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Coupling between improper ferroelectricity and ferrimagnetism in the hexagonal ferrite LuFeO3

Hena Das *

Laboratory for Materials and Structures, Tokyo Institute of Technology, 4259 Nagatsuta, Midori-ku, Yokohama,
Kanagawa 226-8503, Japan; Tokyo Tech World Research Hub Initiative (WRHI), Institute of Innovative Research,

Tokyo Institute of Technology, 4259 Nagatsuta, Midori-ku, Yokohama, Kanagawa 226-8503, Japan;
and Kanagawa Institute of Industrial Science and Technology, 705-1 Shimoimaizumi, Ebina, Kanagawa 243-0435, Japan

(Received 9 February 2022; revised 24 November 2022; accepted 29 November 2022; published 6 January 2023)

Here, we propose an idea to realize noncollinear ferrimagnetic orders with a considerably high magnetization
M and their coupling with an improper ferroelectric (FE) order in hexagonal LuFeO3 type systems which exhibit
interesting topological orders. These magnetic and magnetoelectric phenomena are driven by the antisymmetric
Dzyaloshinskii-Moriya interactions between the magnetic ions and their coupling with the ferroelectricity. The
proposed two-sublattice magnetic system, generated by a specific charge-ordered state, forms multiple energet-
ically close, noncollinear ferrimagnetic orders. This offers a platform to manipulate the microscopic magnetic
interactions and to trigger spin-reorientation (SR) transitions by various efficient means. The two-sublattice struc-
ture was realized in the hexagonal phase of LuFeO3 doped with electrons. The proposed electron-doped systems
are expected to exhibit switchable electric polarization (P ∼ 6–15 μC/cm2), considerably high magnetization
(M ∼ 1.1–1.3 μB/Fe), and magnetic transition near room temperature (∼275–290 K). Based on the coupling
between the magnetic interactions and the FE primary order parameter observed in this system, microscopic
mechanisms to achieve electric field E induced SR transitions and 180◦ switching of the direction of M are
discussed.
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I. INTRODUCTION

The antisymmetric anisotropic Dzyaloshinskii-Moriya
(DM) [1–3] exchange interaction between the localized spins
in a magnetic material, which was proposed to comprehend
the weak ferromagnetism [4], has been frequently found to
play a vital role in driving coupling between the electric
and magnetic degrees of freedom in magnetoelectric (ME)
multiferroics [5–9]. However, this interaction being much
weaker in comparison to its symmetric isotropic exchange
counterpart, induces either weak ME effect or weak magne-
tization (M) [4] in a single phase system, thereby impairing
its device applicability [10,11]. For instance, in a LuFeO3

type crystal lattice, a DM interaction induced, strong ME
coupling was predicted [12]. LuFeO3 exhibits an improper
ferroelectric (FE) behavior with an electric polarization of
P ∼ 6.5 μ/cm2 below ∼1040 K driven by a zone bound-
ary [k = ( 1

3 , 1
3 , 0)] structural distortion QK3 , characterized

by K3 symmetry of the paraelectric (PE) P63/mmc phase
[13–15] and antiferromagnetic (AFM) order below ∼147 K
[16–19]. The nontrivial coupling between the DM interactions
and QK3 exhibits a potential to form ME domain structures
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with topological defects and 180◦ switching of M [12,20].
The induced magnetization (M ∼ 0.03 μB/Fe), however, is
very weak [16–21]. In LuFe2O4, a coupling between charge
and magnetic order leads to the formation of collinear fer-
rimagnetic behavior [22–24] with considerably high M ∼
0.8–1.4 μB/Fe [25–28]. Here, a Fe2+/Fe3+ charge ordered
(CO) pattern (Cq) characterized by the two-dimensional wave
vector q = ( 1

3 , 1
3 ) [25–28] creates two magnetic sublattices

and the complex interactions between them drives the ferri-
magnetic order. However, there exists ambiguity pertaining to
its FE and ME coupling phenomena [21,25–27,29–32]. Here,
we seek to explore the possible coupling between the charge
and the magnetic orders in the LuFeO3 crystal lattice, which
exhibits strong coupling between the DM interactions and
ferroelectricity.

Employing first-principles density functional theory (DFT)
calculations and finite temperature Monte Carlo (MC) simu-
lations, we show that the creation of two magnetic sublattices
via a Cq type CO pattern and the cross-talk between them
via the DM interactions can create intriguing phenomena
such as noncollinear ferrimagnetic orders with considerably
high magnetization M, spin-reorientation (SR) transitions,
and 180◦ ME switching, where P and M simultaneously
switch their individual orientations. The two-sublattice sys-
tem, where a Fe2+ triangular lattice is embedded within a
Fe3+ hexagonal lattice, was created in the LuFeO3 crystal
lattice under electron doping. The doped system retains its
improper FE nature with an electric polarization P on par
with the parent system forming various energetically close
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noncollinear ferrimagnetic cooperative orders. The spins in
the two magnetic sublattices are aligned in mutually per-
pendicular (⊥) directions due to the intersublattice DM
interactions, generating an opportunity to achieve electric field
(E) induced SR transitions and ultrafast magnetization control
[24,33–38]. Based on the interplay between the intersublat-
tice DM interactions and QK3 , we discussed the microscopic
mechanisms to achieve E induced SR transitions and 180◦ ME
switching.

