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@o-Josephson junction in twisted bilayer graphene induced by a valley-polarized state
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Recently, gate-defined Josephson junctions in magic angle twisted bilayer graphene (MATBG) were studied
experimentally, and highly unconventional Fraunhofer patterns were observed. In this work, we show that an
interaction-driven valley-polarized state connecting two superconducting regions of MATBG would give rise

to a long-sought-after purely electric controlled gy-junction in which the two superconductors acquire a finite
phase difference ¢, in the ground state. We point out that the emergence of the g,-junction stems from the
valley-polarized state which breaks time-reversal symmetry, and trigonal warping effects which break intravalley
inversion symmetry. Importantly, a spatially nonuniform valley-polarization order parameter at the junction

can explain the key features of the observed unconventional Fraunhofer patterns. Our work explores the novel
transport properties of the valley-polarized state, and we suggest that gate-defined MATBG Josephson junctions
could realize the first purely electric controlled ¢o-junctions.

DOI: 10.1103/PhysRevResearch.5.023029

I. INTRODUCTION

The discovery of correlated insulating states and super-
conducting states in magic angle twisted bilayer graphene
(MATBG) [1-3] motivated intense studies of moiré materials
in recent years. The rich symmetry-breaking states discov-
ered in MATBG [4-38] enable the creation of novel quantum
devices with various quantum phases on a single material
platform. Recently, gate-defined Josephson junctions (JJs)
were created on MATBG [39—42] when a nonsuperconducting
(weak-link) region in a superconducting MATBG device was
created by local gating. Interestingly, a highly unconventional
Fraunhofer pattern was observed in Ref. [41] when the weak-
link region was gated to near half-filling v = —1/2 filling
(two holes per moiré unit cell).

The observed unconventional Fraunhofer pattern moti-
vated us to study the Josephson effects in a gate-defined
superconductor/valley-polarized state/superconductor (SC/
VP/SC) in MATBG, as schematically shown in Fig. 1(a).
As the unconventional Fraunhofer pattern indicates time-
reversal and inversion symmetry breaking at the weak-link
of the Josephson junction [41], we choose the weak link to
be a partially valley-polarized state. In this case, the energy
degeneracy of moiré bands of the K and —K valleys is bro-
ken due to electron-electron interactions [Fig. 1(b)]. Such
a valley-polarized state is one of the possible energetically
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favorable states at half-filling from Hartree-Fock calculations
[28-36,43], which also satisfies the symmetry requirements
of the experiment. The choice of the valley-polarized state as
the weak link in the Josephson junction is further motivated
by the observation of the anomalous Hall effect at half-filling
in a recent experiment in which the twist angle was slightly
away from the magic angle [43]. This anomalous Hall effect
can also be explained by the partially valley-polarized state.

In this work, we show that the current-phase relation
induced by the interaction-driven valley-polarized state as
the weak link of a Josephson junction is highly unconven-
tional, and it has the form I = I sin(¢ — ¢y). Here, I. is
the critical current, and ¢ = ¢ — ¢r is the phase difference
of the two superconductors with phases ¢ and ¢, respec-
tively. Such Josephson junctions with general ¢, are called
@o-Josephson junctions (¢p-JJs). We further point out that
the valley polarization and the trigonal warping effects are
the key ingredients for realizing ¢(-JJs. Importantly, a spa-
tially nonuniform valley-polarization order parameter at the
junction can provide a plausible explanation for the unconven-
tional Fraunhofer patterns observed in the experiment [41].

¢o-JJs have important potential device applications, such
as superconducting spintronics [44,45], Josephson qubits
[46-48], and phase batteries [49]. The previously proposed
realizations of ¢y-JJs involve ferromagnetic materials [5S0-56]
or materials with spin-orbit coupling [57-70]. However, ex-
perimental realizations of ¢y-JJ were rare, and the presence
of external magnetic fields was needed [49,67-69]. This work
establishes a platform of realizing ¢-JJs with the interaction-
driven valley-polarized state in MATBG.

II. MODEL FOR NUMERICAL CALCULATION

First, we introduce a microscopic model that describes
a MATBG Josephson junction as realized experimentally in

Published by the American Physical Society
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FIG. 1. (a) A schematic plot of a gate-defined MATBG Joseph-
son junction. The left (right) side of the junction is superconducting
with pairing order parameter A.e”t®. The weak-link region has
width d and a valley polarization order parameter A,,. (b) II-
lustrations of the moiré bands at K and —K valleys which are
not valley-polarized, partially valley-polarized, and fully valley-
polarized, respectively [31,43]. The black dashed lines denote the
Fermi levels. (c) A schematic plot of a MATBG superconducting ring
with a region gated to the valley-polarized state. The J; (red arrow)
represents a spontaneous supercurrent.

Ref. [41] and schematically shown in Fig. 1(a). The relevant
moiré bands near charge neutrality of MATBG can be cap-
tured by an effective two-orbital tight-binding model on a
hexagonal lattice [4,5], which can be written as

Hy = Z tlc,TEaCjéo + Z tnglTEGngg + H.c.
(ij).§0 (ij) ko

- ZMiC;GCl’ga- ()

i,to

Here, & labels the two p-wave-like orbitals p, + i§p, as a
representation of two valleys 7 = K, 0 =1 / | denotes
the spin indices, and #; = 0.331 meV and f; = —0.01 +
0.097&i meV denote the first-nearest-neighbor and the fifth-
nearest-neighbor hopping. Note that the imaginary part of ¢
describes the warping effects. Moreover, the spatial depen-
dent chemical potential is denoted by w, which is chosen
such that the filling factor v satisfies —1 < v < —1/2 for the
superconducting part of the junction and v &~ —1/2 at the
weak-link region [41]. As shown in Refs. [4,5], Hy captures
the symmetries of the moiré bands of MATBG.

To include the effects of interactions, we introduce the
superconducting order parameter on the left (L) and right (R)
sides of the Josephson junction and the valley-polarization
order parameter to the weak link. The resulting effective tight-
binding Hamiltonian is

Her =Hy + Z (Ase""’“mcjﬁclﬂ + H.c.)
i€(LR),E

+ > Apch, (T)eecito. )

ieWL.Eo

Here, the second term characterizes the pairing potential on
the left and right side of the Josephson junction with phases
¢ and @R, respectively. To be specific, we set the spin-singlet
pairing [10,71] amplitude Ay = 0.1 meV according to the
experiments [3,41], which is roughly one order smaller than
the moiré bandwidth. It is important to note that other time-
reversal invariant unconventional pairings have been proposed
in MATBG [37,72]. For simplicity, a conventional spin-singlet
pairing order parameter is assumed in the main text. The
conclusions obtained here are still valid even if we assume
other momentum-independent pairings which involve both the
spin and valley degrees of freedom of MATBG (Appendix E).
The temperature effects on the pairing can be included by
setting A(T) = Agtanh (1.74/(T, — T')/T) (T, is the super-
conducting critical temperature) [73].

On the other hand, the third term with the Pauli ma-
trix 7, characterizes the valley polarization in the weak-link
(WL) region with valley-polarization order parameter A.,.
The order parameter A, can be seen from the Hamiltonian
with Coulomb interactions under the Hartree-Fock mean-field
approximation (see Appendix A). More details about the
tight-binding model can be found in Appendix C.

III. UNCONVENTIONAL JOSEPHSON JUNCTION
INDUCED BY THE VALLEY-POLARIZED STATE

To study the properties of the gate-defined MATBG
Josephson junction, we first calculate the energy dispersion as
a function of the phase difference ¢ of the junction, which is
described by H.¢. Here, we set the length of the nonsupercon-
ducting part of the junction be d = 10Ly,/ V3 [41] (Ly ~ 14
nm is the moiré lattice constant), and set the filling v to
be close to half-filling. To match the experimental situation
in which the junction resistance is much smaller than the
quantized resistance h/e? [41], we set the weak-link regime
to be partially valley-polarized [31,43] such that the weak-link
section is metallic as schematically illustrated in Fig. 1(b). The
case of fully valley-polarized topological state is studied in the
Appendix C.

Figures 2(a) and 2(b) show a typical energy spectrum of
the MATBG Josephson junction as a function of the phase dif-
ference ¢ = ¢ — ¢r, obtained by diagonalizing the junction
Hamiltonian Hegr with Ay, /Ag =0 and A,,/Ag = 1, respec-
tively. As expected, there is a large number of Andreev bound
states within the superconducting gap. The energy-phase re-
lations of a few Andreev bound states with large slopes are
highlighted by red solid lines in Figs. 2(a) and 2(b). It can be
seen that the in-gap Andreev bound states with large slopes
% contributing mostly to the supercurrent exhibit a phase
shift that is close to (but not equal to) m when the valley
polarization A,,/As = 1. This phase shift gives the first in-
dication that the valley polarization has nontrivial effects on
the Josephson junction.

