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Structured ground states of randomly interacting bosons
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Bosonic degrees of freedom and their emergence as part of complex quantum many-body dynamics, symme-
tries, collective behavior, clustering, and phase transitions play an important role in modern studies of quantum
systems. In this paper, we present a systematic study of many-boson systems governed by random interactions.
Our findings show that ground states of randomly interacting bosons are not random, being dominated by a few
collective configurations containing condensates of clusters.
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I. INTRODUCTION

Quantum many-body systems display a variety of remark-
able phenomena that emerge as a result of simple interactions
among the constituents. Bosonic degrees of freedom and their
interactions play an important part in the emergent phenom-
ena. In this paper, we address the generic features exhibited
by randomly interacting systems of bosons. The revolution-
ary ideas about statistical properties of quantum systems
date back to the Gaussian orthogonal ensemble of random
matrices introduced by Wigner [1–3], who proposed that a
random matrix ensemble invariant with respect to the choice
of basis be used to describe complex, or chaotic in modern
terminology, quantum systems. Random matrix theory is a
powerful and widely used modern-day tool; for overview, see
Refs. [4–6] and references therein. The well-known physics of
many realistic systems, especially at relatively low excitation
energies, suggest that low-rank embedded ensembles [7] and,
in particular, two-body random ensembles are quite relevant
[8–12]. For numerous realistic atomic and nuclear systems
[5,13,14], high level density leads to strong mixing of basis
states, and the observable properties approach those given by
the predictions of random matrix ensembles.

Over the last two decades, the question of the emergence
of regularities out of chaos has been a particularly interesting
and rapidly developing topic. One of the main highlights is
an observation of an unusually high likelihood for the ground
state of a random system to have zero spin [15]. This remains
true even if the two-body interaction does not favor pairing
or any other obvious force favorable to a net-zero angular
momentum arrangement. Multiple further investigations have
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followed [5,15–24] and many more remarkable features that
emerge out of chaos have been found. In fermionic sys-
tems, the emergence of rotational and vibrational regularities
[17,24] naturally connects this topic to the interacting boson
model [25] and to the more in-depth questions of higher sym-
metries [20,26,27] known to be intrinsic to bosonic systems
and dynamics of shape and phase transitions [28].

While bosonic systems have been discussed for a while
[20,29], there has been a resurgence of interest [30–32] be-
cause of the importance that bosons play in our general
understanding of emergent phenomena, such as symmetries,
formation of effective degrees of freedom, clustering, and
collective dynamics that include pairing and phase transitions.

In this paper, we study bosonic systems with two-body
random interactions. We limit the scope to systems of iden-
tical bosons, although our results are likely to be valid more
generally. We also limit our consideration to ground states.
Other properties, such as emergence of bands and transitions,
will be discussed elsewhere.

II. BOSONIC RANDOM ENSEMBLE

We consider a system of N identical bosons with integer
spin � that interact via the most general two-body Hamilto-
nian:

H =
2�∑

L=0,2,4...

VL

∑
M

P†
LMPLM . (1)

The P†
LM and PLM are boson pair creation and annihilation

operators with angular momentum L and magnetic projection
M. We normalize them so a pair state created from the vacuum
by any of the operators P†

LM is normalized to one. Since the
bosons are identical, they can only be in a symmetric state,
which requires L to be even.

How the many-boson states can be classified in terms of
the rotational group and, specifically for a system of N bosons
with spin �, how many states there are with total spin J,
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labeled as D�N (J ), are important and nontrivial questions.
For completeness of this presentation, we review this subject
in Appendix A; additional information can be found in the
textbook [33]. In certain cases, D�N (J ) is known analytically;
generally, as a function of J it is a peaked curve, so the number
of states with low and high spins is small, see Fig. 14. Cases
of unique states D�N (J ) = 1, which include the aligned state
of maximum spin Jmax = �N , are special as in these cases
the energy is a linear function of the interaction parameters
VL.

For the two-body random forces, we assume an ensem-
ble of Hamiltonians where the matrix elements VL of the
two-body interaction are selected at random from a normal
distribution so

VL = 0 and V 2
L = 1. (2)

There are also the well-known special two-body Hamil-
tonians: pairing, monopole, and square of the total angular
momentum operator, which we review in more detail in Ap-
pendix B, see also Ref. [33]. The monopole operator, which
is related to the number of particles, and the angular momen-
tum operator squared both commute with any Hamiltonian;
thus, we remove these collective components from each re-
alization of Hamiltonian Eq. (1), resulting in the slightly
modified Hamiltonian H ′ of the ensemble, which we refer
to collectively as the primed ensemble. The exact procedure
is discussed in Appendix C. Clearly, the wave functions do
not change; the monopole term only shifts the overall energy
while the J2 term gives a contribution proportional to J (J + 1)
to the energy of each state. We found no significant difference
in the results that are of interest from the removal of the two
collective components; however, doing this helps to address a
potential concern related to these collective terms dominating
the statistics, see Ref. [34].

For each random realization of the Hamiltonian, we study
its ground-state wave function, energy, spin, and other prop-
erties for systems with different numbers of particles. We also
explore correlations and multiboson transitions between the
ground states of different-sized systems. Numerical results
for various systems that we discuss throughout this paper are
shown in Table II. Unless otherwise noted, the results in each
case come from an ensemble of 100 000 realizations. The first
three columns identify the boson spin �, number of bosons N ,
and the spin of interest J, the fourth column shows the number
of states with this spin in the system D�N (J ), and the fifth col-
umn gives the total number of spin states D = ∑

J D�N (J ). We
discuss other columns as we continue with our presentation.

III. GROUND STATE SPIN PROBABILITY DISTRIBUTION

We begin with a discussion of the ground-state spin distri-
bution in Figs. 1 and 2, which show the probability P(J ) of the
ground state having spin J in eight- and seven-particle systems
of � = 5 bosons, respectively. This is a known result, dis-
cussed previously by many authors, and is surprisingly similar
to the systematics found in fermionic systems. Following are
some of the key observations. In a large number of cases,
typically between 30 to 50%, the ground-state spin is equal to
either zero for an even number of bosons or to � (the spin of
an individual boson) if the number of bosons is odd. In dispro-
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FIG. 1. Comparison of ground-state spin distribution for the
original and primed ensembles of 100 000 Hamiltonians. System
of N = 8 bosons with spin � = 5 is considered. The (very small)
statistical error for each spin is shown by an error bar.

portionately many cases, the ground state has the maximum
angular momentum possible: Jmax = N�. The probability of
J = Jmax − N = (� − 1)N is also enhanced. The results for
P(J ) from numerical studies using the primed ensemble are
shown in the sixth column of Table II.

