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Enhanced Hong-Ou-Mandel manifolds and figures of merit for linear
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We present an exact analytic expression for the Hong-Ou-Mandel manifold (HOMM) for any number of
identical microring resonators (MRRs) in a linear chain. The HOMM is the higher-dimensional manifold of
solutions for which the HOM effect is obtained; for the types of MRR systems investigated in this work, it is
a one-dimensional curve. We investigate the extreme stability of this HOMM, showing that the HOM effect in
linear arrays of MRRs is highly robust. We further use this expression to derive three figures of merit for the
HOMM of linear chains of MRRs: the minimum MRR coupling value 7, the curvature of the one-dimensional
HOMM &y, and the 5% tolerance in the probability for complete destructive interference to occur on the HOMM
dty. We promote these metrics to characterize the pros and cons of various linear chains of MRRs and inform

design and fabrication.
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I. INTRODUCTION

The Hong-Ou-Mandel (HOM) effect, originally discovered
in 1987 as the essential phenomenon underlying then ground-
breaking subpicosecond time delay measurements [1-5],
remains a central tool for a wide and growing variety of
quantum applications.

The enduring interest in the HOM effect proceeds from
its role as a deterministic method for generating and ma-
nipulating two-photon entanglement, a valuable resource for
quantum information processing [6-9], especially quantum
computing [10]. Owing to the measurement-induced nonlin-
earity resulting from postselective techniques applied to the
HOM output, it plays a crucial role in the operation of prob-
abilistic universal gates such as the controlled-Z (CZ) [10,11]
and the controlled-NOT (CNOT) [12—14] gates.

The HOM effect is important to the implementation of
many specific applications in quantum computation relying
upon single-algorithm devices. Fisher et al. showed compu-
tation on encrypted data [15], and Harrow et al. and Cai
et al. used quantum algorithms to solve systems of linear
equations [16,17]; the computation of discrete and fractional
Fourier transforms was shown by Weimann et al. [18], and
Humphreys et al. showed linear optical quantum computing
on a single spatial mode [19].

The HOM interference visibility is useful for evaluating
the level of indistinguishability of photons from a vari-
ety of single-photon sources. Kaltenbaek et al. and Mosley
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et al. used this technique for spontaneous parametric down-
conversion sources [20,21]. Numerous groups have used this
method to investigate photons produced by quantum dots
[22-26], atomic vapors [27-31], nitrogen-vacancy centers in
diamond [32-34], molecules [35,36], trapped neutral atoms
[37,38], and trapped ions [39]. The HOM effect is widely
applied in quantum communication and quantum cryptogra-
phy [40,41]. Commercial quantum key distribution (QKD)
systems have been shown experimentally to be vulnerable to
several side channel attacks [42,43]. One proposed solution
to overcome these security issues is a full-device-independent
QKD scheme [44,45], but its requirements are difficult to
meet, and it yields low secret key rates, which is why
the measurement-device-independent protocol was developed
[46,47]. The measurement-device-independent QKD protocol
involves making a Bell state measurement by making pho-
tons arrive simultaneously on a beam splitter and observing
the interference to establish the keys [11,46,47]. Liu et al.
demonstrated this measurement-device-independent protocol
experimentally using time-bin phase-encoding [48]. For ex-
ample, the passive round-robin differential phase-shift QKD
protocol discussed by Guan et al. also capitalizes on the HOM
effect [49]. Common schemes in quantum communication
and quantum cryptography, such as quantum teleportation and
entanglement swapping, rely on the HOM-induced entangle-
ment [50,51]. Quantum repeaters can be used in tandem with
Bell state analyzers to entangle pairs of atoms which can then
be used for these QKD protocols [52]. QKD appears to allow
the exchange of secret information that cannot be intercepted,
but security loopholes have been found in practical implemen-
tations [53,54].

Fabrication defects in large integrated devices containing
multiple sequential devices such as Mach-Zehnder meshes
remain an outstanding problem [55-57]. We compare our
devices to a directional coupler tolerance of 5% [58]. This is
based on a 193 nm UV lithography standard [59], although
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many fab shops use older processes. This can result in a
splitting ratio varying by several percent. Our devices show
better tolerances to fabrication errors.

