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Bose-Hubbard triangular ladder in an artificial gauge field
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We consider interacting bosonic particles on a two-leg triangular ladder in the presence of an artificial
gauge field. We employ density matrix renormalization group numerical simulations and analytical bosonization
calculations to study the rich phase diagram of this system. We show that the interplay between the frustration
induced by the triangular lattice geometry and the interactions gives rise to multiple chiral quantum phases. Phase
transitions between superfluid to Mott-insulating states occur, which can have Meissner or vortex character.
Furthermore, a state that explicitly breaks the symmetry between the two legs of the ladder, the biased chiral
superfluid, is found for values of the flux close to π . In the regime of hard-core bosons, we show that the
extension of the bond order insulator beyond the case of the fully frustrated ladder exhibits Meissner-type chiral
currents. We discuss the consequences of our findings for experiments in cold atomic systems.
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I. INTRODUCTION

The interplay between kinetic energy and interactions
leads, for quantum systems, to a very rich set of many-body
phases with remarkable properties, such as superconductiv-
ity, or Mott insulators. This is particularly true in reduced
dimensionality, where the effects of interactions are at their
maximum. This leads in one dimension to a set of prop-
erties, known as Tomonaga-Luttinger liquids [1]. These are
quite different from the typical physics that exists in higher
dimensions, characterized by ordered states with single-
particle-type excitations, such as Bogoliubov excitations for
bosons or Landau quasiparticles for fermions.

An intermediate situation is provided by ladders, i.e.,
a small number of one-dimensional (1D) chains coupled
by tunneling. Such systems possess some unique proper-
ties, different from both the one- and the high-dimensional
ones. For example, fermionic ladders exhibit superconduc-
tivity with purely repulsive interactions, at variance with
isolated 1D chains that are dominated by antiferromagnetic
correlations [2].

Ladders are also the minimal systems in which the orbital
effects of a magnetic field can be explored. For bosonic lad-
ders this has allowed to predict [3] the existence of quantum
phase transitions as a function of the flux between a low-field
phase with current along the legs (Meissner phase) and a high-
field phase with currents across the rungs and the presence of
vortices (vortex phase), akin to the transition occurring in type
II superconductors. Ultracold atomic systems offer the pos-
sibility of studying such systems coupled to artificial gauge
fields [4,5], and the Meissner-to-vortex phase transition has
been observed experimentally [6]. These works have paved
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the way for a flurry of studies for other situations both for
bosonic and fermionic ladders [3,7–30]. Furthermore, proper-
ties beyond the phase diagram, such as the Hall effect, were
also studied [31,32] and even measured [33–35].

These extensive studies of ladders have, however, con-
centrated mostly on square ladders, for which the effect of
hopping is unfrustrated, leaving the case of triangular lad-
ders under flux relatively unexplored, despite some previous
studies focusing on particular setups, or corners of the phase
diagram [36–45]. The triangular structure is not bipartite and,
thus, prevents the particle-hole symmetry that occurs naturally
in square lattices. This has drastic consequences since it leads
to frustration of the kinetic energy and, thus, to quite differ-
ent properties, as was largely explored for two-dimensional
systems [46–50].

In this paper, we explore the phase diagram of a tri-
angular two-leg bosonic ladder under an artificial magnetic
field. We consider bosons with a contact-repulsive interac-
tion. We study, using a combination of analytical bosonization
and numerical density matrix renormalization group (DMRG)
techniques, the phase diagram of such a system as a func-
tion of the magnetic field, filling, and repulsion between the
bosons. We discuss in particular our findings in comparison
with the phases found for the square ladders.

The plan of the paper is as follows. In Sec. II we describe
the model considered, its noninteracting limit and the observ-
ables of interest. In Sec. III we briefly discuss the methods
employed in this work. We present the results regarding the
phase diagram at half filling in Sec. IV. In this regime, we
identify the following quantum phases: the Meissner super-
fluid (M-SF), the vortex superfluid (V-SF), and the biased
chiral superfluid (BC-SF), which breaks the Z2 symmetry of
the ladder. For the fully frustrated π -flux ladder (Sec. IV C),
we obtain a transition between superfluid and chiral superfluid
states. In the limit of hard-core bosons (Sec. V), at π flux we
have successive phase transitions between superfluid, bond
order insulator, and chiral superfluid states. The bond order
extends in the phase diagram for lower values of the flux to
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FIG. 1. Sketch of the setup. The bosonic atoms are confined in a
quasi-one-dimensional triangular ladder. The legs are numbered by
m = 1, 2 and the sites on each leg by j. The atoms tunnel along the
legs with the amplitude J‖, along the rungs with the amplitude J , and
have an on-site interaction of strength U . Each triangular plaquette is
pierced by a flux χ .

the chiral bond order insulator (C-BOI). At unity filling for
interacting bosons (Sec. VI), also a Meissner Mott insulator
(M-MI) can be found in the phase diagram. We discuss our
results in Sec. VII and conclude in Sec. VIII.

II. MODEL

A. Setup

We consider interacting bosonic atoms confined to a tri-
angular ladder in an artificial gauge field, as sketched in
Fig. 1. The Bose-Hubbard Hamiltonian of the system is
given by

H = H‖ + H⊥ + Hint,

H‖ = −J‖
L−1∑
j=1

(e−iχ b†
j,1b j+1,1 + eiχ b†

j,2b j+1,2 + H.c.),

H⊥ = −J
L∑

j=1

(b†
j,1b j,2 + H.c.)

− J
L−1∑
j=1

(b†
j+1,1b j,2 + H.c.),

Hint = U

2

L∑
j=1

2∑
m=1

n j,m(n j,m − 1). (1)

The bosonic operator b j,m and b†
j,m are the annihilation and

creation operators of the particles at position j and leg m =
1, 2. We consider a total number of N = ∑L

j=1

∑2
m=1 n j,m

atoms and that the ladder has L sites on each leg. The atomic
density is given by ρ = N/(2L). H‖ describes the tunneling
along the two legs of the ladder, indexed by j, with amplitude
J‖. The complex factor in the hopping stems from the artificial
magnetic field, with flux χ [4,5]. The tunneling along the
rungs of the ladder is given by H⊥ and has amplitude J .
The atoms interact repulsively with with an on-site interaction
strength U > 0.

B. Noninteracting limit

In the noninteracting, U = 0, limit we can exactly diag-
onalize Hamiltonian (1) (see Appendix A) and obtain the

FIG. 2. Single-particle dispersion of model (1), E±(k) [Eq. (2)],
as a function of momentum k, for (a) J‖/J = 0.2, (b) J‖/J = 1,
(c) J‖/J = 2, (d) J‖/J = 5, and different values of the flux χ ∈
{π/4, π/2, 3π/4, π}. Note the presence of the two minima away
from k = 0 for some values of the flux and transverse hopping.

following dispersion relation:

E±(k) = −2J‖ cos(k) cos(χ )

±
√

2J2[1 + cos(k)] + 4J2
‖ sin2(k) sin2(χ ). (2)

The noninteracting bands, E±(k), are represented in Fig. 2 for
several values of J‖/J and χ . We can observe that the lower
band can have either a single minimum at k = 0, e.g., for
Fig. 2(a) for J‖/J = 0.5 and χ = 0.25π , or two minima at fi-
nite values of k, e.g., for Fig. 2(c) for J‖/J = 2 and χ = 0.5π .
The position of the double minima depends on J‖/J and χ .

The topology of the lower band can already provide some
hints regarding the nature of the ground state in the case of
weakly interacting bosons. Similarly with the analysis per-
formed in the case of the square ladder with flux [12,18] we
expect phases of the following natures: Meissner states, in the
case in which the bosons condense in the k = 0 minimum;
vortex phases, in the case of two condensates in the two
minima of the lower band; and states which break the Z2

symmetry of the ladder, corresponding to a condensate in
just one of the double minima. In Secs. IV and VI we show
how these states are realized on the triangular ladder in the
interacting regime.

C. Observables of interest

In the rest of this section, we describe some of the ob-
servables which are suitable for the investigation of the chiral
phases we obtain in this system. We define the local currents
on the leg j‖j,m and the rung j⊥j , respectively, as

j‖j,m = −iJ‖(eiχ (−1)m
b†

j,mbj+1,m − H.c.),

j⊥2 j−1 = −iJ (b†
j,1b j,2 − H.c.),

j⊥2 j = −iJ (b†
j+1,1b j,2 − H.c.). (3)
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In addition to the local currents, the chiral current Jc and the
average rung current Jr are of interest and defined as

Jc = 1

2(L − 1)

∑
j

〈 j‖j,1 − j‖j,2〉,

Jr = 1

2L − 1

∑
j

|〈 j⊥j 〉|. (4)

In order to identify biased phases, in which the Z2 symme-
try between the two legs of the ladder is broken, we compute
the density imbalance

�n = 1

2L

∑
j

(n j,1 − n j,2). (5)

Furthermore, we compute the central charge c, which can
be interpreted as the number of gapless modes. We extract the
central charge from the scaling of the von Neumann entan-
glement entropy SvN (l ) of an embedded subsystem of length
l in a chain of length L. For open boundary conditions the
entanglement entropy for the ground state of gapless phases is
given by [51–53]

SvN = c

6
log

(
L

π
sin

π l

L

)
+ s1, (6)

where s1 is a nonuniversal constant, and we neglect logarith-
mic corrections [54] and oscillatory terms [55] due to the finite
size of the system.

