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Coarse-grained gyrokinetics for the critical ion temperature gradient in stellarators
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We present a modified gyrokinetic theory to predict the critical gradient that determines the linear onset of the
ion temperature gradient (ITG) mode in stellarator plasmas. A coarse-graining technique is applied to the drift
curvature, entering the standard gyrokinetic equations, around local minima. Thanks to its simplicity, this novel
formalism yields an estimate for the critical gradient with a computational cost low enough for application to
stellarator optimization. When comparing against a gyrokinetic solver, our results show good agreement for an
assortment of stellarator designs. Insight gained here into the physics of the onset of the ITG-driven instability
enables us to devise a compact configuration, similar to the Wendelstein 7-X device, but with almost twice the
ITG linear critical gradient, an improved nonlinear critical gradient, and reduced ITG mode transport above the
nonlinear critical gradient.
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Introduction. The excitation of the ion temperature gra-
dient (ITG) mode in magnetically confined fusion devices
leads to turbulence that is responsible for energy losses, which
deteriorate plasma confinement. For instance, it has been ar-
gued that, during operation of the Wendelstein 7-X (W7-X)
stellarator in electron heating scenarios, the ITG mode leads
to so-called “ion temperature clamping” [1], thus preventing
the heating of ions in the plasma core above 2 keV. In order
to lessen the negative effects of the ITG mode, a possible
strategy to follow involves the manipulation of the density
and electron profiles, as implemented in W7-X using pellet
injections [2].

The problem might also be faced at the stage of stellarator
design, by shaping the magnetic field to reduce losses from
core microturbulence. Such strategies can already be applied
to target electron-temperature gradient and trapped-electron
mode turbulence, the former suppressed by multiple field pe-
riods [3] and the latter by optimization for the maximum-J
property, whereby the parallel adiabatic invariant J achieves its
maximum on the magnetic axis and decreases with radius [4].
Magnetic field shaping is the motivation behind turbulence
optimization studies, which target the rate of the ITG transport
increase (“stiffness”) as a function of the ion temperature
gradient [5–8].

To compliment this effort, one can identify another strat-
egy: targeting the threshold or “critical gradient” of the mode
itself. This should be an effective strategy for such cases
where transport is stiff, as in the aforementioned ion clamping
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scenario of W7-X, such that the rapid onset of turbulence
relaxes the temperature gradient back to its threshold [9],
essentially determining the temperature profile allowed in the
plasma [10]. With the actual onset of turbulence expected to
differ by a positive increment from the linear ITG threshold
[11], the linear critical gradient can be used as a lower-bound
estimate of the nonlinear critical gradient, indeed, one that is
much simpler to model and compute.

Sustained efforts over the past four decades [9,12–17] have
yielded an understanding of the linear onset of the instability
in toroidal geometry, forming the basis of tokamak models
[17,18]. In this Letter, we propose a model of the toroidal
ITG critical gradient in generic stellarator geometry. This is
achieved by spatially coarse graining the gyrokinetic equa-
tions under the assumption of scale separation, which, as
inferred from our results, appears to be valid in a large class
of stellarator-optimization lines. We then apply the model
findings to a novel configuration, generated by modifying the
large scale properties of the W7-X stellarator, which demon-
strates a significant increase in the critical gradient as well as
reduced turbulent transport above the critical gradient.

Definitions. Following [3], we use the standard gyrokinetic
system of equations [19] to describe electrostatic fluctua-
tions destabilized along a thin flux tube tracing a magnetic
field line. The ballooning transform [20] and twisted slicing
representation [21] are used to separate out the fast perpen-
dicular (to the magnetic field) scale from the slow parallel
scale. The magnetic field representation in field following
(Clebsch) representation reads, B = ∇ψ × ∇α, where ψ is
a flux surface label and α labels the magnetic field line on the
surface. The perpendicular wave vector is then expressed as
k⊥ = kα∇α + kψ∇ψ , where kα and kψ are constants, so the
variation of k⊥(l ) stems from that of the geometric quanti-
ties ∇α and ∇ψ , with � the field-line-following (arc length)
coordinate.