II. COMPUTATIONAL DETAILS

The first-principles calculations were conducted employ-
ing the density functional theory DFT + U method [39] with
the Perdew-Burke-Ernzerhof form of the GGA (generalized-
gradient approximation) exchange correlation functional [40]
and using the projector augmented plane wave basis based
method as implemented in the VASP (Vienna Ab initio Simula-
tion Package) [41,42]. We considered U = 4.5 eV and JH =
0.95 eV for the parent LuFeO3 system as was used in the
previous studies [12,21,43]. We cross-checked the stability of
the polar Fe2+/Fe3+ charge ordered structures with respect to
the nonpolar and the disordered phase by varying the value
of the effective Hubbard parameters [U Fe2+

eff = (U − JH )Fe2+

and U Fe3+
eff = (U − JH )Fe3+ ] at the Fe 3d states. We consid-

ered Lu 4 f states in the core. Considering the polar P63cm
and nonpolar P3̄c1 phases, structural relaxations were per-
formed for both the parent LuFeO3 and the carrier-doped
systems, employing 0.001 eV/Å convergence criteria of the
Hellmann-Feynman forces. We used a 6 × 6 × 2 Monkhorst-
Pack � centered k-point mesh and a kinetic energy cut-off
value of 500 eV. In the case of the

√
2 × √

2 × 1 cell size
of the P63cm and P3̄c1 structures, we employed a 3 × 6 × 3
Monkhorst-Pack � centered k-point mesh. We calculated the
electric polarization using the Berry phase method [44] as
implemented in VASP. To determine the lowest energy path as-
sociated with the +P → −P switching process, we employed
the “climbing image nudged elastic band (cNEB)” method
[45]. This method involves construction and optimization of
intermediate configurations to determine the minimum energy
transition path between the initial and the final states. We
constructed five to seven such intermediate configurations in
between the initial and the final states.

To explore the effect of chemical substitution, we studied
the properties of Lu2/3R1/3FeO3 (R = Ce, Hf, Zr, Te, Sn)
compositions. We constructed both Lu/R cation ordered and
disordered structures. To simulate the effect of cation disor-
dering we generated the special quasirandom structures (SQS)
[46] considering the hexagonal and the perovskite phases. To
create the SQS structures, we employed the method of close
reproduction of the perfectly random network for the first few
shells around a given site as implemented in the alloy theoretic
automated toolkit [47]. In various complex oxide systems this
method has been successfully employed to simulate the effect
of cation disordering [48–50].

In order to estimate the symmetric isotropic exchange
(SE) interactions between the magnetic ions, we conducted
total energy calculations of multiple collinear spin orders.
Additionally, the values of single-ion-anisotropy (SIA) pa-

rameters were calculated considering total energy of various
noncollinear spin structures in the presence of spin-orbit (L-S)
coupling as implemented in VASP [51].

We performed classical MC simulations using Metropolis
algorithms [52,53] and proper periodic boundary conditions
as implemented in our group MC package to investigate the
stability of the magnetic phase as a function of temperature
and magnetic parameters. We calculated total energy ξ (T ) as
a function of temperature (T ) by considering NMC number
of MC steps for each temperature step and performing NFe

spin flips. Here NFe represents the total number of Fe ions
in the MC supercell structure. During each spin-flip process
the direction of the selected spin gets randomly rotated with
a uniform probability distribution of the associated unit spin
vector over a unit sphere. The specific heat as a function of
temperature was calculated employing

Cv (T ) = 〈ξ (T )2〉 − 〈ξ (T )〉2

kBT 2
, (1)

where the angular brackets denote thermal average. We also
calculated the magnetization of the system as a function of
temperature as

M� =
〈

1

NFe

NFe∑
i=1

gμBSi
�

〉
, (2)

where � = 1, 2, 3 represents components of M along the
Cartesian axes x, y, and z, respectively. μB is the Bohr magne-
ton and g ≈ 2 denotes the gyromagnetic ratio.

III. RESULTS AND DISCUSSIONS

A. Improper ferroelectric order

P being the secondary effect of a primary distortion, QK3 ,
the FE order in LuFeO3 is improper. QK3 , which breaks
the inversion symmetry of P63/mmc, assumes the form of
FeO5 bipyramids tilted towards (away) the 2̃c axis and results
in one-up/two-down (one-down/two-up) buckling of the Lu
ions [12]. QK3 is defined by its magnitude QK3 and a phase
factor � = nπ

3 , representing the direction of the tilt of FeO5

bipyramids. The nonlinear coupling between QK3 and Q�−
2

induces the electric polarization P directed along the crystal-
lographic c (ẑ) axis, following the Landau free energy [12,15],

F ∼ PQ3
K3

cos(3�), (3)

where n assumes six discrete values (n = 1, 2, 3, 4, 5, 6) due
to Z6 symmetry, where P of the odd and even number struc-
tures are oriented in mutually opposite directions [54]. This
leads to the formation of topologically protected FE and
ME vortex domain structures in rare-earth manganites and
ferrites [20,55–61]. Notably, P3̄c1 also transforms as K3 sym-
metry [62]. GGA + U results considering U = 4.5 eV and
JH = 0.95 eV at the Fe sites [12,21,43,63], show that LuFeO3

crystallizes in the FE P63cm phase with 24 meV/f.u. lower
in energy compared to the P3̄c1 structure. It exhibits P ∼ 14
μC/cm2 which agrees with the previous reports [12].

