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The chiral anomaly underlies a broad number of phenomena, from enhanced electronic transport in topological
metals to anomalous currents in the quark-gluon plasma. The discovery of topological states of matter in
non-Hermitian systems raises the question of whether there are anomalous conservation laws that remain
unaccounted for. To answer this question, we consider both two and four space-time dimensions, presenting a
unified formulation to calculate anomalous responses in Hermitianized, anti-Hermitianized, and non-Hermitian
systems of massless electrons with complex Fermi velocities coupled to non-Hermitian gauge fields. Our results
indicate that the quantum conservation laws of chiral currents of non-Hermitian systems are not related to those
in Hermitianized and anti-Hermitianized systems, as would be expected classically, due to different anomalous
terms that we derive. We further present some physical consequences of our non-Hermitian anomaly that may
have implications for a broad class of emerging experimental systems that realize non-Hermitian Hamiltonians.
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Introduction. Quantum anomalies explain transport phe-
nomena in many branches of physics, including high-energy
physics [1-4], astrophysics [5,6], and condensed matter
physics [7-9]. Anomalies account for the fact that, upon
quantization, the conservation law associated with a classical
symmetry can be broken, resulting in observable anomalous
transport currents [10]. While anomalous currents can be cor-
rected by interactions among particles, the chiral anomaly
[11], the imbalance between left and right movers due to
quantum fluctuations [12], remains universal. The universal
chiral anomaly coefficient appears in dissipationless transport
currents [10] due to electromagnetic [13—18] and strain fields
[19] in condensed matter systems, and in anomalous transport
in the quark-gluon plasma [3,10].

The universality of the chiral anomaly, i.e., its robustness
against local perturbations, is intimately related to topo-
logical properties of the Hamiltonian [20]. While most of
these Hamiltonians respect the Hermiticity condition, non-
Hermitian Hamiltonians, which are effective descriptions of
systems coupled to an environment [21-25], introduce new
classes of topological systems which do not have any Hermi-
tian analog [26-30]. This motivates the question we address in
this Letter: Are chiral quantum anomalies in non-Hermitian
systems different in any way from those of (anti-)Hermitian
systems? So far, one of the main links between anomalous
field theories and non-Hermitian systems are the extension

“sharareh.sayyad @mpl.mpg.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by the Max Planck Society.

2643-1564/2022/4(4)/L042004(6) L042004-1

of the index theorem to non-Hermitian systems [31] and the
reinterpretation of the non-Hermitian skin effect as a conse-
quence of an anomaly [32,33]. The skin effect [34—39] is one
of the central differences between topological non-Hermitian
and Hermitian systems and results in a macroscopic number
of states accumulating at the boundary of the system. The
action describing a non-Hermitian system in d 4+ 0 dimen-
sions is mathematically equivalent to that of a [(d — 1) +
1]-dimensional Hermitian system [33]. This establishes a link
between the non-Hermitian skin effect of a d-dimensional
system to a [(d — 1) + 1]-dimensional anomalous Hermitian
theory. Additionally, Ref. [31] showed that a lattice version
of a PT-symmetric continuum model, i.e., non-Hermitian
systems with a real spectrum, can display quantum anoma-
lies similar to those in Hermitian systems. In PT -symmetric
systems the chiral magnetic effect [4], an anomalous transport
current parallel to a magnetic field, can exist in equilibrium in
non-Hermitian systems [40].

In this Letter, we present a generic (d + 1)-dimensional
non-Hermitian formulation that consolidates anomalous
chiral responses in (d + 1)-dimensional Hermitian, anti-
Hermitian, and non-Hermitian systems. More specifically, we
study the chiral anomaly in two and four space-time di-
mensions for non-Hermitian massless Weyl fermions, with
complex Fermi velocities, coupled to complex gauge fields.
We also (anti)symmetrize the non-Hermitian action and in-
troduce an (anti-)Hermitianized action. All these models lack
‘PT and Lorentz symmetry.