Here, we are motivated by the global perspective that
theoretical proposals for enhancing the parametric flexibil-
ity of photonic HOM elements will directly impact many, if
not all, applications relying on the HOM effect in such an
architecture. One example of this sort of enhancement was
presented earlier by the present authors in the form of higher-
dimensional Hong-Ou-Mandel manifolds (HOMMs) within
the parameter space of a double-bus microring resonator (DB-
MRR) [60].

The MRR can be thought of as taking a beam splitter
(one parameter) and expanding it into (in general) three pa-
rameters (“top” and “bottom” directional couplers and an
internal phase angle), which are coupled together to form
higher-dimensional manifolds in which the HOM destructive
interference condition can be met (vs the single-point solu-
tion associated with a beam splitter [60,61]; see Appendix C
for a more complete discussion of this point). We use the
term “Hong-Ou-Mandel manifold” to describe these higher-
dimensional solution sets in parameter space. The extension to
linear chains of MRRs allows for further design optimization
to consider coupling and phase stability. MRRs also provide
increased scalability and tunability over a simple beam split-
ter.

We examine significant enhancements to the HOMM that
arise as a result of fabricating a relatively simple photonic
circuit comprising a serial chain of identical, balanced MRRs,
and we propose, in connection with them, three figures of
merit informing the design, fabrication, and characterization
of any such structure in the context of a wide variety of
applications.

The outline of the paper is as follows: in Sec. II we define
our approach to characterizing the HOM effect in an MRR,
present the exact analytic solution of the one-dimensional
HOMM for any number of MRRs in series, and define our
first figure of merit, 7., the minimum MRR coupling value to
achieve the HOM effect. In Sec. III we investigate the phase
stability of our one-dimensional HOMM and define our sec-
ond figure of merit, §N, the curvature of the one-dimensional
HOMM. In Sec. IV, we then investigate the coupling stability
of our one-dimensional HOMM and define our last figure of
merit, 8Ty, the 5% tolerance in the probability for complete
destructive interference to occur on the HOMM. Finally, in
Sec. V we summarize our results and describe how these
three figures of merit can be used in combination to inform
design and fabrication. We also include, in Appendix A, a
review of the evanescent couplers used in this DB-MRR and,
in Appendix B, a more detailed derivation of our main result,
the exact analytic expression of the one-dimensional HOMM
for any number of MRRs in series.

II. MRR HOMM RESULTS

Figure 1 shows a schematic representation of such a chain,
indicating the notation that we adopt. We define the chain
length of the circuit as N, the number of identical MRRs in
the chain. The MRRs are identical, each having a common
round-trip phase shift 6; — 6 and equal transmission and
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FIG. 1. A serial chain of identically coupled, identical double-
bus MRRs; the input modes are a and f, and the output modes are
c and [. The internal modes, b and d, enter into the derivation of the
HOM Manifolds, but they do not enter explicitly into the results.

reflection coefficients (t;, j, y;, n;) — (7, k, ¥, n), and are
balanced, i.e., k = y and T = n. We invoke here the labeling
scheme introduced in [60] for the coupling parameters; these
are reviewed in Appendix A. Further, we adopt the phase
convention in which

k=iv/1— |t =iv1—12. (1)

The phases indicated in Eq. (1) ensure the satisfaction
of the reciprocity relations for each directional coupler [62],
and they allow us to characterize the linear chain using the
three real parameters (7, 6, N; see Appendix A). The one-
dimensional HOMM of a chain of length N is then given by
the curve ty(6) (see Appendix B). Our prior work in [60] then
serves as the N = 1 basis for comparison and characterization
of our results for arbitrary chain lengths.

Owing to the linearity of the medium (negligible ab-
sorption), the evanescent nature of the coupling (negligible
scattering), and the low intensities of the photons (negligible
photonic losses), we work here in the lossless regime. As
we show below, for many applications chain lengths of 2-3
are optimal, justifying the lossless approximation for short
chains. We previously presented analyses of losses in the
“unit cell” DB-MRR [61,63,64]. The lesson from that work
was that parametric HOMM structures (see Fig. 3 below) are
persistent within reasonable experimental tolerances even in
the presence of realistic loss mechanisms.