III. METHODS

A. Bosonization

The low-energy physics of one-dimensional interacting
quantum systems, corresponding to the Tomonaga-Luttinger
liquids universality class, can be described in terms of two
bosonic fields φ and θ [1]. These bosonic fields are related to
the collective excitations of density and currents and fulfill the
canonical commutation relation, [φ(x),∇θ (x′)] = iπδ(x −
x′). In the bosonized representation, the single-particle opera-
tor of the bosonic atoms can be written as [1]

b†
j = (aρ)

1
2

⎧⎨
⎩e−iθ (a j) +

∑
p	=0

ei2p[πρa j−φ(a j)]e−iθ (a j)

⎫⎬
⎭, (7)

with ρ the density and a the lattice spacing. In the following,
we take a = 1.

B. Matrix product state ground-state simulations

The numerical results were obtained using a finite-size
DMRG algorithm in the matrix product state (MPS) represen-
tation [56–60], implemented using the ITENSOR library [61].
We compute the ground state of model (1) for ladders with
a number of rungs between L = 60 and L = 180, and with a
maximal bond dimension up to 1800. This ensures that the
truncation error is at most 10−9. Since we are considering a
bosonic model with finite interactions the local Hilbert space

FIG. 3. Sketch of the phase diagram for half filling, ρ = 0.5,
for U/J = 2.5. The identified phases (see text) are the Meissner
superfluid (M-SF), the vortex superfluid (V-SF), and the biased chiral
superfluid (BC-SF). At χ = π (marked by a thick vertical line) we
have a phase transition between a superfluid (green) and a chiral
superfluid (dark blue).

is very large; thus, a cutoff for its dimension is needed. We
use a maximal local dimension of at least four or five bosons
per site. We checked that the local states with a higher number
of bosons per site do not have an occupation larger than 10−5

for the parameters considered. We make use of good quantum
numbers in our implementation as the number of atoms is
conserved in the considered model.

IV. PHASE DIAGRAM AT HALF FILLING, ρ = 0.5

In this section, we focus for the case in which we have
one bosonic atom every two sites, ρ = 0.5. In Fig. 3 we
sketch the phase diagram we obtain from our numerical and
analytical results which we detail in the following. In partic-
ular, we focus on several regions on the phase diagram. We
investigate the limit of small J‖ (see Sec. IV A), where we
obtain a Meissner superfluid (M-SF). At large J‖ we observe
a phase transition between the M-SF and a vortex superfluid
(V-SF) state (see Sec. IV B). At χ = π a transition between a
superfluid and a chiral superfluid state is present (Sec. IV C),
and for χ � π the chiral superfluid extends to a biased chiral
superfluid phase (BC-SF) phase. Throughout this section the
value of the on-site interaction is U/J = 2.5.

A. Small-J‖ limit, single-chain limit

In the regime of small J‖/J it is useful to rewrite the
Hamiltonian given in Eq. (1) as a single chain with long-range
complex hopping:

Hchain = −J‖
∑

j

[ei(−1) jχb†
jb j+2 + H.c.]

− J
∑

j

(b†
jb j+1 + H.c.)

+ U

2

∑
j

n j (n j − 1). (8)
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In this case the bosonized Hamiltonian is

Hchain =
∫

dx

2π
{[uK + 16πρJ‖ cos(χ )]∂xθ (x)2

+ u

K
∂xφ(x)2} + ρ2U

∫
dx cos[2pφ(x)], (9)

with the velocity u, Luttinger parameter K , and p = 1 for ρ =
1 and p = 2 for ρ = 0.5. For the atomic density considered in
this section we expect that the interaction term does not dom-
inate and we obtain a Luttinger liquid for which the Luttinger
parameter depends on the flux χ . As we see in the following
this is in agreement with our numerical results. However, we
note slight deviations from the analytical expectation of the
dependence of effective Luttinger parameter on χ and the
numerical results (see Appendix B).

In the single-chain limit the local current observables (4)
can be rewritten as

j⊥j = −iJ (b†
jb j+1 − H.c.),

j‖j = −iJ‖[e(−1) j iχb†
jb j+2 − H.c.]. (10)

In terms of the bosonic field the currents read

j⊥j = 2ρJ sin (∂xθ ),

j‖j = 2ρJ‖ sin

[
2

(
∂xθ + (−1) j χ

2

)]
,

j‖j+1 − j‖j = 2ρJ‖ cos (2∂xθ ) sin(χ ). (11)

In the obtained gapless phase the expectation value of the rung
currents will average to zero, and the chiral current has a finite
value Jc ∝ ∑

j〈 j‖j,1 − j‖j,2〉 ∝ sin(χ ). These results are con-
sistent with the currents expected in the Meissner superfluid
phase, which are depicted in Fig. 4(a), and their values are
shown in Fig. 5.

In Fig. 5 at small values of the leg tunneling amplitude,
J‖/J = 0.2, we observe that the currents on the rungs are close
to zero and the chiral current, Jc, has a finite value stable with
increasing the system size. The central charge is c ≈ 1 for
all values of the flux, implying the existence of one gapless
mode. Furthermore, in this phase, the single-particle correla-
tions decay algebraically with the distance (see Appendix B).
Based on these considerations we can identify the Meissner
superfluid state. However, we identify some small deviations
from the expected sin(χ ) dependence of the chiral current
(Fig. 5).

We can observe in Eq. (9) for large values of J‖ and
χ ≈ π the coefficient of the first term in the Hamiltonian
will vanish and eventually become negative. This instability
in our bosonized model could signal a phase transition. In
the numerical results for J‖/J = 0.5, presented in Fig. 6, we
see above χ � 0.75 a phase with strong currents and central
charge c ≈ 1. Furthermore, a finite density imbalance between
the two legs of the ladder is present. We associate this regime
with the biased chiral superfluid phase. We describe in more
details the nature of this phase in Sec. IV D.

We observe in the numerical results that the value of the
Luttinger parameter extracted from the algebraic decay of
the single-particle correlations decreases and it is close to
zero as we increase χ towards the phase transition between

(a)

(b)

(c)

V-SF

M-SF, M-MI

C-BOI

BC-SF

C-SF(d)

(e)

FIG. 4. The pattern of currents, depicted with arrows, and lo-
cal densities, depicted with red disks, obtained in the numerical
ground-state results for the (a) Meissner states (M-SF, or M-MI),
(b) vortex superfluid phases (V-SF), (c) biased chiral superfluid (BC-
SF), (d) chiral superfluid (C-SF), and (e) chiral bond order insulator
(C-BOI), where we also marked the bond ordering on every second
rung. We note that the local currents are not normalized to the same
value for the different phases represented in the four sketches.

the Meissner superfluid and the biased chiral superfluid (see
Appendix B).

B. Large-J‖ limit, two-coupled-chains limit

We bosonize the Hamiltonian of the two coupled chains
(1) in the limit where tunneling J‖ along the two chains domi-
nates. In this regime we have a pair of bosonic fields for each

FIG. 5. Numerical ground-state results for the average rung cur-
rent, Jr , and the chiral current, Jc, as a function of the flux χ for
J‖/J = 0.2, U/J = 2.5, ρ = 0.5, and L ∈ {60, 120, 180}. The inset
contains the dependence of the central charge, c, on the flux. We
can identify the Meissner superfluid phase. We note that the mark-
ers corresponding to the smaller system sizes are below the ones
for L = 180. The maximal bond dimension used was m = 500 for
L = 60, m = 900 for L = 120, and m = 1500 for L = 180.
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FIG. 6. Numerical ground-state results for (a) the average rung
current, Jr , and the chiral current, Jc, (b) the central charge, c,
and (c) the absolute value of the density imbalance, |�n|, as a
function of the flux χ for J‖/J = 0.5, U/J = 2.5, ρ = 0.5, and
L ∈ {60, 120, 180}. We observe a transition from the Meissner super-
fluid to the biased chiral superfluid at χ ≈ 0.75π . The maximal bond
dimension used was m = 600 for L = 60, m = 1200 for L = 120,
and m = 1800 for L = 180.

leg of the ladder:

H2 chains =
∫

dx

2π

{
uK[∂xθ1(x) − χ ]2 + u

K
∂xφ1(x)2

}

+
∫

dx

2π

{
uK[∂xθ2(x) + χ ]2 + u

K
∂xφ2(x)2

}

+ ρ2U
∑

m

∫
dx cos [2pφm(x)]

− 4ρJ
∫

dx cos [θ1(x) − θ2(x)]. (12)

In the following, we rewrite the Hamiltonian in terms of the
symmetric and antisymmetric combinations of the bosonic

fields, φs(a) = 1√
2
(φ1 ± φ2) and θs(a) = 1√

2
(θ1 ± θ2):

H2 chains =
∫

dx

2π

[
uK∂xθs(x)2 + u

K
∂xφs(x)2

]

+
∫

dx

2π

{
uK[∂xθa(x) −

√
2χ ]2 + u

K
∂xφa(x)2

}

+ ρ2U
∫

dx cos[
√

2pφs(x)] cos[
√

2pφa(x)]

− 4ρJ
∫

dx cos[
√

2θa(x)]. (13)

Similarly the local currents (3) can be written as

j⊥j = 2ρJ sin(
√

2θa),

j‖j,1 − j‖j,2 = 2ρJ‖ cos

(
1√
2
∂xθs

)
sin

(
1√
2
∂xθa − χ

)
. (14)

In the case of half filling, ρ = N/(2L) = 0.5, considered in
this section, we do not have commensurability effects induced
by the interaction term [third line in Eq. (13)]. We can observe
in the sketch of the phase diagram, Fig. 3, that at J‖/J = 2
and χ ≈ 0.25π we have a transition between the Meissner
superfluid and a vortex superfluid phase. This phase transition
can be understood by analyzing the relevance of the term
J cos[

√
2θa(x)] in Hamiltonian (13). We note that we describe

the nature of the biased chiral superfluid phase occurring for
small π − χ separately in Sec. IV D.