To study the ground state of the Josephson junction, we
calculate the free energy as

F(¢) = —kT _In(1 + ¢ 5@/6T), 3)

where T is the temperature, and the energy of the states
E,(¢) is obtained by diagonalizing the Hamiltonian Heg(¢).
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FIG. 2. (a), (b) The energy levels of a MATBG Josephson junc-
tion vs the phase difference ¢ in the cases of no valley polarization
(Ayp/As =0) and with valley polarization A,,/As =1, respec-
tively, where red lines highlight the positions of Andreev bound
states with large slopes. The width of the junction is W, = 10Ly,
and the length is d = 10Ly,/+/3. The filling of the weak-link region
and the superconducting region are v &~ —0.5 and v &~ —0.6, respec-
tively. (c) The landscape of the free energy F;(¢) (in units of Ay/Ly)
with A,,/A; =0, 1, 3. The temperature is fixed at T'/T. = 0.3. (d),
(e) The supercurrent density (in units of nA um~') vs ¢ at various
temperatures in the cases of A,,/A; =0 and 3, respectively. The
total supercurrent across the junction would be given by J,W;. (f) The
anomalous supercurrent J;(¢p = 0) vs the valley polarization strength
Ay, at T/T. = 0.05 and 0.3.

For the sake of convenience, we define the free energy of the
Josephson junction per unit width to be F;(¢) = WJ’1 (F(¢) —
min[F (¢)]), where W, is the width of the junction. Therefore,
the phase difference of the two superconductors at the ground
state is determined by ¢y such that F;(¢y) = 0. In Fig. 2(c),
we plot the free-energy landscapes F;(¢) with temperature
T = 0.37T; at various valley polarization strengths (A,p/Ag =
0, 1, 3). As expected, without valley polarization, the junction
is conventional so that the ground state appears at ¢ = 0.
Interestingly, the ground state of the Josephson junction can
appear at a finite ¢ in the presence of valley polarization. For
example, in the case of Ay,/As =1, the ground state with
F;(¢) = 0 appears at a phase difference close to (but not equal
to) 7. For a larger A such that A,,/A¢ = 3, the ground state
appears at a phase further away from 7.

To show the effect of valley polarization on the current-
phase relation, the supercurrent density J; (in units of
nA um~"') as a function of ¢ is depicted in Fig. 2(d) for the
case without valley polarization (Ay,/As = 0) and in Fig. 2(e)
for the case with valley polarization (Ay,/As = 3). Here, the

supercurrent density is obtained from the free energy of the
Josephson junction as J; = %%ﬁ’) Without valley polariza-
tion, the junction has a conventional current-phase relation at
both the low- and high-temperature regimes [74,75]. However,
in the case with finite valley polarization, the supercurrent
can either exhibit a sign change or even display a generic
phase shift [see Fig. 2(e)]. In particular, it can be seen that
the curves with higher temperature [the red and green lines
in Fig. 2(e)] follow a standard ¢(-JJ current-phase relation of
Js = J.sin(¢ — ¢g). Our calculation thus clearly shows that
the valley polarization can result in ¢y-JJs in MATBG.

One important consequence of a ¢y-JJ is that there is a
supercurrent even at zero phase difference (¢ = 0), called
anomalous supercurrent [59,60]. The anomalous supercurrent
density Js(¢ = 0) for A,,/As =3 can be seen in Fig. 2(e).
The J;(¢ = 0) as a function of valley-polarization strength
Ay, at various temperatures is shown in Fig. 2(f). We find
that the anomalous supercurrent is generally finite with val-
ley polarization. Moreover, when A,, > A, the anomalous
current density at the low-temperature range can be as large
as tens of nA um~'. As depicted in Fig. 1(c), we expect to
see an anomalous current in a ring geometry when part of
the superconducting ring is gated to the valley-polarized state.
It is also important to note that unlike previously studied
©o-1Js, the MATBG ¢-JJs do not involve ferromagnetism or
spin-orbit coupling, which calls for a new understanding about
the underlying mechanism for the formation of ¢-JJs in the
MATBG.

IV. UNDERLYING MECHANISM FOR ¢y-JJs IN MATBG

Next, based on the scattering matrix method [74,75],
we show analytically that the valley-polarization and the
warping effects of moiré bands are crucial in realizing
a @o-JJ. At the junction, the states can be labeled by
the transverse momentum k,. For illustration, we demon-
strate how the Andreev bound state associated with the
ky, = 0 mode (normal incident states) is affected by valley
polarization and the warping terms. The 1D Hamiltonian
associated with the k, = 0 mode can be written as Hip =
> oo S AXWT () H o (X)Wo(x). Here, T = +/— labels the
valley index, « = +/— labels the incoming/outgoing normal
states near the Fermi energy, W,, = (¥4 (x), wit,_a (x)7 de-
notes the Nambu basis, and

Aq(x) )

HN,ra(x) + Avp(x)l'
Ag(x) H[\?frfa(x) + Avp(x)f
C))

Here, the linearized single-particle Hamiltonian Hy ;4(x) =
—iahvy o (x)0x, and the longitudinal Fermi velocity along
the current direction is given by v ., such that vy .o (x) =
Vs,2a[O(X) + O(x — d)] + va,ra®(x)®(d —x), where vg 4
and vy, ;o are the Fermi velocities for the superconducting
region and the valley-polarized weak-link region, respectively.
Notably, the warping term that breaks the intravalley inversion
symmetry could lead to vyp rq 7 Vyp,r—. The superconduct-

Hra(x) = <

ing pairing potential is written as Ag(x) = As(e’%®(—x) +
et %®(x —d)), and the valley-polarized order parameter is
Ayp(x) = ApOX)O(d — x).
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FIG. 3. (a) The energies of the Andreev bound states €, vs the
phase ¢ obtained from Eq. (5) with A,,/A; =0 (gray lines) and
A,,/Ag =1 (blue lines), where T = %1 denotes the valley index.
(b) The Josephson current /; (normalized by its maximal value) vs
¢ calculated with the Andreev bound states given by Eq. (5) with
Ay,/Ag =0 (gray dots) and A,p,/A; =3 (red dots), respectively.
The two other energy scales are given by Er = 0.65A, and E; =
12 A, respectively.

With the effective one-dimensional Hamiltonian H,p, we
can solve the energies of the Andreev bound states €, analyt-
ically (7 is a good quantum number), which are given by (for
more details, see Appendix B)

cos <2,B — w> = oS (qb + %) 5)
T A

Here, B(e,) = arccos Z—’S, Er = hvp/d is the Thouless en-
ergy, and E4 = /idv,p/d is an energy scale that reflects the
intravalley asymmetry induced by the warping term, where
Oyp and 8y, are defined by 0y, = 4(3_,, vy, )" and 80, =
2054 F Vi = Vi~ V)

Importantly, many features of the numerical results as
shown in Fig. 2 can be captured by Eq. (5). For example,
we can calculate the Andreev bound state energies associated
with the T = 4/— valleys by solving €;(¢) from Eq. (5)
at Ayp/Ag=0 and A,p/As =1 [see the gray lines and
blue lines in Fig. 3(a), respectively]. Note that in Fig. 3(a),
the valley degeneracy of Andreev bound states is lifted by
the warping term and valley polarization. With the bound state
energies €., it is straightforward to obtain the supercurrent
I;(¢) by adopting the relation

2e €7 861’
15(¢)=—;Z§%tanh <szT) % O

T €>

As an illustration, we plot the calculated I(¢) at the low-
temperature limit in the cases of Ay, /Ay =0and A, /Ay =3
[see Fig. 3(b)]. Notably, the features are in agreement with the
ones shown in Figs. 2(d) and 2(e).

In the short junction and at the high-temperature limit, we
can obtain an analytical form for the Josephson current:

L)~
SO kT €

2Ay\ .
08 ( 7 ) sin(¢ — ¢o). (N
T

It can be seen that /;(¢) indeed significantly differs from the
conventional form given by I;(¢) o sin¢. Specifically, the
supercurrent exhibits a phase shift o = A,,/Es, which is

¢, max

1AYi
C

FIG. 4. The Fraunhofer patterns for different types of Josephson
junctions. The critical current /. (normalized by its maximal value)
vs the magnetic flux & passing through the junction (in units of
®y = h/2e) for the 0-0 (gray), 0-7 (blue), and ¢;-¢, (red) Josephson
junctions, respectively. The inset illustrates a simple two-domain
model with different valley-polarization-induced phase shifts ¢; and
¢,. The Fraunhofer pattern of the ¢;-¢, junction matches the exper-
imental observations well with ¢; = 0.2, ¢, = 7 + 0.8. The widths
of the ¢; and ¢, sections are chosen to have the ratio W, /W,, ~ 2.3.

determined by both the valley polarization and Fermi velocity
asymmetry induced by warping effects (¢o = 0 if there is no
asymmetry as E4 — 00). Remarkably, the factor cos(zg“’)
indicates that the supercurrent oscillates periodically as a
function of A,,, being consistent with the numerical result
in Fig. 2(f). It is worth noting that the results are similar
to Eq. (7) for modes with small transverse momentum &k, as

well.