The likelihood of the ground state being aligned with a
maximal spin is affected by the collective J2 term; removal
of this term reduces P(Jmax). The maximally aligned state
represents a condensate of aligned bosons with energy fully
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FIG. 2. Comparison of ground-state spin distribution for the
original and primed ensembles of 100 000 Hamiltonians. System
of N = 7 bosons with spin � = 5 is considered. The (very small)
statistical error for each spin is shown by an error bar.
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FIG. 3. For bosons with spin � = 5, the probability of observing
a ground state of a certain spin J is shown as a function of boson
number N. Line (a) shows the probability of the ground state spin
J = 0 for even N and J = � for odd N. Line (b) shows the probability
of Jmax = N�. To expedite our studies for systems with N > 12,
ensembles of 1000 Hamiltonians were used instead of 100 000,
which resulted in noticeable statistical error shown with the error
bars.

determined by a single matrix element V2�:

E = 1
2 N (N − 1)V2�. (3)

Being collectively scaled with the number of particles and
dependent on this single matrix element, the enhancement
P(Jmax) is not unexpected, although there is no answer for
an exact probability. Some assessments based on extreme
eigenvalue deviations can be made [35]. Other high-spin states
with enhanced chances to appear in the ground state are also
structurally very simple and generally depend only on the few
matrix elements VL with largest L. This is evident from the
comparison of the original and primed ensembles in Figs. 1
and 2. The behavior of P(0), P(�), and P(Jmax) for a system
of bosons with spin � = 5 as a function of the boson number
N is shown in Fig. 3.

IV. EXAMPLE OF d BOSONS

As an introductory discussion, in this section we present
the analytically solvable case of � = 2, d bosons. This prob-
lem is analytically solvable thanks to the additional symmetry
that brings in a conserved quantum number. Details of bosonic
algebras can be found in a number of references [33,36–38].
The spin statistics of ground states for a d-boson system can
be determined analytically [20,30] because there are enough
quantum numbers to make the eigenvalues of the Hamiltonian
linear functions of the two-body interaction parameters VL,

Eq. (10). This is an instructive example that helps guide our
discussion that follows.

For a given N , the number of unpaired particles (called se-
niority) can be ν = N, N − 2, N − 4, . . . , with the smallest
value being 0 or 1 if the number of particles is, correspond-
ingly, even or odd. Any Hamiltonian for d bosons commutes

with the pairing Hamiltonian, making seniority ν a good quan-
tum number. Then, among ν unpaired particles, we can have
some triplets that are coupled to zero angular momentum;
thus, the number f of free particles that are neither in pairs
nor in triplets is f = ν, ν − 3, ν − 6, . . . , with the smallest
number being the remainder from division of ν by 3 (mod-
ulo). These uncoupled f particles are the ones producing the
angular momentum,

J = 2 f , 2 f − 2, 2 f − 3, 2 f − 4, . . . , f , (4)

which can take all integer values between 2 f and f with the
exception of 2 f − 1.

Thanks to seniority being conserved, all states can be
uniquely identified by their spin and seniority. Thus, the en-
ergy from Hamiltonian Eq. (1) is a linear function of the
three interaction parameters V0, V2, and V4. The energy for
N d-bosons as a function of seniority and angular momentum
is

E (ν, J ) = −βν(ν + 3) + γ J (J + 1), (5)

where the coefficients β and γ are given in terms of the two-
body matrix elements:

β = 1
10V0 − 1

7V2 + 3
70V4, (6)

γ = 1
14 (V4 − V2). (7)

Here we disregard some constant terms that depend only
on the number of particles. With only three interaction pa-
rameters, any Hamiltonian can always be written as a linear
combination of pairing, monopole, and angular momentum
squared terms, which provides an alternative perspective on
the result. See Appendix B.

Assuming that the parameters VL obey a normal distribu-
tion, the joint probability distribution for β and γ is

P(β, γ ) = 70√
3π

exp

(
−4

3
(25β2 − 65βγ + 79γ 2)

)
. (8)

From this, we can find various probabilities; for example, the
probability for the case where β and γ are both positive (same
for both negative) is

P(β > 0, γ > 0) = 1

4
+ 1

2π
arctan

(
13

7
√

3

)
≈ 0.38. (9)

These rules provide a direct strategy for determining P(J ).
We will not go into the details of the analytical analysis built
around Eq. (8), the results can be found in Ref. [30]. Because
of pair and triplet clusters, the systematics have a periodicity
of 6 in the number of particles. This periodicity becomes exact
in the asymptotic limit of large N. The ground-state spin can
only be J = 0, J = 2, or J = 2N ; the asymptotic probabilities
P(J ) over the period are summarized in Table I.

To summarize this analytic example, the ground states of d-
boson systems are combined from spin-zero pairs and triplets
or are condensates of aligned bosons in the case of Jmax. Be-
cause interactions are of the two-body type, the triplets of spin
zero do not explicitly contribute to the energy and, depending
on if pairing interaction is attractive or repulsive, the seniority
is correspondingly minimized or maximized. This clustering
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TABLE I. Table shows asymptotic probabilities (N � 1), which
have a periodicity of 6 in the particle number, to see ground state of
spin J = 0, J = � = 2 , and J = Jmax = 2N for d bosons. Probabil-
ities are expressed in percentage. Integer k denotes the period.

N P(0) P(2) P(Jmax)

6k 57 0 43
6k ± 1 2 55 43
6k ± 2 19 38 43
6k ± 3 40 17 43

into pairs and triplets leads to periodicity of 6 in the results, as
shown in Table I.

V. GROUND-STATE ENERGY DISTRIBUTION

There are situations when only one state with given quan-
tum numbers exists in the system. This includes the previously
discussed example of d bosons (with seniority providing an
additional quantum number), cases of an aligned state with
Jmax, and many examples discussed in Appendix A where
D�,N = 1; we specifically mention there J = 0 triplets of
bosons with even �, which are unique (D�,N=3 = 1 for even
�), see Appendix A 2.