When the term J cos[
√

2θa(x)] dominates, we have a gap-
less symmetric mode and a gapped antisymmetric mode for
which the field is pinned to the minima of the potential,
θa = 0. In this case the rung currents vanish and the chiral
current Jc ∝ sin(χ ); thus, this corresponds to the Meissner
superfluid. This is in agreement with the numerical results
presented in Fig. 7(a) for the low values of χ . The central
charge in this regime is c = 1, as seen in Fig. 7(c).

If both the symmetric and antisymmetric sectors are gap-
less we have the vortex superfluid. The vortex phase exhibits
incommensurate currents patterns, as, for example, depicted
in Fig. 4(b). One can identify this phase for 0.25 � χ � 0.95,
as seen from the values of the average of the rung and chiral
currents in Fig. 7(a). We extract numerically the vortex density
by performing the Fourier transform of the space dependence
of the rung currents and obtaining the periodicity of the vor-
tices. The vortex density is plotted in Fig. 7(b) as a function
of the flux, which shows a linear behavior. This dependence
can be understood in bosonization by computing the rung
current-current correlations

〈 j⊥(x) j⊥(0)〉 = 4ρ2J2〈sin[
√

2θa(x)] sin[
√

2θa(0)]〉
= 2ρ2J2〈cos[

√
2(θa(x) − θa(0))]〉

∝ x−1/(4K ) cos(χx), (15)

where x is the lattice position in the continuum limit. The fre-
quency of the oscillations gives the expected vortex density, in
agreement with the values obtained numerically in Fig. 7(b).
We note that we do not observe any commensurate vortex
densities ρv , as obtained for the square ladder [3].

We can observe that the finite-size effects are more promi-
nent in the vortex phase, both in the currents [Fig. 7(a)] and
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FIG. 7. Numerical ground-state results for (a) the average rung
current, Jr , and the chiral current, Jc, (b) vortex density, ρv , and
(c) the central charge, c, as a function of the flux χ for J‖/J = 2,
U/J = 2.5, ρ = 0.5, and L ∈ {60, 120, }. We observe a transition
from the Meissner superfluid to the vortex superfluid around χ ≈
0.27π and a transition to biased chiral superfluid at χ ≈ 0.95π . The
maximal bond dimension used was m = 600 for L = 60, m = 1100
for L = 120, and m = 1800 for L = 180. In the inset of (c) we plot
the central charge in the vortex superfluid regime for L = 60 and
different bond dimensions m ∈ {300, 400, 500}.

the central charge [Fig. 7(c)]. However, as we increase the
system size the value of the central charge becomes closer to
the expected value of c = 2; similarly in the inset of Fig. 7(c)
we analyze the impact of the numerical bond dimension used
in the MPS representation. The behavior of the system for
χ close to and equal to π is discussed in the following
sections.

C. Fully frustrated ladder at χ = π

In the following, we analyze the behavior in the case of
χ = π . In the phase diagram this corresponds to a particular

line, marked in Fig. 3. In this case Hamiltonian (1) becomes

H = J‖
∑

j

(b†
j,1b j+1,1 + b†

j,2b j+1,2 + H.c.)

− J
∑

j

(b†
j,1b j,2 + b†

j+1,1b j,2 + H.c.)

+ U

2

∑
j

n j,m(n j,m − 1). (16)

We employ the transformation bj,m → (−1) jb j,m to change
the sign of the kinetic energy along the legs and obtain

H = −J‖
∑

j

(b†
j,1b j+1,1 + b†

j,2b j+1,2 + H.c.)

− J
∑

j

(b†
j,1b j,2 − b†

j+1,1b j,2 + H.c.)

+ U

2

∑
j

n j,m(n j,m − 1). (17)

In this representation, the hopping on the rungs has an
alternating sign. Similar models have been investigated in
Refs. [36,62]. The alternating rung-hopping terms cancel the
lowest-order term which we considered in the previous sec-
tions, such that we have to take into account the next-order
terms of the expansion in the bosonic fields,

b†
j,1b j,2 = ρe−i[θ1(a j)−θ2(a j)− a

2 ∂xθ2(a j)],

b†
j+1,1b j,2 = ρe−i[θ1(a j)−θ2(a j)+ a

2 ∂xθ1(a j)], (18)

where the gradients stem from the triangular geometry of the
ladder. We obtain for the tunneling along the rungs

H⊥ = −2ρJ
∫

dx

{
cos

[
θ1(x) − θ2(x) − 1

2
∂xθ2(x)

]

− cos

[
θ1(x) − θ2(x) + 1

2
∂xθ1(x)

]}

= −2ρJ
∫

dx sin

(√
2θa + 1√

2
∂xθa

)
sin

(
1√
2
∂xθs

)

≈ −
√

2ρJ
∫

dx sin(
√

2θa)∂xθs, (19)

where in the last line we expanded the sine and neglected the
contributions stemming from ∂xθa. In the regime H⊥ domi-
nates, one obtains ground states which break the Z2 symmetry
of the model, for example, obtaining a spin nematic phase in a
triangular spin ladder [63], or a chiral superfluid in a bosonic
zigzag ladder [62].

The coupling between θs and θa present in H⊥ can be an-
alyzed with the help of a self-consistent mean-field approach
[63]. We outline this approach in Appendix C. We obtain two
solutions for the ground state, which break the Z2 symmetry,
for which the field θa is fixed either to π

2
√

2
, or to 3π

2
√

2
, and for

both 〈∂xθs(x)〉 has a finite value.
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Using the results of the mean-field theory, we can compute
the currents present in the triangular ladder:

j⊥j = −iJ (b†
j,1b j,2 − H.c.)

∝ sin(
√

2θa) cos

(
1

4
∂xθs

)
,

j⊥j + j⊥j+1 = −iJ (b†
j,1b j,2 − b†

j+1,1b j,2 − H.c.)

∝ cos(
√

2θa) sin

(
1√
2
∂xθs

)
= 0, (20)

j‖j,1 = −iJ‖(b†
j,1b j+1,1 − H.c.)

∝ sin

(
1√
2
∂xθs

)
cos

(
1√
2
∂xθa

)

+ cos

(
1√
2
∂xθs

)
sin

(
1√
2
∂xθa

)
∝ ∂xθs,

j‖j,2 = −iJ‖(b†
j,2b j+1,2 − H.c.)

∝ ∂xθs,

j‖j,1 − j‖j,2 ∝ cos

(
1√
2
∂xθs

)
sin

(
1√
2
∂xθa

)
= 0. (21)

We have obtained the chiral superfluid (C-SF) phase [62], in

which we have finite currents on the rungs, equal but with
opposite directions on consecutive rungs, and finite currents
on the legs flowing in the same direction on the two legs. The
pattern is depicted in Fig. 4(d). The direction of the currents is
determined by which of the two Z2-symmetry-broken states
one considers.

Thus, for χ = π at half filling we expect to observe a
superfluid phase at small values of J‖/J (depicted with the
thick green line for χ = π in Fig. 3), and the chiral superfluid
phase (depicted with the thick dark blue line for χ = π in
Fig. 3). This is in agreement with the numerical ground-state
results, shown in Fig. 8.

The central charge varies only slightly as a function of
J‖ around the expected value for the two phases, c = 1 [see
Fig. 8(a)]. If we look at the average rung current we find that
they are vanishing both in Fig. 6(a) for J‖/J = 0.5 and in
Fig. 7(a) for J‖/J = 2. However, this does not imply that we
cannot be in the chiral superfluid phase for these parameters.
One explanation can be that in our numerical ground-state
calculations we converge to an equal superposition of the
two possible Z2-symmetry-broken states (Appendix C). This
would imply that the measured expectation values of the
measured local currents are zero, as the currents in the two
states have the same magnitude, but a different sign. In order
to confirm this behavior we compute the following rung-rung
correlations:

c+(d ) = (b†
j,1b j,2 + b†

j,2b j,1)(b†
j+d,2b j+d,1 + b†

j+d,1b j+d,2)

∝ cos[
√

2θa(x = ad )] cos[
√

2θa(0)],

c−(d ) = (b†
j,1b j,2 − b†

j,2b j,1)(b†
j+d,2b j+d,1 − b†

j+d,1b j+d,2)

∝ sin[
√

2θa(x = ad )] sin[
√

2θa(0)]. (22)

FIG. 8. Numerical ground-state results for (a) the central charge,
(b) the saturation value of the rung-rung correlations c± [Eqs. (22)],
and (c) the saturation value of the current-current correlations on the
legs c‖ [Eq. (23)], as a function of J‖, for χ = π , U/J = 2.5, ρ =
0.5, and L ∈ {60, 120, 180}. In the inset of (c) we show the distance
dependence of c‖(d ) at J‖/J = 3. We observe a transition from the
superfluid to the chiral superfluid at J‖/J ≈ 0.35. The maximal bond
dimension used was m = 500 for L = 60, m = 1000 for L = 120,
and m = 1500 for L = 180.

