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High-pressure II-III phase transition in solid hydrogen:
Insights from state-of-the-art ab initio calculations
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The high-pressure II-III phase transition in solid hydrogen is investigated using the random phase ap-
proximation and diffusion Monte Carlo. Good agreement between the methods is found confirming that an
accurate treatment of exchange and correlation increases the transition pressure by more than 100 GPa with
respect to semilocal density functional approximations. Using an optimized hybrid functional, we then reveal a
low-symmetry structure for phase II generated by an out-of-plane librational instability of the C2/c phase III
structure. This instability weakens the in-plane polarization of C2/c leading to the well-known experimental
signatures of the II-III phase transition such as a sharp shift in vibron frequency, infrared activity, and lattice
parameter ratio c/a. Finally, we discuss the zero-point vibrational energy that plays an important role in
stabilizing phase III at lower pressures.
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The phase diagram of pure hydrogen has intrigued
and challenged theoretical and experimental physicists for
decades. Despite being the simplest element, high-pressure
hydrogen forms complex solid phases governed by strongly
interacting electrons and quantum nuclei [1–3]. Present
knowledge suggests that at low pressure, hydrogen consists of
freely rotating molecules centered on a hcp structure (phase
I). At 110 GPa the Raman roton bands disappear [4,5], and
small vibron discontinuities are observed [6]. This is the onset
of the broken-symmetry phase (phase II), in which the rota-
tional motion is hindered due to the increasing anisotropic
intermolecular interactions, while maintaining strong fluctu-
ating behavior due to the relevance of nuclear quantum effects
(NQEs) [7–10]. Around 150 GPa, hydrogen enters phase III.
The II-III phase transition has been the subject of several
studies [11–18]. The transition is detected by the sharp drop
in vibron frequency [19,20], combined with a rapid increase
in infrared (IR) activity [6]. The spectral signatures are exper-
imentally well established, and the structures are not expected
to largely deviate from the hcp symmetry [21]. However, little
is still known concerning the orientational order. Although
several structures have been proposed based on theoretical
considerations [15,22–28], large uncertainties remain since
their relative energies have been difficult to accurately deter-
mine with first-principles calculations. This is not only mainly
due to the approximate treatment of the electron-electron
interaction [29–31], but also due to difficulties in including
NQEs [32–36].
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The most promising candidates for phase III are layered
structures, in particular, one of C2/c symmetry [37–41] and
a more recent one of P6122 symmetry [42,43]. The planar
arrangement of the H2 molecular units induces a polarization
and stretches the H2 bond length. This leads to the strong IR
activity and the softened vibron frequency when compared
with the many phase II candidate structures, which all con-
tain canted molecules with respect to the hcp planes [15,28].
Most approximations within density functional theory (DFT)
predict the static (i.e., clamped nuclei) II-III transition to
occur below or around the experimental value at about 150–
155 GPa [18,21]. However, more accurate diffusion Monte
Carlo (DMC) [30] and coupled-cluster single-double (CCSD)
[31] calculations have been shown to shift the static transition
pressure beyond 250 GPa. Adding zero-point vibrational en-
ergies from DFT to the DMC enthalpies reduces this result by
20 GPa only [30]. These results either question the structures
or suggest that the relative role played by the electron-electron
interaction and lattice dynamical effects is not well under-
stood.

In this Research Letter, we reexamine the II-III phase
transition in solid hydrogen using state-of-the-art ab initio
calculations based on the random phase approximation (RPA)
and DMC. We discover a low-symmetry structure for phase II
that is stabilized by nuclear vibrations and, unlike previous
candidate structures, emerges from a continuous symmetry
breaking of phase III. This rationalizes several experimental
outcomes. Furthermore, we show that the transition pres-
sure is compatible with experimental findings when accurate
electronic energies are considered, together with zero-point
energy variations. We finally provide an estimate of NQEs, in
terms of quantum anharmonicity across the transition.

Many previous works have applied DMC to hydrogen, and
it provides the gold standard for this system [29,30,44,45].
Here, we use DMC in its lattice-regularized version [46] to
project an initial variational wave function of Jastrow-Slater
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FIG. 1. RPA (red) compared with DMC (black) [(a) and (b)] and HYBopt (blue) (c). The “@DFT” notation refers to the DFT approximation
used to optimize the geometry at fixed pressure. The P21/c-24@PBE result is extracted from Ref. [30]. The DMC error bars are indicated by
a gray shaded area, having a height of ±0.9 meV, around the mean values.

form, with Slater orbitals generated by DFT within the local
density approximation. Further details can be found in the
Supplemental Material (SM) [47].