In these cases, the wave function |ψ〉 is uniquely deter-
mined by the state’s quantum numbers, which makes the
energy

E =
∑

L

cLVL, where cL =
∑

M

〈ψ |P†
LMPLM |ψ〉, (10)

a linear function of the interaction parameters VL. Some dis-
cussion of analytically solvable models based on linearity is
found in Ref. [20].

From the definition in Eq. (10), it is clear that

cL � 0. (11)

It is also clear that∑
L

cL = N (N − 1)

2
= σmax, (12)

since, similar to the monopole interaction, Appendix B 1, this
sum counts the total number of pairs in the state. We label this
sum in Eq. (12) as σmax because in the ensemble Eqs. (2),

E = 0 , E2 =
∑

L

c2
L, (13)

and conditions Eqs. (12) and (11) constrain the width of the
energy distribution

σ 2
max

� + 1
� E2 � σ 2

max. (14)

The minimum is realized when all � + 1 coefficients cL are
the same. The maximum, which is the most relevant limit
for us, is realized for a pair condensate when only one cL is
nonzero. Thus, σ 2

max is the maximal energy variance that is
possible for a state whose energy is a linear function of inter-
action parameters Eq. (10) in the two-body random ensemble
Eqs. (2). Formation of a condensate that leads to a broad
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FIG. 4. Distribution of J = 0 ground-state energies in a system
with N = 8 and � = 8. The distribution is compared with the Gumbel
distribution in Eq. (15), where a = −14.46(4) and b = 0.183(2).

energy distribution reaching σmax explains the preponderance
of Jmax being a ground state, as well as the enhanced chances
of some other states with high spin.

The energies of the ground states themselves are indepen-
dent identically distributed variables; thus, their distribution
follows one of three universal distributions [39–42]. Here we
have a case of the Gumbel distribution

G(E ) = b exp[b(E − a) − exp(b(E − a))] (15)

because our random ensemble is given by interaction matrix
elements with a normal distribution, and thus the probabilities
of extreme values of energy fall faster than any power law. The
numeric results are in very good agreement with Eq. (15). An
example of the ground-state energy distribution is compared
with the Gumbel function in Fig. 4. The parameters of the
Gumbel distribution can be associated with the number of
degrees of freedom [39,43,44].

For a Gaussian distribution, which is the case for Eq. (10)
at the start of this discussion, the parameters of the distribution
a and b depend on the size of the set of normally distributed
random numbers from which the minimum or maximum is
picked. We associate it with some effective dimensionality D
of states competing to appear as ground states,

|a| =
√

2E2 erf−1

(D − 2

D

)
, b = D f (a), (16)

where erf−1 denotes the inverse error function and function f
is the normal distribution of energies E centered at zero and
with variance E2. We discuss the minimum, thus a is negative.

Using the Gumbel distribution parameters a and b observed
numerically and solving these equations allows us to deter-
mine the effective dimensionality D and the variance E2. In
the limit of large D, the expressions Eqs. (16) can be sim-
plified using the product logarithm function, see Ref. [39]. In
Table II, we include columns that, for each system, show the
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TABLE II. Properties and numerical results for various systems. For numerical results, 100 000 realizations of the two-body random
ensemble were used. Columns 1, 2, and 3 identify the system and the ground-state spin of interest, Sec. II. The next two columns show the
number of states with spin J in a given system, D�N (J ), and the total number of spin states, D�N , see Appendix B. The following column
shows P(J ) in percentage, see Sec. III. The following eight columns separated by double lines correspond to the discussion in Sec. VI. The
parameters qi listed in descending order can be interpreted as the probabilities of a previously determined fixed ith state to be a ground state;
Dgs is the effective dimensionality of space spanned by the ground state. The last four columns separated by the second double line follow the
discussion in Sec. V. They include two parameters of the Gumbel distribution in Eq. (15) and, extracted from these parameters, the number of

states competing to be in the ground state D and the width of the energy distribution
√

E 2/σmax relative to the σmax = N (N − 1)/2.

� N J D�N (J ) D�N P(J ) [%] q1 q2 q3 q4 q4 q6 q7 Dgs a b D
√

E 2/σmax

3 8 0 4 151 63.9 0.549 0.356 0.081 2.6 –8.49 0.162 5.7 0.33
4 8 0 7 526 39.8 0.562 0.161 0.087 2.6 –9.2 0.182 7 0.31
4 12 0 20 3788 64.2 0.391 0.339 0.172 0.049 4 –20.92 0.085 7.4 0.29
5 4 0 2 55 35.7 0.687 0.313 1.9 –3.64 0.599 9.6 0.48
5 5 5 10 141 41.3 0.497 0.194 0.177 0.053 4.2 –4.65 0.459 9.3 0.38
5 6 0 6 338 47.5 0.395 0.291 0.156 0.114 4.2 –6.6 0.321 9.2 0.36
5 7 5 34 734 40.9 0.482 0.177 0.166 0.078 0.051 4.7 –8.63 0.24 8.9 0.34
5 8 0 12 1514 33.9 0.6 0.218 0.127 3.1 –11.67 0.174 8.7 0.35
5 8 32 7 1514 1.1 0.513 0.486 2 –11.1 0.204 10.1 0.31
5 12 0 52 16660 42.6 0.45 0.173 0.146 0.1 0.053 0.03 5.4 –23.21 0.084 8.3 0.3
6 3 0 1 25 22.1 1 1 –2.566 0.859 9.7 0.67
6 4 0 3 86 49.1 0.457 0.381 0.162 2.8 –4.02 0.61 11.3 0.48
6 6 0 8 676 46.9 0.384 0.27 0.181 0.094 4.6 –8.26 0.287 10.8 0.41
6 7 6 63 1656 46.1 0.337 0.216 0.196 0.106 0.061 0.02 6.2 –10.36 0.228 12.4 0.21
6 8 0 20 3788 50.3 0.326 0.233 0.209 0.108 0.039 0.031 5.8 –13.6 0.173 10.7 0.37
6 9 0 28 8150 21.1 0.654 0.249 0.044 2.7 –17.02 0.136 10.4 0.36
6 12 0 127 61108 57.5 0.255 0.243 0.173 0.104 0.09 0.026 0.023 8 –28.4 0.079 10 0.34
7 4 0 3 126 38.5 0.463 0.364 0.173 2.8 –4.22 0.645 13.4 0.48
7 8 0 31 8512 39.3 0.34 0.176 0.126 0.106 0.096 0.072 0.021 7.3 –13.39 0.195 12.5 0.34
8 8 0 47 17575 24.1 0.446 0.153 0.127 0.086 0.074 0.028 6.3 –14.46 0.184 12.9 0.36
9 8 0 71 33885 36.7 0.254 0.154 0.113 0.087 0.067 0.056 0.038 13.5 –14.68 0.204 15.8 0.34

effective dimension D and the variance relative to its maximal
value Eq. (14), namely,

