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Decisive role of electron-phonon coupling for phonon and electron instabilities
in transition metal dichalcogenides
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The origin of the charge density wave (CDW) in transition metal dichalcogenides has been hotly debated, and
no conclusive agreement has been reached. Here, we propose an ab initio framework for an accurate description
of both Fermi surface nesting and electron-phonon coupling (EPC) and systematically investigate their roles
in the formation of the CDW. Using monolayer 1H -NbSe2 and 1T -VTe2 as representative examples, we show
that it is the momentum-dependent EPC that softens the phonon frequencies, which become imaginary (phonon
instabilities) at CDW vectors (indicating CDW formation). In addition, the distribution of the CDW gap opening
(electron instabilities) can be correctly predicted only if EPC is included in the mean-field model. These results
emphasize the decisive role of EPC in the CDW formation. Our analytical process is general and can be applied
to other CDW systems.
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I. INTRODUCTION

The formation of a charge density wave (CDW) is a
spontaneous symmetry breaking process with periodic charge
density modulations and lattice distortions below a critical
temperature TCDW [1,2]. However, the origin of CDWs is a
long-standing problem, which has attracted broad research
interest [3–6]. The first mechanism, Fermi surface nesting
(FSN), relates to elastic electronic scatterings at the Fermi
surface [7]. The zero-energy electronic excitations screen the
phonon vibration at the CDW vector, inducing an abrupt
phonon softening [8].

In contrast, momentum-dependent electron-phonon cou-
pling (q-EPC) involves inelastic electronic scatterings medi-
ated by phonons, in which the electron field can be integrated
out as a perturbation to the free phonon field, softening
phonon frequencies from their bare values. Thus, both FSN
and q-EPC may soften phonons to imaginary values (phonon
instabilities) and induce CDW distortions. However, quan-
titative studies of q-EPC are rare, and the only report is a

*These authors contributed equally to this work.
†zhou_jun@imre.a-star.edu.sg
‡chmlohkp@nus.edu.sg
§phyfyp@nus.edu.sg

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

tight-binding (TB) model merely using the electronic band
structure [9–12]. However, this semiempirical method has dif-
ficulty giving rigorous results compared to the first-principles
calculations. Therefore, a general method to accurately de-
scribe q-EPC is urgently needed.

In addition, the CDW gap opening (electron instabilities)
is less studied. The location of the CDW gap in the Brillouin
zone (BZ) can be identified by band unfolding [13–15], which,
however, requires prior knowledge of the CDW structure and
cannot reveal the underlying mechanism. Thus, the driving
force of the CDW gap is still elusive.

In this work, we use monolayer 1H-NbSe2 and 1T -VTe2

(abbreviated to NbSe2 and VTe2) as representative examples
of the most common high-symmetry phases of the transition
metal dichalcogenides (TMDs). Interestingly, the mechanisms
of their CDWs are considered to be different. The electron-
phonon coupling (EPC) has been shown to be dominant in
NbSe2 [14,16,17], while FSN in VTe2 seems to be substantial,
which leads to a peak in the static Lindhard susceptibility
[18,19]. Thus, we conduct a comprehensive study of their
CDW properties from both phononic and electronic per-
spectives. The accurate q-EPC from the fully first-principles
calculations allows us to make a straightforward comparison
between the contributions from FSN and q-EPC in the CDW
formation. Interestingly, the q-EPC is shown to play a domi-
nant role in designating the CDW vectors for both NbSe2 and
VTe2. We also find the rigorous EPC matrix elements are the
key to predict the k-space distribution of the CDW gaps by
our mean-field model. More importantly, our analysis process,
besides being concise and accurate, is a general framework
which can easily be exploited in other CDW systems.
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FIG. 1. (a) Top and side views of the crystal structure and
(b) phonon dispersion of monolayer 1H -NbSe2. (c) and (d) Same
as (a) and (b), but for monolayer 1T -VTe2. The inset in (b) displays
the first BZ with reciprocal lattice vectors.

II. COMPUTATIONAL METHOD

The calculations were obtained using the QUANTUM

ESPRESSO package [20,21]. Norm-conserving pseudopoten-
tials [22] with an energy cutoff of 80 Ry were used in the
calculations. A vacuum of 15 Å was used between periodic
layers. All the structures were fully relaxed until the force
and energy were less than 4 × 10−6 Ry/bohr and 10−10 Ry.
We used 16 × 16 × 1 and 8 × 8 × 1 meshes to sample the
electronic and phononic BZs, respectively. The EPC prop-
erties were calculated with the EPW code [23] with dense
64 × 64 × 1 k and q grids. To avoid an ill definition of the
EPC of imaginary phonons, the EPC matrix elements are cal-
culated by a slightly large smearing, where the phonon branch
shows a Kohn anomaly [16]. The susceptibility was calculated
with a 111 × 111 × 1 electron-momentum grid at 145 K for
NbSe2 [24,25] and 186 K for VTe2 [18]. All electronic states
of the band which crosses the Fermi level are involved in the
susceptibility calculations.