We assume Boltzmann-distributed (adiabatic) electrons,
thus solving for the perturbed ion distribution gi(v‖, v⊥, �, t ),
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defined to be the nonadiabatic part of δ fi (δ fi = fi − fi0) with
fi the ion distribution function and fi0 a Maxwellian. The
electrostatic potential is φ(�), and v‖ and v⊥ are the particle
velocities parallel and perpendicular to the magnetic field,
respectively. The integral equation for g [3] reads

g(�) = −iσ (ω − ωT
∗ ) f0

∫ �

−σ∞
d�′ J ′

0

|v′
‖|

ϕ(�′)exp[iσM(�, �′)]

(1)
with

M(�′, �) =
∫ �

�′

ω − ωd (�′′)
vTx‖

d�′′ (2)

where σ = sgn(v‖), ω is the mode frequency, ωT
∗ =

(T kα/q)d ln T/dψ (v2/vT
2 − 3/2) is the diamagnetic fre-

quency, and J ′
0 = J0[k⊥(�′)v⊥/
(�′)] is the Bessel function

of zeroth order. The thermal velocity is vT = √
2T/m, the

thermal ion Larmor radius is ρ = vT/(

√

2), n and T are
the background ion density and temperature, q is the ion
charge, ϕ = qφ/T is the normalized electrostatic potential,

 = qB/m is the cyclotron frequency, with B = |B|, and v′

‖ =
v‖(�′), where �′ is a dummy variable of integration along the
field line. The magnetic drift frequency in the low β approx-
imation becomes ωd = (1/
)(k⊥ · b × κ)(v2

‖ + v2
⊥/2), with

κ = b · ∇ b and b = B/B. We select the magnetic field line
with α = 0, thus setting kψ = 0. Finally, we define a radial
coordinate r = a

√
ψ/ψedge, with a the minor radius cor-

responding to the flux surface at the edge, and ψedge the
toroidal flux at that location. As usual, the temperature gra-
dient scale length is measured relative to the minor radius,
a/LT = −(a/T )dT/dr. To study the most unstable ITG mode
conditions, we neglect certain stabilizing factors such as the
density gradient [22,23] and plasma beta (electromagnetic
effects) [24].

Note that Eq. (1) is equivalent to the ion gyrokinetic equa-
tion under the assumption of ballooning boundary conditions
along the field line [25]. The system is completed by quasineu-
trality, ∫

d3vJ0g = n(1 + τ )ϕ, (3)

with τ = qeTi/(qiTe), Te the electron temperature, and qe the
electron charge.

Scale separation and coarse-grained theory. Spatial vari-
ation due to magnetic geometry appears in two places in the
above equations, namely k⊥ in the argument of J0, and the
magnetic drift frequency ωd , from which a purely geometric
quantity can be factored out, ωd ∝ Kd = a2∇α · b × κ, here
called the “drift curvature.” We exploit the fact that the drift
curvature contains large-scale variation (e.g., due to global
magnetic shear, toroidal variation of the normal curvature)
as well as short-scale variation (e.g., helical ripple, local
shear). We denote these macroscales and microscales as L and
�r 
 L, respectively. The macroscale is assumed to be com-
parable to the linear parallel correlation length, L‖ = vT/ω,
and the global magnetic shear length Ls = |qR/ŝ|, where R
is the major radius, ŝ = (r/q)(dq/dr), and q(r) is the safety
factor.

We introduce a coarse-graining operator 〈·〉 along the par-
allel direction, which can be regarded as an average over a

spatial interval that is intermediate in size to L and �r . We can,
therefore, decompose any spatial function as ϕ = 〈ϕ〉 + δϕ,
so that 〈δϕ〉 = 0 by definition.

The averaging procedure arises in a straightforward man-
ner in Eq. (1): Here, we are interested in localized ITG modes,
i.e., modes whose amplitudes |ϕ| peak within a confining well,
defined roughly by a region of drift curvature of destabilizing
sign (ωT

∗ ωd > 1), and decay over a distance ∼L. Fixing � to
be in such a region, we see that the behavior of the gyrokinetic
system, Eqs. (1)–(3), is such that M < 1 is satisfied within the
confining well (for |� − �′| � L) and M > 1 outside, so that
the contribution to ϕ is negligible under velocity integration
in Eq. (3) (see also the discussion in Roberg-Clark et al.
[26]). Furthermore, we assume J0 � 1 within this region as
its argument is small there. Thus, for |� − �′| < L, the inte-
gral in Eq. (2) acts to average over small scale variation in
ωd , except for an asymptotically small interval in �′, where
|� − �′| ∼ �r , allowing us to take M ≈ 〈M〉 + δM, with δM a
small correction. Noting that M ∼ 1, we write exp(iσM ) ≈
exp(iσ 〈M〉)(1 + iσδM ), and thus find that we can express
g = 〈g〉 + δg, where δg 
 〈g〉.