One way to formulate the one-dimensional HOMM for
a serial chain of length N > 1 is to use the result that we
have derived based upon a discrete path integral (DPI) for
the N = 1 case [60,65], along with the relevant application
of the “mode-swap algebra” that we described previously in
proposing a scalable CNOT gate [13]. Figure 1 explicitly dis-
plays the operators, represented as quantum interconnects
along each of the waveguides between the MRRs. These op-
erators, {d;;, b; ;}, must then be algebraically eliminated in
order to produce the desired “S matrix” relating the input and
outputs for the chain as a whole.

Using this approach along with mathematical induction
[13,60], one can show (see Appendix B) analytically that the
probability for output photon coincidence from the system
represented in Fig. 1 is given by

T=1"=]1],

(1 — 47N 4+ % 4272V cos 6)?

P (t,0;N) = 2
L ) (1 + 4N — 272N cos 6)? @

The HOM constraint can be expressed using
Py i(z,0;N) = 0. (3)

For a chain of length N, Eq. (3) defines a one-dimensional
HOMM, tx(6). After some more algebra, we find that the
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FIG. 2. : One-dimensional HOM manifolds for chains of iden-
tical MRRs with lengths N = 1 (blue), 2 (magenta), 3 (orange), 4
(purple), 5 (brown), and 6 (red). The horizontal lines indicate the
HOM cutoff value for the coupling parameter for each chain.

physical one-dimensional HOMM for the serial chain of
length N is given in closed form by

() = (2 — cos® — /3 —4cosb +cos0). (4)

Equation (4) encodes the principal result of this work.
We now use this result to motivate our proposals for three
figures of merit characterizing the practical implementation
of the HOM effect in integrated nanophotonics.

In Fig. 2 we plot the one-dimensional (1D) HOMM for
several chain lengths, including, for comparison, the N =1
case [60]. Several important features are apparent. First, the
1D HOMMs are all symmetric in T about a round-trip phase
shift of 6y = 7. This phase shift turns out to be especially im-
portant in what follows, so we have labeled it with a subscript.

Second, the cutoff coupling parameter below which the
HOM effect never occurs in the device increases monotoni-
cally with chain length. It is straightforward to determine this
trend analytically,

7. = (3 —/8)%, (5)

as shown by the horizontal lines in Fig. 2. The HOM effect
is clearly attainable over the experimentally feasible range of
couplings 0.5 < t < 0.9, easily bracketing the important case

of the 3 dB coupler, 1355 = %

III. HOM PHASE STABILITY

It is apparent from Fig. 2 that the 1D HOMM is particularly
flat for any chain length near the point (z,, 6y = 7 ), which we
shall refer to as the optimal operating point for implementa-
tion of the HOM effect. This flatness suggests a high degree
of parametric stability in the HOM effect from a linear chain
operating near this point compared to a directional coupler
[59]. The stability of this nature in concert with the inherent
tunability of the silicon nanophotonic architecture implies a
potentially large advantage for deploying HOM-based ele-
ments on scalable platforms.

To make this more precise, we expand the coincidence
probability given by Eq. (2) in 7 and 0 to the lowest nonvan-

ishing order about the optimal operating point,

lazpl,l 2 1 84P1‘1
Pu@ BN~ S| G-+ 55
0

© —m)*.
0

(6)
An evaluation of the nonvanishing expansion coefficients ap-
pearing in Eq. (6) is straightforward but not enlightening.
Instead, the important features that emerge are that the HOM
effect near the optimal operating point is stable to second
order in the coupling parameter and to fourth order in the
round-trip phase shift. The HOM stability in 6 is especially
striking; it is evident that linear chains of identical DB-MRRs
share a universal third-order HOM stability when operated
near the cutoff coupling, making the structure especially
robust there against parametric drift due to environmental
conditions. Motivated by this, we identify the cutoff value of
the directional coupling parameter 7. itself as one figure of
merit characterizing the HOM performance of this class of
integrated photonic structure.

