to quantum gases [4–7],
but including also superconductors [8], exciton-polariton con-
densates [9], and quantum fluids of light [10]. Typically, a
quantum vortex corresponds to a singularity in the phase field
(i.e., a point around which the phase “rolls up” from 0 to 2π )
and, for the energy to be bounded, to a density depression.
More specifically, in a mean-field description, the velocity
profile around a vortex diverges as r−1 (where r is the distance
from the phase singularity) and the density profile goes as r2

[11]. Hence, vortices are often pictured as funnel-like holes in
otherwise uniform density plateaus, around which the quan-
tum fluid exhibits a swirling flow.
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The typical diameter of vortex cores greatly depends on
the properties of the superfluid and ranges from ∼10−10 m
for superfluid helium-4 to � 10−6 m for atomic Bose-
Einstein condensates (BECs) [12,13], length scales that are
(considerably) smaller than the optical resolution of imag-
ing apparatuses. To circumvent this intrinsic limitation and
achieve a direct visualization of vortex lines, clever stratagems
have been designed, such as the injection of small parti-
cles of solid hydrogen into samples of liquid helium (some
of them indeed get trapped along vortex filaments) [14]
(see also Ref. [15]), or the use of two-component BECs
where one component fills the core of the vortex in the
other component (and thus enlarges it because of the in-
tercomponent repulsion) [6]. As regards single-component
quasi-two-dimensional (2D) BECs, given the submicron size
of vortex cores, imaging protocols often rely on a period of
ballistic expansion of the atomic cloud prior to image acqui-
sition [16,17], even though recent in situ imaging protocols
[18,19] have opened the door to the direct observation of vor-
tices in contexts where BEC expansion is either impractical or
would alter the vortex features.

Soon after the first experimental observations of vortices
in atomic BECs [4,5,7], the dynamics of vortex lattice for-
mation upon trap rotation was extensively investigated by
means of numerical simulations of 2D Gross-Pitaevskii (GP)
equations [20,21]. In this context, a new class of topological
excitations termed “ghost vortices” was pointed out. The lat-
ter are phase singularities that appear at the outskirts of the
atomic cloud when it is rotated. They, by gradually approach-
ing the Thomas-Fermi boundary (from outside), give place
to surface waves which ultimately result in dynamical insta-
bility. When this happens, i.e., for sufficiently high rotation
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frequencies, the phase singularities enter the atomic cloud,
form a lattice, and start to give a nonvanishing contribution
to the total angular momentum of the system.

The concept of “ghost vortex”, i.e., that of a phase de-
fect in regions where the superfluid is almost absent, also
recurs in other physical systems. In Ref. [22], for example,
“hidden vortices” were found along the central barrier of a
rotating double-well potential and, since they carry angular
momentum, were shown to be the crucial ingredient for the
Feynman rule [23] to be satisfied. In Refs. [24,25], ghost
vortices were found in the oscillating potential which is used
to nucleate vortex dipoles in its wake, while in Ref. [26] they
resulted from the snake instability of solitons and preluded
vortex turbulence. Interestingly, in a many-body description
of trapped BECs, it is possible to recognize the presence of
“phantom vortices”, topological defects of the spatial coher-
ence, but not of the density [27]. Ghost vortices play a crucial
role also in some recent technological applications, where co-
herent matter waves can be conveniently employed to realize
high-precision accelerometers [28,29], and to characterize the
current-phase relationship of quantum devices [30–32].

The presence of ghost vortices is not limited to single-
component BECs. Indeed, they can be found in Bose-Bose
[33] and in Bose-Fermi [34] mixtures, where they are gen-
erated by collective excitations and the Landau instability
[35] with negative excitation frequency. They are also found
in dipolar BECs [25], in mixtures featuring the Rashba-
Dresselhaus spin-orbit coupling [36,37], in the presence of an
inhomogeneous artificial gauge field [38], and in self-bound
quantum droplets [39].

In all these systems, ghost vortices support the nucleation
of the usual (i.e., real) vortices in the bulk-density region. Be
them in the periphery of a rotating condensate [20,21,33,34]
or in the interior of a moving obstacle [24,25], ghost vortices
provide the seeds of topological defects which can eventually
enter the high-density regions.

In this work, we focus on a class of systems where ghost
vortices not only are present but play a crucial role in the
overall dynamics: two-component BECs in the immiscible
regime, where one component hosts quantum vortices and the
other component fills vortex cores. The dynamical properties
of these “massive vortices” [40–44] are determined by the in-
terplay of superfluid vortex dynamics [45–48] and Newtonian
(inertial) physics, and disclose intriguing phenomena such as
the presence of cyclotronlike orbits [42], precession reversal
[43], and two-vortex collisions [44].

While the aforementioned works were concerned with the
dynamics of massive vortices, here we shift the focus onto the
properties of the minority wave function, the one associated
with the core-filling component, both the manifest and the
hidden ones. In particular, we show that the uniform motion of
precession exhibited by vortex necklaces [47,49–53] naturally
comes with the formation of ghost vortices in the minority
component. These phase singularities in regions where the
relevant superfluid density is (almost) zero directly originates
from the irrotational character of the velocity field and support
the precession of the massive cores, integral with the hosting
vortices.

Our paper is organized as follows. Section II introduces
the physical system, summarizes the effective point-vortex

model, and provides analytical results about the precession
frequency of vortex necklaces in the presence of core mass,
as well as a detailed energetic stability of such configurations.
Section III then studies the arrangement of ghost vortices in
the minority component and highlights their crucial role in the
overall dynamics of the Bose-Bose mixture. To this purpose,
analytical results from the massive point-vortex model are val-
idated against numerical simulations of coupled GP equations.
Section IV presents a viable experimental protocol to directly
probe the existence of these elusive topological excitations.
In the same spirit of standard fluid-dynamics experimental
platforms, where colored smoke is injected to probe flow
patterns [54], we release part of the minority component from
the hosting vortices, and we observe it flowing around the
original ghost vortices, thus turning them real. An indicator
to quantify the degree of “ghostliness” of a given phase defect
is also presented, which can be easily employed to postprocess
both numerical and experimental results. Section V is devoted
to concluding remarks and outlook.