III. RESULTS

A. Phonon instabilities and CDW mechanism

In TMDs, transition metal atoms are sandwiched by
chalcogen atoms, forming trigonal prisms (a 1H phase) or
octahedrons (a 1T phase). The structures of 1H-NbSe2 and
1T -VTe2 are shown in Figs. 1(a) and 1(c), respectively. As
the phonon spectra for NbSe2 and VTe2 show in Figs. 1(b) and
1(d), their longitudinal acoustic (LA) phonon modes collapse
at the CDW vectors, which triple the unit cell for NbSe2

with QH = 2/3�M and quadruple the unit cell for VTe2 with
QT = 1/2�M, in line with the CDW supercells in experi-
ments [18,26–28].

The relationship between the softened phonon frequency
ωq and its bare phonon frequency �q can be described under
the random phase approximation (more details are given in
Appendix B):

ω2
q = �2

q − 2�qχq, (1)

where χq is the generalized static electronic susceptibility,
including contributions from both FSN and EPC, which is
given by

χq =
∑

k

|gk,k+q|2 f (εk ) − f (εk+q)

εk+q − εk
, (2)

where f (ε) is the Fermi-Dirac function of the eigenvalue ε

and gk,k+q is the EPC matrix element that couples electronic
states k and k+q with a phonon of momentum q. According
to Eq. (1), the ordering vector is estimated from the maximum
of χq [10,11]. χq often reduces to the static Lindhard suscep-
tibility χ ′

q under the constant matrix element approximation
(|gk,k+q| = 1):

χ ′
q =

∑
k

f (εk ) − f (εk+q)

εk+q − εk
, (3)

which is a pure electron effect, and its peak reflects the
electronic instability by FSN [4]. Similarly, χq can reduce
to the q-EPC ḡq under the “constant fraction” approximation

( f (εk )− f (εk+q )
εk+q−εk

= 1):

ḡq =
∑

k

|gk,k+q|2, (4)

which reflects a pure EPC effect. Only the low-energy inter-
action around the Fermi level is considered by the coupling
between the lowest phonon branch and the single electronic
band which crosses the Fermi level [the pink bands in
Figs. 5(b) and 5(e)]. Due to the complexity in describing the
EPC matrix elements, only static Lindhard susceptibility has
been widely used, while the q-EPC, which may play a more
important role, is ignored [4,6].

To remedy this blemish, we applied density functional per-
turbation theory (DFPT) to obtain the accurate element g [29]
by

gk,k+q =
(

h̄

2Mωq

)1/2

〈ϕk+q| ∂qV |ϕk〉 , (5)

where ∂qV is the derivative of the electron-ion potential and
ϕk is the electronic wave function with wave vector k. For
a direct comparison, we also calculated the matrix element g
between electronic states k and k+q with the previously used
TB model [9–12]:

gk,k+q ∝ (νk − νk+q) · q
|q| , (6)

where νk is the electron velocity at the k point in the coupled
band and q

|q| is the longitudinal projection as only LA phonons
soften to zero. The quantities obtained with the TB method are
denoted as ḡTB

q and χTB
q , while the ones from DFPT are ḡq and

χq.
The calculated χ ′

q, ḡq, χq, and ωq for NbSe2 (top panels)
and VTe2 (bottom panels) are shown in Fig. 2. For NbSe2,
the static Lindhard susceptibility χ ′

q has a broad plateau from
2/5�M to 4/5�M [Fig. 2(a) and the blue line in Fig. 3(a)],
suggesting the weakness of FSN [17]. Nonetheless, ḡq ex-
hibits a strong EPC near 2/3�M for NbSe2 [Fig. 2(b) and the
red line in Fig. 3(a)]. In addition, the topology of χq is very
similar to ḡq [Figs. 2(b) and 2(c)], indicating the dominant role
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FIG. 2. (a) Static Lindhard susceptibility χ ′
q, (b) q-EPC ḡq, (c) generalized static electronic susceptibility χq, and (d) the lowest phonon

branch frequency ωq in the first BZ of NbSe2. (e)–(h) Same as (a)–(d), but for VTe2.

played by the q-EPC in χq. Figure 2(d) displays the softened
phonons of NbSe2, which are concentrated in the archlike area
[the purple dashed line in Fig. 2(d)], in agreement with the
highland in χq [the purple dashed line in Fig. 2(c)]. More
importantly, the peaks in ḡq and χq [the red areas in Figs. 2(b)
and 2(c)] are at 2/3�M, consistent with the dip in ωq [the blue
areas in Fig. 2(d)].