Once again referring to Fig. 2, we can extend the notion
of local HOM parametric stability near the optimal operating
point to the global concept of HOM device stability. The
round-trip phase shift for a photon with angular frequency w
propagating through an MRR with radius R is given by

0 =21 "(“C’)Rw, )

where n(w) is the linear index of the refraction of silicon. If
we imagine the operating conditions for a chain of length N
wherein the HOM effect occurs with unit fidelity for a given
photon angular frequency » and assuming that the coupling
is independent of small changes in the frequency dw, we see
that the flatter the HOMM ty (8 (w)) is, the larger the residual
HOM fidelity over the support of the frequency spectrum for
input photons is. A shift w in photon frequency induces a
round-trip phase shift of

59 = 20 "R

Sw, ®)

where we have assumed a flat dispersion relation for silicon
over the relevant range of angular frequencies. Expanding the
photon coincidence probability in MRR round-trip phase shift
to the lowest nonvanishing order about any given point on the
1D HOMM for the chain gives

Pi1(tn(0), 0 + 80;N) ~ %cotz (g)(ae)z, 9)

where we have explicitly indicated that the value of the cou-
pling parameter is the one appropriate to the point on the
HOMM about which we are expanding in 6. Note that Eq. (9)
is consistent with Eq. (6) for & — 1; the second-order correc-
tion in 6 vanishes there. Equation (9) shows that the HOM
stability with respect to the MRR round-trip phase shift is
maintained to first order along the entire 1D HOMM. Further,
the fact that the second-order correction term given in Eq. (9)
is independent of the chain length implies that the local round-
trip phase HOM stability at each point on the 1D HOMM is
universal to this class of device. In view of Eq. (8), this results
in a very high fidelity HOM output from any given serial
chain over a nonvanishing range of input photon frequencies.
The general design lesson in this is that serial chains with
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TABLE 1. Characteristics of series of up to 10 identical rings.
Here, §ty uses a value of ey = 0.05.

N T é_:N Sty

1 0.4142 0.1424 0.1323
2 0.6436 0.0772 0.1029
3 0.7454 0.0523 0.0796
4 0.8022 0.0395 0.0642
5 0.8384 0.0317 0.0537
6 0.8634 0.0264 0.0461
7 0.8817 0.0227 0.0404
8 0.8957 0.0199 0.0359
9 0.9067 0.0177 0.0323
10 0.9156 0.0159 0.0294

flatter 1D HOMMs are better suited to accommodate practical
achievement of the HOM effect for input photons with finite
bandwidths. It is in this sense that the DB-MRR structure,
even for N = 1, acts as a sort of filter for the HOM effect
itself. Whereas HOM fidelity disappears at a beam splitter
rapidly when the input photons become nonmonochromatic,
the deterioration is much less violent in the MRR-based struc-
ture. This is a distinct advantage of this architecture that relies
directly on the existence of the HOMM.

Motivated by the universal (at least) first-order HOM sta-
bility near the 1D HOMM and the independence from chain
length of the lowest-order correction term, we propose a
global figure of merit to characterize the “overall flatness” of
the HOMM for a chain of length N. We characterize the HOM
round-trip phase stability of such a device using the average
curvature of the 1D HOMM [66]:

v (6)

£ Y d6?
o (1+9557)°

Smaller values of £y characterize serial chain HOM structures
with higher phase stability. Using Eq. (4), one can, in prin-
ciple, develop a complicated analytical form for £y; instead,
we take the pragmatic approach of numerically computing the
average curvature for the 1D HOMM in linear chains with
lengths of N =1, ..., 10. These results are displayed in Ta-
ble I. The monotonic trend toward overall flatness is apparent,
suggesting that longer chains offer increasing HOM phase
stability, which, in view of Eq. (8), suggests persistence in the
HOM visibility over broader spectral ranges of input photons.