II. ROTATING TWO-COMPONENT BEC

The dynamics of quasi-2D two-component BECs at zero
temperature is described, at the mean-field level, by the two
coupled GP equations

ih̄
∂ψa

∂t
=

[
− h̄2

2ma
∇2 + Vtr + gaa|ψa|2 + gab|ψb|2

]
ψa, (1)

ih̄
∂ψb

∂t
=

[
− h̄2

2mb
∇2 + Vtr + gab|ψa|2 + gbb|ψb|2

]
ψb, (2)

where ψa = √
ρaeiθa and ψb = √

ρbeiθb are the order parame-
ters associated to the two condensed components, ma and mb

are the two atomic masses, and gi j = √
2π h̄2ai j/(mi jdz ) are

the effective intra- and interspecies interactions in 2D. Param-
eters mi j = 1/(m−1

i + m−1
j ) constitute the effective masses,

ai j the intra- and interspecies s-wave scattering lengths, and
dz represents the effective thickness of the quasi-2D atomic
cloud. The macroscopic wave functions ψa and ψb are nor-
malized to Na and Nb, the number of particles in the two
condensed components, respectively. The trapping potential is
such that Vtr (r) = 0 if r < R and Vtr (r) = V if r > R, where V
should be sufficiently larger than μa, so to ensure confinement
of the system within a disk of radius R (μa is the chemical
potential associated to component-a). In our simulations, we
employed V ∼ 104 μa.

Equations (1) and (2) admit a class of solutions such that
ψa hosts one or more vortices and ψb is localized at the
cores of these vortices thus providing them with an effec-
tive inertial mass [40,42]. The resulting “massive vortices”
represent composite topological excitations of the mixture
[40,55,56], and are stabilized by the assumed immiscibility
gab >

√
gaa gbb of the two components (if this condition is

violated, a non-negligible mass can be still present in the vor-
tex core, but it is not tightly localized therein [57,58]). While
considerable attention has been paid to their dynamics [40,42–
44], important properties of the filling component ψb are still
unaddressed. In this article, we show that ψb typically features
“ghost vortices”, i.e., phase singularities in regions where the
component-b density, ρb, is vanishingly small. Moreover, we
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FIG. 1. Regular N-gons of massive vortices in a hard-wall circu-
lar trap (each column corresponds to N = 2, 3, 4, 5). As customary,
vortices in ψa correspond to density holes in ρa (first row) and
singularities (black stars) in the associated phase field θa (second
row). As expected, the density distribution of the filling component,
ρb, features peaks (third row) at the centers of component-a vortices.
Less expectedly, singularities (black crosses) are present in the phase
field θb (fourth row) in regions where ρb is vanishingly small (∼103

times smaller than the peak density): these are ghost vortices. The
properties of ghost-vortex arrays are described in Sec. III, while
a convenient experimental protocol to turn ghost vortices into real
vortices is presented in Sec. IV. The following parameters have
been used: Na = 5 × 104, Nb = 1.5 × 103, R = 50 µm, ma = 3.82 ×
10−26 kg, mb = 6.48 × 10−26 kg, ga = 52 × (4π h̄2a0)/ma, gb =
7.6 × (4π h̄2a0 )/mb, gab = 24.2 × (2π h̄2a0 )/mab, lz = 2 µm. Each
N-gon has different angular velocity: � = 5.5 rad/s for N = 2,
� = 6.5 rad/s for N = 3, � = 7.5 rad/s for N = 4, � = 8.5 rad/s
for N = 5.

point out their fundamental role in the overall dynamics of the
system, and propose a viable experimental protocol to turn
them into real vortices, so to gain a more direct insight into
their features and properties. To this purpose, we consider
systems of few massive vortices confined in a hard-wall cir-
cular trap, a type of trapping potential which is available in
modern experimental apparatuses [59] and which allows one
to investigate physical phenomena without worrying about
those undesired density-gradient effects inherently present
with traditional harmonic traps. More specifically, we focus
on regular configurations where N massive vortices constitute
the vertices of a regular N-gon (see Fig. 1). This choice allows
us to precisely determine the structure of the associated ghost-
vortex array and thus allows for a direct comparison with
experiments.

A. Rotating N-gons of massive vortices

In the absence of the filling component (i.e., for Nb = 0) it
is well known that various N-gons of real (hence the subscript

“r”) vortices, differing in the value of N , in the radius rr (N ) of
the circle where the real vortex N-gon is inscribed in, as well
as in the presence or absence of an extra vortex at the center
of the circular hard-wall trap, get energetically (meta)stable
depending on the value of the angular frequency � at which
the system is rotated (see also Sec. II B). We recall that the
aforementioned vortex N-gons are stationary in the rotating
reference frame, while, in the laboratory reference frame, they
rotate at the same frequency as the external rotation � [47].

The presence of core mass alters the standard functional
dependence �N (rr ), representing the angular frequency at
which a vortex N-gon of radius rr rotates. The reason is that,
in the presence of a nonzero core mass, each vortex can be
subject to an additional Magnus-like force [41,60].