Applying the coarse-graining operator to the integral equa-
tion (1) introduces the averaged quantities 〈g〉, 〈ϕ〉, and 〈ωd〉
which vary on the scale L. The same is true when applied
to the quasineutrality condition, Eq. (3), and the substitution
of Eq. (1) into Eq. (3) produces a single integral equation,
identical in form to full linear gyrokinetic theory, except in
coarse-grained variables. We conclude that solutions of the
linear gyrokinetic equation using a coarse-grained drift cur-
vature should give comparable answers to that of the original
geometry, with errors on the order O(�r/L).

Critical gradient model. The coarse-grained theory is now
applied to calculate the ITG critical gradient. Our starting
point is the drift resonance condition, ωT

∗ ∼ ωd [9], which
describes a balance between the drive from the temperature
gradient ωT

∗ ∼ kαρvT /LT and resonant damping from drift
curvature ωd ∼ kαρvT /Reff , where Reff is an effective radius
of curvature. It expresses the simple fact that increasing the
magnitude of drift curvature will raise the threshold gradient
for instability [10]. In the case of a circular-cross-section toka-
mak with large aspect ratio, the radius of curvature can be
replaced by the major radius R, as was used by Jenko et al.
[18]. For ITG modes, ignoring shear and finite aspect ratio
effects, the Jenko formula reads R/LT,crit = 2.66, assuming
equal ion and electron temperatures and charges. For general
geometry, such a formula cannot be expected to be accu-
rate, but we argue that, in cases where localized modes set
the threshold, and our coarse-grained theory applies, the re-
placement of R with a modeled Reff should yield a good
estimate.

To calculate Reff , we take a drift curvature profile along a
thin magnetic flux tube, which extends a number of poloidal
turns needed to adequately sample a given magnetic field
geometry, and find each point where the sign of the drift
curvature Kd changes. This defines a series of local “drift
wells” along the flux tube. Coarse-graining in � is imple-
mented through a least-squares quadratic fit of Kd (�), of the
form Kd,n(�) = Reff

−1
,n [1 − (� − �c)2/�2

n], for the drift curva-
ture profile within the nth well, where �c = (�min + �max)/2 is
the point at the center of the drift well and Reff ,n and �n are
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FIG. 1. Simulation of critical gradients versus model predictions
on a log-log scale for flux tubes taken from several stellarator ge-
ometries. (a) GENE critical gradients versus the model equation (4)
prediction for a series of stellarator shapes, indicated by various
shapes and colors. The theoretical line a/LT,crit = 2.66(a/Reff +
8.00a/L‖) [Eq. (4)] is overlaid. (b) Predicted critical gradients from
the model, including (green circles) and excluding (empty circles)
the term ∝ L‖−1, as compared with critical gradients obtained from
GENE simulations (red diamonds), using a series of flux tubes taken
from a negative shear circular tokamak. Each value of ŝ/q on the
horizontal axis corresponds to a distinct flux tube.

free fitting parameters (see Fig. 2). We exclude inverted wells,
i.e., those where the sign of the drift curvature corresponds
to stable “good” curvature wells. Thus, the effective radius of
curvature corresponds to the peak value of the coarse-grained
“bad” drift curvature.

We find that an estimate for the critical gradient based
purely on the above calculation of Reff accurately de-
scribes most stellarator configurations, except for cases
where the ITG mode is significantly stabilized by a fi-
nite parallel correlation length [13,27]. A typical estimate
of this length is the distance between regions of good
and bad curvature, i.e., the parallel connection length,
but this does not account for necessity of global mag-
netic shear, which causes secular growth of drift curvature
along the field line. We thus propose an alternative def-
inition L‖−1 ∼ Reff