The EPC properties of bulk 2H-NbSe2 were well described
by the TB method [10,11]; however, we find this method
fails for monolayer 1H-NbSe2. As for the generalized static
electronic susceptibility χTB

q , the overall topology in the first
BZ [Fig. 7(c)] cannot fit the phonon softening [Fig. 2(d)], in
stark contrast to the good match achieved by DFPT [Fig. 2(c)].

FIG. 3. Direct comparison of the role of EPC and FSN along
the �M path in NbSe2 (top) and VTe2 (bottom). (a) Comparison
of the differences among ḡq (red), ḡTB

q (green), and χ ′
q (blue) in

NbSe2. (b) Comparison of the difference between χq (black) and
χTB

q (orange) in NbSe2. (c) and (d) Same as (a) and (b), but for
VTe2. Note that the unit of the y coordinate is arbitrary units (a.u.)
for straightforward comparison.

Furthermore, the peaks of ḡTB
q and χTB

q in the �M path [the
green line in Fig. 3(a) and the orange line in Fig. 3(b)] are near
1/2�M, which predicts the formation of a 4 × 4 instead of a
3 × 3 CDW. By making a comparison to the prominent peaks
of ḡq and χq at 2/3�M obtained with the DFPT [the red line
in Fig. 3(a) and the black line in Fig. 3(b)], we conclude the
ab initio based DFPT method is superior to the TB method
for obtaining the q-EPC and predicting the CDW vector in
monolayer NbSe2.

For monolayer VTe2, χ ′
q has a peak near 2/5�M [Fig. 2(e)

and the blue line in Fig. 3(c)], in line with previous works
[18,19]. However, this peak does not correspond to the 4 × 4
CDW from experiments [18,28]. In addition, the profile of χq
is close to ḡq [Figs. 2(f) and 2(g)], which both show maxima
close to 1/2�M, providing a powerful clue about phonon
softening at QT. As shown in Fig. 2(h), the distribution of the
softened phonon frequency ωq of VTe2 shows a hexapetalous
flowerlike pattern [the blue area in Fig. 2(h)], which matches
the “hot” area in χq well [Fig. 2(g)]. Furthermore, the sharp
peak of ḡq overwhelms the fluctuation of χ ′

q in VTe2 [the red
and blue lines in Fig. 3(c)], leading to the correct 1/2�M
peak position of χq [the black line in Fig. 3(d)]. Again, the
TB method cannot explain the phonon softening in VTe2. Al-
though ḡTB

q shows a peak at 1/2�M, this peak is even broader
than the nesting peak at 2/5�M, leading to the incorrect peak
position of χTB

q at 2/5�M [the green line in Fig. 3(c) and the
orange line in Fig. 3(d)]. Compared to the distribution of ḡTB

q

[Fig. 7(e)], the “sharpness” of χ ′
q makes the topology of χTB

q
closer to that of χ ′

q in the first BZ of VTe2 [Figs. 2(e) and
7(f)], which cannot explain the phonon softening shown in
Fig. 2(h). Therefore, with the help of the accurate EPC matrix
element g obtained with DFPT, our study clearly demonstrates
that q-EPC rather than FSN determines the phonon softening
and accounts for the CDW formation in both NbSe2 and VTe2.

B. Electron instabilities and CDW gaps

The Hamiltonian of the CDW phase is minimally de-
scribed by including one band crossing the Fermi level and
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FIG. 4. (a) Fermi surface and (b) spectral function along �K with constant |g| for the NbSe2 CDW system. (c) and (d) Same as (a) and (b),
but with anisotropic g. (e) Fermi surface and (f) spectral function along MK with constant |g| for the VTe2 CDW system. (g) and (h) Same as
(e) and (f), but with anisotropic g in the simulation. The brightness of the dots denotes the spectral weights. The pink solid lines in (a), (c), (e),
and (g) in the lower half of the BZ are the corresponding non-CDW Fermi surfaces for comparison. The green arrows in (a) indicate the partial
CDW gaps opened by FSN, while the blue arrows in (c) and (g) indicate the full CDW gaps opened by FSN + EPC. The paths of the spectral
functions are chosen to better show the full CDW gaps.

electron-phonon interaction with phonon momentum Q:

Hm f =
∑

k

εkc†
kck +

∑
k,Q

2gk,k+Q
Qc†
kck+Q + H.c. (7)

Here, c†
k (ck) and εk are the creation (annihilation) operator

and energy for an electron with momentum k. 
Q is the order
parameter, which was approximated to a constant because of
symmetry and small pocket size. This Hamiltonian can then
be used to calculate the spectral function of the CDW phases
(see Appendix C for more details).