A particularly convenient analytical tool to estimate the
dynamics of massive quantum vortices, as well as the prop-
erties of rotating N-gons of massive vortices is represented
by the massive point vortex model [40,42–44], which gener-
alizes previous point-vortex models [47] where the possible
presence of core mass was neglected. In the framework of
a time-dependent variational approximation (which neglects
compressibility-related effects, such as sound waves propa-
gation), in fact, superfluid vortex dynamics and Newtonian
inertial physics can be treated on equal footing and the re-
sulting effective pointlike Lagrangian

L =
N∑

j=1

[
Mj

2
ṙ2

j + k jρa

2
(ṙ j × r j · ẑ)

r2
j − R2

r2
j

]
− V, (3)

where

V = ρa

4π

N∑
j=1

k2
j ln

(
1 − r2

j

R2

)

+ ρa

4π

∑
i< j

kik j ln

(
R2 − 2ri · r j + r2

i r2
j /R2

r2
i − 2ri · r j + r2

j

)
, (4)

was shown to well capture the trajectories {r j (t )} of inter-
acting massive vortices [40,42–44], bypassing the need of
solving the actual GP equations (1) and (2). The meaning
of model parameters in Lagrangian (3) is the following:
Mj = Nbmb/N is the mass of each core (we assume that
component-b bosons are equally subdivided among the N
vortices), k j = ±h/ma is the strength of the jth vortex,
while ρa = mana = maNa/(πR2) is the planar mass density
of component-a atoms, R the radius of the trap. Lagrangian
(3) includes a Newtonian inertial term ∝ Mj and a potential
term which accounts for both intervortex interactions and the
presence of a hard-wall circular potential which results, in
turn, in the emergence of effective image vortices [47].

As already mentioned, in the presence of N vortices, the
motion equations associated to Lagrangian (3) feature a no-
table class of solutions where the N vortices constitute the
vertices of a regular N-gon of radius rr , which rotates around
its center at a rate �N (rr ). Complex but straightforward cal-
culations (see Appendix) result into equation

�N

(
1 − μ

2N
�N

)
= 1

r2
r

(
N − 1

2
+ N

r2N
r

1 − r2N
r

)
, (5)
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FIG. 2. Plot of relation (5). Each panel corresponds to a different
value of N (ranging from 2 to 7). Purple dot-dashed, green dashed,
blue solid lines correspond, respectively, to μ = 0, μ = 0.05, and
μ = 0.10.

where the precession frequency �N is expressed in units of
�0 = h̄/(maR2), the N-gon radius rr in units of the trap ra-
dius R, and μ = Mb/Ma = Nbmb/(Nama) = NMj/(Nama) is
the dimensionless ratio between the total masses of the two
components. The solutions of this equation are illustrated, for
different values of N and μ, in Fig. 2. One can observe that,
for fixed N , upon increasing the value of μ, the maximum pos-
sible precession frequency �N decreases, while the allowed
range of values for rr shrinks. Conversely, for fixed μ, upon
increasing the value of N , the maximum possible precession
frequency �N increases.

It is worth mentioning that Eq. (5) admits solutions pro-
vided that

μ >
Nr2

r

(
1 − r2N

r

)
N − 1 + (N + 1)r2N

r

. (6)

Upon determining the maximum of the right-hand side, for
any given value of N , one can find a critical value

μ̃N =
N

[
N

(
N−1√
N2−1

− 1
)

+ 1
] 1

N

√
N2 − 1

, (7)

above which no solutions exist. For larger values of μN , in
fact, the vortices forming the N-gon are too massive to sustain
any uniform circular precession, whatever the value of rr .
Quantity μ̃N is minimum for N = 2, at which it takes the value
≈0.45, is a monotonically increasing function of N , and tends
to 1 for N → +∞.

We conclude by remarking that the two-component BEC
platform which we are going to present in Sec. IV features
dimensionless mass ratios μN much smaller than the asso-
ciated critical ratios (7), so to ensure the existence of the
corresponding massive-vortex N-gons.

B. Energetic stability

As anticipated in Sec. II A, N-gons of massive vortices can
be shown to constitute stable or metastable states of a two-
component BEC trapped in a rotating potential. This property
is particular important in view of an actual experimental

realization because, in the presence of undesirable dissipative
processes, the N-vortex system evolves so to minimize its free
energy

H ′
N ({r′

j, p′
j}) = HN ({r′

j, p′
j}) − �

N∑
j=1

l ′
j · ẑ. (8)

The latter can be regarded as the energy of the N-vortex
system in a frame rotating at frequency � [47,48] (in this
frame, corresponding to the primed coordinates {r′

j, p′
j}, the

vortex N-gon is at rest), while

HN =
N∑

j=1

[
1

2
Mj ṙ2

j + ρak2

4π
ln

(
R

ξa

)]
+ V (9)

is the N-vortex system’s energy in the laboratory (unprimed)
frame [V is given by Eq. (4), while ξa is the vortex-core-
radius cutoff, corresponding to the characteristic width of the
vortices] and

l j = r j × p j = kρa

2

(
R2 − r2

j

)
ẑ + Mjr j × ṙ j (10)

represents the canonical angular momentum associated to the
jth massive vortex, the linear momentum p j being

p j = ∂L

∂ ṙ j
= k jρa

2

r2
j − R2

r2
j

r j × ẑ + Mj ṙ j . (11)