IV. HOM COUPLING STABILITY

We now investigate HOM stability against small changes
in the coupling parameter t about operating points on the 1D
HOMM, especially near the optimal operating point, (z., 6y =
7). It is easy to show that the lowest-order correction term is
of second order in t for operation of the linear chain near any
point on the 1D HOMM,

19%P; )
Pi(T,0N)~ - —— [t —w(@®]". (1D
2 9t* lnomm
Near the optimal operating point, this result assumes the form
2N?(t — 7,)?
P1,1(T,90;N)%T- (12)

c

1 MRR Contour Plot

2 Identical MRR Contour Plot

FIG. 3. Contour plots of P, ;(t,0;N) vs T and 6 for chains with
lengths N = 1 (top left), N = 2 (top right), and N = 3 (bottom). The
red curve in each contour plot is the exact curve of zero probability,
described by Eq. (4). These crescent-shaped plots are qualitatively
similar for chains of all lengths.

One can use Egs. (2) and (4) to arrive at a closed form for the
general, second-order expansion coefficient in 7, as indicated
in Eq. (11), but this form is cumbersome, so we omit it here.

In order to characterize the HOM coupling stability for a
linear chain, we consider in Fig. 3 contour plots of the output
photon coincidence probability versus the coupling parameter
and the round-trip phase shift for chains having lengths of 1, 2,
and 3. The basic “crescent” shape prevalent in Fig. 3 is charac-
teristic of chains of all lengths. The nadir of the valley running
though the deepest crescent, shown as a solid red curve on
each contour plot, is the 1D HOMM described in Eq. (4). The
HOM effect occurs at every point along this red curve.

We pay particular attention to the relatively wide
crescent-shaped region between the P ; = 0.05 level curves
in each part of Fig. 3. These are the parametric regions in
which the HOM effect is obtained with a fidelity of 95% or
greater, a level typical of careful experimental measurements
[61]. The remarkable HOM stability of the chain is evident
in the extent of this high-fidelity region, especially near the
optimal operating point. We use this observation as the basis
for a figure of merit characterizing the HOM stability in the
coupling parameter.

We define the practical HOM-tolerance level for a linear
chain of length N to be the probability of an undesired output
photon coincidence,

ev = P, 13)

where it is understood that Eq. (13) has meaning only in the
neighborhood of an exact HOMM, where P; | < 1.
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For a given tolerance €y, the level curves delineating the upper (4) and lower (—) bounds of the HOM region can be computed

in exact form to be

1
7 0) =
EN)W

(¥

which, at its widest near 6y = 7, becomes

tlili)(ﬂ)_|:3—2ﬁ,/(liﬁ)i@:| s

1 F Jen

In order to characterize the general HOM coupling stability
within experimental tolerance €y for a linear chain of length
N, we propose a figure of merit defined by

Sty(en) = |07 () — o7 (). (16)

We choose this metric motivated by the reasonable as-
sumption that linear chains deployed as HOM-based elements
within photonic circuits will be integrated to work near the op-
timal operating point, where, as we have shown above, a high
degree of HOM stability against small design, environmental,
and spectral fluctuations can be realized.

V. CONCLUSION

We summarize the results for several chain lengths in Ta-
ble I. Our approach in this work has been to introduce useful
design parameters for the rather idealized case of identical
MRRs, allowing closed-form results, but with the idea that
the same set of metrics, computed numerically, will be useful
for designing and characterizing the HOM responses from
complex MRR-based structures useful for a wide range of
scientific and engineering applications.

With Table I in view, we now summarize the utility and
importance of the results we have presented in this work. It
is clear that, as we progress to longer chains of identical DB-
MRRs, there is a three-way competition between the spectral
stability (via £y), the coupling stability (via 8ty), and the
minimum coupling 7, for which the HOM can be realized. As
one considers longer chains, the spectral stability increases
(Ey decreases), the coupling stability for any given NOON
state fidelity decreases (§ty decreases), and the coupling cut-
off creeps toward larger values of transmission for each MRR
in the chain.