The RPA is known for high accuracy at moderate compu-
tational cost [48–50] and is here applied to hydrogen for the
first time. It combines exact exchange with a formally exact
expression for the correlation energy Ec written in terms of
the dynamical linear density response function χλ

Ec = −
∫ 1

0
dλ

∫ ∞

0

dω

2π
Tr {v[χλ(iω) − χs(iω)]}. (1)

Within the RPA, χλ(iω) fulfills the time-dependent Hartree
equations: χλ(iω) = χs(iω) + χs(iω)λvχλ(iω), where χs(iω)
is the independent-particle Kohn-Sham response function and
v is the Coulomb interaction. Including a vertex via the exact-
exchange kernel leads to the RPA with exchange (RPAx),
which has proven to give more reliable energy differences
due to systematically improved total energies [51–56]. Here,
we will use the RPAx, not only as an additional validation of
the RPA, but also to optimize the fraction of exchange in an
approximate hybrid functional.

We start by demonstrating the performance of RPA in
the 100–300 GPa pressure range. We study several struc-
tures previously proposed in the literature (denoted by their
symmetry and number of atoms): P21/c-24, P63/m-16, and
Pca21-8 for phase II and C2/c-24 and Cmca-12 for phase
III. Within a given symmetry the geometry is optimized using
the van der Waals density functional (vdW-DF) [57]. Previous
calculations have shown that this functional gives accurate
geometries at fixed volume for molecular solid hydrogen [29].
In Fig. 1(a) we report the results for the static enthalpy differ-
ence between P21/c-24 and C2/c-24 with DMC and RPA, as
well as the result from an earlier DMC calculation that used
structures optimized with the Perdew-Burke-Ernzerhof (PBE)
functional [30]. For comparison, RPA results obtained on PBE
structures are also presented [58]. First of all, we see that the
shift in transition pressure due to the change of functional used
to optimize the geometry is of the order of 20 GPa with both
DMC and RPA. Secondly, RPA is found to be in very good

agreement with DMC, staying consistently within 2 meV/H
around the DMC mean value over the whole pressure range.

In Fig. 1(b), P63/m-16 and Cmca-12 are also included.
A recent CCSD calculation of static enthalpies predicted the
phase II candidate P63/m-16 to be the most stable phase up
to 350 GPa [31]. Our DMC calculation contradicts this result,
with P63/m-16 being degenerate with P21/c-24 within error
bars (±0.9 meV). This behavior is also confirmed by our
RPA calculation, and it is independent of the theory used
to optimize the geometry. There is also a good agreement
between DMC and RPA for the Cmca-12 structure. Cmca-12
was originally a candidate for phase III but is now expected to
become important at higher pressures, close to the insulator-
to-metal transition [38–41,44,45,59].

We have also carried out RPAx calculations on the same
structures. Including exchange in the response function has a
very small effect on the RPA energy differences in these sys-
tems, as shown in the SM [47]. Thus the agreement between
RPA, RPAx, and DMC provides strong confirmation that
the static II-III transition pressure, with the currently known
structures, should lie at about 225–250 GPa, irrespective of
whether P21/c-24 or P63/m-16 is used for phase II. We will
later show that, according to our most accurate calculations, a
third competing symmetry for phase II, i.e., Pca21-8, lies very
close in energy to the other two phases. These results imply
an overestimation of 70–100 GPa with respect to experiment.
This is also independent of whether C2/c-24 or P6122-36 is
used for phase III. Indeed, they can be considered degenerate
within the DMC error bars in the pressure range analyzed here
(see SM). However, we chose C2/c-24 as a reference structure
for phase III in what follows.

To investigate the reason for the difference with respect
to experiment and to include effects of lattice vibrations, we
now analyze the possibility of using a hybrid functional that
retains the DMC and RPA accuracy at a cheaper cost. The
standard PBE0 functional with 25% of exchange does not
improve the enthalpy differences with respect to semilocal
DFT functionals (see SM [47]). However, exact exchange is
clearly of crucial importance in the molecular phases of solid
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hydrogen since PBE and Hartree-Fock alone give II-III tran-
sition pressures at 110 GPa and beyond 450 GPa, respectively
[31]. We will therefore optimize a new fraction of exchange
using the accurate RPAx total energy. The optimization is
carried out by minimizing the RPAx total energy of an isolated
H2 molecule with respect to the fraction of exchange used to
generate the input density [60,61]. The approach is described
in Ref. [56] and in the SM [47]. We find a minimum at 48%,
which is well beyond the standard value. The results from
this optimized hybrid functional, which we denote as HYBopt,
are presented in Fig. 1(c). The good agreement with RPA
shows that a hybrid functional with a carefully chosen exact-
exchange fraction is sufficient to produce accurate enthalpies.