Notice that l j includes two contributions: one, ∝ ρa, intrin-
sically originating from presence of the vortex, i.e., from the
fact that each condensed boson in a vortex carries a non-zero
angular momentum, the other, ∝ Mj , ensuing from the pres-
ence of a moving core mass. We also observe, in passing, that
energy (9) can be written in terms of the canonical variables

z = (r1, r2, . . . , rN , p1, p2, . . . , pN )T (12)

in the laboratory frame leading to the equivalent form

HN ({r j, p j}) =
N∑

j=1

[
(p j − k jA j )2

2Mj
+ ρak2

4π
ln

(
R

ξa

)]
+ V,

(13)

where A j = ρa

2
r2

j −R2

r2
j

r j × ẑ can be regarded as an effective

vector potential [42,43] [indeed this constitutes the reformula-
tion, in the Hamiltonian framework, of the Lagrangian model
(3)]. Similarly, the Hamiltonian (8) is written in terms of the
canonical variables

z′ = (r′
1, r′

2, . . . , r′
N , p′

1, p′
2, . . . , p′

N )T (14)

in the rotating reference frame.
Due to the symmetry characterizing regular N-gons of

massive vortices, it is possible to write their energy (9) and
angular momentum (10) in closed form (see Appendix):

HN

N
= μ

2N
�2r2

r − ln ξa + ln

(
1 − r2N

r

N rN−1
r

)
, (15)

l j · ẑ = 1 − r2
r + μ

N
�r2

r , (16)

where the lengths rr and ξa are expressed in units of R, the
frequency � in units of �0, the angular momentum in units of
Nah̄, and the energy in units of Nah̄�0.
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FIG. 3. Plot of the total angular momentum of the minimum-
energy configuration of the system as a function of the rotation
frequency �. Purple dot-dashed, green dashed, and blue solid lines
correspond, respectively, to μ = 0, μ = 0.05, and μ = 0.10. Labels
represent the value of N associated to each curve segment. The
extra label “+1” corresponds to states where, besides the N vortices
constituting the vertices of the N-gon, there is an extra vortex at the
trap center. Dimensionless ratio ξa/R = 10−3 has been assumed.

Following the scheme of Ref. [47], we determined, for a
rather extended range of rotation frequencies �, the specific
value of the N-gon radius r∗

r which makes H ′
N stationary by

solving

∂H ′
N (rr )

∂rr
= 0. (17)

Then, among all these possible metastable states, we picked
the one corresponding to the lowest free energy, minN {H ′

N }
and explicitly verified that it constitutes a local minimum of
Hamiltonian (8) in the phase space spanned by canonical vari-
ables (14) (to be precise, a pair of eigenvalues of the Hessian
matrix should be neglected, as they are always zero because
of the rotational symmetry of the Hamiltonian, which is also
associated to angular-momentum conservation). The result is
illustrated in Fig. 3, in terms of the total angular momentum
of the system,

〈Lz〉 =
N∑

j=1

l j · ẑ, (18)

for three different values of the dimensionless mass ratio μ.
We remark that quantity (18) is not only the sum of the N
canonical angular momenta (10), but it has also a more direct
physical meaning, as it coincides with 〈L̂z,a〉ψa + 〈L̂z,b〉ψb , i.e.,
with the sum of the expectation values of the (z component
of the) angular momentum operator computed with respect to
the time-dependent variational wave functions ψa and ψb used
to derive the massive point vortex model (3) [see Eqs. (8)–
(11) of Ref. [47] and Eq. (15) of Ref. [42]] and which well
approximate the actual condensates’ wave functions.

As visible from Fig. 3, for each value of μ, there is a set of
critical frequencies {�0,1(μ), �1,2(μ), . . . } at which the sys-
tem’s ground state transitions from an N-vortex configuration
to a (N + 1)-vortex configuration. For example, for rotation
frequencies � < �0,1, the lowest-free-energy state does not

(a)

(b)

(c)

FIG. 4. Schematic illustration of N = 2 component-b massive
cores due to the presence of ghost vortices (black crosses) in ψb.
The two compasses correspond to the two regions where the density
ρb is significantly different from zero. The orientation of the compass
needles illustrates the irrotational character of the flow (19) associ-
ated with ψb. Starting, e.g., from an initial configuration (a) where
the two massive cores lie on the horizontal diameter of the trap and
the needles point upward, after an anticlockwise π/4-precession, the
orientation of the massive cores is unaltered (b). This is significantly
different from a hypothetical rigid-body-like precession of the whole
system (c).

include any vortex, while, for �0,1 < � < �1,2, the 1-vortex
configuration is the globally stable one. As pointed out in
Ref. [47] for the massless case μ = 0, and as observed in
an early experiment on rotating superfluid 4He [51], the sys-
tem transitions from a configuration characterized by N = 5
vortices in a ring (see label “5” in Fig. 3) to a configuration
featuring N = 5 vortices in a ring plus one at the center (see
label “5+1” in Fig. 3). This is due to the fact that the 5 + 1-
vortex configuration has lower free energy (see Appendix)
than the 6-vortex state (the latter corresponding to a vortex
hexagon). Interestingly, our results confirm this property also
in the presence of massive cores (μ 
= 0), although the de-
tailed set of critical frequencies is altered with respect to the
massless case. More specifically, we observe that the presence
of core mass anticipates the N-to-(N + 1) transition, i.e., that
�N,N+1(μ>) < �N,N+1(μ<) for μ�μ<.

III. N-GONS OF GHOST VORTICES

Having pointed out, in the previous section, the properties
of massive-vortex necklaces and their robustness with respect
to undesirable dissipation processes which may be present in
an experimental platform, we now turn to the analysis of ghost
vortices in the filling component. These structures originate
from the properties of ψb, which is continuous and single-
valued, and can be found in regions where the density |ψb|2
is vanishingly small. As pictorially illustrated in Fig. 4(a),
the presence of ghost vortices in ψb = √

ρbeiθb determines
a nonzero phase gradient ∇θb, and hence a nonzero current
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density

Jb = mbρb∇θb (19)

in regions where the density ρb is nonzero. This is what sup-
ports the uniform precession of component-b cores. We also
notice that, since the flow associated with ψb is irrotational,
component-b cores process around the trap’s center but they
do not rotate around their own axes [see p Figs. 4(b) and 4(c)
for an intuitive representation and Ref. [40] for a quantitative
analysis].