By establishing a unified notation for the Hermitianized,
anti-Hermitianized, and non-Hermitian systems, we show
that all of these systems classically conserve both the vector
and chiral currents but exhibit anomalous responses when
quantized (Fig. 1). Furthermore, the anomalous currents
in non-Hermitian systems are not given by the simple
addition of currents associated with the Hermitianized and
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FIG. 1. Anomalies in Hermitianized, anti-Hermitianized, and
non-Hermitian actions. For the non-Hermitian Hamiltonian S,;,, as
well as its Hermitianized (S;,) and anti-Hermitianized (S,,) forms,
the conserved classical chiral current will be anomalous upon includ-
ing quantum fluctuations. Note that the definition of current remains
the same in all systems and JM = /f 0, where ‘f is introduced in
Table I. While S, = Sy, + San, for the anomalous currents we get
A # An + Aap.

anti-Hermitianized actions, as would be expected classically
(Fig. 1).

In the main text, we follow Fujikawa’s path-integral ap-
proach [41-44], which proves to be a controlled method
to evaluate the chiral anomalies emerging from the non-
Hermitian system. Based on these results, we present a
Chern-Simons description of our non-Hermitian models and
briefly discuss currents associated with the non-Hermitian
anomalous Hall effect and non-Hermitian chiral magnetic
effect. We also evaluate the (1 + 1)-dimensional anomalies
using the diagrammatic method, for which we discuss some
subtleties arising from the non-Hermicity of the action. De-
tailed calculations can be found in the Supplemental Material
(SM) [45], which also includes an effective bosonic theory for
the (1 4 1)-dimensional non-Hermitian systems.

Non-Hermitian chiral anomaly from Fujikawa’s method.
Within Fujikawa’s method [41-44], the covariant form of the
chiral anomaly [10] is evaluated by the change of the mea-
sure of the path integral after applying both vector and chiral
transformations.

We apply Fujikawa’s method to the three different actions
presented in Fig. 1. These three systems, in the language of
the path integral, correspond to a non-Hermitian action and
its (anti)symmetrized form, generating the (anti-)Hermitian
action.

We consider a non-Hermitian, non-P7 symmetric system
consisting of massless fermions, with complex Fermi ve-
locities, coupled to non-Hermitian gauge fields (V, W) [46]
described by the non-Hermitian Euclidean-space action Sy
and the partition function Z,

Zoh / DYDWeS, (1)

S =i f 4By (Do W], P

Do = V" Don e = ¥y M0, — iy" M) (V, + ¥’ W), (3)

in units where ¢ = i = 1. The dimension d is even, and the
greek indices take values between 1 and d, where repeated
indices are summed over. The gamma matrices y# obey
{yH, y'} = 2¢"", where gV = —3§"" is the Euclidean metric,
and the fifth gamma-matrix is y> = — Hu yt. The M is a
rank d diagonal matrix such that M = diag[vy, ..., vy] with

TABLEIL f, A, and F for Hermitianized, S, anti-Hermitianized,
San, and non-Hermitian, Sy, systems. A stands for gauge fields V
and W. F is presented for two and four dimensions. The matrix B
for non-Hermitian systems is introduced in Eq. (17).

Sh Sa.h th
I Re[M] ] Im[M} ] M,
A, Re[M}A, ] Im[M}A, ] M}A,
7 47 |Re[ve]| 477 |Im[ve]| 47 /det[B]

F. 327%det[Re[M]]]  3272|det[Im[M]]|

3272,/det[B]

vg = 1 and spatial elements v;; are complex-valued Fermi
velocities. Here, D, is the Dirac operator, and W = W'y
denotes the Dirac adjoint with y© = iy*.

In the SM [45], we propose a microscopic model based on
a nonreciprocal anisotropic heterostructure as a platform to
experimentally realize the introduced linear band system with
complex Fermi velocities.