To simulate the effect of carrier doping, first we
introduced excess carriers in the system by changing the
number of valence electrons and by adding a homogeneous
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FIG. 1. (a) Relative stability (�E ) of the polar phase with respect
to the nonpolar phase as a function of electron doping concentra-
tions x obtained by considering 12 formula unit cell size (

√
2 ×√

2 × 1 supercell of the polar P63cm and nonpolar P3̄c1 structures)
for U Fe

eff = U − JH = 3.55 eV. Inset shows the Cq type Fe2+/Fe3+

charged ordered pattern, where the blue and cyan solid spheres
represent the Fe3+ and Fe2+ ions, respectively. (b) Calculated values
of the electric polarization as a function of the electron doping level
x. The dashed line denotes the value of the electric polarization of
the parent system.

background charge to keep it neutral, like in previous
studies [64,65]. Optimizing both doped P63cm and P3̄c1
structures as a function of electron doping concentration
x [see Fig. 1(a)], we observed that LuFeO3 at the x = 1

3
electrons (e−) per Fe doping level shows the formation
of two distinct types of Fe ions (Fig. 2). Here, 2

3 of
these ions show completely filled majority spin channels
leaving the minority channels almost empty and hence a
3+ nominal oxidation state (3d5 configuration), similar
to LuFeO3 [12,63]. The remaining 1

3 Fe ions show partial
occupancy in the minority spin channels (with the 3d6

electronic configuration resulting in a 2+ oxidation state) in
addition to the completely filled majority spin channels. A
Cq-type CO Cmc21 structure, with each Fe layer consisting of
an Fe2+ triangular lattice embedded within the Fe3+ hexago-
nal lattice [Figs. 2(a) and 2(b)], as observed in LuFe2O4 [25,
66–69], is formed, independent of the effective
Hubbard parameters at the Fe sites [62]. A similar
cation ordered pattern was observed in InCu2/3V1/3O3

[70,71]. The doped system exhibits QK3 distortion
characterized by an electric polarization P ∼ 15μC/cm2

[see Fig. 1(b)] and insulating behavior with ∼0.8 eV

FIG. 2. Cmc21 crystal structure of the electron-doped LuFeO3

exhibiting QK3 distortion consists of (a) one-up/two-down buckling
(denoted with arrows) of the Lu layer and (b) tilting of the FeO5

trigonal bipyramids (represented by the arrows) towards the twofold
screw axis 2̃c. The phase factor � is defined with respect to the
Cartesian coordinate. (c) Upper panel: electron occupancy of the
Fe3+ and Fe2+ ions. Lower panel: calculated density of states (DOS)
of the electron-doped LuFeO3. Right panel: electron occupancy of
the Fe3+ and Fe2+ ions. The trigonal bipyramid oxygen environment
splits the 3d level of the Fe ions as e′ (dxz and dyz), e′′ (dxy and dx2−y2 ).
and a′

1 (d3z2 ), in the order of increasing energy.

band gap, as in LuFeO3. We denote this structure
as S-I.

Next, to determine the feasibility of the experimental re-
alization of the proposed CO polar structures, we explored
the chemical substitution route of electron doping. We studied
the systems where Lu3+ ions are partially substituted by 4+
cations. We started our investigations with Lu2/3Ce1/3FeO3

composition, where 1
3 of the Lu ions were substituted by Ce

ions, as the ionic radius of a tetravalent Ce ion is comparable
to that of a trivalent Lu ion. Thereafter, we optimized the
crystal structures of multiple Lu/Ce cation ordered config-
urations constructed from the P63cm, P3̄c1, and P63/mmc
structures. The lowest energy structure had polar P1 sym-
metry, crystallized in the P63cm type polar structure and
exhibited considerable QK3 type distortion. The Ce ions, irre-
spective of the Lu/Ce ordered pattern, were found to stabilize
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FIG. 3. (a) Formation energies (� f E ) of the Lu2/3R1/3FeO3 (R =
Ce, Hf, Zr, Te, Sn) chemical compositions calculated by employing
the formula given in Eq. (4). Formation energies of the lowest energy
cation ordered structures exhibiting Fe2+/Fe3+ charge disproportion
(SCD), cation ordered structures without Fe2+/Fe3+ charge dispropor-
tion (SWCD), and the SQS structures (SSQS) are presented with solid
black spheres, blue squares, and red stars, respectively. (b) Relative
stability (�H E ) of the hexagonal phases of Lu2/3R1/3FeO3 compo-
sitions with respect to their perovskite counterparts. The calculated
values of �H E for LuFeO3 (LFO) and Lu2/3Sc1/3FeO3 (LSFO) are
shown with dashed green and purple lines, respectively.