The number and the position of the ghost vortices in ψb can
be unambiguously determined by requiring that the tangential
velocity vN = �N × rr characterizing the uniform precession
of a massive vortex in an N-gon (see Sec. II A) matches the
velocity vector field vb = h̄/mb∇θb evaluated at position rr .
The resulting condition

�N rr = h̄

mb
∇θb

∣∣∣∣
rr

· θ̂ (20)

(where θ̂ is the polar unit vector), together with simple
symmetry-based considerations, allow one to determine the
positions rg,1, rg,2, . . . of the ghost vortices (hence the sub-
script “g”, as opposed to the subscript “r” used in Secs. II A
and II B to denote the positions of real vortices) in ψb.

To be more specific, we assume that the phase field θb is
the superposition of Ng ghost vortices, hence

θb(x, y) =
Ng∑
j=1

arctan

(
y − rg, j · ŷ

x − rg, j · x̂

)
. (21)

In the light of the GP simulations which we performed (see
Fig. 1), one can argue that ghost vortices typically constitute
the vertices of an Ng-gon (with Ng = N), which is rotated by
an angle π/N with respect to the N-gon of massive vortices,
a sort of “dual” necklace. Condition (20) thus results into
equation

� = ma

mb

⎡
⎢⎣ N

rr
2

(
rr
rg

)N

1 +
(

rr
rg

)N

⎤
⎥⎦, (22)

where, again, frequency � is expressed in units of �0 and the
lengths rr and rg in units of R. So, given an N-gon of massive
vortices rotating at frequency � [see Eq. (5)], one can solve
Eq. (22) in the unknown rg and hence determine the position
of ghost vortices in ψb.

Figure 5 illustrates the functional relations between the
radius of the N-gon of ghost vortices and that of the N-gon
of real vortices, as predicted by Eqs. (5) and (22), together
with some results (orange dots) extracted from GP simu-
lations. The resulting function rg = rg(rr ) is defined in the
interval [rr,1, rr,2] (with 0 < rr,1 < rr,2 < 1), it is manifestly
non-monotonic and has a local maximum at rr,M such that
rr,1 < rr,M < rr,2. By comparing Figs. 2 and 5, one can notice
that the left bound rr,1 of the function rg(rr ) illustrated in
Fig. 5 corresponds to min�N rr of Eq. (5), regarded as an
implicit function and illustrated in Fig. 2. Interestingly, this
circumstance implies that, for a given value of N , the smallest
possible N-gon of real vortices is associated to a degenerate
N-gon of ghost vortices, i.e., to a single ghost vortex of charge

FIG. 5. Functional relation between the radius of the N-gon of
ghost vortices (rg) and that of the N-gon of real vortices (rr). The
curves were obtained by combining Eqs. (5) and (22) for ma/mb =
23/39 (this value is referred to a heteronuclear mixture of 23Na
and 39K [61]). Green dashed and blue solid lines correspond, re-
spectively, to μ = 0.05, and μ = 0.10. Gray dotted lines correspond
to the linearized relation (23), while orange dots correspond to
measures extracted from GP simulations The following parameters
have been used: Na = 5 × 104, Nb = 1.48 × 103, R = 50 µm, ma =
3.82 × 10−26 kg, mb = 6.48 × 10−26 kg, ga = 52 × (4π h̄2a0 )/ma,
gb = 7.6 × (4π h̄2a0 )/mb, gab = 24.2 × (2π h̄2a0 )/mab, lz = 2 µm.

N located at the origin. Conversely, the right bound rr,2 of
the function rg(rr ) illustrated in Fig. 5 does not correspond
to max�N rr of Eq. (5). In other words, there exist values of
rr > rr,2 for which Eq. (5) admits solutions, but for which
Eq. (22) does not. In this case, one may wonder how it is
possible that the N component-b cores maintain a uniform
precession. In fact, if the N-gon of ghost vortices no longer
exists, what supports the precession of component-b cores?
The answer is that, for values of rr > rr,2, the very structure
of the phase field θb undergoes profound changes, i.e., it sig-
nificantly departs from Eq. (21), as additional ghost vortices
appear and their geometric arrangement is no longer that of a
regular N-gon (see, e.g., the bottom right panel of Fig. 6).

The discussed properties of ghost vortices’ configurations
are robust with respect to small variations of Nb (the number
of component-b cores). As visible from Fig. 5, in fact, the
functional relation rg(rr ) is almost unaffected upon doubling
μ from 0.05 to 0.10. More specifically, an increase of μ seems
only to (slightly) enhance the value of the left bound rr,1 of
the domain of the function rg(rr ). This property follows from
those of Eq. (5), especially the inequality min�N rr (μ>) >

min�N rr (μ<) for μ�μ<, as illustrated in Fig. 2. Moreover,
all panels of Fig. 5 are marked by the presence of a linear
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FIG. 6. Depending on the ratio ma/mb and on the number of
real vortices, the slope rg/rr of the linearized relation (23) may
turn complex. In this case, the regular N-gon-like array of ghost
vortices (see, e.g., Fig. 1) gives way to more complex struc-
tures. In the case of a mixture of 23Na + 87Rb [62] atoms
and N = 3, for which relation (23) would be complex, one can
observe the presence of nine ghost vortices (black crosses) hav-
ing different radial positions. The following parameters have been
used: Na = 5 × 104, Nb = 4 × 102, � = 6 rad/s, R = 50 µm, ma =
3.82 × 10−26 kg, mb = 1.45 × 10−25 kg, ga = 52 × (4π h̄2a0 )/ma,
gb = 100.4 × (4π h̄2a0)/mb, gab = 73 × (2π h̄2a0)/mab, lz = 2 µm.

segment for a rather extended range of values of rr . Neglecting
the mass term ∝ μ and the effect of image vortices in Eq. (5),
one can obtain the analytic expression of this linear segment:

rg = rr

(
ma

mb

2N

N − 1
− 1

) 1
N

. (23)

One can notice (see gray dotted lines in Fig. 5) that this
linearized functional relation well approximates the central
region of all panels for any value of μ, the slope rg/rr being
a function only of the atomic-mass ratio ma/mb and of the
number of vortices Nv .