The HOM effect cannot be obtained at any 7 value less than
7. for a given number of MRRs. There is nothing inherently
desirable or undesirable about any particular value of 7, (since
any value is achievable, in theory, due to the extreme tunabil-
ity of the device), but one must keep in mind that, for example,
if using a linear array with five MRRs in it the minimum 7
value, 7., that can achieve the HOM effect is 7. ~ 0.84, as
shown in Table I. If such a high 7, is unrealistic to maintain for
a specific implementation in a device, a linear chain of fewer
MRRs should be considered. That is the “merit” in knowing
the t. value for each chain length N. As long as higher
coupling values can be achieved, the design choice is between
coupling stability and spectral stability. Each successive MRR
added to the linear chain decreases the coupling stability and

2= (1 £ Jen)cos 0 — \/4— (1F Jen)? — 4(1 £ Jey)cosO + (1 £ Jey)2cos? 0},  (14)

(

increases the spectral stability of the HOMM where the HOM
effect is achieved.

In view of the many applications for the HOM effect that
we have reviewed above, it is easy to imagine various opti-
mizations of this competition for maximizing the efficiency of
any HOM implementation within a quantum photonic circuit.
For example, for a chain that is to be used near the 3 dB
(50/50) coupling point, one is limited to having, at most,
two MRRs in the chain. Within that restrictive engineering
constraint, however, there is still some design freedom. For a
system in which the coupling parameter is very stable and well
controlled, it should be preferable to use two series of MRRs
for the increase in phase (i.e., spectral) stability they offer in
comparison with a similarly coupled individual MRR.

In this work, we have presented three figures of merit that
characterize important design and optimization opportunities
for a class of scalable structures that can readily be integrated
into quantum photonic circuits using fabrication techniques
that are already implemented routinely. Given the long and
persistent history of the HOM effect as an essential tool for
quantum photonics, the work we have presented here has the
potential to inform the design, optimization, and implementa-
tion of an extremely wide range of photonic networks central
to next-generation quantum information processing, sensing,
and metrology.
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APPENDIX A: REVIEW OF THE DB-MRR: EVANESCENT
COUPLING PARAMETERS

To provide explicit context for the parameters we use
throughout the work, we show in Fig. 4 schematic diagrams
for the coupling of a unit cell of the serial chain [Fig. 4(a)]
and one of the directional couplers within the unit cell in the
general case [Fig. 4(b)].

The directional coupler in Fig. 4(b) is described by the
linear mode operator transformation

bj 1 _(Y K bj-1,
? VAN

where, using the phase convention we have adopted for the
coupling parameters, the bosonic commutation relations are

(AD)
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FIG. 4. (a) Schematic diagram of the jth unit cell for a serial
chain of DB-MRRs. This version explicitly displays the general cou-
plings to the waveguides and allows us to reintroduce the parameters
we use throughout the body of the work. The directional input-output
nature of the device is indicated by the arrows. (b) A close-up view of
one of the evanescent couplers; the internal MRR mode operators, i
and 7, are included to emphasize the input-output ports of the coupler.

enforced by the usual reciprocity relation

il + 1717 =1, (A2)

with analogous relationships describing the coupling at the top
of the MRR shown in Fig. 4. Using either the DPI approach we
developed in earlier works [60,65] or the boundary value ap-
proach [61,67], it is straightforward to show that the operator
input-output relations appropriate for the Heisenberg picture
description of photon transport through the DB-MRR shown
in Fig. 4 are given by the linear system

£t 0 DO\ /Rt
(%Hl) _ (Tl(l.) Tl(;)> (’iﬂf’) (A3)
i J J T ’
dj i L Ty )\dj.;
where
o ok ip®
o Tje G _ Yikje™
W g ity 712 T ek by
JJ JJ
i * o i
o _ fivie” o - b e ' (Ad)
21 7w x i0;° 22 T k% i °
nty —ev nTy —ev

The phase shifts that appear in Eq. (A4) are related via qb;R) +
qu(.L) = 0;, where 6; is the round-trip phase shift for the jth
MRR in the chain.