√
E2/σmax. This is done by solving

Eq. (16) given a and b from a numerical fit, such as the one
shown in Fig. 4. Our studies show that due to the small dimen-
sionality of D, this procedure overestimates D and slightly

underestimates
√

E2. For example, numerical studies of nor-

mal distributions that take as input unit width,
√

E2 = 1, and

D = 5, 6, 10, 100 result in the corresponding list of (D,
√

E2)
being (6.5, 0.93), (7.5, 0.93) (12, 0.97) (106, 1); this gives
an idea about the level of error in the inversion procedure.
The two-body random ensemble is certainly more compli-
cated, which is evident from the case of N = 3, � = 6 for
J = 0, where it is analytically known from Eq. (A13) that

σmax =
√

E2 = 3, yet our procedure gives
√

E2 ≈ 2; as seen

in Table II
√

E2/σmax = 0.67. Despite this, the results are
certainly reflective of the width of the energy distribution and
the number of states competing for the ground state position.

The following conclusions can be drawn from this dis-
cussion. First, in all cases studied, only about a dozen states
are competing for the ground-state position, as evident from
the values of D inferred from the distribution of ground-state
energies. Compare D with D�N in Table II. Second, the width
of the ground-state energy distribution is a substantial fraction
of the maximum allowed value that occurs in condensates,
indicating that only a few two-body matrix elements are re-
sponsible for the ground-state structure.

VI. GROUND-STATE WAVE FUNCTIONS

The previous analysis suggests that the states that appear
as ground states are dominated by specific structures. For the
following, let us consider W realizations from the random
ensemble leading to a series of ground states |ϕn〉 with a
particular spin J, where n = 1, 2, . . . , W labels each indi-
vidual realization. As we are dealing with a particular angular
momentum J , each of these wave functions can be expanded
in D = D�N (J ) basis states |Ji〉 which are eigenstates of J2. To
explain our procedure, let us suppose that most wave functions
in the series |ϕn〉 are nearly the same, being close to some
wave function |φ〉 that can also be expanded as

|φ〉 =
∑

i

ci|Ji〉. (17)

To find the best |φ〉 from our ensemble, we should maximize
the sum of all squared overlaps as a function of the unknown
set {c1, c2, . . . , cD},

1

W

∑
n

|〈ϕn|φ〉|2 =
∑
i,k

c∗
i Qikck, (18)

where the matrix element Qik is

Qik = 1

W

∑
n

〈Ji|ϕn〉〈ϕn|Jk〉. (19)
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The solution is well-known; the quadratic form in Eq. (18)
is maximized for the largest eigenvalue of matrix Q. The
eigenvector corresponding to the largest eigenvalue provides
the solution for the set of coefficients {c1, c2, . . . , cD}.

Let qi be a set of eigenvalues of Q organized in descend-
ing order for i = 1, 2, . . . , D, and |φi〉 be the corresponding
eigenvector. As follows from Eq. (18), the matrix is positive
definite so all eigenvalues qi are positive. Moreover, as seen
from Eq. (19), the trace is equal to one, so∑

i

qi = 1. (20)

If all ground states |ϕn〉 actually had the same wave function,
then the sum in Eq. (18) would be equal to one and the
maximal eigenvalue of the factorized matrix Eq. (19) would
be q1 = 1 while the remaining eigenvalues would be equal to
zero.

To highlight the meaning of these eigenvalues, let us imag-
ine that each ground state |ϕn〉 from the random ensemble
always exactly coincides with one of the wave functions |φi〉.
Then, the eigenvalue qi represents a fraction describing how
often a particular ith state happens to be a ground state.

In general, this interpretation provides an assessment of
the dimensionality of space spanned by the ground states
|ϕn〉. As seen in Table II, which includes the most prominent
eigenvalues of matrix Q for each system, in most situations
there are only a few large eigenvalues while all other ones
are small. This indicates that, while the Hilbert space dimen-
sionality given by D�N (J ) can be very large, only a small
fraction of these states appear as ground states. The effective
dimensionality of the space spanned by the ground states can
be evaluated using entropy

Dgs = exp(S), where S = −
∑

i

qi ln(qi ). (21)

The effective dimensionality Dgs is listed in Table II and is
always much smaller than the total number of states of a given
spin D�N (J ).

Let us carry out the analysis of the ground-state wave func-
tions to understand the minor preponderance of ground states
with J = (� − 1)N. Consider the � = 5 and N = 8 system. As
listed in Table II, the J = 32 ground state happens in about
1.1% of realizations, which is a lot given only seven states
with this spin and 1514 possible spin states. Analysis of the
eigenvalues of matrix Q shows that only two are effectively
nonzero. It turns out that in this case the ground-state wave
function is almost exclusively one of two possibilities, with
corresponding probability for |φ1〉 being 51% and the prob-
ability for |φ2〉 being 49%. The realizations with |φ2〉 have
|φ2〉 as a ground-state wave function exactly, with no admix-
tures. Some very small admixtures are present in realizations
with |φ1〉. Assuming linearity and following Eqs. (10), (12),

and (13) we find
√

E2/σmax = 0.77 and 0.71 for φ1 and φ2,

respectively. The φ1 relies on attractive matrix element V10,

while φ2 emerges in the ground state due to attraction in V8.