The simulated Fermi surface of the NbSe2 CDW struc-
ture with constant EPC matrix elements |g| (i.e., |g| =∑

k,k+Q |gk,k+Q|/Nk,k+Q, where Nk,k+Q is the number of g
in the calculation) reflects purely the FSN effect under the
mean-field picture. The norm of g is used to avoid the ar-
bitrary phase factor problem in the band basis of the EPC
matrix element. As the green arrows show in Fig. 4(a), each
K pocket has three couples of partial gaps, where the spectral
intensity becomes blurred as only partial electronic states are
left at the Fermi surface. The partial gaps are on both sides
of the �K path, corresponding to the most heavily nested
points of NbSe2 [red points in white circles in Fig. 10(c)].
The incorporation of anisotropic matrix elements leads to a
more extensive gap opening on the Fermi surface [Fig. 4(c)].
Remarkably, the full band gap sectors can be found in the
K pockets, where the electronic states on the Fermi surface
are completely obliterated [blue arrow in Fig. 4(c)]. Further-
more, the spectral function is plotted along the �K path. The
pure nesting effect cannot open a band gap along this path

[Fig. 4(b)]. In contrast, the spectral function derived with the
anisotropic g clearly exhibits a full band gap close to the K
point [Fig. 4(d)]. Considering there is no experimental report
of the Fermi surface of the monolayer NbSe2 CDW state,
the predicted CDW gap distribution is compared with the
unfolded Fermi surface of the simulated NbSe2 CDW ground
state, and they display remarkable agreement (Fig. 2(b) in
Ref. [16]).

The parallel sides of the triangular hole pockets for VTe2

provide good nesting conditions [18,19]. Such nesting will
induce a peak in the static Lindhard susceptibility and possibly
open a CDW gap [18]. However, a constant-|g| approximation
[Fig. 4(e)] suggests that there is no obvious spectral weight
depletion on the Fermi surface, and no CDW gap can be
opened on the MK path [Figs. 4(e) and 4(f)]. Importantly,
the inclusion of anisotropic g suppresses the spectral intensity
near the M point [blue arrow in Fig. 4(g)]. No electronic state
can be found on the Fermi surface in the MK path, indicating a
full gap opening [Fig. 4(h)], consistent with the experimental
results [18]. Moving toward the � point, the decreasing of the
gap size is accompanied by the full to partial gap transition,
and finally, the gap closes at the triangular K pocket apex
[Fig. 4(g)]. Such an anisotropic gap distribution on the Fermi
surface agrees well with the angle-resolved photoemission
spectroscopy measurements (Fig. 3(a) in Ref. [18]).

IV. DISCUSSION

The underlying mechanism for CDW formation is still
under debate after decades of intense study. Using NbSe2
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FIG. 5. (a) The 3 × 3 CDW structure of monolayer 1H -NbSe2. (b) Band structure and (c) Fermi surface of monolayer NbSe2. (d) The
4 × 4 CDW structure of monolayer 1T -VTe2. (e) and (f) Same as (b) and (c), but for monolayer VTe2. The electronic bands which cross the
Fermi level are highlighted in pink, as shown in (b) and (e). Nesting vectors are indicated by blue arrows in (f).

and VTe2 as examples, we explore the origin of their CDW
orders through a comprehensive ab initio theoretical study.
This study is vital because it has been difficult to reconcile
FSN and EPC so far. The main contributions of this work
include an accurate description of the q-EPC in the whole
BZ for the first time, correctly calculating the generalized
static electronic susceptibility, an understanding of the CDW
formation mechanism, and a comparison of the CDW gap
distribution from the mean-field model with or without incor-
porating the EPC effects. Our results are self-consistent and
emphasize the importance of EPC.

