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We investigate the physics of photonic band structures of the moiré patterns that emerged when overlapping
two unidimensional photonic crystal slabs with mismatched periods. The band structure of our system is a result
of the interplay between intralayer and interlayer coupling mechanisms, which can be fine-tuned via the distance
separating the two layers. We derive an effective Hamiltonian that captures the essential physics of the system

and reproduces all numerical simulations of electromagnetic solutions with high accuracy. Most interestingly,
magic distances corresponding to the emergence of photonic flatbands within the whole Brillouin zone of the
moiré superlattice are observed. We demonstrate that these flatband modes are tightly localized within a moiré
period. Moreover, we suggest a single-band tight-binding model that describes the moiré minibands, of which the
tunneling rate can be continuously tuned via the interlayer strength. Our results show that the band structure of
bilayer photonic moiré can be engineered in the same fashion as the electronic/excitonic counterparts. It would
pave the way to study many-body physics at photonic moiré flatbands and optoelectronic devices.
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Moiré structures have been of central interest in funda-
mental physics during the last few years. The most important
milestone is the discovery of flatbands in moiré patterns,
which emerged when two graphene layers were overlapped
at certain magic twisted angles [1-3], leading to noncon-
ventional superconductivity [4-6] and strongly correlating
insulator states with nontrivial topology [7,8]. Motivated by
the electronic magic angles, photonic moiré has attracted
tremendous research in light of shaping optical phenomena
[9]. Hu et al. [10,11] have demonstrated the topological tran-
sition of photonic dispersion in twisted two-dimensional (2D)
materials. However, the operating wavelength in these pio-
neering works are much larger than the moiré period; thus,
dispersion engineering is based on the anisotropy of an ef-
fective medium rather than the microscopic moiré pattern. On
the other hand, Wang et al. [12] have recently reported on
the realization of a 2D photonic moiré superlattice. Neverthe-
less, their work only focused on light scattering through the
moiré pattern, but the lattice is on the same plane, and there
is no bilayer nor twisting concepts. Most recently, numeri-
cal [13] and tight-binding [14] methods have been proposed
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to investigate twisted bilayer photonic crystal slabs. It has
been showed that local flatbands would be achieved [9,14]
in twisted bilayer photonic crystal at small twisted angles.
The photonic flatband also leads to the ultraslow photon
[15]; the phenomenon was investigated in alternative systems
[16,17].

In this letter, we report on a theoretical study of pho-
tonic band structures in moiré patterns that emerged when
two mismatched one-dimensional (1D) subwavelength pho-
tonic crystal slabs were overlapped. The essential physics of
the system can be captured by an effective four-component
Hamiltonian. Accompanying the analytical theory, numerical
electromagnetic simulations are performed with a case study
of silicon structures operating at telecom wavelength. The
obtained band structures result from an interplay between in-
tralayer and interlayer coupling mechanisms which are tuned
via the distance separating the two layers. Importantly, magic
distances corresponding to the emergence of photonic flat-
bands within the whole Brillouin zone are demonstrated.
The minibands of a moiré superlattice can be described by
a single-band tight-binding model with Wannier functions
tightly confined within a moiré period. The tunneling rate
of light between nearest neighbor Wannier states is contin-
uously modulated by the interlayer distance and vanished at
magic distances, leading to flatband formation and photonic
localization. Despite its simplicity, this 1D setup captures the
interesting physics of moiré systems of twisted 2D materials.
Our findings suggest that moiré photonics is a promising
strategy to engineer photonic band structures for fundamental
research and optoelectronic devices.
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FIG. 1. Moiré superlattice of two gratings with periods a; and a,
satisfying a; /a, = N/(N + 1).

Our system consists of two 1D photonic crystal slabs which
are two subwavelength high-refractive-index contrast gratings
(Fig. 1). These gratings have the same subwavelength thick-
ness h and filling fraction « and are separated by only a
subwavelength distance L. Their periods a; and a; are slightly
different but satisfying the commensurate condition a;/a; =
N/(N + 1) for a natural number N [18]. The period of the
superlattice is given by A = (N + 1)a; = Na,, consisting of
N + 1 periods of the upper grating and N periods of the lower
one. In the regime of N > 1, a semicontinuous approach
can be implemented: the two gratings are almost identical,
and the moiré pattern corresponds to a continuous shifting
function 8(x) of the upper grating with respect to the lower
grating, given by §(0 < x < A) = x/N. The shifting § sweeps

J
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Here, U, , are the intralayer coupling rates, V is the inter-
layer one, and v and w;, are the group velocity and offset
energy of the guided waves at the Brillouin zone edge for
each grating, respectively. A slight difference of values of the
offset pulsation and the intralayer coupling strength for each
grating is due to the period mismatch, with w; ~ w; ~ @ and
U ~ U, = U, where wy and U are the offset pulsation and
the intralayer coupling strength in the grating of period ay,
respectively.