We can now use HYBopt to study the stability of the
structures and the impact of their relaxed geometry [62].
Comparing enthalpy differences using vdW-DF and HYBopt

geometries gives a difference of less than 1 meV/H. The
static enthalpy differences that we have obtained with vdW-
DF geometries are thus robust to further variations in the
geometry. The stability of the structures can then be studied
by calculating the vibrational spectra. With HYBopt we are
limited to �-point vibrations, but with vdW-DF we can study
dense q-point grids. We found P21/c-24 and P63/m-16 to
both be stable with vdW-DF in the pressure range investi-
gated. Interestingly, C2/c-24 is found to have � instabilities
(two nearly degenerate imaginary phonons) below 215 GPa
with HYBopt and below 150 GPa with vdW-DF, i.e., exactly
at the expected static II-III transition within the given func-
tional. The lowest vdW-DF libron that becomes imaginary is
shown as a function of pressure in Fig. 2(a). We note that a
similar behavior has been observed by Raman spectroscopy
[5,14,63,64], suggesting the onset of a libron instability within
phase III, in proximity to the transition pressure. The unstable
libron mode generates a structure with lower symmetry, in
which two-thirds of the C2/c-24 molecules are rotated out of
plane (the structures are visualized in the SM [47]). The space-
group symmetry is thereby reduced to P-1, i.e., only inversion
symmetry remains. By displacing the atoms in C2/c-24 ac-
cording to the phonon mode eigenvector, we find a symmetric
double-well potential. However, the minimum of this potential
is strongly underestimated since the molecular tilting should
be accompanied by an H2 bond length contraction and an
expansion of the lattice parameter ratio c/a. Indeed, after a full
geometry relaxation, the energy gain increases by two orders
of magnitude. Using our HYBopt optimized geometries, the
lowering of energy is confirmed at both the RPA and DMC
levels [Fig. 2(d)].

In Fig. 2 we summarize the results for the phase diagram
with clamped nuclei, including also the stable Pca21-8 phase
II structure. Comparing DMC, RPA, HYBopt, and vdW-DF, a
clear trend emerges. The position of the instability in C2/c-24
coincides with the transition between C2/c-24 and all the
proposed phase II structures, which are all nearly degenerate,
independently of which functional is used. Furthermore, all
approximations predict the P-1-24 structure to lie above the
phase II candidates. Therefore P-1-24 does not appear com-
petitive at any pressure. However, this picture changes when
we consider lattice vibrations.

Let us now include lattice dynamics via the harmonic zero-
point vibrational energy (ZPE). Due to the presence of the

FIG. 2. The frequency of the unstable vdW-DF libron as a func-
tion of pressure is shown in (a), with the imaginary frequency (gray)
shown as a negative frequency. Relative static enthalpy of P21/c-24,
P63/m-16, and Pca21-8 with respect to C2/c-24 for (b) vdW-DF,
(c) HYBopt, and (d) RPA. The enthalpy of the structure obtained by
following the librational instability of C2/c-24 is also displayed and
is denoted as P-1-24. The DMC results for P-1-24 are marked with
blue diamonds in (d). Their size spans the range covered by the DMC
error bars.

C2/c-24 instability, it is necessary to use the same functional
for the electronic energy as for generating the structures and
computing the ZPEs. Previous calculations used PBE struc-
tures, where such an instability occurs below the range of
interest (at 110 GPa) [30]. Calculating the ZPE with RPA and
HYBopt is presently not feasible due to the high computational
cost of using supercells. However, we can consistently include
the ZPE within the cheaper vdW-DF functional [65]. The
result can be found in Fig. 3. We immediately see that the
corresponding picture is different. The phase II candidates
are all shifted by roughly the same amount, falling above
the C2/c-24 and P-1-24 structures. Below 150 GPa, P-1-24
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FIG. 3. Relative enthalpies within vdW-DF including ZPEs in
the harmonic approximation. The ZPE of P-1-24 is smaller than the
ZPE of P21/c-24, P63/m-16, and Pca21-8, reversing their order of
stability.

is now the most stable. Given the similarity in qualitative
behavior between the different functionals, it is plausible that
we would find the same ordering of enthalpies with the more
advanced electronic structure methods.

Having shown that P-1-24 is a promising candidate for
phase II, let us move to an in-depth analysis of the transition.
A well-established experimental feature of the II-III phase
transition is the sharp shift of 80 cm−1 in vibron frequency
[19–21,59]. In Fig. 4 we plot the lowest vibron frequency,
which is Raman active, as a function of pressure. Figure 4(a)
shows the vdW-DF results for C2/c-24, P21/c-24, P63/m-16,

and Pca21-8, and Fig. 4(b) shows the HYBopt results for
C2/c-24 and P21/c-24. The change of C2/c-24 into P-1-24

Expt. Expt. 