Interestingly, even in a material with a hidden one-
dimensional (1D) structure in which FSN does exist [30],
such as 1T -VTe2, q-EPC still dominates in the CDW for-
mation. This evidence critically questions the origin of real
quasi-1D CDWs. FSN has hitherto been believed to drive
the CDW formation in quasi-1D materials, including NbSe3

[31], (TaSe4)2I [32], and α-U [33], but this needs a careful
investigation that includes q-EPC analysis. Our framework is
also applicable to these materials and calls for a review of the
formation mechanism of quasi-1D CDWs.

In conclusion, combining first-principles calculations and
mean-field analyses, we reported a quantitative study of CDW
properties in monolayer 1H-NbSe2 and 1T -VTe2. Our results
confirmed the decisive role of EPC mechanism in the CDW
systems. The combined analysis of FSN and EPC in both
phononic and electronic pictures gives a profound understand-
ing of the CDW formation. We argue that the same physics,
in principle, should be applied to other CDW systems. The
proposed analytical method can also be improved by more ac-
curate calculations (e.g., generalized gradient approximation

+ U , GW, hybrid function, etc.) [29,34–36], which would
allow further CDW studies in more complex systems. Our
work paves a general way to unravel the physics of CDW
formation with phonon and electron instabilities, which can
be generalized to other CDW systems like kagome metals [37]
and high-temperature superconductors [38].
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APPENDIX A: THE GENERAL PROPERTIES OF
MONOLAYER 1H-NbSe2 AND 1T -VTe2

The ground-state 3 × 3 CDW structure of monolayer 1H-
NbSe2 is shown in Fig. 5(a) [14,26]. The unfolded Fermi
surface and band structure of this CDW structure were used
to compare our mean-field simulations in the main text
[13,14,16]. Monolayer 1T -VTe2 has a Star of David in its
4 × 4 CDW supercell [Fig. 5(d)], in line with previous ex-
perimental results [39]. In both NbSe2 and VTe2, only one
electronic band crosses the Fermi level [see pink bands in
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Figs. 5(b) and 5(e)], which produces the Fermi surface, as
shown in Figs. 5(c) and 5(f). The nesting vector in Fig. 5(f)
was thought to be the origin of the anisotropic CDW gap in a
previous study [18].

APPENDIX B: THE RENORMALIZED PHONON
FREQUENCY

Here, we describe how electronic instability disturbs free
phonon frequency. We start with free electron and phonon
Green’s functions:

G(iωn, k) = 1

iωn − εk
, (B1)

D(iqn, q) = 2�q

(iqn)2 − �2
q
, (B2)

where εk is the electron band energy and �q is the bare
phonon frequency. Since only one electronic band crosses the
Fermi level and one LA phonon branch softens to an imag-
inary value, the indexes of modes will be dropped hereafter.
The action of an electron-phonon coupled system reads

Stot = Se[ψ̄, ψ] + Sph[φ] + Sepc[φ, ψ̄, ψ], (B3a)

Se[ψ̄, ψ] = −
∑

k

ψ̄ (ωn, k)G(iωn, k)−1ψ (ωn, k),

(B3b)

Sph[φ] = −1

2

∑
q

φ∗(qn, q)D(iqn, q)−1φ(qn, q),

(B3c)

Sepc[φ, ψ̄, ψ] =
∑
k,q

gk,k+qφ(qn, q)ψ̄

× (ωn + qn, k + q)ψ (ωn, k). (B3d)

The effective action of the phonon fields can be obtained
through a random phase approximation, which reads

Seff[φ
∗, φ] = 1

2

∑
q

φ(qn, q)∗[−D(qn, q)−1

+
∑

k

|gk,k+q|2G(iωn + iqn, k + q)

× G(iωn, k)]φ(qn, q). (B4)

After performing the Matsubara summation, one can ob-
tain

χ (iqn, q) =
∑

k

|gk,k+q|2 f (εk ) − f (εk+q)

εk+q − εk − iqn
. (B5)

Its static limit can be obtained by tuning iqn → 0; then we
have the generalized static electronic susceptibility:

χq =
∑

k

|gk,k+q|2 f (εk ) − f (εk+q)

εk+q − εk
. (B6)

FIG. 6. The first BZ of the normal NbSe2 is indicated by the
black solid hexagon, the reduced BZ of the 3 × 3 CDW supercell
is indicated by shaded region I. The CDW wave vectors are also
displayed in the first BZ.