in the +4 nominal oxidation state with ∼0.04μB magnetic
moment (see Fig. S6 in the Supplemental Material [62]). The
direct consequence of this effect was the introduction of an
electron per Ce4+ ion in the Fe layer and the subsequent
formation of the Cq type Fe2+/Fe3+ CO pattern [Fig. 1(a)]. In
order to study the effect of Lu/Ce cation disordering, we also
constructed a special quasirandom structure (SQS) [46,47].
As shown in Fig. 3(a), the SQS structure is higher in energy
compared to the lowest energy cation ordered CO polar P1
phase. Nevertheless, a Cq type Fe2+/Fe3+ CO pattern and the
polar atomic displacement pattern were found to form in the
former structure. We further broadened our search considering
other cations that tend to stabilize in tetravalent state. The
results are summarized in Fig. 3. We observed that, similar to
the S-I structure, Hf and Zr substituted systems stabilize in the
polar Cq type Fe2+/Fe3+ CO phase with Cmc21 symmetry and
exhibit insulating behavior. On the other hand, though the low-
est energy Sn and Te substituted structures show the formation
of a Cq type Fe2+/Fe3+ CO pattern, they get stabilized in the
P3̄c1 type antiferroelectric (AFE) phase. Notably, in the case
of all the systems under the present study, the cation ordered
structures forming Fe2+/Fe3+ charge disproportionation (CD)

and Cq type order (SCD) are lower in energy compared to the
SQS structures (SSQS) and the structures which do not exhibit
the Fe2+/Fe3+ CD phenomenon (SWCD) [see Fig. 3(a)].

Figure 3(a) shows the formation energies of the
Lu2/3R1/3FeO3 (R = Ce, Hf, Zr, Sn, Te) compositions with
respect to the energies associated with their decomposi-
tion into stable binary oxides as reported in the Materials
Project [72] database. The corresponding formation energy is
given by

� f E = E [Lu2/3R1/3FeO3] − 1
3 E [Lu2O3]

− 1
3 E [RO2] − 1

3 E [Fe2O3] − 1
3 E [FeO]. (4)

We optimized the structure of the binary oxides by initiating
our calculations from the structures reported in the Materi-
als Project [72] database. We observed that the tendency of
formation of the hexagonal phase of Lu2/3R1/3FeO3 compo-
sitions is higher compared to that of the hexagonal phase of
the parent LuFeO3 system [see Fig. 3(a), where � f ELFO =
E [LuFeO3] − 1

2 E [Lu2O3] − 1
2 E [Fe2O3]]. Additionally, we

also investigated the comparative likelihood of the Lu and
the Fe sites to be occupied by the 4+ cations. We observed
that the formation of the 4+ cations at the sixfold oxygen
coordinated Lu sites is energetically most favorable (Fig. S5
in the Supplemental Material [62]). This is in agreement
with the recent experimental observations on the Zr-doped
Lu0.5Sc0.5FeO3 [73] system. The formation of both Fe2+

and Fe3+ ions due to the substitution by the Zr4+ ions
was also reported through x-ray photoelectron spectroscopy
measurements.

The orthorhombic Pnma structure of AFeO3 systems (A =
rare earth, Y, Sc) are reported to be more stable compared to
their hexagonal counterpart. The hexagonal phase of LuFeO3

was synthesized via a thin-film stabilization [74] method.
Chemical substitution of Lu3+ ions with Sc3+ ions was found
to be an effective route to stabilize the bulk hexagonal phase
of LuFeO3 [75,76]. We indeed observed an enhancement in
the stability of the hexagonal phase compared to its per-
ovskite counterpart in the Sc substituted system [Fig. 3(b)].
Interestingly, in the case of the 4+ cation substituted sys-
tems the hexagonal phase is lower in energy compared
to the orthorhombic Pnma structure [see Fig. 3(b)], indicat-
ing the feasibility of the formation of the hexagonal polar
Cq type Fe2+/Fe3+ CO phase. This observation is consistent
for both cation ordered and disordered structures. We refer
to the 4+ cation substituted polar CO structures as S-II. A
comparative analysis of the Fe-Fe connecting pathways of the
parent, S-I and S-II structures, provided in Fig. S7 in the Sup-
plemental Material [62], indicates that the S-II structures are
expected to exhibit magnetic behavior similar to that of the S-I
system.

In the case of LuFeO3 type systems, as we have discussed
before, the direction of P is coupled with the direction of
the QK3 vector. Therefore, the change in the direction of P
by the application of electric field (E) is expected to be as-
sociated with the change in the direction of the QK3 vector.
We note that a switchable electric polarization with the co-
ercive field (Ec) of ∼800 kV/cm at 300 K was observed in
LuFeO3 thin films [77]. Moreover, the formation of switch-
able electric polarization was also observed in various other
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FIG. 4. The lowest energy switching paths associated with the
Pα+ (�=0) → Pα− (�=π ) process of LuFeO3 (LFO) and the S-I po-
lar structures determined by the cNEB method. λ represents NEB
steps in arbitrary units (arb. units). (b) Calculated energy as a func-
tion of λ corresponding to the Pα+ (�=0) → Pβ− (�=π/3) switching
pathway of the S-I structure. (c),(d) The lowest energy switching
paths and the corresponding electric polarization associated with the
PLZFO → −PLZFO and the PLZFO → −P′

LZFO processes, respectively,
for Lu2/3Zr1/3FeO3 (LZFO) composition. The stars and the solid
triangle represent the calculated energies and electric polarization as
a function of λ, respectively.