As anticipated, the functional relation rg(rr ) obtained by
combining Eqs. (5) and (22) was benchmarked against nu-
merical simulations of coupled GP equations (1) and (2).
More specifically, we found the minimum-energy state of a
heteronuclear mixture of 23Na and 39K [61] in a reference
frame rotating at frequency � [48]. As customary, we replaced
t → −iτ in Eqs. (1) and (2) and added an extra term −�L̂zψa

(−�L̂zψb) to the right-hand side of the former (latter) equa-
tion. We recall that � is the angular frequency at which the
N-gon of real vortices rotates (see Sec. II A) while L̂z is the z
component of the angular-momentum operator. Sweeping the
parameter �, and performing the imaginary-time evolution

until convergence, we obtain states featuring N-gons of reals
vortices in ψa and N-gons of ghost vortices in ψb (see Fig. 1).
We further post-process the output to extract the values of rr

and rg. The result of our extensive numerical investigation
corresponds to the set of orange dots in Fig. 5, which well
match the corresponding analytical prevision (lines).

It is also worth mentioning that the linearized relation (23)
offers additional insight into the physics of ghost vortices. For
the 23Na + 39K mixture, in fact, the slope rg/rr is always
real, as the quantity (ma/mb)/[2N/(N − 1)] is larger than 1
for Nv � 2. This condition ensures the existence of the (linear
part of the) relation rg(rr ) and hence that of the corresponding
array of ghost vortices. For mixtures featuring a different
ratio ma/mb, the situation can be dramatically different, as
the term (ma/mb)/[2N/(N − 1)] in Eq. (23) may be smaller
than 1 for some values of N . Consider, for example, the
case of the mixture 23Na + 87Rb, for which ma/mb ≈ 0.26.
Already for N � 3, the slope rg/rr in Eq. (23) turns complex,
thus signaling the breakdown of the associated N-gon-like
arrangement of ghost vortices. In these circumstances, in fact,
ghost vortices are arranged in more complex and articulated
structures. Although a systematic analysis of these structures
is beyond the scope of the present work, we illustrate an
example where nine same-signed ghost vortices support the
uniform precession of three real vortices (see Fig. 6).

At this point, one may argue that ghost vortices in the wave
function ψb (see the last row of Fig. 1) could be a sort of
“numerical artefact”. After all, the phase field θb illustrated
therein is nothing but arg(ψb) and, since |ψb|2 is vanishingly
small in the neighborhood of ghost vortices, the very existence
of these phase singularities may be questionable. In the next
section, we show that this is far from being true and that, in-
stead, these ghost vortices can be made real and hence directly
observed by means of a simple quench protocol.

IV. MAKING GHOST VORTICES REAL

As discussed in Sec. III, due to the irrotational character
of the flow (19) associated to ψb, the set of massive cores
can precess together with their hosting vortices only if the
phase field θb includes a suitable set of phase singularities in
regions where the density field |ψb|2 is vanishingly small. Yet,
a viable experimental protocol to directly probe their existence
is missing and would be desirable.

The quench protocol that we propose is based on the use
of an ultracold mixture of 23Na and 39K atoms (both in the
spin state | f = 1, m f = −1〉). This mixture can be doubly
Bose-condensed [63] and is characterized by the possibility
to tune the interspecies scattering length aNa,K ∝ gab across
the miscible-immiscible transition [61,64] via magnetic Fes-
hbach resonances [65]. In this implementation, the sodium
wave function plays the role of ψa, while that of potas-
sium corresponds to ψb. Sodium atoms are assumed to be
confined by a boxlike circular potential [59] (which can be
realized by means of modern digital-micromirror-device tech-
nology), while potassium atoms are further confined within
the component-a vortices when the immiscibility condition
gab >

√
gagb is satisfied [66]. Both atomic clouds can be made

quasi-2D thanks to a strong harmonic confinement along the
z axis, its effective thickness corresponding to parameter dz
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FIG. 7. Proposed quench protocol to catch ghost vortices in ψb. Density ρb (first row) and phase θb (second row) associated to the wave
function of the core-filling component. First column: three component-b cores exhibit precession due to the presence of as many ghost vortices
(see black crosses in the phase plots). Second column: upon quenching the interaction parameter gab across the immiscible-miscible transition,
component-b condensate starts to diffuse. Third column: while diffusing, component-b bosons swirl around the ghost-vortices positions. Fourth
column: ghost vortices have turned into real vortices (see black stars in the phase plot). The video showing the full dynamical evolution can
be found in the Supplemental Material [67]. The following parameters have been used: Na = 5 × 104, Nb = 103, � = 7 rad/s, R = 50 µm,
ma = 3.82 × 10−26 kg, mb = 6.48 × 10−26 kg, ga = 52 × (4π h̄2a0 )/ma, gb = 7.6 × (4π h̄2a0)/mb, gab = 24.2 × (2π h̄2a0)/mab, lz = 2 µm.

introduced in Sec. II (see also Ref. [44] for more details
concerning the experimental preparation of massive-vortices
arrays).