V. UNCONVENTIONAL FRAUNHOFER PATTERN

In practice, the sample inhomogeneity and the formations
of valley-polarization domain walls may lead to spatially
nonuniform A,, inside the weak-link region [76], which can
affect the transport properties of the ¢y-JJ. As an illustration,
we calculate the Fraunhofer pattern for a simple geometry
with two valley-polarization domains (see the inset of Fig. 4),
in which each domain generates a phase difference of ¢
and ¢, respectively, at the junction. Such a ¢;-¢, junction
is a generalization of the previously studied 0-m junctions
[77-79]. Here, we plot the resulting Fraunhofer patterns in
Fig. 4, and the details can be found in Appendix D. Interest-
ingly, the Fraunhofer pattern in the ¢;-¢, junction captures
the main features found in the recent experiment [41], which
exhibits a shift in the central peak, a large asymmetry with
respect to the central peak, and a nonvanishing critical cur-
rent as a function of magnetic fields. These features are not
naturally expected by conventional Josephson junctions nor
0-7 Josephson junctions [77-79]. It is worth noting that al-
though our study provides a plausible mechanism for the
unconventional Fraunhofer pattern seen in the experiment
based on ¢y-JJs, we cannot exclude other ways of generat-
ing such Fraunhofer patterns. To directly view the ¢y-JJs in
the experiment, it would be more straightforward to use the
SQUID structures as in previous experiments [67,68], which
are discussed in detail in Appendix D.
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VI. DISCUSSION

It is important to note that our model exhibits some simi-
larities between the ¢(-JJ model induced by Rashba spin-orbit
coupling and exchange field [57,64] by regarding the valley
as a pseudospin. Specifically, the trigonal warping term and
valley polarization can play the role of spin-orbit coupling
and spin polarization, respectively. The detailed mapping is
illustrated in Appendix F. This mapping provides a good in-
sight about the appearance of the ¢y-Josephson junction in the
MATBG platform, although it is one in which the spin-orbit
coupling is negligible. We expect that the ¢y-Josephson is only
an example, while other profound physics that typically arises
from the interplay of spin-orbit coupling and ferromagnetism
can also be explored in the MATBG according to our frame-
work.

In the main text, we focus on the Josephson junction in the
ballistic limit. On the other hand, intervalley backscattering
can couple the two valleys and effectively weaken the valley
polarization and reduce ¢, similar to the spin-relaxation ef-
fects in ¢-JJ with spin-orbit coupling [64,65,80]. However, as
long as the valley polarization is finite, we still expect a @o-JJ.
Furthermore, our work can be easily extended to study the un-
conventional Josephson effects mediated by valley-polarized
states in other moiré materials/superconductor heterostruc-
tures.
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APPENDIX A: TRIGONAL WARPING EFFECTS OF
MOIRE BANDS AND VALLEY-POLARIZED STATES

1. Moiré bands of MATBG and trigonal warping effects

In the main text, the trigonal warping impact of moiré
bands and its important effects on creating ¢y-Josephson junc-
tions (JJs) in twisted bilayer graphene is highlighted. Here,
we present the details of showing the trigonal warping effects
using the continuum model of magic angle twisted bilayer
graphene (MATBG) [which is depicted in Fig. 5(a)]. The
continuum model of MATBG (cf. [1,4]) can be written as

_ (Hy(r) T(r)
Hr(r) - (TT(I.) H[(I’)) (Al)

Here, the intralayer moiré Hamiltonian is
H; = —wR©®)[(k — K?) - (toy, 0,) R (), (A2)

where hv/a = 2.1354 eV. Here, [ = t/b and t = = label the
top/bottom layers and =+ valleys, respectively. The twist an-
gle is denoted as 6, o; represent the Pauli matrices defined
in the AB sublattice space, K\ labels the Dirac point at

©) Trigonal warping effect (d)

150 /-

M 180 =
‘ Fn 210
240

FIG. 5. (a) A schematic plot of the twisted bilayer graphene
moiré superlattice (L, is the lattice constant), which is formed using
two layers of graphene with a small twisted angle 6. (b) The lowest
moiré bands of twisted bilayer graphene near charge-neutrality points
with the magic twist angle & = 1.05°. The blue/red bands are from
+K/ — K valley (t = 41/t = —1). Note that we have shifted the
charge-neutrality points to be at zero energy. (c) The Fermi contour
(in blue) near half-filling [the black dashed line in (a)]. The green
dashed line is plotted with k;(¢) = a + bcos3¢. The black solid
lines label the moiré Brillouin zone. (d) The blue line shows the
anisotropic Fermi velocity along the radical direction vy(¢). The
black lines are a plot of v, (¢) estimated using k;(¢). The radius is in
units of meV/AL,' ~ 2x10* m/s.

300

270

valley 7 of the [-layer, and the rotational operator R(6) =
diag(e™" H , eils ). The interlayer Hamiltonian 7 (r) can be writ-
ten as

/ /! ,—iw.
u u u we '\ oMy
T(r)= + ; et
( ) u/ u u/elw, u

! iw
+ u uer efirGg"Lr
e ' u )

Here, o, = Z1, GY = }” (cos =07 gin Y=D7 ) with the
i 3Ly 3 3

moiré unit length Ly, = a/sin6 ~ 14 nm, and we adopt u =
0.0797 eV, u' = 0.0975 eV according to Ref. [4]. The moiré
bands can be obtained by diagonalizing the continuum Hamil-
tonian using the plane-wave basis Y (r) = Y Cge'®T6)T
with G =nGY +n,GY, where nj,n, are integers.
Figure 5(b) show the band structure of the lowest moiré
bands near the charge-neutrality point of MATBG [4].

To highlight the trigonal warping features of the moiré
bands, a Fermi energy contour near half-filling of the 7 =
+1 valley [the black dashed line in Fig. 5(b)] is plotted in
Fig. 5(c) (blue line). We can denote the warped Fermi energy
contour as k¢ (¢). kp(@) = k(e + 27”) due to the C3 symme-
try and an emergent C, symmetry in each valley such that
ki(@) = ks(—¢). To the lowest order in ¢, we can expand
k(@) ~ a+ bcos3¢p. By using a =2.315, b = —1.299 (in
unit of L;,l), we find that k;(¢) can approximately fit the
warped Fermi energy contour of the continuum model. The

(A3)
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Fermi energy contour at the T = —1 valley can be obtained
by a time-reversal operation.

Such prominent warping behavior is a direct consequence
of the narrow bandwidth and the constraint of D3 point group
symmetry of MATBG [4,5]. Here, we present the symmetry
transformation properties under the generators of D3 which
include a threefold rotation along the z-axis and a twofold ro-
tation along the y-axis. Note that the moiré bands are assumed
to be decoupled in the valley space so that only the terms that
involve 1y and 7, are allowed. Without loss of generality, we
consider that the Fermi energy cuts the lower branch of the
moiré bands only, as shown in Fig. 5(b). In this case, we can
construct a simple symmetry-invariant continuum model near
the I';, point as

Her = ho(ky + ky) + Mk (k] — 3k7) T2 — . (A4)
Here, the first term is the kinetic energy term, p denotes the
chemical potential term, and the second term is the warping
term, which is opposite at the opposite valley to preserve
the time-reversal symmetry 7 = 7,K and C,, = 7, symme-
try. The presence of the warping term breaks the intravalley
inversion symmetry as IoHegr(K)I; ! # H.(—K), where under
Iy: 7~ t,k— —k. As emphasized in the main text, the
breaking of intravalley inversion symmetry together with the
valley polarization enables the generation of the ¢y-Josephson
effect in MATBG even in the absence of the spin-orbit cou-
pling.

One of the important consequences of the warping effects
is to enable the velocity of incoming and outgoing states in
the junction to be asymmetric, which plays a crucial role in
creating a nontrivial ¢y as shown in later sections. To show
the asymmetry of the Fermi velocity in the moiré bands, we
plot the angular dependence of Fermi velocity vs(¢) [see
the blue line in Fig. 5(d), in units of rneV/hL;,l], which is
defined as v/ (@) = /vlkr(@)1> + vy[k(@)]?, where k¢ () is
the Fermi momentum contour as shown in Fig. 5(c). In other
words, vy (@) is the Fermi velocity along the radical direction
at each ¢. For normal incident states, we can estimate that
the asymmetry of the Fermi velocity is given by v,(¢=0) —
vilp=m) =~ meV/i‘zLAj,1 ~ 2x10* m/s. Note that the Fermi
velocity is two orders smaller than that of monolayer graphene
due to the formation of flat bands under a moiré superlattice
potential.