In Fig. 8(b) one can observe that for J‖/J � 0.3 we find
that c+ saturates at long distances (d = 30), signaling that
θa orders in the potential of the cos(

√
2θa) term. This phase

corresponds to a superfluid state as the χ → π limit of the
Meissner superfluid. When we increase J‖/J � 0.3 we see
that c+ decreases to a small value at the longest distance we
consider and c− is the one that saturates at large distances,
implying that sin(

√
2θa) gaps the antisymmetric sector, as

expected for the chiral superfluid phase. This is further sup-
ported by the current-current correlations along the legs:

c‖(d ) = J2
‖ (b†

j,mbj+1,m − b†
j+1,mbj,m)

× (b†
j+d,mbj+d+1,m − b†

j+d+1,mbj+d,m). (23)
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FIG. 9. Numerical ground-state results for (a) the absolute value
of the density imbalance, |�n|, (b) the average rung current, Jr , and
the chiral current, Jc, and (c) the saturation value of the rung-rung
correlations c± [Eqs. (22)], as a function of J‖, for χ = 0.99π ,
U/J = 2.5, ρ = 0.5, and L ∈ {60, 120}. We observe a transition
from the Meissner superfluid to the biased chiral superfluid at J‖/J ≈
0.35. The maximal bond dimension used was m = 600 for L = 60
and m = 1200 for L = 120. We note that the apparent nonmonotonic
behavior seen in |�n| in (a) for J‖/J ≈ 0.4 is within the numerical
errors in the regime close to the phase transition and it is not observed
in the observables depicted in (b) and (c).

In order to reduce the finite-size effects in the numerical
calculation of c+(d ), c−(d ), and c‖(d ) [Eqs. (22) and (23)]
[presented in Figs. 8(b) and 8(c), Figs. 10(b) and 10(c),
and Fig. 9] we normalized b j,m → b j,m/

√〈n j,m〉. The leg
current-current correlations, Fig. 8(c), are finite in the regime
corresponding to the chiral superfluid and almost constant
as a function of J‖. In the inset of Fig. 8(c) we show the
saturation behavior of the current-current correlations at large
distances.

We note that, depending on the initial states and gauge
chosen in the numerical calculations, one can converge to just
one of the Z2-symmetry-broken states and see finite values of
the currents as presented in Fig. 4(d). We give more details in
this regard in Appendix D.

D. Large-J‖ limit and small χ0 = π − χ

In this section, we address the question if the chiral su-
perfluid phase extends also at finite values of χ0 = π − χ ,
as we can observe for J‖/J = 2 in Fig. 7(c) a transition to a
c = 1 phase above χ ≈ 0.95π . We approach this by rewriting
Hamiltonian (1) in terms of χ0:

H = J‖
∑

j

(eiχ0 b†
j,1b j+1,1 + e−iχ0 b†

j,2b j+1,2 + H.c.)

− J
∑

j

(b†
j,1b j,2 + b†

j+1,1b j,2 + H.c.)

+ U

2

∑
j

n j,m(n j,m − 1). (24)

Employing the transformation b j,m → (−1) jb j,m, as in
Sec. IV C we obtain

H = −J‖
∑

j

(eiχ0 b†
j,1b j+1,1 + e−iχ0 b†

j,2b j+1,2 + H.c.)

− J
∑

j

(b†
j,1b j,2 − b†

j+1,1b j,2 + H.c.)

+ U

2

∑
j

n j,m(n j,m − 1). (25)

The bosonized Hamiltonian, in terms of the symmetric and
antisymmetric fields, is given by

H =
∫

dx

2π

[
uK∂xθs(x)2 + u

K
∂xφs(x)2

]

+
∫

dx

2π

{
uK[∂xθa(x) +

√
2χ0/a]2 + u

K
∂xφa(x)2

}

+ ρ2U
∫

dx cos[
√

2pφs(x)] cos[
√

2pφa(x)]

−
√

2ρJ
∫

dx sin[
√

2θa(x)]∂xθs(x). (26)

We observe that the Hamiltonian is similar to the one obtained
in Eq. (13) for the two coupled chains. However, it exhibits
the same coupling between the symmetric and antisymmetric
sectors as in the case of χ = π [Eq. (19)]. Thus, when both
sectors are gapless one would obtain the vortex superfluid
phase. In the following, we analyze the case in which the
coupling sin[

√
2θa(x)]∂xθs(x) gaps the antisymmetric sector,

by looking at the behavior of the currents:

j⊥j = −iJ (b†
j,1b j,2 − H.c.) ∝ sin(

√
2θa),

j⊥j + j⊥j+1 = −iJ (b†
j,1b j,2 − b†

j+1,1b j,2 − H.c.)

∝ cos(
√

2θa) sin

(
1√
2
∂xθs

)
= 0,

j‖j,1 − j‖j,2 = −2ρJ‖ cos

(
1√
2
∂xθs

)
sin

(
1√
2
∂xθa + χ0

)

∝ sin(χ0) = sin(χ ). (27)

In this situation, we obtain two degenerate ground states
breaking the Z2 symmetry of the ladder, with a similar pattern
of currents as in the case of χ = π for the chiral superfluid
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[Eqs. (20) and (21)]. However, at finite χ0 the currents on the
legs have different values, even though they flow in the same
direction. The pattern of the currents is depicted in Fig. 4(c).
As the currents on the two consecutive rungs are equal, this
implies that the densities on the two legs of the ladder have to
be different, due to the continuity relation between densities
and currents. Thus, there exists a density imbalance between
the two legs of the ladder. We label this phase as the biased
chiral superfluid. We note that the biased chiral superfluid
phase is not the direct equivalent of the biased ladder phase
observed in square ladders [12,19], as in the biased phase
of the square ladder the currents resemble the ones in the
Meissner phase. In the considered model, due to the geometry
of the triangular ladder, we obtain a biased phase with similar
currents as in the chiral superfluid.

Numerically, we analyze the case of χ = 0.99π as a
function of the value of J‖/J , Fig. 9. Above J‖/J ≈ 0.35
we observe that the density imbalance becomes finite [see
Fig. 9(a)]. This fact together with the finite currents, Fig. 9(b),
points towards the biased chiral superfluid. The behavior of
the rung-rung correlations shown in Fig. 9(c) is very similar
to the one observed for χ = π in Fig. 8. The computed ob-
servables have a weak dependence as we increase J‖/J above
the transition threshold; thus, we can be confident that the
imbalanced phase observed at small values of J‖ in Sec. IV A
has the same nature as at large J‖. We discuss the numerical
challenges in converging in the degenerate ground-state man-
ifold in Appendix D.

E. Transition to the square ladder

An interesting extension of the model for the triangular
ladder at χ = π [Eq. (17)] is the interpolation towards the
square ladder without a flux, as in the following:

H = −J‖
∑

j

(b†
j,1b j+1,1 + b†

j,2b j+1,2 + H.c.)

− J
∑

j

(b†
j,1b j,2 + H.c.)

+ (J − t )
∑

j

(b†
j+1,1b j,2 + H.c.)

+ U

2

∑
j

n j,m(n j,m − 1), (28)

for t = 0 we recover Eq. (17) and for t = J we obtain a square
ladder.

In the bosonized language we obtain for the tunneling
along the rungs

H⊥ = −
√

2ρJ
∫

dx sin(
√

2θa)∂xθs

− 2ρt
∫

dx cos(
√

2θa). (29)

This model allows us to investigate the existence of the mean-
field solutions in the case in which the field θa is not pinned
in the minima of the potential sin(

√
2θa), but at a different

value due to the presence of the additional term cos(
√

2θa).

FIG. 10. Numerical ground-state results for (a) the saturation
value of the rung-rung correlations c± [Eqs. (22)] as a function of the
parameter t interpolating between the triangular ladder at χ = π and
the square ladder without a flux. The black lines depict the fit of the
dependence on t as given in Eq. (30). (b) The decay of the rung-rung
correlations c± as a function of distance for t/J ∈ {0.04, 0.25} and
L ∈ {120, 180}. Note that the continuous lines correspond to t/J =
0.04 and the dashed lines to t/J = 0.25. (c) The central charge, c,
as a function of t/J . The parameters used are J‖/J = 5, U/J = 2.5,
ρ = 0.5, and L ∈ {60, 120, 180}. The maximal bond dimension used
was m = 500 for L = 60, m = 1000 for L = 120, and m = 1500 for
L = 180.

We show how one can perform the mean-field approach for
this situation in Appendix C.

In the case of t = 0 we saw in the previous section that at
the large value of J‖/J the field θa is pinned to the minima
of the potential ± sin(

√
2θa). In the limit of t/J → 1, as we

get closer to the square ladder, the field θa will be pinned to
the minima of the potential cos(

√
2θa). However, in between

these two values we can expect a chiral superfluid regime in
which 〈θa〉 corresponds to the minima of the sum of the two
potentials, as described in Appendix C, and a transition to a
superfluid state for which the field is pinned to θa = 0. Based
on the mean-field approach we can analyze the behavior of the
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FIG. 11. Sketch of the phase diagram for hard-core bosons at
half filling, ρ = 0.5, U/J = ∞. The identified phases (see text) are
the the Meissner superfluid (M-SF), the vortex superfluid (V-SF),
and chiral bond order insulator (C-BOI). In the shaded area in the
vortex phase, which extends up to χ = 0.5π , we identified also a
commensurate frequency in the behavior of the currents. At χ = π

(marked by a thick vertical line) we observe the following phases:
a superfluid phase (green), a bond order insulator (red), a chiral
superfluid phase (dark blue), and a two-mode superfluid (blue). The
phase transition between the chiral superfluid and the two-mode
superfluid shows large finite-size effects in the dashed region [see
the explanation in the main text, Fig. 14(b), and Appendix D].

saturation value of the correlations c− and c+ as a function of
t (see Appendix C),

c−(d → ∞) ∝ a− − b−t2,

c+(d → ∞) ∝ b+t2, (30)

where a−, b−, and b+ are constant, which can depend on
the other parameters of the model. In Fig. 10(a) we observe
that for t � 0.07 the scaling of the saturation value of the
correlations c− and c+ as a function of t is in agreement
with the results of the mean-field theory [Eqs. (30)]. This
shows that the value of 〈θa〉 depends on the value of t . Above
t � 0.07, only c+ saturates to a finite value at large distances
which means that the term cos(

√
2θa) dominates and 〈θa〉 = 0.