For the same � = 5 and N = 8 system, the J = 0 ground
state happens in nearly 34% of random realizations. There are
12 J = 0 states in the system, and yet the effective dimen-
sionality is only Dgs = 3. This low dimensionality allows us

1

2

3

FIG. 5. Ground-state wave functions with J = 0 for a system of
N = 8 � = 5 bosons are shown for the two-body random ensem-
ble on a three-dimensional sphere. The dashed line traces the line
formed by the J = 0 wave functions of the Hamiltonians containing
only V0 and V2 matrix elements. Ground states corresponding to the
quadrupole-quadrupole interaction Hamiltonian (square), Hamilto-
nian where V2 = −1 while everything else is zero (triangle), and
pairing (circle) are shown.

to visualize the wave functions |ϕn〉 in Fig. 5 using a three-
dimensional unit sphere. The nth wave function is shown by
a point defined by the three components 〈φ1|ϕn〉, 〈φ2|ϕn〉,
and 〈φ3|ϕn〉, which are the overlaps of |ϕn〉 with the principal
eigenvectors of the Q matrix. The phase is selected so the
first component is positive, thus all points are on the upper
hemisphere. It is remarkable that the points are not covering
the hemisphere uniformly; rather, they form a curve on the
sphere, which indicates even further reduction of the measure
of space spanned by the ground states. Considering J = 0
ground states of the Hamiltonians where only V0 and V2 are
nonzero allows one to trace this curve, shown by the dashed
line in Fig. 5. Special cases corresponding to quadrupole-
quadrupole interaction (square), pairing (circle), and V2 =
−1 while everything else is zero (triangle) are shown. The
highest density of points is in the vicinity of the quadrupole-
quadrupole Hamiltonian ground state (square), while around
pairing (circle) and V2 = −1 (triangle) the density is low.

While some of these findings are specific to the systems
considered, the analysis of ground-state wave functions shown
in this section highlights that, out of the entire space of wave
functions of a given J , those that appear as ground states
span only a small subspace. Their structures are generally
determined by a few matrix elements and their energy dis-
tribution variances, studied in the previous section, suggest
condensate-type structures.

VII. CLUSTERING

As shown above, the ground states of randomly interacting
systems of bosons are not uniformly random vectors in the
Hilbert space; they are special, condensate-type structures
and these properties allow them to have lower energy. The
example of d bosons in Sec. IV, where all J = 0 states are
either pair or triplet condensates, suggests that cluster conden-
sates may be a general feature of boson systems. Oscillatory
behavior as a function of the particle number seen in Fig. 3
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FIG. 6. Venn diagram showing the relationship between the sets
of Hamiltonians from the two-body random ensemble that have a
J = 0 ground state in the N = 4, N = 8, and N = 12 systems of
� = 6 bosons. The numbers show percentage of the corresponding
Hamiltonians from the total ensemble. The diagram is drawn to
properly reflect the scale of sets and their overlaps.

also supports the idea of triplets, quartets, or perhaps even
bigger structures playing a role.

In what follows, we limit our study to J = 0 ground states
in systems of � = 6 bosons. If, similar to d bosons, the J =
0 ground states are condensates, then systems with different
numbers of clusters (but with the same Hamiltonian) should
be similar; we explore this next.

Let us review the sets of Hamiltonians and their over-
laps that produce the J = 0 ground states for various particle
numbers. In Fig. 6, using a Venn diagram (also known as a
set diagram), we show the set of Hamiltonians comprising
the two-body random ensemble that amount to J = 0 ground
states in N = 4, N = 8, and N = 12 systems of � = 6 bosons.
The diagram reflects the sizes of the sets and their overlaps.
All three systems are very similar. For example, the cases
where, with the same interaction Hamiltonian, an N = 4 sys-
tem has a J = 0 ground state but the ground-state spin of the
N = 8 system is nonzero, are rare.

A slightly different situation is seen in Fig. 7 that compares
the sets for J = 0 states in the N = 6, N = 9, and N = 12
systems of � = 6 bosons. All sets overlap covering N = 9.

The N = 3 set is not shown in this figure, but its overlap with
N = 9 is at the 90% level, indicating that in about 17% of
overall cases we are dealing with spin zero triplets.

A. Pairing

It appears that pairs, triplets, and quartets are the most
likely types of clusters. It is most instructive to start with pairs
and pairing. Given that paired ground states are common in
realistic situations, such as the superconducting ground state
of fermions [45] or as a solution of the interacting boson
model for nuclei [25], the prevalence of paired states is natural

FIG. 7. Venn diagram, similar to Fig. 6, showing the set of
Hamiltonians from the two-body random ensemble that have a J = 0
ground state in the N = 6, N = 9, and N = 12 systems of � = 6
bosons. The numbers show percentage of the corresponding Hamil-
tonians from the total ensemble. The diagram is drawn to properly
reflect the scale of sets and their overlaps.

to expect. However, numerous studies with randomly inter-
acting fermions show this not to be the case [19,46,47]. Our
studies also show pairing not to be prevalent for randomly
interacting bosons, with the exception of some very restrictive
situations, such as with d bosons. As was already mentioned
in the discussion related to Fig. 5, the number of realizations
with paired ground states is low. This is evident from the low
density of points around the paired state (orange circle) in
Fig. 5.

In Fig. 8, we show the probability distribution for
〈ϕn(N )|P†P|ϕn(N )〉 (where we denote P ≡ P00) for the N =
12 particle system. Since the eigenvalues of the pairing Hamil-
tonian are known analytically, Eq. (B5), and are associated via
the seniority ν with the number of pairs, NP = (N − ν)/2,
we can assess the typical number of pairs. As evident from
Fig. 8, there are many cases (about a quarter of realizations
when the ground state is J = 0) with no pairs at all, while
most of the remaining systems have about 3 pairs on average.
This is far from the maximum of six pairs that corresponds to
〈P†P〉 = 138/13 ≈ 10.6.

B. Triplets

In a system with even �, the three-boson state with spin
J = 0 is unique, as mentioned in Appendix A 2. This allows
us to uniquely define a triplet creation operator T † ≡ T †

00 that
creates this state from the vacuum. Using the triplet creation
and annihilation operators, we can assess the level of triplet
clustering in the ground states and whether the ground states
of different particle number are connected by triplet removal
and addition.

In Fig. 9, we examine the removal of a triplet from the
J = 0 ground state of the N = 12 particle system T |ϕn(12)〉.
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FIG. 8. The distribution of the pair number is shown for the N =
12 system of � = 6 bosons. The vertical lines show the values from
Eq. (B5) for NP = 0, 1, 2, . . . , 6 pairs. Technically, NP = 5 is not
allowed for J = 0 states but its location is shown for reference.