Inserting Eqs. (B2) and (B5) into Eq. (B4) gives

Seff[φ] = −1

2

∑
q

φ(q)∗
(iωn)2 − �2

q − 2�qχq

2�q
φ(q). (B7)

Therefore, the random phase approximation “renormalized”
phonon frequency is

ω2
q = �2

q − 2�qχq. (B8)

APPENDIX C: MEAN-FIELD CALCULATION
OF THE SPECTRAL FUNCTION

In this Appendix, we discuss the calculation for the spectral
function based on a mean-field treatment of the CDW order.
The mean-field Hamiltonian for the CDW phase reads

Hmf =
∑

k

εkc†
kck +

∑
k,Q

2gk,k+Q
Qc†
kck+Q + H.c., (C1)

where c†
k (ck) is the electron creation (annihilation) operator

and εk is the electron energy. For the cases in which we are
interested, it is reasonable to set all 
Q to be the same, i.e.,

Q = 
. For commensurate CDW order, it is better to do the
summation of k points within the reduced BZ.

Here, we present the details for the case of NbSe2. In this
case, the CDW phase has a 3 × 3 supercell, so the reduced BZ
is 9 times smaller than the original one, as shown in Fig. 6.
For each k point in the reduced BZ, there will be another
eight k points distributed separately within the other eight
small hexagons in the original BZ. Each of these k points
is connected to six other k points within this set through the
CDW wave vectors.

The mean-field Hamiltonian can be written as

Hmf =
∑
k∈I

�
†
khk�k, (C2)
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with �
†
k = (c†

k, c†
k+Q1

, c†
k−Q1

, c†
k+Q2

, c†
k−Q2

, c†
k+Q3

, c†
k−Q3

, c†
k+Q3−Q2

, c†
k−Q3+Q2

) and

hk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

εk g̃k,k+Q1 g̃k,k−Q1 g̃k,k+Q2 g̃k,k−Q2 g̃k,k+Q3 g̃k,k−Q3 0 0
g̃k−Q1,k εk+Q1 g̃k+Q1,k−Q1 0 g̃k+Q1,k−Q2 0 g̃k+Q1,k−Q3 g̃k+Q1,k+Q3−Q2 g̃k+Q1,k−Q3+Q2
g̃k−Q1,k g̃k−Q1,k+Q1 εk−Q1 g̃k−Q1,k+Q2 0 g̃k−Q1,k+Q3 0 g̃k−Q1,k+Q3−Q2 g̃k−Q1,k−Q3+Q2
g̃k+Q2,k 0 g̃k+Q2,k−Q1 εk+Q2 g̃k+Q2,k−Q2 0 g̃k+Q2,k−Q3 g̃k+Q2,k+Q3−Q2 g̃k+Q2,k−Q3+Q2
g̃k−Q2,k g̃k−Q2,k+Q1 0 g̃k−Q2,k+Q2 εk−Q2 g̃k−Q2,k+Q3 0 g̃k−Q2,k+Q3−Q2 g̃k−Q2,k−Q3+Q2
g̃k+Q3,k 0 g̃k+Q3,k−Q1 0 g̃k+Q3,k−Q2 εk+Q3 g̃k+Q3,k−Q3 g̃k+Q3,k+Q3−Q2 g̃k+Q3,k−Q3+Q2
g̃k−Q3,k g̃k−Q3,k+Q1 0 g̃k−Q3,k+Q2 0 g̃k−Q3,k+Q3 εk−Q3 g̃k−Q3,k+Q3−Q2 g̃k−Q3,k−Q3+Q2

0 g̃k+Q3−Q2,k+Q1 g̃k+Q3−Q2,k−Q1 g̃k+Q3−Q2,k+Q2 g̃k+Q3−Q2,k−Q2 g̃k+Q3−Q2,k+Q3 g̃k+Q3−Q2,k−Q3 εk+Q3−Q2 0
0 g̃k−Q3+Q2,k+Q1 g̃k−Q3+Q2,k−Q1 g̃k−Q3+Q2,k+Q2 g̃k−Q3+Q2,k−Q2 g̃k−Q3+Q2,k+Q3 g̃k−Q3+Q2,k−Q3 0 εk−Q3+Q2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(C3)

Here, to save space, we have defined g̃k,k+Q = 2
gk,k+Q.
The retarded Green’s function reads

GR(ω) = (ω + iη − Hmf)
−1. (C4)

The spectral function can then be obtained accordingly. With
anisotropic g, the calculated spectral function includes both
FSN and EPC effects. On the other hand, with constant
|g| (i.e., |g| = ∑

k,k+Q |gk,k+Q|/Nk,k+Q, where Nk,k+Q is the
number of g in the first BZ), it is a pure FSN picture. As for
the case of VTe2, one can perform the calculation in the same
way.