The saturation behavior of the correlations c± as a function of
distance in the two regimes is shown in Fig. 10(b). The central
charge, Fig. 10(c), has values c ≈ 1 in both phases and strong
variation close to the phase transition. However, the region
in which it deviates from the expected c = 1 value becomes
smaller for the larger system sizes.

V. PHASE DIAGRAM OF HARD-CORE BOSONS, ρ = 0.5

In this section, we analyze the phase diagram in the case of
hard-core bosons at half filling, ρ = N/(2L) = 0.5.

For χ < 0.8π , we obtain a phase diagram (see Fig. 11)
similar for the finite interaction half-filling case (Sec. IV),
in which we observe a phase transition between a Meissner
superfluid and a vortex superfluid. The behavior of the chi-
ral and rung currents is shown in Figs. 12(a) and 12(b), for
J‖/J = 2. In Fig. 12(c) we see the jump from c ≈ 1 to c ≈ 2
in the central charge signaling the phase transition. However,
even though in the vortex phase we obtain finite values for
the average rung current and chiral current for χ > 0.5π , the

FIG. 12. Numerical ground-state results for (a) the chiral current,
Jc, (b) the average rung current, Jr , and (c) the central charge, c, as
a function of the flux χ for hard-core bosons, J‖/J = 2, ρ = 0.5,
L ∈ {60, 120, 140}. We observe a transition between a Meissner su-
perfluid and a vortex superfluid, at χ ≈ 0.23π . The maximal bond
dimension used was m = 600 for L = 60, and m = 1200 for L = 120
and L = 140.

values are relatively small and show a strong dependence on
the size of the system.

In contrast to the regime of finite on-site interaction, here in
the vortex phase for χ < 0.5π , marked with gray in Fig. 11,
we find two peaks in the Fourier transform of the space de-
pendence of the rung currents [Fig. 13(b)]. Above the value
χ = 0.5π , we find a single peak in the Fourier transform.
This implies that vortices of two different lengths coexist
in the regime χ < 0.5π . We plot the corresponding vortex
densities in Fig. 13(a), where one branch corresponds to
the expected value ρv ≈ χ , as discussed in Sec. IV B. The
second value of the vortex density seems to be related to
the density of the atoms, ρv ≈ 0.5π = ρπ . We verify the
dependence on the density by considering also the case of
ρ = 0.4 in Fig. 13(c). Here we observe three different peaks,
corresponding to ρv ≈ χ , ρv ≈ 0.4π = ρπ up to χ = 0.4π ,
and ρv ≈ 0.6π = (1 − ρ)π up to χ = 0.6π .
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FIG. 13. Numerical ground-state results for (a) the vortex den-
sity, ρv , at half filling as a function of the flux χ for hard-core bosons,
J‖/J = 2, ρ = 0.5, L ∈ {60, 120, 140}. (b) The Fourier transform
of the rung currents pattern j⊥l . The sharp peaks correspond to the
extracted value of the vortex density. The dashed vertical line marks
the value ρv = π/2. The parameters used are J‖/J = 2, ρ = 0.5,
L = 140, and 0.24π � χ � 0.8π . (c) The vortex density, ρv , at
filling ρ = 0.4 as a function of the flux χ for hard-core bosons,
J‖/J = 2, L = 60. The maximal bond dimension used was m = 600
for L = 60, and m = 1200 for L = 120 and L = 140.

In the hard-core limit for χ = π , the model we consider
has been analyzed in Ref. [36]; furthermore, the model can be
mapped to a frustrated spin chain, which has been studied in
Refs. [64–66]. In the regime of small J‖/J a transition from
a superfluid phase to a bond order insulator (BOI) has been
pointed out. The bond order insulator phase is characterized
by a nonzero value of the bond order parameter,

OBO = 1

2L − 1

∑
j

〈b†
j,1b j,2 − b†

j+1,1b j,2 + H.c.〉. (31)

FIG. 14. Numerical ground-state results for (a) the bond order
parameter, OBO, and (b) the central charge, c, as a function of J‖/J for
hard-core bosons, χ = π , ρ = 0.5, L ∈ {60, 120, 140}. For (b) above
the vertical gray dashed line, J‖/J � 1.2, we employed finite currents
for the first and final three sites, for breaking the Z2 symmetry
in order to converge to the chiral superfluid phase, with amplitude
j0/J = 0.25 (for more details see Appendix D). In the inset of (b) the
rung-rung correlations c−(d ) [Eqs. (22)] are plotted as a function
of distance in a log-log plot for J‖/J ∈ {2, 5} and L = 120. We
observe a transition from superfluid to bond order insulating state
at J‖/J ≈ 0.3, and from the insulating phase to the chiral super-
fluid at J‖/J ≈ 1.2. For large J‖/J � 4, the system seems to be in
a two-mode superfluid; however, the transition shows considerable
finite-size effects. The maximal bond dimension used was m = 600
for L = 60, m = 1200 for L = 120, and m = 1500 for L = 140.

We observe the transition to the insulator phase at J‖/J ≈
0.35, signaled by the finite value of the bond order parameter
and c ≈ 0, as seen Fig. 14.

For J‖/J � 1.2 a phase transition to the chiral superfluid
phase is present, equivalent to the transition to the vector
chiral phase observed in Refs. [64–66]. In order to converge
to the chiral superfluid phase we added a boundary term in
the Hamiltonian which explicitly breaks the Z2 symmetry and
favors the current pattern of the chiral phase (for details see
Appendix D). Without the presence of such a term we obtain
a state with vanishing currents as seen in Figs. 12(a) and 12(b)
for J‖/J = 2 and Fig. 23 of Appendix D. Up to J‖/J ≈ 3 the
numerically computed central charge is consistent with c = 1
for the chiral superfluid phase [Fig. 14(b)] and the rung-rung
correlations c−(d ) saturate at long distance, as seen in the in-
set of Fig. 14(b). In contrast, for larger values of J‖/J it seems
that the central charge has a value of c ≈ 2 for the finite sys-
tems considered, even in the presence of the boundary terms.
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Thus, we obtain a state for which both the symmetric and
antisymmetric sectors are gapless and identify as a two-mode
superfluid. This is supported also by the algebraic decay of the
rung-rung correlations c−(d ) on the length scales considered
[see inset of Fig. 14(b)]. However, due to important finite-size
effects seen in Fig. 14(b) and Fig. 23 of Appendix D, it is not
clear from our finite-size results if the two-mode superfluid
is present in the thermodynamic limit, or the chiral superfluid
will extend to arbitrary large J‖/J .

We observe that the bond order parameter remains finite
also as we decrease the flux to χ < π , as seen in Fig. 15(a)
for J‖/J = 0.5. We can identify a transition between the bond
order insulator and a Meissner superfluid for χ ≈ 0.8π , as
the central charge has a jump from c ≈ 0 to c ≈ 1 lowering
the value of the flux [Fig. 15(c)]. Interestingly, the bond order
insulator exhibits finite values of the chiral current for 0.8π <

χ < π as seen in Fig. 15(b), with their pattern similar as in the
Meissner phases [see Fig. 4(e)]. This goes beyond the usual
phenomenology of the bond order phase and, thus, we name
this novel phase the chiral bond order insulator. We note that
we observe very little finite-size effects in the values of the
chiral currents in increasing the size from L = 60 to L = 180
[see Fig. 15(b)].

For J‖/J = 0.5 and χ = π our model corresponds to the
Majumdar-Gosh (MG) point [36]. For this point one can write
exactly the ground state of the model as a product state

|MG〉 =
∏

j

1√
2

(|n j,1 = 1, n j,2 = 0〉 + |n j,1 = 0, n j,2 = 1〉).

(32)
In the case of periodic boundary conditions a degenerate state
exists, exhibiting the bond order to the rungs connecting the
sites ( j + 1, 1) and ( j, 2). Note that the ground state in this
case is not a product of singlets like the usual Majumdar-Gosh
state [36]. Thus, in order to gain some insight into the chiral
bond order insulator we analyze the Hamiltonian in the case
of J‖/J = 0.5 and small χ0 = π − χ . The Hamiltonian reads

H = −J

2

∑
j

(b†
jb j+1 + b†

jb j+1 − b†
jb j+2 + H.c.)

+ J

2
χ0i

∑
j

(−1) j (b†
jb j+2 − H.c.), (33)

where we used the single-chain representation (see Sec. IV A).
The first line of Hamiltonian (33) corresponds to the
Majumdar-Gosh points for which the state given in Eq. (32)
is the ground state. The second line resembles a current term,
which can also be found in the expression of the chiral current.
In this limit, the chiral current reads

Jc = J

2
i
∑

j

(−1) j (b†
jb j+2 − H.c.)