To show the differences between non-Hermitian and
(anti-)Hermitian systems, we also explore the chiral
anomaly in the (anti-)Hermitianized form of Eq. (2).
By symmetrizing/antisymmetrizing S,, in Eq. (2), the
Hermitian/anti-Hermitian action Sy /an yields

i _ .
S = / ATy (Do W) F Do Oy ], (@)
— ifddxxify“%/ah,uw, )

where (Don , V) = (Don . ¥)'y°. Here, Dy, Dy are the modi-
fied Dirac operators which are given by

Dh = Re[M}]d, — iRe[M\V,] — iy Re[MW,],  (6)
Dy = lm[M" ]9, + Im[M2V,] + y°Im[MW,].  (7)

Note that our Hermitianized system with M € R represents
the Lorentz preserving Hermitian model when M = 1., and
{V,W}eR.

Our calculations are simplified by defining a unified repre-
sentation that incorporates all cases

2 /DWD\I/eS, with &= i/ddx\f»‘y”.’bu\ll, ®)
Dy =d, — iV, — iy°W,. )

Here, d, = f,/0y. The matrix f and the gauge field Ac
(V,W}, with their associated elements given in Table I,
map our generic action S into the Hermitianized, anti-
Hermitianized, or non-Hermitian actions.

Classically, S, or equivalently, Sy, San, Or Sy, carries a
local Ua(1) x Uy (1) symmetry, where Ua(y)(1) is the chiral
(vector) U (1) symmetry; see the SM [45]. Quantum mechan-
ical fluctuations reduce this underlying classical symmetry in
all cases, as we will show in the following.

While the quantum action in Eq. (8) remains invariant
under a chiral transformation of the spinor,

W = e 7P, (10)
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the rotated partition function acquires a phase given by the
Jacobian of its measure. Hence, we continue by calculating
the Jacobian of the rotated path-integral measure. For this
purpose, one may decompose the rotated spinors into the
eigenbasis of the non-Hermitian Dirac operator (:Z) + f)T),
which is biorthogonal with right and left eigenvectors. How-
ever, rather than working with the eigenbasis of f), which
introduces unnecessary complications due to the biorthogonal
basis of a non-Hermitian %), we employ an equally correct but
more straightforward approach which is using the eigenbases
of the Hermitian Laplacian operators DD and D' P, given by

DD ) = A2y, D DIE) = APlE). (1)
D'l = 2216, DIEn) = Aulnn). (12)

Here, {A,} are complex eigenvalues and {|£)} and {|n)} are
the corresponding eigenvectors (see the SM [45]). Using these
eigenbases and following the standard Fujikawa method al-
lows us to write

DU, DU, = TBIDYDY = &S FIDUDE,  (13)

1= f dxp(x)A (x), (14)

where 7 is the path-integral Jacobian due to an infinitesimal
chiral transformation. The exponent of this Jacobian is regu-
larized by the heat-kernel regularization method [47,48] (see
details in the SM [45]). Up to the first order in the fields, A
in d = 2 dimensions reads

~ -t S

A =——[i(F, [V - E} VD], (15)
Fa

and up to the second order in the fields, A% in d = 4 dimen-

sions casts

nvng
B =

Fi4
+ L IWIEL W]+ Fu WHEWL (16)

[F VIV Ey VT + L IVIES V]

Here, F,,,[A] = d A, — d,A,, and FJU [A] = d~;AU —diA,
with J/L = —f;"9,. The explicit form of Fy41 for all cases is
presented in Table I, where it is formulated in terms of the
determinant of a matrix B, with matrix elements:

1 i P
B =g fie ] = Syt y 1

For real gauge fields V and W, and for M = 1,4, A® repro-
duces the Lorentz invariant Hermitian results [12,45,49].