−1�(p1)�(Reff/Rgood − 1)/(Reff/Rgood +
1) × 0.5(1 + tanh[20 p2]), where Lw = �max − �min and Rgood

is the scale obtained by the same fitting method as for Reff ,
but applied to the neighboring region of good curvature. The
quantity p1 = Reff/Lw − 0.20 is calculated to check for a suf-
ficiently narrow drift well [�(x) = xH (x) with H a Heaviside
step function] and p2 = Reff/Ls − 0.15 must be positive so

that the mode cannot extend beyond the neighboring good
curvature well, which occurs when the growth of the drift
curvature is only transient. The term has the expected phys-
ical behavior 1/L‖ → 0 as Reff/Rgood → 1 (periodic limit of
Floquet modes [17,28]) and 1/L‖ ∼ 1/Lw as Reff/Rgood → 0
(perfect confinement of the mode inside the region of good
curvature [3]). Taking the above considerations into account,
the final model with the correction is given by

a

LT,crit
= 2.66

(
a

Reff
+ 8.00

a

L‖

)
. (4)

where Reff and L‖ are calculated from the drift well which
minimizes a/LT . The constant is obtained for the parallel term
by rough calibration with a series of flux tubes taken from
a negative shear circular tokamak with aspect ratio 3.87, in
which q = 2.22 is held fixed and ŝ is varied from −0.20 to
−1.20 by scanning over the plasma radius. See Fig. 1(b).

The method described above, in accordance with the elec-
trostatic limit of gyrokinetics, is applied to vacuum flux-tube
geometries generated for an assortment of stellarator designs,
including HSX [29], CFQS [30], NCSX [31], LHD [32], QPS
[33], the high-mirror configuration of Wendelstein 7-X [34],
a quasiaxisymmetric stellarator NAS [35], and a modified
high-mirror W7-X (KJM) case that we call W7-K, described
in the next section. In Fig. 1(a) we plot the estimated criti-
cal gradients from the formula (4) along the horizontal axis
versus the critical gradient extracted from linear flux-tube
gyrokinetic calculations [36] using the GENE code [18]. Flux
tubes are constructed [37] with 8 poloidal turns, except for the
case of NCSX (4 turns), to obtain convergence of the critical
gradient as short flux tubes tend to artificially destabilize
modes which extend far along the field line [38], especially
in low-shear geometries. The chosen flux tube geometries

FIG. 2. Fitting quadratic curves (dashed red curves) to the drift
curvature profile −Kd a versus �/a (solid black curves) used in the
coarse-grained model for selected stellarator geometries.
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are centered at the outboard midplane of the devices (α = 0,
zero toroidal angle), and radially located at r2/a2 = 0.5. The
critical gradient is obtained from the GENE simulations by
tracking the most unstable mode and extrapolating its growth
rate to γ = 0 with two data points very close to marginality,
i.e., γ � 10−3√T/m/a or smaller for each data point. The
marginally unstable modes tend to have values of the poloidal
wave number that fall in the range kyρ � 0.2 to 0.4. The LHD
heliotron has the highest critical gradient of all cases consid-
ered, as a result of significant drift curvature a/Reff � 0.45.
Interestingly, its highly favorable comparison with W7-X (a
factor of ∼7 greater) is in line with the difference in nonlinear
heat fluxes obtained via gyrokinetic simulations [39].

Several cases of the fitted drift curvature are depicted in
Fig. 2 to demonstrate how the method behaves for four dif-
ferent stellarator geometries. The case of CFQS, Fig. 2(b), is
an ideal application of the coarse-grained approach, showing
that small-scale ripples in the drift curvature can be removed
and revealing the underlying parabolic structure of the well.
Other cases [Fig. 2(c) and 2(d)] show that the fit can strongly
deviate from the exact profile—indeed the fluctuations need
not be small according to our theory.