In analogy with standard fluid-dynamics experiments
where colored smoke is used to visualize flow patterns [54],
it is possible to visualize hidden ghost vortices in ψb by
releasing part of the component-b condensate from the host-
ing vortices. Figure 7 illustrates the various stages of the
proposed experimental sequence (see also the video in the
Supplemental Material [67]). Starting from an N-gon of mas-
sive vortices, which are stabilized, for t < 0, by the assumed
immiscibility of the two components, we quench, at time
t = 0, the interaction parameter gab → g′

ab = 0.5 gab in such
a way that g′

ab <
√

gagb, and thus crossing the miscible-
immiscible phase boundary (first column). For t > 0, part of
the component-b bosons diffuses through ψa and thus tends
to occupy the available space within the circular trap (sec-
ond column). Indeed, the linear dispersive (diffusive) term in
the GP equation for ψb supports the spreading of localized
wave packets. The crucial observation is that this diffusion
process is deeply affected by the presence of ghost vortices,
meaning that, component-b bosons, while diffusing out of
the original real-vortex cores, give place to a swirling flow
around the position of each ghost vortex (third column). As a
result, the neighborhood of each ghost vortex gets populated
by a non vanishing fraction of the component-b BEC and
what was a mere phase singularity in an (almost) zero-density
region, now turns into a standard vortex (third and fourth col-
umn), i.e., a localized density depletion associated to a phase
singularity.

In this perspective, the previously introduced 23Na + 39K
mixture constitutes an almost ideal platform, since, vary-
ing the applied magnetic field, one can precisely tune the
interspecies scattering length aNa−K while leaving the two
intraspecies scattering lengths almost unaffected [61].

We conclude by proposing a possible indicator to quantify
the degree of “realness” (as opposed to “ghostliness”) of a vor-
tex. In analogy to standard computer-vision algorithms used to
perform “edge detection”, which are based on Laplacian filters
[68], we focus on the density curvature 
ρb in the neighbor-
hood of the phase singularity. Clearly, the density curvature at
the center of a purely ghost vortex is zero, while the density
curvature at the center of a vortex in a homogeneous BEC
reads ρ0/ξ

2 (here ρ0 is the value of the density far from the
vortex and ξ the condensate healing length). The result of this
analysis is illustrated in Fig. 8.

One can indeed appreciate the transformation of a ghost
vortex (notice that, at t = 0, 
ρb(rg) is vanishingly small) into

FIG. 8. A possible indicator to quantify the “realness” of ghost
vortices is the density curvature at vortex position. Here we illustrate
the (normalized to the maximum value of the curvature at a given
moment) time dependence of 
ρb in the neighborhood of ghost
vortices. The associated quench protocol is the one illustrated in
Fig. 7 (the assumed microscopic model parameters are listed in the
caption thereof). Vertical dashed lines corresponds to the times of the
four panels of Fig. 7.
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a real vortex. As a technical remark, it is worth mentioning
that the presented value of 
ρb has been averaged over a
circular neighbourhood centered at r = rg of radius ∼ξ and
over the N ghost vortices, however after that the plot was
quite sharp, so we also smoothed the picture by additional
filtering over time. We conclude by mentioning that the scope
of the proposed indicator is not limited to GP simulation,
as it could be easily applied also for the post-processing of
real experimental data, obtained, for example, by absorption
imaging.

V. CONCLUSIONS AND OUTLOOK

In this paper, we demonstrated the existence of ghost vor-
tices in a superfluid which fills the cores of real vortices of
another superfluid and proposed a viable experimental proto-
col to observe these elusive but intriguing objects.

More specifically, we focused on regular N-gons of quan-
tum vortices in ψa whose cores are filled by localized wave
packets of component-b bosons (see Fig. 1). We started by
constructing a fully analytical model which allows to pre-
dict the precession frequency of an N-gon of equally-signed
quantum vortices in the presence of a nonzero core mass
[see Eq. (5)]. Within this model, we proved that regular N-
gons of massive vortices are robust configurations, as they
constitute energetically stable states. We also pointed out the
existence of a critical value of the cores’ mass [see Eq. (6)]
above which the N-gon configuration breaks down. Then, we
shifted the focus from the dynamics of massive vortices to
the properties of the core-filling component (ψb). We showed
that the uniform circular precession of the massive cores is
necessarily supported by a suitable array of ghost vortices
in ψb. Relying on the irrotational character of the velocity
field associated with ψb, we found an analytical expression
[Eq. (22)] connecting the precession frequency of the N-gon,
the position of real vortices in ψa and that of ghost vortices in
ψb.

We then benchmarked the predictions of the discussed
analytical models against numerical simulations of coupled
Gross-Pitaevskii equations (see Fig. 5). While the agreement
was remarkable in all those regimes that fall within the valid-
ity range of the presented models, our wide-ranging numerical
experiments also revealed the existence of more complex
structures of ghost vortices (see, e.g., the double N-gon of
ghost vortices illustrated in Fig. 6) which typically arise when
geometrical and physical constraints forbid the existence of
single N-gons.

We concluded by proposing a detailed experimental
protocol to probe the existence of these elusive but
topologically required, phase singularities. The such
protocol relies on the use of a two-component BEC,
namely a 23Na + 39K mixture, which can be conveniently
driven across the miscible-immiscible transition [61,63].
In essence, starting from the immiscible regime, where
massive cores are tightly confined within their hosting
vortices, one should quench the interaction parameter
gab so as to enter the miscible regime. In this way, part
of the component-b fluid is released from the cores and
diffuses into ψa. Crucially, this diffusion comes with the
onset of a swirling flow around the ghost-vortices positions

and what were mere phase singularities in an (almost)
zero-density background get “dressed” by swirling
component-b atoms (see Fig. 7). This is how ghost vortices
can be turned into real vortices. Eventually, it is worth
mentioning that we quantified the degree of “realness” of a
given phase singularity of a wave function by proposing a
suitable indicator (the curvature of the density field) which
is well-known in the context of computer vision as a way to
detect features [68], and which can be conveniently employed
to postprocess both numerical simulations and experimental
absorption-images data.