To highlight the anisotropy of Fermi velocity induced
by the warping term in Eq. (A4), we can rewrite the Heg
in polar coordinates as Heg(k,) = )»okr2 + Alkf cos(3p)T, —
w. For the T =+1 valley, the vs(¢p) can be obtained
as vy(p) = w = 2ok (@) + 3k1kj%(<p)cos(3<p). In-
serting k¢ (¢) ~ a + bcos 3¢, the form of vy(¢) is obtained.
We made a plot of vy(¢) with parameters Ay = 0.5347 and
A1 = 0.0885 [see the dashed line in Fig. 5(d)]. Although there
is some deviation from the numerical one (in blue), all the
symmetry features are captured. To obtain a closer fitting to
the numerical results, one can expand it to higher-order terms,
which is not necessary for the purposes of this manuscript.
Therefore, we have shown that the trigonal warping effects
would result in anisotropic Fermi velocities. The warping
term would induce an asymmetry for the velocities of the

incoming and outgoing modes in our scattering matrix method
calculations later.

2. An illustration of valley-polarized states from
the Hartree-Fock mean-field approximation

A more detailed Hartree-Fock mean-field approximation
for the moiré bands upon Coulomb interaction has been ex-
tensively studied in previous works. However, for the sake
of completeness, and to illustrate some features of the moiré
bands upon the valley-polarization, we present the basic for-
malisms of the valley-polarized states from the Hartree-Fock
approximation with a minimal interacting Hamiltonian:

1
HO - Z(Ek,r - M)WE,T,SWk,r,s + ﬂ qu : pqp—q s
k,t,s q

(AS5)

Here, A is the sample area, s denotes the spin index, u is the
chemical potential for the single-particle moiré band, and the
density operator pq = Zk‘k,‘m (ck,r,s|e"q‘r|ckr,,,s) C;rck’,f,r
Without loss of generality, we focus on the first valence
moiré band, and the Coulomb interaction is projected to
this moiré band [71]. The singlet-particle wave function
can be decomposed into the plane-wave basis as |ckrs) =
JLZ Y G ak+G.r.s¢" T, with G being the moiré reciprocal-
lattice vector.

The Hartree-Fock mean-field Hamiltonian with a spin- and
valley-polarized ground state can be written as

H(E{F ~ ZEk,r,sI/f]:f,‘yI/fk,r,s, (A6)
k,t
where
Ex s = (e — 1)+ Ag o, (AT)
1 i
Ak.‘r,s = K Z Vkrlzlg’lzss’s’snl:(Ek’,‘r’,s’)
k' 7',s
1
_Z Z Vl:l;li;’,ssssnlr (Ek’,T,S)- (A8)
k/

Here, np is the Fermi-Dirac occupation function, the first term
on the right-hand side of Eq. (A8) is the Hartree energy, while
the second term is the Fock energy. The Coulomb interaction
strength is written as
Vl;i(;k‘grké;,ss’s’s = Z Vq (Ckl,r,slelq‘r|ck4,r,s)

q

X <Ck2,r’,s’|e_lq-r|ck3,r’,s’>

- ¥

q.G1,G2,G3,G4

* *
ankl +G1,7,5%, 4Gy, 7,5 Y3 +G3, 7,5’

X ak4+G4, t,s8k1+G| ,q+ks+Gy 8k3+G3,q+kz+Gz .
(A9)

Hence, the Coulomb interactions in the Hartree term and the
Fock term are written as

tt't't _ § :
ka’k’k,xs’x’x -

q.G1,G2,G3,G4

* *
V416, .0.5% 4Gyt s

X Ak 4+Gs, 7,5 Wk+Ga,7,50G1,q+G40G3,q+G,» (A10)
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* *
ank+G1,r,sak’+G2,t,sak+G3,T,S

TTTT _
ka’kk’.ssss - 2 :

q.G1,G2,G3,G4
X QK +Gy,71.50k+G1.q+k'+G4Ok+G3 q+k'+G,- (A1)
One can solve Eq. (A8) in a self-consistent way. Note that the

doubly counted interacting energy should be subtracted after
the mean-field approximation, which is given by

Eo:% >

kK, 7,758

X ar,r’gs,s’]nF (Ek,r,s)nF (Ek’,r’,s’)' (A] 2)

't

[V 't .
KKk'K'’K,ss's's KK’KK’,s5's's

Depending on the filling and the Coulomb interac-
tion strength, various time-reversal breaking states with
valley-polarization that satisfy the self-consistent Hartree-
Fock equation can be obtained, including the following:
(i) The fully valley-polarized, spin-unpolarized insulating or
semimetallic state. This state can appear when the Coulomb
interaction strength is strong and the filling factor is near
some integer fillings. (ii) The partially valley-polarized,
spin-unpolarized metallic states, which can appear when
the Coulomb interactions are weaker [31]. (iii) The valley-
polarized, spin-polarized states. A schematic illustration of
the valley-polarized states is presented in the main text
(Fig. 1). As the focus of this work is the valley-polarized state,
we neglect the spin polarization and rewrite the mean-field
Hamiltonian as

HglF ~ Z ‘(/fli.,‘[[(gkvr - /J/) + Avp,kfz]wk,rv (Al?’)
k,7
, J

I:iwt(x) = < AS()C)

with the pairing potential Ag(x) = As[e’%Q(—x) + e"%G(x -
d)], valley polarization A,p(x) = A,,0(x)0(d — x) (note that
here, we have assumed a uniform valley polarization for
the sake of simplicity), and the longitudinal Fermi velocity
at a fixed k, of the superconducting part and the junction
part is given by vy 1o (ky, X) = Vs, 1o (k)[0(—x) + 0 (x — d)] +
Uyp,ra (k) )0 (x)0(d — x) [for the compact of notations, we will
denote vy ;4 (ky, X) = vy ¢4 (x) in the following]. Here, ¢ is the
phase difference, d is the length of the junction, A, is the val-
ley polarization strength, and v; ¢4, vy ;o are the longitudinal
Fermi momentum along the current direction of the supercon-
ducting part and the junction part with valley polarization.
One can verify that the whole Hamiltonian A (dimension
is 8 by 8) preserves particle-hole symmetry PHP~! = —H
but breaks time-reversal symmetry THT ™' # H if A,, is
finite. Here, P = pxaxrxk ,T=a,7,K,Kisa complex con-
jugate, o, K is com 7;, and p; are Pauli matrices defined in
o = +/—, valley, and particle-hole space, respectively.

Note that in general vy, ;o # Uyp,—r—o due to the breaking
of time-reversal symmetry, but vy, 1o X Vyp,_r—o in the limit

—iahvf,m(ky, X)ax + Avp(x)l-

where & ; = ek + (A + Ak —.)/2 and Avpx = (Axr —
Ag,_¢)/2, and A7, is the valley-polarized order parameter.
Note that here we are directly taking the valley-polarized
state as the ansatz state. It is actually difficult to determine
which state is more energetically favorable based on Hartree-
Fock consideration alone. Especially when the correlated state
appears at the weak-link region, the coupling with the super-
conducting regions can also be important.

APPENDIX B: ANALYTICAL CALCULATIONS OF THE
CURRENT-PHASE RELATION USING THE SCATTERING
MATRIX METHOD

In the main text, we have used the scattering matrix method
to show that the studied MATBG Josephson junction is a ¢g-
JJ, and we find that the valley polarization and warping effects
are crucial in giving rise to the observed ¢,-JJ. We present the
corresponding details in this Appendix.

1. Model Hamiltonian

To gain some insight into the crucial features of the junc-
tion, we first look at the limit of Ag, Ay, < u, ie., the
bandwidth is the biggest energy scale. In this case, we can
linearize the momentum near Fermi energy for a fixed trans-
verse momentum k, and obtain a low-energy effective model
as

1 .
H=> ZZ/dx\IJ,l:v,m(x)kam(x)\IJky,m(x). (B1)
Ta k

Here, 7+ labels the &K valley, @ = +/— labels the incom-
ing/outgoing normal states near the Fermi energy, Wy .o =

(U, rae (%), w,j)v’_r,_a (x))" denotes the Nambu basis, and

Ag(x)
iahvs _c_q(ky, x)0y + Avp(x)r> (B2)

(

of Ay, < Ej. On the other hand, the warping term break-
ing intravalley time-reversal symmetry could lead to vyp ;o #
Uyp,r—a» Which plays a crucial role in giving rise to the ¢g
junction as shown later.