We rewrite Eqgs. (A3) and (A4) in the form

Pt N
At = t .
djvj—l dj+1vj
In this work we treat the case in which all of the MRRs
are identical (§; — 0) and balanced (q‘);R) = ¢;L) — %). We

further assume that the MRRs are all symmetrically and iden-
tically coupled,

(AS5)

('L'j:)’]j,l{j:)/j)—> (1’,/(). (A6)

Finally, without further loss of generality we take the direct
transmission coefficients for each of the directional couplers
to be real, resulting in Eq. (1) in the main text. With these

d e < 0 < ceed
B8 # ;; > ceeb
FIG. 5. The jth DB-MRR in a serial chain with arbitrary length
N. As described in the main text, we have assumed that all of the
symmetric, balanced MRRSs are identical and that they are identically

coupled to the waveguides. We represent each coupling using the real
transmission coefficient t for the directional couplers involved.

modifications the photonic transfer matrix for the jth MRR
assumes the form

T2eit — e7is —2it sin % 1—1?
1+74—2t2cos§\ 1—7> —2irsin§)
(A7)
Figure 5 represents the unit cell of the system we consider

after these parametric choices have been imposed.

TV

APPENDIX B: DERIVATION OF THE HOM CONDITION

In order to analyze the photonic transport properties of
nontrivial chains (N > 1), we must apply the combination
rule for T matrices that properly relates the creation operators
describing the input modes to those describing the output
modes in accordance with our Heisenberg picture description
of the interaction. Referring to the overall transformation ma-
trix for the creation operators due to an MRR chain of length

N as My,
af et
(£)-65)

Applying the mode-swap algebra that we introduced in [68]
suitably tailored to the present 2 x 2 case, we express the
formal solution for M, using

B

N
My =S| [[S21TV]
j=1

(B2)

In writing Eq. (B2) we have introduced notation in which S®
operates on the square matrix A with dimension k in such
a way to produce another square matrix with dimension k
appropriate to the linear system with the dependent variable
in row m “swapped” with the independent variable from that
same row, for example,

e ()= 2)0)
wen() =5 (20)](3)

Working in the lossless, continuous-wave approximation,
we analytically derive the one-dimensional HOMM in the
serial chain of identical MRRs. The input state to the chain
is taken to be

(B3)

lin) = 1), ® [1); = |14, 1y) = &' f7 |vac). (B4)
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According to Eq. (B1), the corresponding output state has the
form

lout) = [(My) 118"+ (My)12l 1My )21 €7+ (My )220 7] |vac)
= (My)11(Mn)21 12, 07) + Mpy)12(Mp )22 [0¢, 2;)
+ [(Mp) 11 (My)22 + (My)12(Mpy)ai 1 [1e, 1), (BS)

making it obvious that the HOM effect is obtained whenever
the coefficient of the state |1, 1) vanishes (the permanent
of My). It is easy to show that the resulting output state is
the well-known, properly normalized two-photon NOON state

(81,
1
V2

To isolate the HOMM, we consider the output coincidence
probability for photons in the state given in Eq. (BS),

Pi1(t,0;N) = |(My)11(My )22 + (My) oMy 2. (B7)

12::0; D) = —(12., 0;) + € [0,, 2;)). (B6)

Using mathematical induction and after some algebraic
manipulations, we can show analytically that the probability
for output photon coincidence is given by

(1 =472 4+ 7% 4 272V cos 6)?

P i(t,6;N) = B8
11(7. 6:N) (1 + 7V — 272N cos 0 )2 (B8)

The HOM constraint can be expressed using
Py(t,0,N)=0. (B9)

For a chain of length N, Eq. (B9) defines a one-dimensional
HOMM 1tx(0). After some more algebra, we find that the
physical one-dimensional HOMM for the serial chain of
length N is given in closed form by

() = (2 — cos® — /3 —4cosb +cos0). (B10)

APPENDIX C: THE RELATIONSHIP BETWEEN THE
TRANSFER MATRICES OF A CONVENTIONAL BEAM
SPLITTER AND A MRR

In this Appendix we show how the HOM effect in the MRR
can be considered as a generalization of the HOM using a
conventional beam splitter.