FIG. 4. (a) The lowest vibron frequency as a function of pressure
within vdW-DF for P21/c-24, P63/m-16, Pca21-8, and C2/c-24.
A rapid upshift in the frequency is observed at the transition from
C2/c-24 (solid line) to P-1-24 (dashed line). A similar shift is seen
in the ratio c/a, as shown in the upper panel. (b) The same results
with HYBopt for P21/c-24 and C2/c-24. The black dots joined by the
dotted line correspond to the frequencies obtained from the unstable
C2/c-24 structure. The experimental shift of 80 cm−1 at 155 GPa
[20] is marked in both panels (vertically upshifted with respect to
experiment).

is marked by dashed lines. At 155 GPa, i.e., at the transition
to P-1-24, the C2/c-24 vdW-DF vibron exhibits a continuous
but sharp increase, whose size is very similar to the experi-
mental result marked in red [20]. There is an overall difference
of approximately 400 cm−1 with respect to experiment that
can only be accounted for when calculating the vibrations
beyond the harmonic approximation [41,66]. We note that
the frequency shift going from C2/c-24 to P-1-24 agrees
better with experiment than going from C2/c-24 to any of
the other candidate phase II structures. We expect effects of
anharmonicity to mostly cancel, but any effect would most
likely increase the shift since the C2/c-24 vibron is more
anharmonic due to the stronger in-plane interactions. The
HYBopt result is qualitatively similar to the vdW-DF result,
although the vibron shift appears sharper and is smaller than
with vdW-DF. However, when extrapolated to 155 GPa using
the unstable C2/c-24 structure (i.e., when calculated at the
experimental transition pressure), the shift again agrees well
with experiment.

So far, C2/c-24 has only been challenged by the similar
P6122-36 structure [42,43]. To show that the mechanism we
found is common to these phase-III types of structures, we
have repeated the calculations above for P6122-36. Indeed, the
vibron shift is almost identical and is caused by a librational
instability very similar to the one in C2/c-24. The results
can be found in the SM [47]. One could reasonably assume
that other energetically competitive planar structures, if found,
for example, by structural searches using a functional beyond
PBE, are likely to exhibit the same feature.

The cause of the abrupt change in vibron frequency is
related to the shortening of the intramolecular bond lengths
in P-1-24. Indeed, the out-of-plane rotation of the H2 units
weakens the in-plane intermolecular interactions that stretch
the bond length. At the same time, the c parameter of the
nearly hexagonal lattice abruptly increases. In the upper pan-
els of Figs. 4(a) and 4(b) we have plotted the lattice parameter
ratio c/a as a function of pressure. We observe a shift very
similar to the one in vibron frequency [67]. This behavior
has also been observed by x-ray diffraction [21]. In addi-
tion, by studying the charge distribution, we find that the
polarization of some of the molecules reduces by a factor
of 2 when rotated out of plane (see SM [47] for a Bader
analysis [68,69] of the charges in C2/c-24 and P-1-24). This
change is reflected in the IR activity, which rapidly decreases
moving from phase III to phase II [6]. In the SM we present
the IR intensity as a function of pressure using the vdW-DF
functional. A qualitatively good agreement with experiment is
found.

Let us finally discuss the vibrational contribution to the
pressure of the transition from P-1-24 to C2/c-24. The exact
calculation of the transition pressure, including all effects
of vibrations, represents a very difficult task. Indeed, the
electron-electron interaction should be described at least at
the level of a hybrid functional, and lattice vibrations should
be calculated beyond the harmonic approximation. However,
we can make an initial estimate by calculating the variation
in the harmonic ZPE due to the change in vibrons only. The
12 vibrons are only weakly k dependent, so we can make the
estimate at the � point. We find that the P-1-24 energy in-
creases by around 2 meV/H with both vdW-DF and HYBopt.
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This would already lower the transition pressure by 40 GPa.
Moreover, quantum anharmonicity strongly affects the orien-
tational symmetry breaking of the molecular in-plane order.
Indeed, the instability driven by the lowest librational modes
can be modeled by a double-well potential, as previously men-
tioned. According to this simple model, derived from HYBopt
energies, NQEs reduce the transition pressure by an additional
amount of 20 GPa, due to quantum resymmetrization effects
(see SM) [70]. A very mild isotope effect is found, in ac-
cordance with experiments [16,71]. This brings the transition
pressure obtained with the most advanced electronic structure
methods to a value much closer to experiment, corroborating
the mechanism of the transition.

In conclusion, using a combination of RPA, DMC, hybrid
DFT, and vdW-DF functionals, we have provided insights into
the nature of the II-III phase transition. We have revealed
the existence of a libron instability in C2/c-24 that generates

a broken-symmetry phase when the pressure is lowered, in
which two-thirds of the H2 molecules are rotated out of plane.
This relatively small orientational change is sufficient to quan-
titatively reproduce the experimental signatures of a sharp
vibron shift and an order of magnitude increase of IR intensity,
at the pressure where the system undergoes the transition into
phase III.
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