We evaluate the change of the path-integral measure under
a local vector transformation using the same method as for the
chiral rotations,

a7

Wy = e *Op, (18)
where « is the rotation angle. For an infinitesimal «,
DU, DU,y = SIDYDY = o [ 4 OADYDE,  (19)
Up to the first order in the fields, A in d = 2 dimensions is
—&

y7ay
—[i(F,} [W] — F, IWT])], (20)
Fa

A=

and up to the second order in the fields, Aind = 4 dimensions
casts [50]

—ghvng

A= [Fu VIV W+ ELIVIE L IWIL, 2D

4
In the limit where W =0,V € R, and M = 1,4, A reduces
to the well-known Lorentz preserving Hermitian result 4 = 0
[12,41].

The rotated action in Eq. (8) is modified under the chiral
and vector transformations in Egs. (10) and (18), such that

Su— 8= / PP — e d ] (22)

where the chiral and vector currents are j>* = Uy*y W and
j* = UyH*W, respectively. To enforce the invariance of Z
under the chiral and vector rotations, we differentiate the par-
tition function with respect to 8 and « and obtain the anomaly
equations A> = id, j>* and A = —id,, j*.

After analytical continuation t — it, we obtain the diver-
gence of currents in the Minkowski space. Using the elements

of M and V, we rewrite the divergence of chiral currents as

d " o viEf +viE;  ind =2, (23)

d~ﬂj5$/l X 1)11221)3(E~‘Jr 'B% +EST ~BST)

+oivivi(E -B+E-BY) ind=4. (24)

Here, the complex electric fields read E ;= (expl2i¢p;]0,V; —
9;Vp) and Els = (exp[2i¢;19,W; — 9;Wp), where explig;] =
vj/lvj| with i, j,k #¢t being a spatial index. Similarly,
the complex magnetic field casts B = ¢"/*B; and B> =
gl‘fké§k with Bj; = exp[2ig]10;Vi — exp[2i¢;13;V; and B =
exp[2i¢y]0;W; — exp[2ig;10,W;. It is notable that Jﬂjs'” in
Egs. (23) and (24) obey the common form of the chiral
anomaly reported in Hermitian systems in the absence [44]
or presence [51] of interactions.

The non-Hermitian anomaly [cL jS'“]nh is different from
the naive summation of [g/LjS’“]h + [c?MjS’“]ah. One can see
this difference by noticing, for example, that the prefactor
in (15) [or F4 in Eq. (B73)] is different for all three cases. This
is the main result of this Letter (see Fig. 1).

A Chern-Simons description of non-Hermitian Weyl
semimetals. To explore some physical consequences of non-
Hermitian anomalies, we explore a situation in which the
chiral gauge field W is absent. In this case, the anomaly-
induced action, given in Eq. (14), in real-time representation
casts a Chern-Simons action as

Ss[ﬂ] /dtd3 4ghvng
F

4

Juﬂ(x)VJJ,,V;

3 4ehvng S+ - i
+ [ did’x 7 d\pVud, Ve, (25)

where we have performed an integration by parts and dropped
a total derivative term. We then obtain the associated current
as a sum of the functional derivatives of 5°[8] with respect to
both V and VT, which results in

&glw’lf 88/3

M) = % Re[M{*MyM{E] ],

w=1723, (26

L042004-3



SAYYAD, HANNUKAINEN, AND GRUSHIN

PHYSICAL REVIEW RESEARCH 4, L042004 (2022)

8¢, B
Fi
where the complex electric (£) and magnetic fields (B) are
defined below Eq. (24). In the limit where V € R and M =
14x4, Eq. (26) represents the Hermitian anomalous Hall effect
and Eq. (27) coincides with the Hermitian chiral magnetic
effect [52]. 998 and 958 can be associated to the energy and
spatial separation of Weyl nodes, respectively, which for a
non-Hermitian Weyl semimetal can be complex valued. As
a result, one can view the complex currents in Eqs. (26) and
(27) as a representation of the non-Hermitian anomalous Hall

effect and non-Hermitian chiral magnetic effect.
Assigning j as the polarization current as j = d,P where P
denotes the electric polarization, Eq. (27) simplifies to