APPENDIX D: FERMI SURFACE NESTING AND
ELECTRON-PHONON COUPLING

Before we study the more complex generalized static
electronic susceptibility χq in the materials, the separate prop-
erties, FSN and EPC, should be identified.

The FSN leads to a divergence in the static Lindhard sus-
ceptibility χ ′

q at the nesting vector, which is carried over to the
nesting function χ ′′

q :

χ ′
q =

∑
k

f (εk ) − f (εk+q)

εk+q − εk
, (D1)

χ ′′
q =

∑
k

δ(εk )δ(εk+q), (D2)

where f (ε) is the Fermi-Dirac function at energy ε and δ is
the delta function. The peak in χ ′

q indicates the instability of
the electronic system, while χ ′′

q is a direct measurement of
the Fermi surface topology [4,15,40]. Generally, χ ′

q and χ ′′
q

produce similar fluctuations, but one should note that although
we use a small value to broaden the δ function due to the finite
k points, only χ ′

q can really capture electronic information
above and below the Fermi surface (hidden nesting) [4,33,41].

As discussed in the main text, there are two theoretical
methods to obtain the EPC matrix elements. The matrix el-
ement g obtained by DFPT is [29]

gk,k+q =
(

h̄

2Mωq

)1/2

〈ϕk+q| ∂qV |ϕk〉 , (D3)

where ∂qV is the derivative of the electron-ion potential, ωq is
the phonon frequency, and ϕk is the electronic wave function
with wave vector k.

The EPC matrix element g obtained by the TB model is
[9–12]

gk,k+q ∝ (νk − νk+q)
q
|q| , (D4)

where νk is the k point band velocity and q
|q| is the longitudinal

projection, as we are interested in the LA phonon modes.
In both methods, the q-EPC can be given by

ḡq =
∑

k

|gk,k+q|2, (D5)

which is Eq. (4) in the main text. To distinguish the two
different sources of EPC matrix elements, the results obtained
with the TB method are labeled by superscripts (ḡTB

q and χTB
q ).

In NbSe2, both χ ′
q and χ ′′

q [see Fig. 2(a), the blue line in
Fig. 3(a), and Fig. 7(a)] have a broad plateau from 2/5�M to
4/5�M, which indicates the lack of FSN. The maximum of
ḡTB

q is in the �K path, and its peak along �M is at 1/2�M
[see Fig. 7(b) and the green line in Fig. 3(a)]. In addition,
the distribution of χTB

q [Fig. 7(c)] fails to capture the phonon
softening [Fig. 2(d)]. Similar analyses have been done for
VTe2; the peaks of χ ′

q and χ ′′
q [see Fig. 2(e), the blue line

in Fig. 3(c), and Fig. 7(d)] are around 2/5�M, deviating from
the CDW vector (1/2�M). As shown in Fig. 7(f), χTB

q derived
from the TB method also does not account for the phonon
softening of VTe2 [Fig. 2(h)]. According to our results, com-
pared to that from the TB method, the q-EPC ḡq derived from
DFPT is demonstrably superior. Therefore, the q-EPC is used
to explain the CDW formation in monolayer NbSe2 and VTe2.

APPENDIX E: SCATTERED ELECTRONS
IN THE MATERIAL

χ ′
q and χ ′′

q involve the sum over k [Eqs. (D1) and (D2)],
leaving q as the independent variable, making them a quanti-
tative indicator of how much Fermi surface will overlap with
different translational q. If we change the sum from over k to
over q, then we have

χ ′
k =

∑
q

f (εk ) − f (εk+q)

εk+q − εk
, (E1)

χ ′′
k =

∑
q

δ(εk )δ(εk+q), (E2)

which represent the elastic scattered electrons (i.e., contribute
to χ ′

q and χ ′′
q ) in the BZ. In fact, the sum of q normalized

the outgoing electronic momenta, making χ ′
k and χ ′′

k reflect
only the incoming electronic momenta. Therefore, χ ′

k and χ ′′
k

will diverge when the incoming electronic states are close
to the Fermi surface, and their colors indicate the relative
contribution to χ ′

q and χ ′′
q in the whole BZ. Note that the real

contour of χ ′′
k should be exactly the same as the Fermi surface

[Figs. 8(b) and 8(d)]; its dispersed intensity is due to the
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FIG. 7. (a) The nesting function χ ′′
q , (b) q-EPC ḡTB

q , and (c) generalized static electronic susceptibility χTB
q for NbSe2. (d)–(f) Same as

(a)–(c) but for VTe2.