It is worth noting that the model Hamiltonian resembles
that for an S/F/S junction if the valley is regarded as a
pseudospin (flips sign under both time-reversal and inversion
operation). As we will show later, the 7 junction, which was
commonly explored in S/F/S junctions, can also be stabilized
in S/VP/S junctions. But we would emphasize that the physics
system in our case is very different, given that the polarization
appears in valley degree of freedom rather than spin.

2. Scattering states and boundary conditions

The scattering states in the S region of the left (L) and right
(R) side are obtained as

e*iaﬂ o )
,(//_L — ( " )ezak&wx+/(mx+zk}.y’ X < O, (B3)

s, T el
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vp,T- vp,Tt

FIG. 6. A schematic plot of the wave vectors k() - On the quasi-
particle excitation. The electron- and holelike quasiparticle bands are
highlighted with a solid line and a dashed line, respectively.

eiaﬁ ) .
Viea = (el«; )e’“kﬁfa‘*”‘“w“‘“*’“ﬁ, x>d, (B4)

with kg o being the Fermi momentum along the longitudinal
direction for a fixed k, and the definitions

Az —¢?
Keg = ——, (BS)
hvs,ta
acosAis if e < A, (B6)
| —iacosh=  ife > A,
L/R

The in-gap states ¥, with € < A are superpositions of
electron and hole with an exponential decay length «! into
the left/right superconducting regions. One can verify that
the states in the S region possess time-reversal symmetry:
Vs(e. —¢) = Ty(e. ¢) with k), = k) .

J

The scattering state in the VP region (0 < x < d) is

1 1 i xX+i

WVP,E,TD! = —,;N <O>ek&m +kyy, B7)
1 0\ ik vax-tik,y

va,h,ra = F 1 et L (B8)
h,ta

Here, k. .o and kj ., are the wave vectors for electron- and
holelike states, respectively (see an illustration in Fig. 6), and
Neh).ro are normalization factors to ensure that the scatter-
ing matrices are unitary. Up to leading order, k, ;o ~ k¥ _ +

e, T

Okeras knra & kg’m + 8kp o With kgm = k,?,m = akep’m,
and
€—TA,p
Skero = ——, (B9)
alivyp o
€—TAy
Skprog = ————m. (B10)
ahvvp,frfa

Here, Yryp e, r+»> Yyp,h,c— are the states moving in the +x direc-
tion, while VYryp ¢ c—, Yyp n,o+ are the states moving in the —x
direction. The particle-hole symmetry requires ¥y, 4(—€) =
pl/IVp!e(G) so that &kj o(—€) = =8k, __4(€). The factors
V/Nero and /Nj, o are to ensure that the scattering matrix
1S unitary.

As H is block-diagonalized in the valley space with
[tZ,I-?] =0, we can solve the scattering matrix for 7 = +
and T = — separately. We also assume that the transverse mo-
mentum k, is conserved during the scatterings. The boundary
conditions at x = 0 and x = d are

ayy (x=0) + by (x =0) = ] Yypers (¥ = 0) + ¢, Yrpe o (X = 0) + ¢ Yrp et (6 = 0) + ¢ Yip i (x =0), (BI1)

a/wff+(x:d)+b/wff—(‘x:d) :C:va,e,r-ﬁ-(x =d)+ce_ va,e,r—(x=d)+c}-:—va,h,r+(x:d)+c; va,h,f—(xzd)9

avs,l’+wsl:f+(x = O) + bvs,rfl//sL’rf(x = 0) - vvp,rJrC:lpvp,e,rJr(x = 0) - vvp,rfcgil//vp,e,rf(x - 0)

d'Vsriko i WE (x=d) — Vv YF _(x =d) =vip e Ynpecs (6 = d) = Vyp e, Yyper—(x = d)

(B12)
+ va,—r—C;,rva,h,t+(x =0)— vvp,—r-&-C;WVp,h,r—(x =0), (B13)
+ va,frfc;'(//vp,h,ﬂr(x =d) - va,frJrC;'(pvp,h,rf(x =d). (B14)

Here, Egs. (B11) and (B12) are obtained from the continuity of the wave function, while Eqs. (B13) and (B14) are obtained from
the conservation of particle current, which for each state is given by Im((y| %;(”W)) = (Y|diag(avy 1o, —0Vf, _1—o)|V¥).

3. Andreev bound states in the case without normal reflections

We now solve the Andreev bound states using the scattering matrix method [74,75]. First, we need to work out the scattering

matrices. We can define

a(Ly=a, b(LY=10b, a(R)=d, b(R) =V,

cz (L)=cr

e

c,(Ly=c,

e

+ ) _ — a0
cw) = C:el(ke,t++8k('.r+)d’ S (R)=c; el keetbkec)d,

+ A iKY ASkne)d o~ — ik +8kyo)d
¢, (R) = ¢ e e (R) = ¢ e he—J

c,j'(L) = c;[, c,(L)y=c,;

(B15)
(B16)
(B17)

(B18)
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The scattering matrices in the scattering method are defined
as

G\ (LY (R [(F®)
(o) =5Gw) () =) @

and the transition matrices are defined as

¢ (R) cr(L) c; (L) ¢, (R)
e =T e , € =T ¢ . BZO
(o) =) () =ity ®
According to the scattering matrix method [74,75], the
energies of Andreev bound states are given by

Det[l — TLRSRTRLSL] =0. (B21)

The transmission matrices can be directly obtained according
to the definitions Egs. (B15)-(B18) and Eq. (B20) as

iKY A8k )d 0
Tre = 0 o Ko +8kie-)d |2 (B22)

efi(kgr,wtsze,,_)d 0
Tir = 0 =ik Aokicd |- (B23)

The form of the scattering matrix Szzy would depend on
the interface at x = 0 and x = d. Let us first consider the case
without a chemical potential difference between the supercon-
ducting region and the valley-polarized region, i.e., u = ©’. In
this case, vyp -+ = Vs 7+, the factors in the scattering states can
be simply taken as N, ;o4 = Nj,zo = 1. Using the definitions
Egs. (B15)-(B18) and the boundary conditions Eqs. (B11)—
(B14), one can easily obtain

0 etit—ip
o=\t o )

Here, g = acosZ—: for in-gap Andreev bound states, and only
Andreev reflections in the scattering matrix are finite due
to the absence of momentum mismatches. By inserting the
scattering matrix back to Eq. (B21), we find that the energies

of Andreev bound states are given by

cos (2,3 — —2(6T — TAVP)d) = cos (¢ + (&~ TAwM TAVp)d>,

(B24)

0y Thovyy
(B25)
where

4

Uy =7 (B26)
Zux UVPJ’O‘

2

3oy = — — — - (B27)
vvp,++ + vvp,—— - vvp,+— - va,—+

We can further define two energy scales: one is the Thou-
less energy Er = fivyp/d, and the other one is Ey = hidvyp/d,
which reflects the intravalley asymmetry induced by the warp-
ing term. Then Eq. (B25) is rewritten as

CcOS <2ﬂ — M) = COS (¢ + ﬂ>.

ET ‘L'EA
(B28)
It clearly shows that the phase ¢ is shifted as ¢ = ¢ — @, with
0o = Avwp/Es (B29)

due to the combination of valley polarization and warping
effects. As we will see later, ¢y would manifest as the phase
shift in a current-phase relation, which would result in the
so-called ¢g junction. In the short junction limit, € < E4, E7,
we can actually obtain the energies of the bound states:

. ¢; TA
EszS\/l—sm2 (5— ETp .

4. Angular dependence of the ¢, phase shift

(B30)

Next, we briefly comment on the angular dependence of
the ¢y phase shift. It is important to note that the magnitude
of ¢y in general would depend on the angle 6 between the
current direction and the lattice orientation. As an illustration,
we can evaluate the ¢y phase shift with the approximated
angular dependence of the Fermi velocity presented in Sec. I:
vr(0) = ap + Bot cos 360, where T is the valley index, o cap-
tures the isotropic part, and By captures the anisotropic part of
the Fermi velocity. It is straightforward to obtain ¢, according
to the relation between E4 and v/ (6), which gives

280 cos(30)d Ayp
h(B3 cos? 30 — a?)’

@o(0) = (B31)
Therefore, it can be seen that the ¢y phase shift would exhibit
a threefold symmetry: ¢o(6) = @o(0 + 27”), depending on the
lattice orientation and the current direction.