+ J

2
χ0

∑
j

(b†
jb j+2 + H.c.). (34)

In the numerical results we observe that the chiral current
shows an algebraic scaling with χ0 with an exponent of ≈2.8
[see the inset of Fig. 15(b)]. This is consistent with the pos-
sibility that the term in the second line of Eq. (33) would

FIG. 15. Numerical ground-state results for (a) the bond order
parameter, OBO, (b) the chiral current, Jc, and average rung current,
Jr , and (c) the central charge, c, at half filling as a function of the flux
χ for hard-core bosons, J‖/J = 0.5, ρ = 0.5, L ∈ {60, 120, 140}. In
the inset of (a) we plot the bond order parameter for χ > 0.5π in a
semilogarithmic plot. In the inset of (b) we show the algebraic scaling
of the chiral current, Jc, as a function of χ0 = π − χ in a log-log plot.
The fitted power law, ∝ (π − χ )α , plotted in purple, corresponds
to fitted exponent α = 2.8 ± 0.02. We can observe the transition
between the Meissner superfluid and the chiral bond order insulator
for χ ≈ 0.8π . The maximal bond dimension used was m = 600 for
L = 60, m = 1400 for L = 120, and m = 1800 for L = 140.

produce a higher-order response and induce a finite value of
the chiral current.

VI. PHASE DIAGRAM AT UNITY FILLING, ρ = 1

In this section, we analyze the phase diagram in the case
in which we have a filling of one boson every site, ρ = 1.
In this case the term cos[2pφ(x)], with p = 1 [second line
of Eq. (9)], or its equivalent in Eq. (12), which stems from
the commensurability effects of the interactions, may play
an important role. This causes the presence of the Meissner
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FIG. 16. Sketch of the phase diagram for unity filling, ρ = 1, for
U/J = 2.5. The identified phases (see text) are the Meissner Mott
insulator (M-MI), the Meissner superfluid (M-SF), the vortex super-
fluid (V-SF), and the biased chiral superfluid (BC-SF). At χ = π

(marked by a thick vertical line) we have phase transitions between
a superfluid phase (green), a Mott insulator (brown), and a chiral
superfluid (dark blue).

Mott-insulating (M-MI) phase in the phase diagram, Fig. 16.
Besides the presence of the insulating phase, we observe a
very similar phase diagram compared to the half-filling case,
Fig. 3. Thus, in the following parts of this section we focus
on the cuts through the phase diagram which include the
Meissner Mott insulator.

In Fig. 17, we show the transition between the Meissner
superfluid and the Meissner Mott insulator for J‖/J = 0.5. In
this regime the preferred description is that of a single chain
[Eqs. (8) and (9)]. In both phases we have a strong chiral
current on the legs of the ladder and no currents on the rungs,
Fig. 17(a), with the pattern of currents corresponding to the
one depicted in Fig. 4. However, around χ ≈ 0.5π we see that
the central charge [Fig. 17(b)] goes from a value of c = 1 to
c = 0, signaling the transition to the insulating phase. As the
Meissner Mott insulator is a fully gapped phase one expects
that c = 0. Furthermore, the single-particle correlations decay
exponentially in this phase, as seen in the inset of Fig. 17(b)
for χ = 0.56π .

Similarly to the half-filling case (Sec. IV), by increas-
ing J‖/J we can also obtain the vortex superfluid phase
(see Fig. 16). In Fig. 18, for J‖/J = 1, we observe that for
χ � 0.45 we have a strong chiral current and no currents
on the rungs, signaling the Meissner superfluid phase up to
χ � 0.39π and the Meissner Mott insulator for 0.39π � χ �
0.45π , as the central charge changes from c ≈ 1 to c ≈ 0
around χ ≈ 0.39π . At χ ≈ 0.45π a transition to the vortex
superfluid occurs, as the central charge becomes c ≈ 2 and
the rung currents are finite. For large values of the flux,
χ � 0.9π , we enter the biased chiral superfluid phase, which
shows a finite density imbalance [Fig. 18(c)]. The biased
phase is present up to large values of J‖/J for χ close to π

(Fig. 16).
At large J‖/J for χ = π we obtain the chiral superfluid

phase, for which c = 1, and the correlations c− and c‖ saturate
at a finite value at large distances indicating the strong currents
present on both the rungs and legs of the ladder (see Fig. 19).
As we decrease J‖/J a transition to a Mott-insulator phase is

FIG. 17. Numerical ground-state results for (a) the average rung
current, Jr , and the chiral current, Jc, and (b) the central charge,
c, as a function of the flux χ for J‖/J = 0.5, U/J = 2.5, ρ = 1,
and L ∈ {120, 180}. The inset of (b) contains the exponential decay
with distance of the single-particle correlations for χ = 0.56π and
L = 180. We can identify a transition from the Meissner superfluid
to the Meissner Mott insulator around χ ≈ 0.5π . The maximal
bond dimension used was m = 1200 for L = 120 and m = 1800
for L = 180.

present at J‖/J ≈ 0.6, as seen in the vanishing value of the
central charge c = 0 [Fig. 19(a)]. For a value of J‖/J = 0.1
the central charge is close to one, signaling the superfluid
phase.

VII. DISCUSSION

In this section, we discuss the obtained phase diagrams in
comparison with the phases seen in square ladders, with an
emphasis on the phases specific to the triangular ladder. To
recall the phase diagrams see Fig. 3 for ρ = 0.5, Fig. 11 for
ρ = 0.5 and hard-core bosons, and Fig. 16 for ρ = 1.

At small values of the flux, χ � 0.6π , the behavior is
essentially similar to the one of square ladders and exhibits
a phase transition between Meissner and vortex states [3].
We obtain both the superfluid and Mott-insulator states with
Meissner character. However, whether vortex Mott-insulating
phases can be observed in the triangular ladder, as in the
square ladder [11,19], remains an open question. For hard-
core bosons, we identify an effect occurring in the vortex
phase, namely, the presence of a second frequency peak in the
Fourier transform of the pattern of rung currents, which seems
to be commensurate with the bosonic density. The explanation
of such a harmonic is unclear at the moment and will clearly
deserve further studies.
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FIG. 18. Numerical ground-state results for (a) the average rung
current, Jr , and the chiral current, Jc, (b) the central charge, c, and
(c) the absolute value of the density imbalance, |�n|, as a function of
the flux χ for J‖/J = 1, U/J = 2.5, ρ = 1, and L ∈ {60, 120, 180}.
We observe the following sequence of phases: Meissner superfluid,
Meissner Mott insulator, vortex superfluid, and biased chiral super-
fluid. The maximal bond dimension used was m = 600 for L = 60,
m = 1200 for L = 120, and m = 1800 for L = 180.

Contrary to what happens for small flux, at large values
of χ , the frustration induced by the triangular nature of the
hopping becomes more prominent and novel phases appear.
One phase without an equivalent on the square ladder is the
chiral bond order insulator, which we obtained in the hard-
core limit. This phase is different from other states exhibiting
bond ordering due to its finite chiral current flowing on the
legs of the triangular ladder. This bond-ordered phase does
not stem from a band-insulator limit for small J‖/J , as, for
example,the Meissner Mott insulator present at half filling for
a square ladder [15]. This can be inferred from the fact that
at small J‖/J we have a transition to a Meissner superfluid, or
superfluid for χ = π (see Fig. 11).

FIG. 19. Numerical ground-state results for (a) the central
charge, (b) the saturation value of the rung-rung correlations c±
[Eqs. (22)], (c) the saturation value of the current-current correla-
tions on the legs, c‖ [Eq. (23)], as a function of J‖, for χ = π ,
U/J = 2.5, ρ = 1, and L ∈ {60, 120, 180}. In the inset of (c) we
show the distance dependence of c‖(d ) at J‖/J = 2.5. We observe a
transition from superfluid to Mott insulator states at J‖/J ≈ 0.15, and
from the insulating phase to the chiral superfluid at J‖/J ≈ 0.6. The
maximal bond dimension used was m = 500 for L = 60, m = 1200
for L = 120, and m = 1500 for L = 180.

At finite values of the on-site interaction we find another
phase specific to the triangular ladder: the biased chiral super-
fluid, a phase breaking the discrete Z2 symmetry of the ladder.
Even though in the weakly interacting limit this phase can
be understood as the condensation of the bosons in a single
minimum of the double minima potential, similarly to the
biased ladder phase appearing in the square ladder [12,18,19],
the nature of its currents is very different. The biased phase
of the square ladder exhibits Meissner-like currents, but the
biased chiral superfluid is closely related to the chiral super-
fluid present at χ = π . Thus, due to the frustration for χ close
to π , the symmetric and antisymmetric sectors are coupled,
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such that a gapped antisymmetric sector implies a finite value
of the expectation value of the gradient of the symmetric
field, 〈∂xθs〉. This mechanism induces strong currents flowing
on opposite direction on the rungs and legs of the triangular
ladder [see Figs. 4(c) and 4(d)].

One interesting direction left open by our study is the
investigation of the behavior of the phases with increasing
interaction strength. In particular, there is the question at
ρ = 0.5 on how to connect the phase diagram for U/J = 2.5
(Fig. 3) and the phase diagram for U/J → ∞ (Fig. 11). Our
preliminary numerical data show that the chiral bond order
insulator extends to finite interactions, as low as U/J ≈ 10
for J‖/J = 0.5 and χ = 0.95π , where a phase transition to the
biased chiral superfluid might be present. As the extent of the
biased chiral superfluid seems to diminish as we increase U ,
it would be interesting to see if the phase will be suppressed
at a critical value of the interaction, or if it survives up to the
hard-core U → ∞ limit. Furthermore, in the case of ρ = 1,
as we expect the Meissner Mott insulator to have covered
a larger region of the phase diagram as we increase U , the
question arises if any other phases remain stable at very large
interaction strengths.