For each nth realization of the ensemble, using a scatter plot,
we show the overlap of the resulting state with the ground state
of the N = 9 particle system squared |〈ϕn(9)|T |ϕn(12)〉|2 on
the x axis and 〈ϕn(12)|T †T |ϕn(12)〉 on the y axis; the latter
represents the norm of the state after triplet removal. All
points in the figure appear very close to the diagonal line,
meaning that the two quantities are nearly equal; thus, removal
of a triplet from the N = 12 system leads to the ground state
of the N = 9 system. Using a complete set of eigenstates in
the N = 9 particle system labeled by i, the norm on the y axis

FIG. 9. Scatter plot that, for a 12-particle system of � = 6
bosons, shows triplet removal amplitude squared |〈ϕ(9)|T |ϕ(12)〉|2
versus normalization 〈ϕ(12)|T †T |ϕ(12)〉. When triplet removal
identically leads to the ground state of the N = 9 system |ϕ(9)〉 =
T |ϕ(12)〉, the two quantities are equal; this condition is shown by a
dashed diagonal line.

FIG. 10. This figure is similar to Fig. 9 but considers triplet ad-
dition to the N = 9 system; |〈ϕ(12)|T †|ϕ(9)〉|2 versus normalization
〈ϕ(9)|T T †|ϕ(9)〉. When triplet addition leads to the ground state of
the N = 12 system |ϕ(12)〉 = T †|ϕ(9)〉, the two quantities are equal
and the scattered points appear on a diagonal line.

can be expanded as

〈ϕn(12)|T †T |ϕn(12)〉 =
∑

i

|〈ϕ(i)
n (9)|T |ϕn(12)〉|2. (22)

The result shows that a single term with the index i corre-
sponding to the ground state dominates this sum.

In Fig. 10, we show the addition of a triplet to the nine-
particle system, T †|ϕn(9)〉. The results are similar, although
some deviations indicate that the ground states of 12-particle
systems have some small additional components that make
|ϕn(12)〉 slightly different from T †|ϕn(9)〉. More deviations in
the case of cluster addition as compared to cluster removal
appear to be a general feature that we observed for other
systems as well. They could be caused by the presence of
different cluster types—we discuss quartets in what follows—
or by other phenomena.

To study the number of triplets in the ground states, in
Fig. 11 we show the distribution of 〈ϕn(12)|T †T |ϕn(12)〉,
which appeared on the y axis in Fig. 9 for the N = 12 system.
Similar to pairing studied in Fig. 8, this quantity is to be
interpreted as the cluster number. However, unlike for pair-
ing, there are no analytic eigenvalues for the triplet number
operator T †T . Therefore, we diagonalize T †T numerically.
Similar to Fig. 8, the eigenvalues of T †T are shown by vertical
lines in Fig. 11. We expect the J = 0 states in the 12-particle
system to have zero, one, two, or four triplets. Note that a
spin-zero state with three triplets is not possible because three
remaining particles must also have spin zero and thus form a
fourth triplet. Out of 127 J = 0 states in the system, there are
100 zero eigenvalues that we associate with no triplets at all,
NT = 0. The unique largest eigenvalue of about 15 clearly
corresponds to the full condensate of NT = 4 triplets. The
remaining eigenvalues correspond to intermediate situations
but, given clear visible gaps, we can roughly assign those
between about 7 and 10 as corresponding to two triplets and
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FIG. 11. The distribution of the triplet number is shown for the
N = 12 system of � = 6 bosons. The vertical lines show eigenvalues
of the triplet number operator. The histogram in red shows all 58%
of realizations with a J = 0 ground state; the histogram in blue
corresponds to those 19% of ensemble realizations where N = 6 and
9 particle systems also have a J = 0 ground state.

those between about 3 and 5 to one triplet. The red histogram
shows all cases (about 60% of realizations) when J = 0 is
the ground state in the 12-particle system. Out of these, the
blue histogram shows the cases when the same realization also
gives a J = 0 ground state in the N = 6 and N = 9 systems,
which is about 20% of realizations, see Venn diagram Fig. 6.
The peak near the maximum triplet number indicates that
many of these systems (about 10% of all realizations) are
nearly a perfect triplet condensate state. Note that this result
is very different from that seen in Fig. 8 for pairing.

The other peak in the probability distribution near zero
for red cases shows that, where most realizations of six- or
nine-particle systems or both do not have a spin J = 0 ground
state, the J = 0 ground state of the 12-particle system has
no triplets. The fraction of these realizations that possess
J = 0 ground states along with N = 4 and N = 8 systems,
see Fig. 6, is about 38% and the peak in Fig. 11 near zero
(〈ϕn(12)|T †T |ϕn(12)〉 < 0.8) comprises 35% of realizations.
As we discuss in the following subsection, the structure of
those systems is dominated by quartets.

C. Quartets

Quartets are more difficult to address since, generally, an
N = 4 system has several states with spin J = 0, for exam-
ple, D�=6,N=4(0) = 3. One of these states is associated with
pairing while the other two offer different types of possible
quartets. Whichever structure dominates in the ground state
is determined by the Hamiltonian. As seen from the data in
Table II, the effective dimensionality Dgs = 2.8, so all three
J = 0 states appear as ground states relatively often. Thus, for
the study of quartets, we define the quartet operator individu-
ally for each realization using the corresponding J = 0 ground

FIG. 12. This figure is similar to Fig. 9 but considers a quartet
removal from an N = 12 system. Unlike with the triplets, the quartet
is defined for each random realization using a ground state of a
four-particle system. Only those cases are studied where all systems
involved, the N = 4, 8, and 12 systems, have a J = 0 ground state.
This happens in 37.8% of realizations, as seen in the Venn diagram
Fig. 6.

state of the four-particle system, so

O†
n|0〉 ≡ |ϕn(4)〉. (23)

Our results in Figs. 12 and 13, similar to the previously con-
sidered triplets in Figs. 9 and 10, show that the ground states
of these systems are close to those formed by a repeated action
of the quartet operator:

|ϕn(8)〉 ∝ O†
n|ϕn(4)〉 = (O†

n)2|0〉, (24)

|ϕn(12)〉 ∝ O†
n|ϕn(8)〉 ∝ (O†

n)3|0〉. (25)

FIG. 13. This figure is similar to Fig. 12, but for quartet addition
to the ground state of the N = 8 system.
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Thus, the ground states in larger systems are created from an
N = 4 ground state by replicating the quartet several times,
which of course is not a problem for bosons.

Finally, commenting on the structure of the N = 12 sys-
tems, we can summarize that the J = 0 ground state happens
in about 58% of cases, and out of those 16% are dominated by
triplet structure (with 10% being in nearly perfect four-triplet
condensate state) and about 38% by quartets. The overlap
between the two types of structures is small.