Our work is expected to open the doors to interesting future
developments. As already mentioned, it would be interesting
to deepen the study of more complex ghost-vortex configura-
tions, both within a suitable analytical model and by means
of numerical experiments. Besides this, another possibility
is certainly the investigation of the normal (Tkachenko-like)
modes of a massive-vortex N-gon (possibly in the presence
of mass imbalance [69] or damping [70]), which will thus
generalize the results of Ref. [47] obtained in the massless
case and further stimulate the current experimental research
in real-time vortex dynamics [19,71,72]. A further possible re-
search direction would point towards the quantum properties
of the trapped component, a study which should involve the
extraction of an effective (Bose)-Hubbard model where arrays
of quantum vortices play the role of effective optical lattices
[73,74]. This possibility is rather intriguing in relation to the
discussed vortex N-gons, as the precession motion which they
naturally exhibit corresponds to an effective magnetic field for
component-b neutral atoms. In this optics, the extremely rich
phenomenology associated with Hubbard-like rings pierced
by synthetic magnetic fields (see Refs. [75–82] and references
therein) could be recreated (and revisited) in an optical-lattice-
free platform.
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APPENDIX: POTENTIAL ENERGY OF A VORTEX N-GON

When considering regular N-gons of vortices, the effective
potential present in the pointlike Lagrangian model can be
computed in closed form. The crucial step to perform this
computation involves the following summation:

S1 =
N−1∑
s=0

ln

[
1 − 2x cos

(
2πs

N

)
+ x2

]
. (A1)
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One can compute it by using the generating functions of the
Chebyshev polynomials in the following form:

∞∑
n=1

cos(nθ )
xn

n
= ln

(
1√

1 − 2x cos θ + x2

)
. (A2)

Also, one needs the following relation:

N−1∑
s=0

cos

(
2πs

N
k

)
=

{
N if k = ZN
0 if k 
= ZN,

(A3)

where, Z is an integer number. This expression is valid pro-
vided that k is integer and N is natural.

By choosing θ = 2πs
N in the generating function (A2), and

summing over s, we get the following relation:

∞∑
n=1

[
N−1∑
s=0

cos

(
2πs

N
n

)]
xn

n
= −1

2
S1. (A4)

From Eq. (A3) we see that only N-folded terms survive after
summation over s. The remaining sum over n has the form
of the Taylor series expansion for the logarithm. Finally, we
obtain

S1 = 2 ln(|1 − xN |). (A5)

Such an approach is correct only for |x| < 1, due to series
convergence. However, one can easily continue for all values
of x, after a few tricks with variable substitutions for S1.

Let us now compute the potential energy for the stationary
vortex N-gon with radius r, which has the following dimen-
sionless form:

V =
N∑

j=1

ln(1 − r2)

+
∑
i< j

ln

[
1 − 2 cos

(
2π
N (i − j)

)
r2 + r4

r2 − 2 cos
(

2π
N (i − j)

)
r2 + r2

]
. (A6)

As the second double summation depends only on the term
cos ( 2π

N (i − j)), using its parity and periodicity properties, we
can rewrite it into a more convenient form by recalling that

∑
i< j

f (i − j) = 1

2

N∑
j=1

N∑
i=1,i 
= j

f (i − j)

= 1

2

N∑
j=1

N−1∑
s=1

f (s) = N

2

N−1∑
s=1

f (s). (A7)

Thus V can be recast as

V = N ln
(
1 − r2

) + N

2

N−1∑
s=1

ln

[
1 − 2 cos

(
2π

N
s

)
r2 + r4

]

− N
N−1∑
s=1

ln (r) − N

2

N−1∑
s=1

ln

[
1 − 2 cos

(
2π

N
s

)
+ 1

]
.

(A8)

The first summation corresponds to S1 [see Eq. (A1)], but
without the first term at x = r2. The last one corresponds also
to S1 (A1) without the first term, but here at x = 1, so one can
get the closed form, by taking the limit in the following way:

N−1∑
s=1

ln

[
1 − 2 cos

(
2π

N
s

)
+ 1

]

= lim
x−→1−

2
[
ln (1 − xN ) − ln (1 − x)

] = 2 ln (N ). (A9)

Finally, upon substituting we get the potential energy V :

V = N[ln(1 − r2N ) − (N − 1) ln (r) − ln (N )]. (A10)

Thus one can get the following Hamiltonian in the rotating
frame for the N-gon:

H ′
N = N

[
ln (1 − r2N ) − (N − 1) ln (r).

− ln (N ) − ln (ξa) − �(1 − r2) − μ

2N
r2�2

]
. (A11)

If an extra central vortex is present, the total potential energy
of the necklace reads

HN+1 = HN + H0, (A12)

where

HN = N

[
μ

2(N + 1)
�2r2 − ln (ξa) + ln

(
1 − r2N

N rN−1

)]
(A13)

corresponds to the N vortices constituting the N-gon and

H0 = −2N ln (r) − ln (ξa) (A14)

is due to the central vortex. The angular momentum associated
with this configuration reads l = l0 + ∑N

j=1 l j , where

l j · ẑ = 1 − r2 + μ

N + 1
�r2 (A15)

for j = 1, . . . , N and

l0 · ẑ = 1 (A16)

for the central vortex. So, the total energy in the rotating
reference frame reads

H ′
N+1 = HN+1 − �

⎛
⎝l0 +

N∑
j=1

l j

⎞
⎠ · ẑ. (A17)
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