The energy-momentum dispersion is simulated numer-
ically using the rigorous coupled-wave analysis (RCWA)
method [22-24]. The numerical results corresponding to
N = 13 when increasing the separation distance L are pre-
sented in Figs. 2(a)-2(e). When L is comparable with ag,
the band structure is simply the folding of single-layer dis-
persions [Fig. 2(a)]. It suggests that the interlayer coupling
mechanism is negligible with respect to the intralayer ones
(i.e., V< U) for L Z ag. In this configuration, a bandgap,
purely due to the intralayer coupling mechanism, is observed
[Fig. 2(a)]. In analogy to semiconductor terminology, we re-
fer to these upper/lower bands as conductionlike [valencelike.
When L < ao, the band hybridization due to the interlayer
coupling results in the formation of a pair of particle-hole
minibands, referred to as electronlike/holelike moiré bands
[Figs. 2(b)-2(e)]. These two bands emerge within the bandgap
of uncoupled layers and are well isolated from the con-
ductionlike/valencelike continuum. In the following, we will

an amount ayp = (a; + a;)/2 when x varies across a moiré
period. In other words, the moiré superlattice is obtained from
the bilayer lattice by introducing a slight period mismatch:
the period of the upper grating is shrunken from ay to ay,
and the period of the lower one is stretched from ag to a;. This
configuration leads to a modulated relative displacement 6(x)
with respect to the coordinate x. Two special configurations of
8/ap = 0 and 0.5 are referred to as AA and AB stackings, re-
sembling the terminology in bilayer graphene structures [19].
The moiré pattern is a period of a superlattice made of bilayer
structures varying continuously from AA to AB stackings. The
period mismatch leads to a Brillouin zone mismatch, and the
size of the mini-Brillouin zone K); is given by Ky = K; — K5,
where K| = 27 /a; and K, = 27 /a;.

In our perturbation approach, the dispersion characteristic
of the moiré superlattice is derived from two coupling mech-
anisms among forward (¢;, ¢»+) and backward (¢;_, ¢r_)
fundamental guided waves of the two noncorrugated slabs
with effective refractive index: (i) Intralayer coupling due
to the diffractive processes [20] between counterpropagating
waves from the same layer and (ii) interlayer coupling via
evanescence between copropagating waves from separated
layers. Using (@14, ¢1—, 92+, ¢2—) as a basis, eigenmodes of
the system are described by the following Hamiltonian (de-
tailed derivation is given in the Supplemental Material [21]):

1% 0
. 0 v . €))]
—ivdy + Wy U, exp(—iKyx)
U, exp(iKyx) oy + wy

(

pay particular attention to the behavior of these two bands
when tuning the interlayer interaction. One may note that,
with the choice of ap = 300 nm, the spectral range of the these
band is in the telecom (i.e., ~1.5 um). Intriguingly, there are
some specific values of L at which the bandwidth of these
bands becomes almost zero, and these moiré bands are nearly
perfectly flat. Figures 2(c) and 2(d) depict the band structures
with a flat holelike moiré band and almost-flat electronlike
band. Inspired by the analogy with the appearance of flatbands
at magic angles in twisted bilayer graphene [2], we called
these values magic distances. The moiré band structure is
calculated using the Hamiltonian model given by Eq. (1),
taking v, U, wp, and V as input parameters. These parameters
are retrieved from the simulation of single and bilayer lattices
[21,25]. Figures 2(f)-2(j) depict the band structures obtained
by analytical calculations. These results quantitatively re-
produce the numerical results presented in Figs. 2(a)-2(e),
showing the emergence of moiré states within the bandgap
and their flattening at magic distances. Noticeably, there is
a slight difference between simulation and analytical results:
the RCWA suggests that the flattening of the electronlike band
always takes place at a slightly smaller distance L than the one
of the holelike band, while the Hamiltonian model predicts
that both bands become flat almost simultaneously.