VIII. CONCLUSIONS

Random two-body ensembles provide a unique perspective
on the general emergence of phenomena in quantum many-
body physics where out of randomness and complexity unique
features, new degrees of freedom, and collective dynamics
emerge. The main finding of this paper is that the ground
states of bosonic two-body random ensembles are not actually
random.

First, what has been known for some time: the statistics of
spins of states that appear as ground states are dominated by
spin zero for even-particle systems and by a single-boson spin
for odd-particle systems [20,29–32]. The chances of seeing
the most aligned state with the maximum spin possible are
also enhanced, but the coherent boson-condensate structure of
that is known.

Second, our numerical study of the ground-state energy
distribution using extreme value distribution theory shows that
out of all states in the spectrum, only about a dozen actually
compete to be in the ground state. Moreover, all of these states
are collective and their energies scale with the number of pairs
∝N2.

Third, the analysis of the ground-state wave functions
shows that they span a very small subspace out of the total
allowed Hilbert space. As seen in Table II, roughly 80% of
ground-state wave functions are comprised of linear combina-
tions of two components.

Finally, we find that the above results for J = 0 are largely
explained by the formation of condensates of clusters, mainly
dominated by spin-zero triplets and quartets. For spin-zero
triplets, which are uniquely defined, numerical studies show
that ground states of adjacent systems N and N ± 3 are con-
nected by triplet removal and triplet addition; and study of
the distribution of the triplet number operator support that a
large fraction of ground states are triplet condensates. Similar
results are seen for quartets; in that case, the J = 0 ground
states of large systems with N = 8 and 12 have a structure
built from the N = 4 system by repeating it two and three
times, respectively.

There are certainly questions that remain outside the scope
of this paper, including how these results extrapolate for larger
systems and whether larger clusters play a significant role.
It is also interesting that while the interaction is two-body,
pairing does not play a more significant role; reorganization
of particles into clusters of more than two particles clearly
appears to be more favorable. The main conclusion of our
study is that the emergence of correlated structures in quantum
many-body systems of identical particles is highly probable
even though their interactions are random.

d
(J

)

J

� = 2, N = 60
� = 3, N = 40
� = 4, N = 30

� = 10, N = 12

FIG. 14. The fraction of states of a given spin J is shown for
several different systems.
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APPENDIX A: BOSONIC GEOMETRY

The question of spin statistics, namely, how many states of
a given spin there are in a many-body system addresses the
geometry of the Hilbert space, which is independent from the
interaction Hamiltonian. We define D�N (J ) to be the number
of states with spin J (multiplets of 2J + 1 projections) in the
system of N identical bosons of spin �. Then, the dimension-
ality of the Hilbert space is

D′ =
∑

J

(2J + 1)D�N (J ) = (2� + N )!

(2�)!N!
, (A1)

where the prime indicates a quantity that accounts for mag-
netic substates. For convenience of comparison, we define the
total number of states in the system (not including magnetic
degeneracies) as

D�N =
∑

J

D�N (J ), (A2)

and the fraction of states of a given J as

d (J ) = D�N (J )

D�N
. (A3)

In Fig. 14, we show d (J ) as a function of J for several sys-
tems. This is a peaked distribution showing that the fraction
of states with low spins and high spins is low.

The distribution of magnetic projections M, which is the
sum of magnetic projections of individual particles, due to the
central limit theorem, is expected to be nearly Gaussian, see
Refs. [33,48]. Then, having

D′(M ) = D′
√

β

π
e−βM2

, (A4)
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the number of states with a given J is

D�N (J ) = D′(M = J ) − D′(M = J + 1), (A5)

which results in

D�N (J ) ≈ D′β

√
β

π
(2J + 1) e−βJ (J+1) (A6)

and

d (J ) ≈ β(2J + 1) e−βJ (J+1). (A7)

This describes well the results shown in Fig. 14.
The bosonic nature of particles allows only for fully sym-

metric states. This restriction amounts to slight modification
of the distribution Eq. (A4), making it sub-Gaussian (platykur-
tic) with reduced tails.

1. Special structures

The fully aligned state with the maximum spin Jmax is
unique:

D�N (Jmax) = 1, where Jmax = N�. (A8)

For any unique state when D�N (J ) = 1, the energy is a lin-
ear function of the interaction parameters VL. For an aligned
state, a condensate of bosons all with the same maximum
or minimum magnetic projections, the energy from two-body
interactions is

E = N (N − 1)

2
V2�. (A9)

The factor N (N − 1)/2 reflects the number of pairs in the
condensate of aligned bosons.

There is no state with J = �N − 1 and there are always
unique states with J = �N − 2 and with J = �N − 3.

A remarkable symmetry exists between systems of even
number N bosons with spin � and 2� bosons each with spin
N/2, namely, between (�, N ) and (�′ = N/2, N ′ = 2�). As
follows from Eq. (A1), these systems have an identical num-
ber of states and an identical maximum Jmax = �N = �′N ′.
These two Hilbert spaces break down into an identical number
of irreducible representations of the rotational group. Thus,

D�, N (J ) = DN/2, 2�(J ), where N is even. (A10)

In general, the number of states with a certain angular
momentum is not known analytically, but there are special
cases. For N = 2, the result is trivially D�N=2(J ) = 1 and
D�N=2 = � + 1.

2. System of three bosons

For three bosons, the sequence D�,N=3(J ) as a function of
J is actually universal up to J = � + 1, which is to say that
D�,N=3(J ) does not depend on � as long as J � � + 1. We
found a simple relation,

D�,N=3(J ) = D�−2,N=3(J )

+
{

1 for � � J � 3� and J �= 3� − 1

0 otherwise,

(A11)

that allows one to establish the number of states of each spin
analytically. The above relation also implies that the sequence
is unique near the terminating highest angular momentum
J = 3�; in particular, D�,N=3 = 1, 0, 1, 1, 1, 1, 2... for J =
3�, 3� − 1, 3� − 2, . . . . Using this recurrence relation, we
can find the total number of J states D�,N for even and odd �

bosons. This is given by

D�,N=3 = 1

2
(� + 1)2

+
{

1
2 for even �

0 for odd �.
(A12)

For N = 3 odd-parity bosons, the recurrence Eq. (A11)
starts with � = 1 implying that three bosons of any odd angu-
lar momentum � cannot couple to J = 0 and to J = 2, which
is similar to Furry’s theorem.