AFeO3 hexagonal systems [78–81]. We determined the elec-
tric polarization switching process (P → −P) by employing
the cNEB method [45] and calculated the associated energy
barrier height. The −P state was constructed by inverting the
pattern of the atomic displacements and by optimizing the
structure thereafter. We refer to this process as Pα+(�=0) →
Pα−(�=π ) as it involves the 180◦ rotation of the QK3 vector.
The results corresponding to the parent and the S-I structures
are shown in Fig. 4(a). We observed that in the case of the
parent system, the trajectory is mediated by the PE P63/mmc
structure with an energy barrier of ∼30 meV/atom. On the
other hand, the electron-doped S-I structure shows a three-step
+P → −P switching process mediating through the polar
β−(� = +π

3 ) and γ +(� = + 2π
3 ) type phases, as defined in

the parent system [12]. The intermediate β− and γ + phases
are equivalent to the α− and the α+ phases, respectively. This
indicates that the lowest energy +P → −P switching process
is associated with ±π

3 rotation of the QK3 vector having energy
barrier ∼4 meV/atom [see Fig. 4(b)], which is lower in value
than that of the parent system. Employing the same method,
we also investigated the electric polarization switching phe-
nomena of the chemically substituted systems. The results
for Lu2/3Zr1/3FeO3 (LZFO) are shown in Figs. 4(b) and 4(c).
The calculated electric polarization of the most stable polar
Cmc21 structure is PLZFO ∼ 6 μC/cm2. Interestingly, similar
to the S-I structure, our results show a three-step +PLZFO →
−PLZFO switching process mediated via intermediate polar
Cc structures having polarization P′

LZFO ∼ 16 μC/cm2 [see
Fig. 4(b)]. The −P′

LZFO state has ∼4 meV/atom higher energy
than the +PLZFO state. The +PLZFO → −P′

LZFO asymmetric
and the −P′

LZFO → +P′
LZFO symmetric potential profiles have

∼5 and 11 meV/atom energy barriers, respectively. While the
former process is mediated through a ferrielectric (FIE) Cc
phase, the latter is mediated via the AFE C2/c phase. Both
Ce and Hf substituted systems exhibit switching phenom-
ena similar to LZFO with lowest energy barrier heights ∼5
and 7 meV/atom, respectively, associated with the switching
between two unequal polarization states, similar to asymmet-
ric oxide ferroelectrics [82,83]. This observed asymmetric
energy profile is attributed to the Lu/R cation ordering. A
cation disordered system, on the other hand, is expected
to show a symmetric energy profile as observed in the S-I
structure.

Our results indicate that the electron-doped polar insulating
Cq type Fe2+/Fe3+ CO phases are expected to form through
chemical substitution. Also, the energy barriers associated
with the lowest energy polarization switching pathways for
the electron-doped systems are lower than that of PbTiO3 [84]
and BiFeO3 [85] ferroelectrics. Therefore, a switchable elec-
tric polarization in the predicted electron-doped candidates is
expected to be experimentally realized.

B. Magnetic order and its coupling with FE order

Spin Hamiltonian. To determine the resulting magnetic
order of the two-sublattice system, we conducted MC simu-
lations considering spin Hamiltonian defined as

H =
∑
i �= j

Ji jSi · S j +
∑
i �= j

Di j · Si × S j +
∑

i

Si · τ̂i · Si, (5)

where Ji j and Di j represent the Fe-Fe symmetric isotropic
exchange (SE) and DM interactions, respectively. τ̂i denotes
the SIA tensor of the Fe ions. The spin Hamiltonian consists
of nearest-neighbor (NN), second-nearest-neighbor (2NN) in-
plane and effective interlayer Fe-Fe SE interactions and the
corresponding energy term is given by

HSE =
∑

〈iγ1 , jγ1 〉NN

J [γ1,γ1]
NN Sγ1

iγ1
· Sγ1

jγ1

+
∑

〈iγ1 , jγ1 〉2NN

J [γ1,γ1]
2NN Sγ1

iγ1
· Sγ1

jγ1
+

∑
〈iγ1 , jγ1 〉c

J [γ1,γ1]
ciγ1 jγ1

Sγ1
iγ1

· Sγ1
jγ1

+
∑

〈iγ2 , jγ1 〉NN

J [γ2,γ1]
NN Sγ2

iγ2
· Sγ1

jγ1
+

∑
〈iγ2 , jγ1 〉c

J [γ2,γ1]
ciγ2 jγ1

Sγ2
iγ2

· Sγ1
jγ1

+
∑

〈iγ2 , jγ2 〉2NN

J [γ2,γ2]
2NN Sγ2

iγ2
· Sγ2

jγ2
+

∑
〈iγ2 , jγ2 〉c

J [γ2,γ2]
ciγ2 jγ2

Sγ2
iγ2

· Sγ2
jγ2

,

(6)