5. Andreev bound states in the case with normal reflections

In general, the chemical potential between the supercon-
ducting region and the valley-polarized region is different with
u # 1. To see the effects of such a difference in chemi-
cal potential, we solved the scattering matrices in the same

way as
- N raetiz b
L0 =\ et

rn

(B32)

with
ra = eiﬁxil(vvp,hL + vvp,rf)(vx,ﬂr + U&T,), (B33)

o —1
ry = 21X~ sin IB\/(va,T“r + vs,tf)(vvp,rf + Us,r+)(vvp,t+ - vS,TJr)(va,Tf - Us,rf)»

X = elﬁ(vvp,r-ﬁ- + vs,r—)(vvp,r— + vx,r+) - eilﬂ(vvp,lﬁ- - v.v,r+)(vvp,1:— - vx,r—)-

(B34)

(B35)
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Here, rs, ry are coefficients for Andreev reflections
and normal reflections. Note that we have used N, .4 =
Nh,r+ = \/(vvp,r+ - vs,r+)(vvp,r+ + vs,r—)’ Ne,r— = Nh,‘[— =
VWype— — Vs - )(Vypr— + Vs1). One can verify that the
scattering matrix is unitary with |r4|?> + |ry|> =1 for the
in-gap bound states with € < A. Evidently, the normal reflec-
tions ry would be finite due to the momentum mismatches,
i.e., Uyp r+ # U5+ induced by the difference in the chemical
potential (u # p'). It can also be seen that the scattering
matrix Eq. (B32) would return to Eq. (B24) if there were no
momentum mismatch.

Next, we solve the energies of Andreev bound states in the
case of finite normal reflections. For the compact of notations,
we rewrite the scattering matrix as

vi= rz"’"I). (B36)

- ire’
LB =\ /1T = 72ein ire
Here, r = |ry|, n = Arg[X~']. By substituting the scattering

back to Eq. (B21), we find that the Andreev bound states are
given by

2(e — 1A,
cos (27] + (EE—IP)> + 1% cos (Xa:k?a)

) €—TAy
={—-r")cos|{p+ ——). (B37)
'L’EA
As expected, the phase shift ¢y = % would not be affected

by the presence of normal reflections. Instead, the normal
reflection would mainly weaken the magnitude of the super-
current and thus is not essential for our study.

6. Free energy and Josephson currents

The free energy of a JJ can be written as

2

A2
— _ —pBen
F_/drU ,BE In(1 +e ),

€n

(B38)

where €, are the eigenenergies of the BAG Hamiltonian of the
Josephson junction, 8 = 1/kgT, and U is an effective inter-
action strength. We neglect the U-dependent term which is
independent of ¢. One can further subtract a constant normal-
state free energy F(A; = 0) to avoid the divergence at large
energies, and it would not affect the current-phase relation
I;(¢) [75]. The supercurrent through the JJ can be obtained
from the free energy with

2e OF 2e Z 1 3€n

€n

__% Ben\ 0€,
=7 Ztanh( > >8¢'

€,>0

(B39)

Here, e is the charge of an electron. One can easily figure out
the current units by using 7/~ 6.581x10™"3 meVs and

e/s ~ 1.6x1071°A (A denotes Ampere), i.e., 2e/h ~ 486
nA/meV.

By substituting the bound state energy Eq. (B30) into
Eq. (B39), and at the high-temperature limit Ay/kpT < 1, we
obtain Eq. (7) of the main text:

1) eA? 204\ . s Ayp
s ~ ~— COS sin —
2hkT Er E,

) . (B40)

7. The scattering modes of different transverse momentum k,

In the previous sections, we have solved the 1D scattering
matrix problem for each mode at a fixed k. To obtain the total
supercurrent through the junction, we need to insert different
longitudinal Fermi momentum vy .« (ky), and sum over dif-
ferent k, that are quantized by the finite width. Unfortunately,
we could not do it analytically due to the complicated warping
effects. For completeness, we still present a brief discussion of
the effects of &, here.

The total supercurrent through this Josephson junction is
given by

L(#) =) L (®).

ky

(B41)

In the short junction and at the high-temperature limit, the
supercurrent at a phase difference ¢, I, (¢), carried by each
mode can be obtained by replacing Er, E4 in Eq. (B40) with
the ones calculated from vy .4(k,). As shown in Fig. 5(d),
the value of longitudinal Fermi momentum vy . (k,) and
its asymmetry near k, = 0 are similar so that the resulting
current-phase relation is expected to be similar to Eq. (B40)
for a small transverse momentum. However, the situation
becomes complicated in the large transverse momentum k,.
Because of the warping effects, there are multiple scat-
tering modes near the Fermi energy for a fixed k, [see
Figs. 5(c) and 5(d)], which are not captured by Hamilto-
nian (B2), which only includes one incoming electron- or
hole-dominant mode. Nevertheless, we expect the scatter-
ing modes with large momentum to carry less supercurrent,
and thus in the main text we find that the 1D scattering
Hamiltonian provides a good understanding of our numerical
results, in which the current carried by all incoming modes is
included.

APPENDIX C: MORE DETAILS FOR THE MATBG
JOSEPHSON JUNCTION USING THE
TIGHT-BINDING METHOD

In this Appendix, we present more details about the numer-
ical calculations, including the geometry details, the result in
the case of turning off the warping effects, and the result in
the case of the weak-link region being a half-filling valley-
polarized Chern insulator with a Chern number two.

1. Model and geometry details

As introduced in the main text, we adopt the following
effective tight-binding model to capture the MATBG

023029-10
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FIG. 7. The top panel presents the junction geometry that is
adopted in the evaluation of Josephson supercurrent through the JJ
using the effective tight-binding model H [Eq. (C1)]. d and W,
represent the junction length and width, respectively. Here SC and
VP represent the regions with superconductivity and valley polar-
ization. The bottom panel shows a hexagonal lattice used in the
tight-binding model calculation, where #; denotes the first-nearest
hopping, #, denotes the complex fifth-nearest hopping (resulting in
warping term) in H, and the length of the next-nearest bond is Ly,.

Josephson junction:

Her = Z l‘lcj»éﬂcj'gg + Z tzggc:-;dcj‘gg + H.c.

(ij).60 (ij) .o

- Z,ul-ciggc,-gg + Z (Asei"ﬁL(R)clTﬁclT_NH.c.)
i i€(L.R).E

+ Y Al (T)ecico- (C1)
ieEWL,to

See the main text for the detailed definitions of the ingredients
in Hamiltonian H.g. Here, we depict the adopted geometry of
the MATBG Josephson junction in Fig. 7. The superconduct-
ing order parameter Ag and valley-polarized order parameter
Ay, are added in the green region and the gray region of the
top panel of Fig. 7, respectively. As shown in the bottom panel
of Fig. 7, the lowest moiré bands near the charge neutrality are
captured by hoppings on the two-orbital hexagonal lattice in
each region, where #, represents the first-nearest hopping, and
1, represents the complex fifth-nearest hopping (giving rise to
the warping effects). We note that the minimal tight-binding
model proposed in Ref. [4] that is used to capture the moiré
bands up to the lowest hopping is narrower than that from the
continuum model shown in Fig. 5(b). This, however, would
not affect our result as the presence of ¢y-JJs is determined by
the symmetries according to our main text analysis. The key
length scales are also highlighted in Fig. 7. The lattice sites in
Fig. 7 label the center of Wannier orbitals so that the length
of the nearest bonds is the moiré€ lattice constant L,,. We thus
measure the adopted junction length d and W in the main text
in units of L.

(a) 1 ] warping effe o (b) 10
z 03 & —E 3 No warping effect

g | g

ST 0 ” E 0
~7 \ B

0.5 L5
=

-1 -10

0 0.5 1 1.5 2 0 1 2 3 4
9/ A /A,

FIG. 8. The current-phase relation and vanishing of anomalous
Josephson current in the case without warping effects. (a) Typical
curves of Josephson current (normalized by its maximal value) vs
Josephson phase difference ¢ of the MATBG Josephson junction
when the warping term is turned off (t,; = 0), which can only display
0- or w-junction behavior. (b) The anomalous Josephson current van-
ishes for various valley-polarization strengths where warping effects
are not included.

2. Symmetry consideration

We now present a symmetry analysis to show why the
valley polarization and the warping effects are crucial for
the emergence of the ¢y-JJ in MATBG. Without these two
ingredients, the system would exhibit time-reversal symmetry
which gives [ ;(¢) — —I;_;(—¢), and an intravalley inver-
sion symmetry which gives I, . (@) = —I (—¢). As [(¢p) =
> . I - (¢), it can be seen that both symmetries would en-
force the total supercurrent to satisfy the condition (¢) =
—I;(—@), so that I;(¢ = 0) = 0. Therefore, according to our
symmetry analysis, the conclusion that the valley-polarized
state induces ¢-JJ is general as long as time-reversal and in-
travalley inversion symmetries are broken. Below, we present
more cases to verify this symmetry analysis.

3. Case without warping effects

In the main text, the warping effects are naturally included
in our calculations with the fifth-nearest hopping ¢ # 0 (cf.
[4,5]). As discussed in the main text, the warping term would
lift the intravalley inversion symmetry so that the minimal
free energy of the junction is not necessarily 0- or m-JJ,
resulting in a ¢p-JJ in general. To make a comparison, we
now artificially turn off the warping term. As expected, we
find that the junction is restricted to be 0- or 7-JJ [Fig. 8(a)].
We consistently find that the anomalous Josephson current,
ie., Js(¢ =0), vanishes [Fig. 8(b)]. It thus clearly shows
that the warping effects are crucial for the ground state of
MATBG Josephson junction to be ¢y-JJ, which is in agree-
ment with our symmetry analysis presented in the main
text.