Ultracold atoms in optical lattices provide an experimental
platform for the study of such low-dimensional systems in
the presence of an artificial gauge field. The flux has been
implemented with time-dependent modulations [67], laser-
assisted Raman hopping [68–70], or synthetic dimensions
[33–35,71,72]. Combining these techniques with triangular
optical lattices [47,48] offers the possibility of the experimen-
tal realization of the model we studied.

In order to distinguish the different ground-state phases one
could perform different measurements. From in situ measure-
ments one could access the local densities and currents [73],
and the momentum distribution can be obtained via time-of-
flight measurements. In the case of square ladders, in Ref. [6],
Atala et al. used a measurement scheme involving the pro-
jection onto double wells to measure the chiral current. The
biased chiral superfluid phase seems to be robust for densities
away from half filling; thus, it should be possible to observe it
also in the case of a parabolic trapping potential. However, for
the bond-ordered states, having one particle every two sites is
important.

VIII. CONCLUSIONS

In this work, we investigated the phase diagram of interact-
ing bosonic atoms confined to a two-leg triangular ladder in
an artificial gauge field. We showed the existence of Meissner
phases both in the superfluid (M-SF) and in the Mott-insulator
(M-MI) regimes and of incommensurate vortex superfluid (V-
SF) phases, which are similar to the states obtained in square
ladders with a flux. However, we have seen that at large values
of the flux the frustration effects of the triangular geometry
play a crucial role and several phases are realized. For finite
on-site interaction a biased chiral superfluid (BC-SF) phase
which breaks the Z2 symmetry of the ladder and exhibits an
imbalanced density on the two legs of the ladder is present. It
has a similar current pattern with the chiral superfluid (C-SF)
phase which is obtained as the χ → π limit of the biased
phase. We study the transition from the chiral superfluid to

the superfluid phase by performing an interpolation between
the χ = π triangular ladder and the square ladder. In the case
of hard-core bosons, we show the presence of a chiral bond
order insulator (C-BOI) phase, which corresponds to a finite
value of the bond order parameter and exhibits Meissner-like
currents.

Our work paves the way for studies of the triangular lad-
der with an artificial gauge field in nonequilibrium settings.
This can be envisioned either in the context of the Hall ef-
fect [31,32], or by the coupling to an external environment
[74–78].
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APPENDIX A: NONINTERACTING LIMIT

We diagonalize the kinetic part of the Hamiltonian,

Hkin = H⊥ + H‖, (A1)

by performing the Fourier transforms on the two legs:

bm(k) = 1√
L

∑
j

eik jb j,m. (A2)

The Hamiltonian in momentum space reads

Hkin =
∑

k

{−2J‖ cos(k + χ )b†
1(k)b1(k)

− 2J‖ cos(k − χ )b†
2(k)b2(k)

− J[(1 + eik )b†
1(k)b2(k) + (1 + e−ik )b†

2(k)b1(k)]}.
(A3)

The eigenvalues of this quadratic Hamiltonian are

E±(χ ) = −2J‖ cos(k) cos(χ )

±
√

2J2[1 + cos(k)] + 4J2
‖ sin2(k) sin2(χ ). (A4)

The energy bands are plotted in Fig. 2.
If we compare these bands with the ones obtained for the

square lattice of the double of the flux,

E square
± (2χ ) = −2J‖ cos(k) cos(χ )

±
√

J2 + 4J2
‖ sin2(k) sin2(χ ), (A5)

we observe that in the limit of large J‖ they become very sim-
ilar. Thus, one can expect in this regime analogous behaviors
in the two setups.

APPENDIX B: LUTTINGER PARAMETER
IN THE SINGLE-CHAIN LIMIT

For a Bose-Hubbard chain [Eqs. (8) and (9)] one can nu-
merically compute the Luttinger parameter of the superfluid
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FIG. 20. (a) The decay of the single-particle correlations,
Re〈b†

90b90+d 〉, in the Meissner superfluid, for χ = 0.5π , J‖/J =
0.2, U/J = 2.5, N/2L = 0.5, and L = 180. The algebraic fit fol-
lows Eq. (B1) and corresponds to the fitted value of K = 1.973 ±
0.005. [(b), (c)] The dependence of the Luttinger parameter K
as a function of the flux χ , for (b) J‖/J = 0.2, (c)J‖/J = 0.5,
U/J = 2.5, L = 60, and N/2L = 0.5. The solid curves correspond
to fitting K (χ = π/2) + α cos(χ ) [Eq. (B3)] (orange) and K (χ =
π/2)

√
1 + α cos(χ ) [Eq. (B4)] (magenta).

phase by looking at the algebraic decay of the single-particle
correlations [1],

〈b†(x)b(0)〉 ∝ x−1/(2K ), (B1)

where x is the lattice position in the continuum limit. In
Fig. 20(a) we show the decay of the single-particle correla-
tions for parameters corresponding the Meissner superfluid
phase and its algebraic fit.

In Eq. (9) we saw that the effective Luttinger parameter of
the model depends on the value of the flux,

ueffKeff = uK + t‖ cos(χ )
ueff

Keff
= u

K
, (B2)

where t‖ ≡ 16πρJ‖, which leads to the following dependence
on the flux:

Keff = K

√
1 + t‖

uK
cos(χ ). (B3)

However, the numerical results seem to deviate from this
dependence for the values of the flux close to the maxima of
| cos(χ )|, Fig. 20. Furthermore, we observe that the numerical
data follow

Keff = K + α cos(χ ), (B4)

as seen in Fig. 20(b). We note that the discrepancy between
the two dependencies becomes smaller if we consider smaller
values of t‖.

In the case the long-range hopping in the chain is strong
enough, t‖ > uK , for large values of the flux the prefactor
uK + t‖ cos(χ ) can become zero or negative, signaling an
instability. We observe the approach towards zero also in the
dependence of the numerically extracted Luttinger parameter.
This marks the phase transition between the Meissner super-
fluid to the biased phase.

APPENDIX C: MEAN-FIELD APPROACH
FOR THE Z2-SYMMETRY-BROKEN PHASE

Starting from the Hamiltonian derived in Sec. IV C,

H = H0 + H⊥,

H0 =
∫

dx

2π

[
uK∂xθs(x)2 + u

K
∂xφs(x)2

]

+
∫

dx

2π

[
uK∂xθa(x)2 + u

K
∂xφa(x)2

]
,

H⊥ = −t⊥
∫

dx sin(
√

2θa)∂xθs, (C1)

where t⊥ = √
2ρJ , we want to investigate the effect of the H⊥

term which couples the symmetric and antisymmetric sectors.
For this, we follow the self-consistent mean-field procedure
described in Ref. [63] for frustrated spin ladders.

We perform the mean-field decoupling of H⊥ to obtain the
following mean-field Hamiltonian density:

HMF = H0 + k∂xθs − μ� sin(
√

2θa), (C2)

where we have assumed that the ground state of the system
has a nonzero current ∂xθs. The self-consistency conditions
are given by

k = −t⊥〈sin(
√

2θa)〉,
μ� = t⊥〈∂xθs〉. (C3)

One can observe that HMF decomposes in two independent
parts:

Hs = uK∂xθs(x)2 + u

K
∂xφs(x)2 + ∂xθs,

Ha = uK∂xθa(x)2 + u

K
∂xφa(x)2 − μ� sin(

√
2θa). (C4)

In the symmetric sector we can arrive at a quadratic Hamil-
tonian by performing the following redefinition of the field:
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θs(x) → θs(x) − k
2uK x. The average value of θs(x) is, thus,

given by

〈∂xθs(x)〉 = − k

2uK
. (C5)

The Hamiltonian for the antisymmetric sector is a sine-
Gordon model for the field θa; this can be solved exactly and
the value of the mass is given by [1]

〈sin(
√

2θa)〉 = c

(
μ

uK�

) 1
4K−1

, (C6)

where c is a constant, which can be calculated [79]. Inserting
the expectation values from Eqs. (C5) and (C6) in Eq. (C3)
we obtain the solutions

μ = c̃t
4K−1
2K−1
⊥ (uK�)−

2K
2K−1 ,

k = −2c̃t
2K

2K−1
⊥ (uK�)−

1
2K−1 , (C7)

where c̃ is a constant. In the regime in which the solutions are
valid the field θa is fixed to the minima of the sine-Gordon po-
tential, 〈θa〉 = π

2
√

2
, and the mass in the antisymmetric sector

scales as 〈sin(
√

2θa)〉 ∝ t
1

2K−1
⊥ .

The Hamiltonian from which we started, Eq. (C1), has a
Z2 symmetry as the Hamiltonian remains invariant under the
following change of signs, ∂xθs → −∂xθs and sin(

√
2θa) →

− sin(
√

2θa), which changes the expectation value of the
field, 〈θa〉 = π

2
√

2
→ 〈θa〉 = 3π

2
√

2
. This implies that changing

the signs in the mean-field solution still satisfies the self-
consistency conditions (C3). Thus, we obtain that in the
regime in which the self-consistency conditions have solutions
the ground state is given by two degenerate states which break
the Z2 symmetry.

The solutions of the self-consistency conditions (C7) can
be obtain when K > 0.5. However, in the numerical results,
around the phase transition between the superfluid and the chi-
ral superfluid, 0.23 � J‖/J � 0.47, we obtain a K < 0.5 also
in the chiral superfluid phase [see Fig. 21(a)]. We compute nu-
merically K from the decay of the single-particle correlations
[see Figs. 21(b) and 21(c)]. We attribute this discrepancy to
the fact that we numerically observe K > 0.5 for small values
of J‖, for which the approach of considering the system as two
coupled chains might not be valid.