where γ1 and γ2 represent two magnetic sublattices as illus-
trated in Fig. 5(a). Here (iγ1, jγ1 ) and (iγ2 , jγ2 ) denote the
site of the Feγ1 (Sγ1 ) and Feγ2 (Sγ2 ) spins in the γ1 and
γ2 sublattices, respectively. The SE interactions between the
consecutive Fe layers mediated via Fe-O-Lu-O-Fe pathways
along the crystallographic c axis (J [γ1,γ1]

ciγ1 jγ1
, J [γ2,γ1]

ciγ2 jγ1
, J [γ2,γ2]

ciγ2 jγ2
) were

taken into account.
NN Fe-Fe DM interactions are depicted in Fig. 5(b), where

the transverse components are induced by QK3 and the lon-
gitudinal components are already existing in the PE phase.
The DM vectors in the consecutive Fe layers are antiparallel
to each other due to 2̃c symmetry. The corresponding energy
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FIG. 5. (a) Symmetric isotropic in-plane exchange interactions between Fe spins in a two-sublattice (γ1 and γ2) model. We considered
inter- (J [γ2,γ1]

NN ) and intra- (J [γ1,γ1]
NN ) sublattice NN symmetric isotropic exchange (SE) interactions. Also, the intrasublattice 2NN SE interactions

(J [γ1,γ1]
2NN and J [γ2,γ2]

2NN ) were taken into account. The sites occupied by the Sγ1 and Sγ2 spins are represented by the blue and cyan solid spheres,
respectively. (b) NN DM vectors acting on the Fe 1 of a single Fe layer. The longitudinal components of the DM vectors orientated along the
positive and negative ẑ directions are shown with dots and cross marks, respectively. The QK3 distortions induce two nonequivalent transverse
components of DM vectors mediated through planar oxygens Op1 (D12 = D13 = D) and Op2 (D12′ = D13′ = D12′′ = D13′′ = D′), respectively.
�D[2+,3+]

xy denotes effective DM interaction acting on Fe 1 as derived in Eq. (11). The transverse components switch their direction with the
QK3 → −QK3 (P → −P) switching process.

contribution is given by

HDM =
∑

〈iγ1 , jγ1 〉NN

D[γ1,γ1]
NN · Sγ1

iγ1
× Sγ1

jγ1

+
∑

〈iγ2 , jγ1 〉NN

D[γ2,γ1]
NN · Sγ2

iγ2
× Sγ1

jγ1
, (7)

where D[γ1,γ1]
NN and D[γ2,γ1]

NN denote NN intra- and intersublattice
DM interactions between the Fe spins, respectively.

The energy contribution arising out of the magnetic
anisotropy of the Fe ions is defined as

HSIA =
∑
iγ1

Sγ1
iγ1

· τ̂
γ1
iγ1

· Sγ1
iγ1

+
∑
iγ2

Sγ2
iγ2

· τ̂ γ2
iγ2

· Sγ2
iγ2

, (8)

where τ̂ γ1 and τ̂ γ2 denote the SIA tensors corresponding to the
magnetic ions in the γ1 and γ2 sublattices, respectively.

Parent LuFeO3 system. Figure 6(a) shows the results of MC
simulations for LuFeO3, where both the magnetic sublattices
are occupied by the Fe3+ ions (S3+ = 5

2 ), as functions of the
transverse DM interactions between the Fe3+ spins (D[3+,3+]

xy )
and their SIA (τ 3+). An independent SIA parameter (τ 3+)
which determines the tendency of the Fe spins to be oriented
in the xy plane or along the ẑ axis was considered. The
details of the spin model and MC simulations are given in
the Supplemental Material [62]. The positive and the negative
values of τ 3+ indicate uniaxial (ẑ) and uniplanar (xy) magnetic
anisotropy, respectively. In this system, both NN and 2NN SE
interactions are AFM in nature with the estimated strengths
of J [3+,3+]

NN ∼ 6.3 meV and J [3+,3+]
2NN ∼ 0.3 meV, respectively,

agreeing well with the previous reports [12]. Geometric frus-
tration created by the six NN AFM SE interactions in the
triangular lattice induces the formation of multiple, energeti-
cally degenerate, 120◦ noncollinear orders [12]. The effective
interlayer AFM � J [3+,3+]

c = Jc − J ′
c ∼ 0.4 meV interaction

breaks the geometric frustration and stabilizes the A2 type
magnetic order (P63c′m′) [Fig. 6(a)]. Here, Jc and J ′

c represent

two nonequivalent SE interactions mediated through Fe-O-
Lu-O-Fe pathways (see the Supplemental Material [62]).
Notably, Fe3+ ions result in uniaxial (ẑ) magnetic anisotropy
with τ 3+ ∼ 0.03 meV, contrasting the in-plane (xy) magnetic
anisotropy of Mn3+ ions in its manganite counterpart [12].
While in-plane magnetic anisotropy orders the spins in the
A2 pattern on the xy plane, the uniaxial magnetic anisotropy
causes a tilt in the A2 ordered plane [Fig. 6(a)]. The D[3+,3+]

xy
generates a canted magnetization. DFT estimated values of
magnetic parameters (see Tables S1 and S2 in the Supple-
mental Material [62]) stabilize θ ∼ 45◦ tilted A2 phase below
∼148 K exhibiting a canted magnetization of ∼0.03 μB/Fe
[62]. These observations, on par with experimental reports
[16–19], establish the effectiveness of the determined spin
model.