4. Case with the junction region being valley-polarized
Chern insulating states

It was pointed out in the main text that the valley-polarized
state can mediate ¢p-JJs even when such state is topological
nontrivial. In this section, as a demonstration, we present
the calculated current-phase relation (Fig. 9) by setting the
junction region to be half-filling (v = —1/2) valley-polarized
Chern insulating states with Chern number C =2 (see a

023029-11



XIE, EFETOV, AND LAW

PHYSICAL REVIEW RESEARCH §, 023029 (2023)

0 0.5 1 1.5 2
o/

FIG. 9. The supercurrent density J; (normalized by its maxi-
mal value) vs the phase difference ¢ with junction length d =
4Ly, 6Ly, 10Ly,, where the junction region is set to be the valley-
polarized Chern insulating states with C = 2 at half-filling that are
illustrated with a schematic inset plot. Here we set the temperature
T = 0.05T..

schematic illustration in the inset of Fig. 9). One can add a
Haldane term to the tight-binding Hamiltonian (C1) in order
to make the junction region topological (cf. Ref. [41]). In
this case, as shown in Fig. 9, the curves of supercurrent J;
(normalized by its maximal value) versus the phase difference
¢ would still display a finite phase shift, i.e., sin(¢ — ¢p),
for various junction lengths d. In other words, the junction
would still behave as ¢-JJ. Note that in the topological case,
the edge states that can mediate some supercurrents may play
an additional role. Nevertheless, Fig. 9 clearly shows that
our conclusion about the valley polarization causing ¢o-JJ
is not affected. It is understandable given that time-reversal
and intravalley inversion symmetry are still broken by the
valley-polarized Chern bands in this case.

APPENDIX D: THE MAGNETIC INTERFERENCE
FOR ¢,-JOSEPHSON JUNCTIONS

1. Magnetic interference of a uniform ¢y-Josephson
junction-standard Fraunhofer pattern

In this Appendix, we show that the magnetic interference
of a uniform ¢y Josephson junction should be the stan-
dard Fraunhofer pattern. The gauge-invariant phase difference
across an extended junction is

. 2e
y=¢+E/A~dl (D1)

with ¢ = ¢ — ¢y, @o denoting the phase shift in the ¢p-
junction. For an out-of-plane magnetic field, the gauge can be
chosen as A = (—By, 0). The Josephson current is given by

) 5 e d/2
IS=/dy_] r,gb—E/ dxBy ).
—d)2

D2)

Assuming that the current follows the simplest sin(¢ — ¢g)
feature, we will obtain

Wy /2 B e
I = / dyj(y)sin <¢ - —Byd>.
—W; /2 h

Here, we denote the width of the junction to be W;. In the case
of a uniform current density j(x) = jj, then

. . ird . ¢ ¢
() = 2 TRID/ B0, (D3)
D,
0
where the flux quantum ®y = h/2e, & = BxW,d. Thus,
i /P
1(D) =1, sin(r @/ ®o) ’ (D4)
7'[@/(1)0

where the critical current at zero-field is denoted as I. = joW,.
Hence, for a uniform ¢, JJ, our phenomenological calculation
suggests that the critical current as a function of external fields
1.(®) follows the standard Fraunhofer pattern.

2. Phenomenological theory for the magnetic interference
of a ¢;-¢, Josephson junction

As we have mentioned in the main text, the total current
through this junction under external magnetic fields can be
written as

0 . 2e
Ii(¢) = f dyjpsin <¢ - — EByd)
W

W2 e
+ / dyjp sin (d) — @ — EByd). (D5)
0

Note that ¢; and ¢, would be different as A, in two domain
walls are different. If ¢; = 0 and ¢, = 7, the scenario would
reduce to the O- JJ studied in Refs. [77-79], where the
Fraunhofer pattern exhibits a dip near the zero magnetic flux
due to the cancellation of the supercurrent of the 0-JJ parts and
m-]J parts. In our case, the ¢; and ¢, can be a value ranging
from O to 27 due to the formation of ¢y-JJ. Hence, we call it
@1-¢2 J1.

The Fraunhofer pattern of the ¢;-¢, JJ can be ob-
tained from Eq. (D5). Specifically, the total supercurrent is
written as

Isl <D1
=5 w [cos(«p — 1) — cos <¢ —o+ 27150)]
+ Lo [cos (d) — @ — 27 g) — cos(¢p — )]
Zﬂ% ¥ (D() $2) |

(D6)

Here, I;; = j,W,, and I, = j, W), denote the current through
the two domain walls, respectively, and the magnetic flux
though the jth domain wall is ®; = BW;d. For the sake
of simplicity, we denote I,y = $(1 + &), Ip = S(1 — 8)I,,
@ = 1(1+8)®, and &, = 1(1 — 8)®, where [, = I, + I
is the total supercurrent through the junction, and & =
B(Wj, +Wj,)d is the total magnetic flux. Using these
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notations,

I
I(¢) = E[cos«p — ¢1) = cos(¢ — p2) + cos <¢ —

Dy
(1 = §)® (1 +8)d
_T>_C°S(¢_‘”1+T>]
_ I 671<I> . @_ axd
e ) 2
— sin (¢ — %*) sin (%‘)} (D7)

where o1 = ¢, £ ¢.

The critical current I, = max(/(¢)), given by the maxi-
mal value of I (¢) within 0 < ¢ < 27. For the 0-0 JJ, one
can easﬂg obtain the standard Fraunhofer pattern I.(®) =
| ““;;% o) |, Due to the presence of the asymmetry parameter
38, beyond 0-0 JJ, we could only find analytical solutions of the
critical current in some special cases, such as in the limit of

6=0:
(5 +5) —sin ()|

‘Do

I.(®) =1 (DS8)
It can be noted that the critical current is always zero if
the magnetic flux reaches a certain integer flux quantum
® = 2nd, (n are finite integers). As there is no node in the
Fraunhofer pattern of experiments, we remove these nodes

by introducing a finite asymmetric parameter §. For example,

5
at ® = 2n®d,, the critical current becomes I |—gm( z)sindnm

which could be finite if § # O.

It is worth noting that another key feature of the exper-
imentally observed Fraunhofer pattern is to exhibit I.(®) #
1.(—®). In the cases of 0-0 JJ and 0-7r JJ, we find that the re-
sulting Fraunhofer patterns are always symmetric, regardless
of the choice of §. However, if we consider ¢y-JJ, where ¢
can take a more generic value rather than O or 7, we find that
the resulting Fraunhofer pattern is asymmetric in general. In
Fig. 4 of the main text, we plotted the Fraunhofer pattern for
the 0-0JJ, 0- JJ, and ¢;-¢5 JI with § = 0.4, ¢; = 0.2, ¢ =
7 + 0.8. The resulting Fraunhofer pattern arising from ¢;-¢,
JJ is quite consistent with that seen in the experiment. Our
calculation thus suggests that the presence of ¢y-JJs could pro-
vide a plausible explanation for such highly unconventional
Fraunhofer patterns.

Here we further emphasize how the features of the uncon-
ventional pattern shown in the main text Fig. 4 are related
to the ¢-¢> JJ model, especially the model parameters ¢y,
@2, 6: (1) The unconventional Fraunhofer pattern (red line),
[I.(®) # I.(—D)|, which would indicate the time-reversal
breaking. (ii) The unconventional Fraunhofer pattern exhibits
a local minimal around zero flux. As a result, the central
peak is shifted to a finite flux. It is sharply different from the
conventional Fraunhofer pattern (gray line), which exhibits
a maximal peak around zero flux. In the ¢;-¢, JJ, the local
minimal appears around zero flux when the difference be-
tween ¢; and ¢, exceeds i, which results in a cancellation of
supercurrent through ¢; and ¢, junction parts. (iii) The uncon-
ventional Fraunhofer pattern exhibits nonvanishing nodes at
finite integer flux. According to the expression I.(® = 2n®,),

2nm ’

@ J-a 1

Gate-a

Gate-b

/0,

FIG. 10. (a) A schematic plot of a MATBG SQUID. Here,
JJ-a represents a junction region controlled by gate-a, while JJ-b
represents the other junction region controlled by gate-b. B is an
out-of-plane magnetic field. (b) The critical supercurrent (normalized
by its maximal value) as a function of the magnetic flux & in the case
of I, = I, (top panel) and I, = 31, (bottom panel). I, and J, are the
supercurrent through JJ-a and JJ-b, respectively. The phase shift of
the interference pattern Ag is highlighted.

the nonvanishing nodes at ® = 2n®, indicate ¢; and ¢, are
different, and W;; and W), are different as § # 0.