The global spectral bandwidth, defined as Aw =
max,(w) — ming(w), is used as the figure of merit to evaluate
the flatness of moiré minibands. Figures 3(a)-3(c) depict the
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FIG. 2. (a)-(e) Simulated band structures corresponding to different L values. The design for the simulation uses silicon (n = 3.54) as the
grating material, with 2 = 180nm, k = 0.8, ap = (a; + a,)/2 = 300nm, and N = 13. The photonic modes of uncoupled gratings are located
below the light line, and the interlayer coupling mechanisms, if not strong enough, would not be able to make these modes accessible for
rigorous coupled-wave analysis (RCWA) simulations. To solve this, a double-period perturbation of 5% is implemented for the design of
each grating. The unit cell in the RCWA simulation consists of two moiré patterns: One is shrunken to 0.95 A, and the other one is dilated
to 1.05 A. (f)—(i) Calculations using the effective Hamiltonian of band structures shown in (a)—(e). To compare with the RCWA simulations
having double-period perturbation, dash lines have been added, indicating the folding of the band structure.

global spectral bandwidth of the holelike moiré band of dif-
ferent moiré superlattices (N = 9, 13, and 19) when scanning
L. These results confirm the existence of magic distances, cor-
responding to the bandwidth vanishings. All of the analytical
calculations are obtained with the same set of parameters that
were previously presented. We highlight that the Hamiltonian
model provides almost perfectly both the number of magic
distances and its values.

For each moiré superlattice (i.e., a given N), our design ex-
hibits two adjustable parameters: (i) the distance L for tuning
the interlayer coupling V (V = V; when L = 0 and decreasing
exponentially when increasing L [21]) and (ii) the filling frac-
tion k, defined in Fig. 1, for tuning the intralayer coupling U
(U = 0 when k = 1 and increasing when decreasing « [21]).
Up to now, we have been investigating flatband emergence by
scanning L while fixing « = 0.8 (i.e., U = Up). However, the
direct parameters of the Hamiltonian in Eq. (1) are U, V, and
N (from Kjs). Thus, a complete picture of magic configuration
is captured when varying both V/U (i.e., competition between
interlayer vs intralayer coupling) and N (i.e., moiré pattern).
Figure 3(d) presents the global bandwidth when scanning N

and V/U within a reasonable range '. The observed resonant
dips correspond to different magic configurations. Dimen-
sional analysis of the Hamiltonian in Eq. (1) suggests that
our system is driven by two dimensionless ratios V/U and
U/Ky ~ NU [21]. Indeed, fitting the resonances of Fig. 3(d)
by a power law, we obtain a very simple empirical relation
between the two dimensionless parameters:

Vv Y
Mﬂ:mxnxQﬁ, m=1,23...., (2

U
with y &~ —1.42, n & 12Uy, and m is the counting order of the
magic configuration. We note that N is the moiré parameter
in our system and plays the same role as the twist angle in
twisted bilayer graphene (each value of the moiré parameter

IN is varied from 5 to 30 (If N is too small, the continuum model
is not valid. If N is too big, the Brillouin zone becomes too small and
bands are naturally very flat). V/U is varied from 0.5 to 2 (If V/U
is too small, the approximation L < ay is not valid. If V/U > 2, the
two moiré€ bands merge[21])
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FIG. 3. (a)~(c) The global spectral bandwidth of the holelike
moiré band as a function of L for different moiré patterns. Blue
circles are results from rigorous coupled-wave analysis (RCWA)
simulations. Black lines are analytical calculations. (d) The global
spectral bandwidth as a function of V/U and N, with U = Uj,. The
dashed lines correspond to the empirical law in Eq. (2).

defines a moiré pattern) [26,27]. Therefore, a good metric for
magic configurations is the magic number N,,, and Eq. (2)
provides the design rule to achieve them. The analogy and
similitude between this law and the one for magic angles in
twisted bilayer graphene [2] are striking, and we expect an
appealing interpretation for this simple relation.