Electron-doped system. Figure 6(b) shows the results of
MC simulations for the two-sublattice system S-I. In this
system, (1) the strength of the NN Fe3+ − Fe3+ SE interaction
J [3+,3+]

NN is increased from 6.3 to 8.5 meV (primarily due to
the enhancement of the ∠Fe3+-O-Fe3+ of the mediating path
[62]), (2) the NN Fe2+ − Fe3+ SE interaction J [2+,3+]

NN ∼
1.1 meV is AFM in nature, and (3) while the 2NN Fe2+ −
Fe2+ SE interaction J [2+,2+]

2NN ∼ −0.1 meV is ferromagnetic
(FM) in nature, the J [3+,3+]

2NN remains AFM in nature with a
value of ∼0.3 meV. An effective interlayer SE interaction,
with a value identical to the same interaction in LuFeO3,
was considered [62]. We observed that the Fe2+ ions exhibit
orbital moment μ2+

o ∼ 0.2μB, which is an order of magni-

tude stronger than that of the Fe3+ ions ( μ3+
o

μ2+
o

∼ 0.1). The

Fe2+ ions also exhibit uniaxial magnetic anisotropy having
τ 2+ ∼ 0.2 meV ( τ 3+

τ 2+ ∼ 0.1). On the other hand, we employed
the intersublattice DM interactions (D[2+,3+]) as a variable in
MC simulations, which played a vital role in the determination
of the magnetic order.

Our results [Fig. 6(b)] show the formation of noncollinear
ferrimagnetic orders, where the FM ordered Fe2+ spins are
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FIG. 6. (a) Calculated out-of-plane Mz (upper panel) and in-plane Mxy (lower panel) components of magnetization (M) as functions of
D[3+,3+]

xy and SIA parameter τ 3+ for the parent system. Insets: A2 spin ordering and the tilt (θ ) of the A2 spin ordered plane, which is denoted
by the tilt of the direction of M with respect to the ẑ axis. Star denotes DFT estimated values of D[3+,3+]

xy and τ 3+. The results correspond to
D[3+,3+]

z ∼ 0.1 meV as estimated from DFT [12]. (b) Calculated out-of-plane Mz (upper panel) and in-plane Mxy (lower panel) magnetizations
as functions of D[2+,3+] parameters for the system doped with x = 1

3 per Fe e−. (c)–(e) Identified noncollinear ferrimagnetic orders F1, F2, and
F3, respectively, and their schematic representations. Red and orange arrows represent Fe3+ and Fe2+ spins, respectively.

perpendicularly oriented to the direction of the AFM ordered
Fe3+ spins (L3+ denotes AFM order parameter), resulting in
a net magnetization M. Without D[2+,3+], the Fe2+ spins do
not show any cooperative order. Three magnetic phases were
identified, namely, F1, F2, and F3 [Figs. 6(c)–6(e)]. F1 aligns
the major components of the Fe2+ and Fe3+ spins along the
ẑ axis and in the xy plane, respectively, giving rise to the
longitudinal and transverse components of M as

Mz ∝ �D[2+,3+]
xy × L3+, (9)

�Mxy ∝ �D[2+,3+]
z × L3+. (10)

F2 corresponds to coplanar, mutually perpendicular Fe2+ and
Fe3+ spins with major Mxy and minor �Mz (induced by
�D[2+,3+]

xy ) components. In F3, the major Fe2+ and Fe3+ spins
are oriented in the xy plane and along the ẑ axis, respectively.
The stability of these phases is controlled by the complex
interplay between the effective Fe2+ − Fe3+ DM interactions,

�D[2+,3+] ≈ (
D̄[2+,3+]

xy cos�, D̄[2+,3+]
xy sin�, D̄[2+,3+]

z

)
, (11)

and the SIA (τ 2+ and τ 3+). Here, D̄[2+,3+]
xy = 2D[2+,3+]

xy and
D̄[2+,3+]

z = 6D[2+,3+]
z . Both the direction and magnitude of

D̄[2+,3+]
xy are synchronized with QK3 [Fig. 5(b)] [62].
Next, we conducted GGA + U total energy calculations

considering the polar and nonpolar structures of the ferrimag-
netic orders. The F1 and the F2 ground-state magnetic orders
appear in the polar and the nonpolar phases, respectively
[Fig. 7(a)]. These results are in harmony with the MC solu-
tions obtained in the D[2+,3+]

xy > D[2+,3+]
z magnetic parameter

space [Fig. 7(b)]. This indicates an F1 → F2 SR transition
with the modulation of the �D[2+,3+]

xy parameter synchro-
nized with QK3 (Fig. 5). Temperature also drives an F1 → F3