Using the mean-field results we can compute the scaling
of the single-particle correlations along one of the legs of the
ladder,

〈b†
0,1b j,1〉 ∝ 〈ei(θ1(x)−θ1(0))〉

∝ x− 1
4K e−i k

2
√

2uK
x
, (C8)

where we can see that the correlations exhibit incommensu-
rate oscillations. We plotted the numerical behavior of the
correlations in Figs. 21(b) and 21(c) for two values of J‖/J
in the chiral superfluid phase. We observe that the scaling of
Eq. (C8) agrees very well with the numerical results.

In the rest of this section we extend the mean-field
approach to the Hamiltonians (28) and (29) we used to

FIG. 21. (a) The dependence of the Luttinger parameter K on
J‖/J for χ = π , U/J = 2.5, N/2L = 0.5, and L = 120. We extract
K from the decay of the single-particle correlations, using Eq. (B1)
in the superfluid phase, J‖/J � 0.37, and Eq. (C8) in the chiral
superfluid phase, J‖/J � 0.37. The dashed red line corresponds to
K = 0.5. [(b), (c)] The decay of the single-particle correlations,
Re〈b†

30,1b30+d,i〉, in the chiral superfluid for (b) J‖/J = 0.385 and
(c) J‖/J = 2. The solid line corresponds to a fit with the functional
form of Eq. (C8); the fitted Luttinger parameters are (b) K = 0.294 ±
0.001 and (c) K = 2.64 ± 0.01.

investigate the interpolation to the square ladder in Sec. IV E:

H = H0 + H⊥,

H0 =
∫

dx

2π

[
uK∂xθs(x)2 + u

K
∂xφs(x)2

]

+
∫

dx

2π

[
uK∂xθa(x)2 + u

K
∂xφa(x)2

]
,

H⊥ = −t⊥
∫

dx sin(
√

2θa)∂xθs

− t̃
∫

dx cos(
√

2θa), (C9)
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where t̃ = 2ρt . The mean-field decoupling is performed in the
same manner as previously and the self-consistency condi-
tions are the same as in Eq. (C3). The difference arises in the
potential present in the antisymmetric Hamiltonian density,

Ha = uK∂xθa(x)2 + u

K
∂xφa(x)2

− μ� sin(
√

2θa) − t̃ cos(
√

2θa)

= uK∂xθa(x)2 + u

K
∂xφa(x)2

−
√

(μ�)2 + t̃2 sin(
√

2θa + ψ ), (C10)

with the phase ψ = arctan( μ�

t̃ ). The mass in the sine-Gordon
model is given by [1]

〈sin(
√

2θa + ψ )〉 = c

(√
(μ�)2 + t̃2

uK�

) 1
4K−1

. (C11)

This leads to the self-consistent solution

(μ�)2 = c̃t
8K−2
2K−1
⊥ − t̃2. (C12)

The mean-field approach allows us to compute the scaling
with the coupling constants of the following expectation val-
ues:

〈sin(
√

2θa)〉 ∝ t−2
⊥

√
c̃1t

8K−2
2K−1
⊥ − t̃2,

〈sin[
√

2θa(x → ∞)] sin[
√

2θa(0)]〉

∝ t−4
⊥

(
c̃1t

8K−2
2K−1
⊥ − t̃2

)
,

〈cos(
√

2θa)〉 ∝ t̃ t−2
⊥ ,

〈cos(
√

2θa(x → ∞)) cos(
√

2θa(0))〉 ∝ t̃2t−4
⊥ . (C13)

APPENDIX D: NUMERICAL RESULTS
IN THE Z2-SYMMETRY-BROKEN PHASES

In this section, we briefly discuss the challenges of the
numerical convergence in the cases in which we have two
degenerate ground states due to the breaking of the Z2 sym-
metry. The DMRG algorithm can in principle converge to any
state of the two-dimensional ground-state manifold; this can
increase the difficulty of the identification of the nature of the
phases. In this work we identified two such phases, the chiral
superfluid for χ = π (see Sec. IV C) and the biased chiral
superfluid for small values of χ0 = π − χ . (see Secs. IV A
and IV D).

The difficulties of interpreting the numerical results for
the average rung current are apparent when the ground-
state search algorithm uses the Hamiltonian in the leg gauge
[Eq. (16)] for χ = π and L = 60 as seen in Fig. 22(a). For
these parameters we identified in Sec. IV C a phase transition
between the superfluid and chiral superfluid phases at J‖/J ≈
0.3. However, the rung current [red points in Fig. 22(a)] seems
to indicate two transitions at J‖/J ≈ 0.7 and J‖/J ≈ 2, which
we do not expect based on our analytical consideration. This
behavior can be explained by the possibility that for 0.7 �
J‖/J � 2 we numerically converge to one of the chiral states
with strong currents described in Appendix C and for the other
values of J‖/J to an equal superposition of the two states with

FIG. 22. (a) The average rung current, Jr , as a function of J‖/J
for two system sizes, L = 60 and L = 180. The numerical simu-
lations were done with the Hamiltonian either in the leg gauge or
in the rung gauge (see main text, Sec. IV C). The parameters used
are χ = π , U/J = 2.5, and N/2L = 0.5. (b) The density imbalance,
�n, as a function of the flux χ for two different initial states used
in the numerical DMRG simulations. The inset contains the energy
difference, �E , between the two numerical results. The parameters
used are J‖/J = 0.5, U/J = 2.5, N/2L = 0.5, and L = 60.

opposite current patterns. Furthermore, if we analyze a large
system, L = 180, in the same gauge we observe that at large
J‖/J the values obtained for the rung current seem to strongly
depend on the value of J‖/J [orange points in Fig. 22(a)],
which would imply that for each point we obtain different
weights of the superposition.

On the other hand, in the rung gauge (17), we converge
to a state with zero currents for all parameters considered
[magenta points in Fig. 22(a)]. This is consistent with an
equal superposition of the two states with opposite current
patterns. We note that we used the rung gauge for the results
at χ = π presented in the main text. Thus, in order to be able
to identify the chiral superfluid phase in a confident manner,
based on the insights obtained from the mean-field approach
of Appendix C, we computed in Sec. IV C the rung-rung
correlations [Eqs. (22)] and current-current correlations along
the legs [Eq. (23)] which have the same value for any state in
the ground-state manifold.

Furthermore, we analyze the effect of the initial states in
the ground-state search algorithm. We observe in Fig. 22(b)
that in the region in which we identified the biased chiral
superfluid in Sec. IV A the value of the density imbalance
depends on the initial state. Here we used as an initial state a
product state in which all atoms were either on the first leg,
�n = 0.5, or on the second leg, �n = −0.5. Furthermore,
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FIG. 23. The average rung current, Jr , computed in the middle
half of the system for hard-core bosons, (a) as a function of the
strength of the boundary currents j0/J [Eq. (D1)] for J‖/J ∈ {1.5, 5};
(b) as a function of J‖/J for L ∈ {60, 120, 140}, with finite boundary
currents j0/J = 0.25. The parameters used are χ = π , U/J → ∞,
and ρ = 0.5. The maximal bond dimension used was m = 600 for
L = 60, m = 1200 for L = 120, and m = 1500 for L = 140.

the two numerically obtained states have the same energy as
seen in the inset of Fig. 22(b). Our implementation of the
DMRG algorithm guarantees the convergence of the ground-
state energy up to 10−8. We note that the results presented
in Fig. 22(b) do not imply that we converged to the state
with a maximal (or minimal) value of the density imbalance.

However, it does show that we obtained two distinct states in
the ground-state manifold which supports the conclusion that
we break the Z2 symmetry in this regime.

An approach to facilitate the convergence of the DMRG
algorithm to one of the Z2-symmetry-broken states is to add
a term in the Hamiltonian that breaks the symmetry. After-
wards, one extrapolates the results in the limit of strength
of the symmetry-breaking term going to zero. For example,
in order to identify the chiral superfluid phase for hard-core
bosons at χ = π in Sec. V [see Fig. 14(b)], we employed the
following term in the simulations [written in the single-chain
representation, Eq. (8)]:

Hb = −i j0

⎛
⎝ 3∑

j=1

+
L−1∑

j=L−3

⎞
⎠(b†

jb j+1 − b†
j+1b j ), (D1)

which favors the rung current pattern realized in the chiral
superfluid and biased chiral superfluid phases at the bound-
aries of the system. In Fig. 23 we analyze the behavior of
the currents around the chiral superfluid phase when using
boundary currents in the simulations. The average rung cur-
rent in the bulk of the system, computed in the middle half,
as a function of j0/J is shown in Fig. 23(a). We can observe
that for J‖/J = 1.5 the rung current rapidly saturates with
increasing j0/J , and, thus, we can be confident in the presence
of the chiral superfluid phase by extrapolating in the limit
of j0/J → 0. However, for J‖/J = 5 the extrapolation seems
to rather indicate a state without currents. In Fig. 23(b) we
show the average rung current in the bulk of the ladder as
a function of J‖/J for a fixed strength of j0/J = 2.5. We
observe that for 1.2 � J‖/J � 4, the rung current increases
with increasing the system size, we attribute this behavior to
the presence of the chiral superfluid phase (see Sec. V). It is
not easy, for the considered system sizes and value of j0/J , to
distinguish in Fig. 23(b) if a phase transition to a two-mode
superfluid occurs above J‖/J � 4. For this a careful analysis
of the extrapolation and system size dependence is needed.
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