8e"" B

4

M%) = Re[M*MM!B] ], 27)

M°P' = Re[M{*M M!B],]. (28)
When B = m, which can occur in time-reversal-invariant
topological insulators [53], the quantized magnetoelectric
effect of Hermitian systems, written as P = ¢’B /4w, is mod-
ified to
. g0vn¢

M = i JaetiB]
in non-Hermitian systems. Such a modified magnetoelec-
tric polarization will modify the electromagnetic responses
of non-Hermitian topological insulators, including image
monopole charges [54] or the Casimir effect [55]. In the SM,
we study the Witten effect as an example. The polarization in
Eq. (29) will change the induced electric charge created by a
magnetic monopole from e/2 of the Hermitian system [56], to
an arbitrary value (see SM) that depends on the phase of the
complex Fermi velocity.

One-loop diagrammatic calculation of the (1+1)-
dimensional anomaly. We also derive the chiral anomaly for
the (anti)-Hermitianized, and non-Hermitian actions in 1 +
1 dimensions using the diagrammatic method (see the SM
[45]). Within this approach, we integrate out the fermionic
degrees of freedom from the underlying partition function,
which results in an effective action for the gauge fields.
The functional integration of an Hermitian action, with a
Lagrangian density £ = W'(iy°P)W, requires an orthogo-
nal eigenbasis of the self-adjoint operator (iy°P) to yield
the effective action I'[V, W] = —iIn[det(iy°D)]. By using
the product rules of determinants and logarithms, and omit-
ting any constant vacuum contributions, I'[V, W] is rewritten
as [V, W] = —iIn[det(i®)]. When the operator (iy°®) is
not self-adjoint, one should instead use the corresponding
biorthogonal eigenbasis to evaluate the functional integral.
To take advantage of the well-developed Hermitian field
theory and to avoid the complexities of finding functional
determinants from a biorthogonal basis, we construct the self-

Re[M*M M[B] ], (29)

adjoint operator :Dfﬁﬁ, where _sz = y“@;. Formally, this is
done by considering the sum of the effective actions with
respect to the operators iy°P and i yoﬁz and using properties
of the determinant and the logarithm to obtain I'[V, W] =
—% ln[det(ﬁQ)TL )] (see SM [45]). For the various actions given
in Eqgs. (2) and (5), we expand this effective action up to
the second order in the gauge fields. These calculations give
rise to divergent momentum integrals which are treated with
gauge-invariant regularization methods [57].

The vector (chiral) currents are defined as the sum of the
functional derivatives of the effective action with respect to V
and V' (W and W), from which the expressions for diver-
gence of the vector and chiral currents (terms first order in the
gauge fields), e.g., in Eq. (23), follow.

Summary. We have found non-Hermitian anomalies in
massless Dirac fermions with complex velocities coupled
to non-Hermitian gauge fields. We have presented a uni-
fied non-Hermitian formulation to bring the Hermitianized,
anti-Hermitianized, and non-Hermitian cases under one um-
brella. Our results show that non-Hermiticity allows different
anomalous terms in the conservation laws for the chiral cur-
rent in both in two and four dimensions. Interestingly, these
anomalous terms could not be inferred by simply adding the
Hermitianized and anti-Hermitianized results, as would be
expected classically (see Fig. 1). In this sense, these anomalies
are different and richer than those that occur in Hermitian
systems. We further demonstrate this point by presenting the
non-Hermitian anomalous Hall effect and non-Hermitian chi-
ral magnetic effect.

Finally, we note that paritylike anomalies may exist in
non-Hermitian systems. Exploring them might give a different
interpretation to the nonuniversality of the Hall response in
non-Hermitian Chern insulators [58].
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