SR transition [Fig. 7(b)]. At low temperatures (∼ 5, K) F1

cooperative order forms as τ 2+
τ 3+ > 2(S3+ )2

(S2+ )2 . However, at high
temperatures F3 order is formed due to entropy. The paramag-
netic (PM) to ferrimagnetic phase transition temperature (Tc)

is primarily determined by the relative J [2+,3+]
NN

J [3+,3+]
NN

strength, which

also controls the magnitude of magnetization [62]. In the e−-
doped system, Tc ∼ 290 K and M ∼ 1.1 μB/Fe (Fig. S18 in
the Supplemental Material [62]), both are significantly higher
than their LuFeO3 counterparts [12,16–19], indicating an ef-
fective route to enhance the magnetic properties of LuFeO3.
In fact, the Cq type CO pattern was found to form at lower
levels of doping with a potential to induce considerable en-
hancement in the magnetic properties of LuFeO3 (Fig. S20 in
the Supplemental Material [62]). Additionally, we also esti-
mated the values of the magnetic parameters corresponding
to the S-II structures (Tables S1 and S2 in the Supplemental
Material [62]) and conducted the MC simulations. We ob-
served that the magnetic behavior of the S-II systems are
remarkably similar to that of the S-I system [see Figs. 7(c)
and 7(d)], both exhibiting temperature induced F1 → F3 tran-
sition. This has also been indicated by the comparable features
in the Fe-Fe connecting pathways of these systems. The
Lu2/3R1/3FeO3 systems exhibit Tc and M ranging from 275 to
285 K and M ∼ 1.1 to 1.3 μB/Fe, respectively. The F1 → F3

SR transition takes place around 35 K. We cross-checked the
MC predicted ground states by performing DFT + U calcula-
tions with L-S coupling.

Coupling between FE and magnetic order. As we have
discussed before, in the case of the electron-doped systems,
the P → −P process leads to the rotation of QK3 by an angle
�� = π

3 . Here, we discuss probable ME processes based on
the S-I structure. The trilinear coupling between �D[2+,3+],
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FIG. 7. ( a) GGA + U calculated total energy of the ferrimagnetic phases in polar (upper panel) and nonpolar (lower panel) structures
with respect to the energy of the polar F1 phase. (b) Constructed temperature vs D[2+,3+]

xy phase diagram using MC results. PM represents
paramagnetic phase. The PM to ferrimagnetic order and SR transition temperatures are marked with solid black spheres and squares,
respectively. The parameter spaces R-I and R-II represent |D[2+,3+]

xy | < |D[2+,3+]
z | and |D[2+,3+]

xy | > |D[2+,3+]
z |, respectively. (c) Estimated PM

to ferrimagnetic F3 and F3 → F1 transition temperatures for the electron-doped systems by MC simulations. (d) Calculated magnetization
M and polarization P of the electron-doped systems. LCFO, LHFO and LZFO denote Lu2/3Ce1/3FeO3, Lu2/3Hf1/3FeO3 and Lu2/3Zr1/3FeO3

compositions, respectively.

M, and L3+ [Eqs. (9) and (10)] and the coupling between
�D[2+,3+] and QK3 [Eqs. (11) and Fig. 5] show that the ro-
tation of the QK3 vector induces either L3+ or Mz to rotate,
thereby suggesting two probable ME processes [62]. The for-
mer process is characterized by the rotation of QK3 by ±π

3
leading both L3+ and �Mxy to rotate in phase by π

3 . However,
here, Mz does not change its direction. In the latter case, the
rotation of QK3 by ±π

3 induces both L3+ and �Mxy to rotate
out of phase by 2π

3 leading to the 180◦ switching of Mz. In
the present system, the Mz → −Mz process is expected to be
more feasible, as the intermediate F2 state exhibits the lowest
transition barrier height [Figs. 7(a) and 7(b)] and is associ-
ated with lower magnetostatic energy. The S-II structures are
expected to behave in a similar fashion.

IV. CONCLUSIONS

In summary, we predict noncollinear ferrimagnetism, SR
transitions, and 180◦ ME switching phenomena governed
by the coupling between charge ordering, DM interactions,
and improper ferroelectricity. These predictions are based on
MC simulations on a two-sublattice model, constructed by

doping the improper FE hexagonal phase of LuFeO3 with
electrons. We elucidate the prospective microscopic mecha-
nisms to control the stabilization of ferrimagnetic orders by
applying electric field E induced SR transitions and 180◦
switching of M. Our proposed model will expectedly con-
tribute to a deeper understanding of the observed ME behavior
of (LuFeO3)m/(LuFe2O4) superlattices at room temperature
[21,43,61], where formation of the e−-doped head-to-head
LuFeO3 domain wall was reported. Our predictions are
expected to motivate the designing of noncollinear ferrimag-
netic materials with prospective applications in spintronics
technology.
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