3. Detection of ¢y-JJ with a superconducting MATBG SQUID

The SQUID can be used to identify the ¢,-JJ behavior in
the experiments [67]. For the sake of completeness, as shown
in Fig. 10(a), here we propose a MATBG SQUID geometry
to detect the ¢y-JJ predicted by our theory. In this geometry,
there are two weak-linked junction regions that are achieved
by local gates a,b. Without loss of generality, we consider one
is the ¢y — JJ with the junction gated into valley-polarized
states (JJ-a), while the other one is the conventional JJ (JJ-b).

The total supercurrent through the SQUID under magnetic
fields is written as

Iy = I sin(¢p) + 1o sin(¢a — @0) (D9)

with

b — Pa = 21D/ Dy. (D10)

Here, 1,(¢,) and I,(g},) are the supercurrent (phase difference)
across the JJ-a and JJ-b, respectively. ® is the magnetic flux
through the SQUID. In a simple case where I, = I, = Iy, we
can obtain the critical current at each magnetic flux as

o)
cos n—+@ .
(O 2

Hence, the ¢y would cause a phase shift in the SQUID pattern
[see the top panel of Fig. 10(b)], where A¢ = ¢y/27. In
general, I, and I, are not equal. As an illustration, we plot
the magnetic interference pattern with 1, = 3/, in Fig. 10(c).
In this case, it can be seen that although the critical currents no
longer vanish at certain magnetic fields, the phase shift does
not change.

Therefore, the proposed MATBG SQUID provides a fea-
sible way to directly measure the predicted ¢y phase shift.
Upon finishing our work, we noticed that the MATBG SQUID
geometry has recently been successfully fabricated in the ex-
periment [42]. Our work thus would motive experimentalists
to further gate the junction region into valley-polarized states
and study the proposed unconventional Josephson effects in
the near future.

I =2l (D11)
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TABLEI. Classifications of all possible momentum-independent
pairing of TBG according to the irreducible representations of the D5
symmetry group.

IRs Al A2 E

C. =19 ®e 5% +1 +1 +2

Gy =1, ® o, +1 +1 0
Spin-singlet 7, ® o,

Spin-triplet ity ® 0, (ity, ® 0, ity ® 0p)

APPENDIX E: THE ¢,-JJ BEYOND
CONVENTIONAL PAIRINGS

In the main text, to be specific, we have adopted the
spin-singlet pairing as the pairing order parameter for the
superconducting part of the MATBG Josephson junction. In
this Appendix, we point out that the ¢(-JJ can still persist
even when the pairing is unconventional, such as various
spin-triplet pairings. The pairings can be expanded in the
space formed by spin and valley degrees of freedom. We first
classify the possible pairings using irreducible representations
of the Dj crystal group of MATBG. For simplicity, we focus
on all k-independent intervalley pairings.

Specifically, the generators of D5 point contain a threefold
rotation along the z-axis represented by Ci. = 7y ® e ~'3%,
and a twofold rotation along the y-axis represented by C,, =
7, ® io,. Here, o and 7 are Pauli matrices defined in spin- and
valley-space. Note that C;, would exchange the K and —K
valley, while C; would not.

The pairing matrix transforms under the point group sym-
metry operation as

gAs = UT(9)AU*(g), (E1)

where A, is defined in the Nambu basis:
(Yt Yy, ¥o g, ¥ )" with +/— as valley index and
12/ for spin-up/spin-down, and U(g) is the matrix
representation of the generator g in the spin and valley
space. Note that A, = —AST due to the Fermi statistics, and
the representation of A, in the valley degree of freedom
is restricted to be 7, and t,, i.e., intervalley nature. All the
k-independent intervalley pairings are summarized in Table 1.

There is one intervalley spin-singlet A; pairing : Ay, s =
7, ® ioy,, and there are two inter-valley spin-triplet pairings:
one one-dimensional spin-triplet A;-pairing Ay, ; = ity ® Oy,
and one two-dimensional spin-triplet E-pairing, which we
label as E-pairing and E,-pairing with (Ag 1, Ag ) = (i1, ®
o0,, 11, ® 0p). Note that the pairings labeled by different irre-
ducible representations do not mix, and the mixing of Ay,
and Ay, ; is expected to be neglectable as the spin-orbit cou-
pling in graphene is extremely small. It is also worth noting
that the possible nematic pairings can be constructed using
the pairing matrices in two-dimensional E-pairing.

We can replace the order parameter of the superconducting
part with the above unconventional momentum-independent
pairings in the previous tight-binding model calculation and
evaluate the supercurrent in the same way. As shown in
Figs. 11(a)-11(d), we find that the current-phase relation
is unchanged in the cases of various spin-triplet pairings,
which thus implies that our result is not sensitive to the spin

100 100
—— A, spin-singlet pairing —— A, spin-triplet pairing

= 50 = 50
g g
£ 0 Z 0
=~ =

-50 > 50

100 -100

0 0.5 1 L5 2 0 0.5 1 1.5 2
¢/n #/n

—*—E, spin-triplet pairing

J, [nA-pm™]

0 0.5 1 1.5 2 0 0.5
o/

FIG. 11. (a)-(d) The supercurrent density J; (in units of
nA um™") vs the Josephson phase difference ¢ for A; spin-singlet
pairing, A; spin-triplet pairings, E; spin-triplet pairing, and E, spin-
triplet pairing, respectively. Here we adopt a valley-polarization
strength A,p/Ag = 3 and a temperature 7 /T, = 0.3.

configurations of Cooper pairs of the superconducting part.
This observation is understandable as the appearance of @y-JJ
is mainly induced by the valley polarization of the junction
region.

APPENDIX F: A COMPARISON BETWEEN OUR MODEL
AND THE ¢, JJ MODEL ARISING FROM EXCHANGE
FIELDS AND SPIN-ORBIT COUPLING

In the main text, we pointed out that the warping term and
valley-polarization effectively, respectively, play the role of
exchange fields and spin-orbit coupling in comparison with
previous ¢y JJ models with these terms. Here we illustrate
this with more detail. To map the trigonal warping term as
a spin-orbit coupling, we can look at the k - p normal state
Hamiltonian of our system before linearization as shown in
Sec. I:

Hy = ho(k; + k) + h[ke(k? — 3k)) + Ay ]z (F1)

Note that the normal part of the phenomenological model in
the main text [Eq. (3)] is given by linearizing the momentum
near Fermi energy.

If we regard the valley as a pseudospin, the trigonal
warping term Ak, (k? — 3>ky2)tZ indeed can be regarded as a
spin-orbit coupling, and A,,7, can be regarded as a polar-
ization induced by an exchange field. When we consider the
Josephson junction, k, can be fixed as a good number by set-
ting the current direction to be the k,-direction. For simplicity,
we set k, = 0 as we considered the phenomenological model
Eq. (3), and then Hy, 1p = Aok? + [MKD + Ayplt..

Next, we highlight the similarities between our model and
the Rashba nanowire model, which can be written as Hz =
kZ/2m + ak.oy + hoy, with the hoy denoting the Zeeman cou-
pling of the magnetic field with the spin of the electron in
the y-direction, and « is the strength of the Rashba spin-orbit
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coupling. It is known that the Rashba spin-orbit coupling com-
bined with an in-plane spin polarization would result in the ¢
JJ. Our Hy 1p model (with k, = 0) is equivalent to replacing
the Rashba spin-orbit coupling model with a cubic warping
term, which can be seen by performing a unitary transfor-
mation mapping t, to 7y, in Hy,ip: Hy p = Aokf + )Ll(k;’ +
Ayp)Ty. After this mapping, it is indeed understandable that
we can get a ¢g JJ.

However, it should be noted that the underlying physical
system in our case is very different, given that the polarization
appears in valley degrees of freedom rather than spin. Our pro-
posal relies on the valley-polarized moiré bands, and it does
not need to involve spin-orbit coupling or exchange fields.
Only when we restrict the game interaction-induced order

parameter to the valley polarization A,,7, can our model be
mapped to the model with Rashba SOC in some limit. Indeed,
the interaction-induced order parameter can be richer. Another
difference we would like to highlight here is that the possess-
ing of both spin and valley degrees of freedom in moiré bands
allows much more rich cases with various band alignment.
For example, the spin—valley-polarized state can also appear
at very low temperatures in the experiment [41]. In this case,
the order parameter can be written as Ayp7.00 + AgpTo ® 0.
Both the spin polarization and the valley polarization would
contribute to the anomalous phase shift. However, this model
cannot be generally mapped to a Rashba spin-orbit coupling
model as we would deal with a 4 by 4 matrix with two kinds
of polarization.
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