For three bosons of even parity (starting with � = 2), J = 1
is not possible and states with J = 0, 2, 3, and 5 (assuming
� > 2) are unique. The energy of the unique J = 0 state is

E0 = 3V�. (A13)

3. Spin � = 1 bosons

For a system of bosons with � = 1, the D�=1N (J ) = 1 for
J = N, N − 2, . . . , 0 or 1 and zero otherwise. This property
is well-known for the case of the three-dimensional harmonic
oscillator where, for each shell, N = 2n + J , where the num-
ber of quanta N is represented by the number of bosons and
n is an integer. It is also possible to think about the structure
of aligned states with magnetic projection M = J as being a
two-condensate system: n boson pairs coupled to L = 0 are
combined with an aligned state of N − 2n spin � = 1 bosons,
giving a total angular momentum of J = N − 2n.

4. Spin � = 2 bosons

The number of different spin states for d bosons can be
worked out by considering it as a mixture of two spinless
condensates with free particles: NP of J = 0 pairs and NT of
J = 0 triplets, so N = 2NP + 3NT + f , where f represents
the number of remaining particles not included into the spin-
less condensates. These uncoupled f particles are the ones
producing the angular momentum

J = 2 f , 2 f − 2, 2 f − 3, 2 f − 4, . . . , f , (A14)

which can take all integer values between 2 f and f with the
exception of 2 f − 1.

It is clear that similar condensates of spinless clusters ap-
pear as a generic feature of bosonic many-body states, but the
number of different kinds of spinless clusters grows very fast
and, at some moment, the condensates are no longer orthogo-
nal. For � = 2, the number of J = 0 states can be found as the
number of ways the total number of particles can be broken
into pairs and triplets, i.e., the number of all possible pairs
{NP,NT } so 2NP + 3NT = N.

5. Spin � = 3 bosons

For � = 3, there is no known analytical result, but organi-
zation into clusters is still useful. Considering D�=3N (0) as a

013109-11



WHITE, VOLYA, MULHALL, AND ZELEVINSKY PHYSICAL REVIEW RESEARCH 5, 013109 (2023)

function of the particle number N , we find that, up to N = 30
particles, all states with J = 0 can be represented by spinless
clusters with sizes of 2, 4, 6, 10, and 15 bosons—only for
N = 30 D�=3,N=30(0) = 47, whereas there are 48 different
sets of {N2,N4,N6,N10,N15} possible. Here we use Nn to
denote a number of spinless clusters of n bosons (N2 = NP in
our other notation). Most likely, this implies that a pair of two
spinless 15-boson clusters can be represented as condensates
of other types.

For � = 3, the largest system with no J = 0 states is for
N = 13, D�=3 N=13(0) = 0.

6. Other special cases

For N = 4, the states with J = 4�, 4� − 2, 4� − 3, and
4� − 5 are unique. Other nontrivial cases worth mentioning
are (�, N ) = (5, 5), (5, 7) and (7,5), all have no J = 0 states.
Apart from the already mentioned triplet (�, N ) = (2, 3), a
single J = 0 state appears in (3,15), (3,17), (9,5), and (11,5).
As mentioned earlier, energies of these states are linear func-
tions of interaction parameters. For example, the state of 15
bosons with spin 3 has energy

E = 240
7 V2 + 2925

77 V4 + 360
11 V6. (A15)

APPENDIX B: SPECIAL HAMILTONIANS

There are several important special cases of the two-body
interaction Hamiltonian Eq. (1) that allow for analytic solu-
tions.

1. Monopole interaction

If all matrix elements of the two-body interaction are the
same,

V (m)
L = 1, (B1)

we have the monopole Hamiltonian H (m). In this case, the
pairwise interactions are not sensitive to the types of pairs.
Energies of all many-body states are equal and given by the
number of pairs that can be formed from N particles:

E (m) = 1
2 N (N − 1). (B2)

2. Pairing

Pairs of angular momentum L = 0, whose operators we
denote without subscripts P ≡ P00, are special from the sym-
metry perspective and can serve as building blocks for a
collective J = 0 pair condensate state. For a single type of
bosons, the commutator of pair operators is

[P, P†] = 2� + 1 + 2N

2� + 1
. (B3)

Because of this algebraic property, the pairing Hamiltonian
H (p) = P†

00P00, defined with a set of matrix elements

V (p)
L = δL0, (B4)

has eigenvalues

E (p) = (N − ν)(N + ν + 2� − 1)

2(2� + 1)
, (B5)

where ν is the seniority given by the number of unpaired
particles. The N − ν particles create a single paired state of
zero angular momentum while the ν unpaired particles do not
participate in the interactions at all but add degeneracy and
angular momentum to the state.

3. Rotational Hamiltonian

The square of the angular momentum operator J2 can also
be constructed using the general form in Eq. (1) plus a one-
body term proportional to the number of particles:

J2 = �(� + 1)N + H ( j). (B6)

Here, the two-body part H ( j) is defined by matrix elements:

V ( j)
L = L(L + 1) − 2�(� + 1). (B7)

The eigenvalues of H ( j) are

E ( j) = J (J + 1) − �(� + 1)N. (B8)

APPENDIX C: PRIMED ENSEMBLE

Any Hamiltonian Eq. (1) always commutes with H ( j) and
H (m) because angular momentum and particle number are
conserved quantities. For this reason, the removal of these
two components does not change any structure of the wave
functions, namely, for any α and γ , the Hamiltonian given by

H ′ = H − αH (m) − γ H ( j) (C1)

has wave functions identical to those of H ; the relationship
between energies is

E ′
J = EJ − α

2
N (N − 1) − γ [J (J + 1) − �(� + 1)N]. (C2)

The transformation in Eq. (C1) in terms of matrix elements of
Eq. (1) is

V ′
L = VL − α − γ [L(L + 1) − 2�(� + 1)]. (C3)

The γ = 0 case amounts to an identical ensemble where in
each realization all energies are shifted by a constant.

We determine α and γ from a set of VL by minimizing the
sum

∑
L(2L + 1)V ′2

L , which amounts to a fitting of all two-
particle states, including their magnetic substates. We define
the monopole term

M =
∑

(2L + 1)VL∑
(2L + 1)

(C4)

and angular momentum term

F =
∑

(2L + 1)[L(L + 1) − 2�(� + 1)]VL∑
(2L + 1)[L(L + 1) − 2�(� + 1)]

. (C5)

The minimization procedure determines α and γ as

γ = 3(F − M )

(2� + 3)(� + 2)(2� − 1)
(C6)

and

α = M − γ �. (C7)
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