Knowing that flatband states would give rise to an uncon-
ventional localization regime [12,28,29], we now investigate
the localization of light at magic configurations. A closer
look at the two moiré bands in Fig. 2 reveals that their dis-
persion characteristic are nearly single-harmonic functions
with the dominance of the first Fourier component with re-
spect to higher orders. Consequently, this suggests that each
moiré band may be described by a textbook single-band tight-
binding model with only a few nearest neighbor couplings
considered. It is of interest to compute the Wannier functions
for the band under consideration since they are the natural
basis for the tight-binding model [30]. Figure 4(a) depicts
the result of this calculation when scanning the ratio V/U,
showing that >94% of the Wannier density is located within
a single moiré cell. Such a concentration confirms the use
of this Wannier function as a pseudo-orbital wave function
for the tight-binding model with nearest neighbor couplings.
However, it is important to stress that the high concentration
of the Wannier function is not necessarily related to flatband
formations. However, the physics of the moiré bands can
be captured quite well by a simple tight-binding scheme in
the Wannier basis. In this scenario, the moiré superlattice
engenders a periodic potential landscape with minima at AA
sites. Trapped photons in the Wannier states can tunnel to the
nearest neighbor ones with tunneling rate J to form moiré
bands of bandwidth 2|J|. As a consequence, when the couple
(NU,V/U) satisfies Eq. (2) of magic configurations, the only
way to obtain dispersionless bands is that the effective tunnel-
ing rate J becomes zero. This leads to the tight localization of
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FIG. 4. (a) Wannier function, calculated by the twisted parallel
transport gauge [31], of the holelike moiré band when scanning the
V/U ratio. (b) Sketch of a holelike diatomic molecule made of two
moiré cells. (c) and (d) The field distribution of the two holelike
bound states obtained by finite-difference time-domain (FDTD) sim-
ulations. The chosen moiré design is the same as the one in the
rigorous coupled-wave analysis (RCWA) simulations in Fig. 2. (e)
The energy splitting between the two bound states as a function of L.
Red circles are results from FDTD simulations, and the solid black
line is the result from the effective Hamiltonian. For the analytical
calculation, the boundary condition is chosen so that outside of the
moiré molecule is a bilayer structure of AB sites, and the bound states
are calculated by the transfer matrix method [32,33]. For FDTD
simulations, the structure only consists of two moiré cells.

light within a single moiré cell at magic configurations. The
compact localized states [34] of our localization is simply the
Wannier function. We notice a resemblance of the flatband
emergence in our system compared with the one in a twisted
bilayer graphene system [2,35,36]: both correspond to good
localization at the AA sites.

Keeping in mind the ability to localize light to a moiré
period with high quality (albeit nonperfect), we investigate
a much simpler problem: a diatomic molecule made of two
moiré cells [Fig. 4(b)]. Figures 4(c) and 4(d) depict the field
distribution of the holelike bound states with even [Fig. 4(c)]
and odd [Fig. 4(d)] parity regarding the lateral mirror
symmetry. The energy splitting when scanning the distance L
is presented in Fig. 4(e). Again, the results from the analytical
model and numerical simulations show very good agreement.
Notably, these results demonstrate the crossing of these bound
states exactly at the magic distances of the moiré superlattice
from Fig. 3(b). Consequently, it supports that the tunneling
rate J changes sign when scanning L across a magic distance
value and vanishes when L takes a magic distance value.

In conclusion, we have investigated theoretically the 1D
moiré superlattice of bilayer photonic crystal. All analyti-
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cal results derived from a simple effective Hamiltonian are
in good agreement with numerical simulations, showing the
emergence of flatbands at magic configurations. The con-
ditions for flatbands unify to a nontrivial relation between
the counting order of the magic configuration and the magic
number, given by N,, ~ m. The physics of the moiré mini-
bands is captured by a simple tight-binding model, resulting in
localization of photonic states within a single moiré period at
flatband configurations when the tunneling rate vanishes acci-
dentally. As a fundamental perspective, the implementation of
nonlinearity via Kerr nonlinearity [37] or an exciton-polariton
platform [38] would pave the way to investigating the strongly
correlated bosonic flatband physics [39-41] with intriguing
phases of 1D matters [42]. For applications in optoelectronic
devices, the design in this letter uses silicon as a dielectric
material, operating in the telecom range with feasible fabri-
cation [25,43,44] and is transferable to 1D integrated optics.
The high sensitivity of the dispersion band structure to the re-
fractive index of the surrounding medium (which determines
the parameter U) and spacing medium (which determines the
parameter V) can be harnessed for applications in sensing.
Furthermore, the localization of light within the moiré period

also suggests a unique way to engineer the lattice of resonators
of a high-quality factor for a phase-locked microlaser array
or high Purcell factor for tailoring spontaneous emission of
quantum emitters. Another realization scheme is with dual-
core fiber Bragg gratings [45,46] to study soliton physics
arising from photonic nonlinearity which will be greatly en-
hanced at flatband configurations [45-47].
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