slight broadening used in the δ function. On the other hand,
the broad range of the “hot area” in χ ′

k can be regarded as a
“hidden Fermi surface” [Figs. 8(a) and 8(c)], which explains
why more states are observed in χ ′

q [33].
However, the FSN picture requires the same q to drive a

divergent peak in χ ′
q, the origin of which from k points is

thought to be the electronic gap positions. Thus, hereafter, we
consider paired electrons with constrained transfer momen-
tum Qc,

χ ′
k

c =
∑

q=Qc

f (εk ) − f (εk+q)

εk+q − εk
, (E3)

χ ′′
k

c =
∑

q=Qc

δ(εk )δ(εk+q). (E4)

FIG. 8. (a) χ ′
k and (b) χ ′′

k for NbSe2; (c) χ ′
k and (d) χ ′′

k for
VTe2.

For a better understanding of the underlying physics, the
scattering processes have been disassembled according to
the C3 rotation symmetry. First, the momentum transfer q is
considered along with the vertical direction [Figs. 9, 10(a),
10(b), 10(e), 10(f), 10(i), and 10(j)]; then their two symmetric
counterparts are added to produce the point where the elastic
scattering is strong (the most heavily nested point).

In NbSe2, both χ ′
k

c and χ ′′
k

c show peaks at the individual
points [Figs. 10(a) and 10(b)], corresponding to the inter-
sectant sites of the Fermi surfaces [see Fermi surfaces in
Fig. 9(a)]. And χ ′

k
c displays more details matching the three

Fermi surface pattern because of the hidden Fermi surface
[Fig. 9(a)].

Figures 10(c) and 10(d) present the accumulation of
Figs. 10(a) and 10(b) with their symmetric counterparts. Ob-
viously, there is no way to argue FSN in NbSe2, as “nesting”
exists only at separate points. The peak of χ ′

k
c (χ ′′

k
c) is in the

K sheet and on both sides of the �K path [see the red points
in white circles in Figs. 10(c) and 10(d)], in line with the FSN
scenario under the mean-field theory [Fig. 4(a)]. This result
reflects that the opening of the CDW gap cannot be from pure
FSN in NbSe2.

However, in VTe2, considering its CDW vector (1/2�M) is
inconsistent with its nesting vector (2/5�M), similar analyses
have been done separately. Generally, it has been argued that
the long sides of the triangular pockets in VTe2 will supply
a strong nesting condition [18,19]. However, as revealed by
the bare electronic susceptibility [see Fig. 2(e), the blue line
in Fig. 3(c), and Fig. 7(d)], the VTe2 Fermi surface nests at
2/5�M instead of 1/2�M. Interestingly, diagnostic analyses
indicate that the main contribution to χ ′

k
c (χ ′′

k
c) is from the

K pocket edges parallel to the CDW vectors [see vertical
intense spectra in Figs. 10(e), 10(f), 10(i), and 10(j)]. After
considering the rotation symmetry of the nesting, it is note-
worthy that when Qc = 1/2�M, the heavily nested points
are near the apex of the triangular K pocket but not on the
Fermi surface [see white circles in Figs. 10(g) and 10(h)].
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FIG. 9. The pink Fermi surfaces are moved up and down along the vertical direction of (a) NbSe2 with 2/3�M, (b) VTe2 with 1/2�M,
and (c) VTe2 with 2/5�M, respectively. The calculated χ ′

k
c with Qc along the vertical direction is indicated in the first BZ.

This is because not only the hidden nesting included in the
static Lindhard susceptibility and small broadening used in the
nesting function [33] but also the band energies are very close
to the Fermi energy at the corresponding points. The dots at
triangular pockets have similar spectral intensities, which is

consistent with the similar spectral weights on the Fermi sur-
face obtained with our mean-filed simulation [Fig. 4(e)]. Even
if we set Qc = 2/5�M, the heavily nested points locate at the
analogous positions. Therefore, imperfect nesting being the
origin of the anisotropic gap opening in VTe2 can be ruled out.

FIG. 10. The bare electronic susceptibility with constrained transfer momentum in the k space. (a) χ ′
k

c and (b) χ ′′
k

c for NbSe2 with Qc =
2/3�M along the vertical direction; (c) and (d) are the accumulation of (a) and (b) with their symmetric counterparts, respectively. (e)–(h)
Same as (a)–(d), but for VTe2 with Qc = 1/2�M. (i)–(l) Same as panels (a)–(d), but for VTe2 with Qc = 2/5�M. In (c), (d), (g), (h), (k), and
(l), the white circles indicate the most heavily nested points; the pink solid lines in the lower half of the BZ are the corresponding non-CDW
Fermi surfaces.
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