We model the conventional beam splitter (BS) unitary
transfer matrix (between input and output modes) with trans-
missivity cos?(9/2) by the O(2) rotation matrix:

Tgs(9)

_ < cos(0/2)

sin(6/2) cos(0/2)
— \—sin(6/2) ’

i sin(6/2)
cos(6/2) i sin(6/2) ’

cos(0/2)
(&)

where the phases of the off-diagonal terms are chosen either as
+1 [Eq. (C1), left] or as i [Eq. (C1), right]. Here, 0 < 6 < &
with a balanced 50:50 BS occurring at & = 7 /2. Note that the
HOM effect occurs when the permanent of the matrix Tps is
zero, i.e., cos?(0/2) —sin>(0/2) = cos(8) =0 = 0 = 7 /2,
the 50:50 BS condition.

Now, a general two-port device (two inputs, two outputs)
can be modeled by an SU(2) matrix, which we can always

write in the form
Turg = T T
T Tn

|11 ] &'
- .

—VT=TTiP e
which automatically ensures the unitarity requirement that the
inner product of each column (row) with itself is 1. Unitarity
also requires that the inner product of a column (row) with a
different column (row) yields zero. Applying this to Eq. (C2)
yields the additional phase constraint

011 + 020 = 012 + 651 (C3)

An analysis of the HOM effect for an arbitrary dual Fock
input state |n,m),, (with n and m both odd) reveals that
any arbitrary choice of phases satisfying the above phase
constraint (C3) also yields the HOM effect (and, in fact, a
more generalized version of it) for the complete destructive
interference of the quantum amplitude for output coincidence
counts [69].

Using Eq. (C2), the ordinary BS (C1) is recovered by
choosing 77y = cos(6/2) (transmission amplitude) with 0 <
6 < 7 and the phase choices of either ;; = 0 for the left part
of Eq (Cl) or {811 = 922 = 0, 912 = 7[/2, 0921 = —7'[/2} for
the right part of Eq. (C1).

For the MRR, we have from Eq. (A4)

i — ;e
i0;

* ok
TT — J
77/‘[/ e

Tii] e

/1 — |T,|2 &2
|Ti1]% e )7 (C2)

T = = cos(p/2), (C4)

where cos(¢) = cos[e(n;, Tj, 6;)] is a Fabry-Pérot-like func-
tion of the upper (n;) and lower (t;) physical beam splitter
transmission coefficients of the (jth) MRR and ; is the round-
trip phase angle. But as discussed above, the particular values
of the phases 6;; of T;; = |T;;| ¢'% do not affect the HOM
effect, as long as they satisfy the phase constraint (C3). (Note
that in 75; we have already factored out a crucial —1 in its
definition). Thus, if we, for a moment, chose the phases to
be 0;; = 0, then T\jrr would have the form of an effective
conventional BS:

0;—~0 ( cos(¢/2) sin(¢/2)
T = (— sin(p/2) cos<¢/2))'

It is in the sense of Eq. (C5) with the definition (C4) that
we mean that the MRR “acts like” an expansion of the con-
ventional BS [with transmission coefficient cos(6/2)] to two
BSs (with transmission coefficients 7; and 7;), plus an internal
phase angle 6;.

Finally, for the MRR, the HOM effect also oc-
curs when the permanent of the matrix Tygrr iS zero,
ie., |T11|2 eOn+6n) _ (1— |T11|2)ei(912+921) =0= 2|T11|2 —
1 =2cos(¢/2)> — 1 =cos(p) =0, where we have used
|T11| = cos(¢/2) and the phase constraint (to factor out the
phases). Thus, for the MRR the HOM effect occurs for the
effective BS angle condition ¢ = 7 /2, which by Eq. (C4) is
a complicated function of the MRR upper and lower physical
beam splitters and round -trip phase angle. The fact that the
MRR HOM condition ¢(7;, 7;,0;) = m /2 occurs in a larger
parameter space is what gives rise to a manifold of HOM
solutions (hence the term HOMM) vs the single-point solution
0 = mr /2 for the conventional BS.

(C5)
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