Increasing the critical gradient. Applying principles
gleaned from the model equation (4) we devise two novel
configurations. The first is generated by modifying two ge-
ometric parameters of the high-mirror configuration of the
Wendelstein 7-X stellarator to improve the critical gradient.
First, we directly control the effective radius of curvature, as
compared to the minor radius, by reducing the aspect ratio
of the configuration. Specifically, we create a configuration
whose outer flux surface shape is the same as the W7-X
configuration, except for a rescaling of the major radius from
5.51 m down to 2.00 m. This involves only modifying the
m = n = 0 Fourier component of the radial component of
surface shape specification in cylindrical coordinates, i.e., R00

in the input file to the equilibrium code VMEC [40]. Second,
we reduce the field period number of the configuration from
5 down to 3. The field period reduction broadens the parallel
connection length Lw, which we find stabilizes more extended
ITG modes. As Fig. 1 shows, the resulting low sheared config-
uration, “Wendelstein 7 Kompakt” (W7-K), has twice the ITG
critical gradient of the high-mirror W7-X configuration. The
primary reason is a near doubling of the drift curvature. Fig-
ure 3 shows the shape of the outermost flux surfaces for W7-X
and W7-K, colored according to B, as well as surface cuts at
evenly spaced toroidal angles. Furthermore, W7-K has values
of εeff below 0.01 out to the surface with r2/a2 = 0.5. This
configuration thus demonstrates that the ITG mode threshold
for a given stellarator configuration can be increased without
spoiling neoclassical confinement. It also contains a reduction
in the average value of |∇s|2, implying smaller linear growth
rates for the ITG mode above marginality [6].

The benefits of W7-K, however, are not limited to linear
physics effects when considering ITG mode transport. We find
two significant improvements in W7-K over W7-X via nonlin-
ear GENE calculations of the time-averaged ion heat flux Qi,
shown in Fig. 4. Firstly, the nonlinear threshold for instability
a/LT,crit, inferred by extrapolation, is larger for W7-K, so
the strategy of improving the linear critical gradient can lead
to increases in its nonlinear counterpart. Secondly, the heat

FIG. 3. Comparing the W7-X high mirror configuration with
W7-K. (Upper) Surfaces (r/a = 1) showing B in Tesla, with a single
magnetic field line (solid black line) overlaid. (Lower) Cuts of mag-
netic surfaces at specified toroidal angles mapped onto the cylindrical
coordinates Z versus R. The cuts at r/a = 1 are plotted in green while
those at r/a = 0.5 are in red. By construction, the surface r/a = 1
has the same shape for both configurations aside from a 5/3 rescaling
of the toroidal angle.

fluxes above the nonlinear threshold are consistently lower in
the case of W7-K –at a gradient a/LT,i = 2, the heat flux is
nearly a factor of two smaller. Thus a reduction in transport
as well as an increase in the nonlinear threshold has been
simultaneously achieved. We attribute both improvements to
the enhanced nonlinear zonal flow drive present in W7-K,
which is outside the scope of the present discussion but will
be explored in a future publication.

A second “nearly axi-symmetric” (NAS) configuration is
generated by using the method described in Plunk and He-
lander [35], yielding a weakly nonaxisymmetric vacuum field
that satisfies quasiaxisymmetry (QA) approximately, with an
aspect ratio of 3. As shown in Fig. 1(a), NAS enjoys the
largest critical gradient of the QA configurations studied here.
This is due to the relatively large and uniform curvature on
the outboard side of the device, in contrast to NCSX, whose
shaping actually leads to relatively weak curvature, which is
however compensated by strong negative shear.

Conclusions. A coarse-graining gyrokinetic model has
been implemented to estimate the critical gradient for the
ITG mode in a large variety of stellarator configurations. The
comparison against calculations with the GENE code confirms
the robustness of this approach, even for configurations whose
geometry is not ideally represented by the “smoothed” drift
curvature.

We note that the coarse-graining method becomes less ac-
curate when scale separation is absent, as in the case of QPS,
[Fig. 2(d)], or when global shear becomes extremely small.
The latter limit is not approached in the cases analyzed here,
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FIG. 4. Nonlinear heat fluxes computed by the GENE code
(adiabatic electrons, zero density gradient, Te = Ti) for flux tube
simulations at α = 0 (bean cross section, toroidal angle 0) comparing
the high mirror W7-X configuration to W7-K. The time-averaged
heat steady-state heat flux Qi/QGB is plotted on a log-linear scale
versus a/LT,i, where QgB = (ρ2

s /a2)csPi is the gyro-Bohm heat flux,
cs = √

Te/mi, ρs = cs/
i, and Pi = nT .

as we have not taken flux tubes at inner radii r2/a2 < 0.5.
Our investigation of the low-shear regime, to be published

later, confirms that the critical gradient is set by Floquet-like,
extended modes [17,28,38] in such cases.

The main benefit of this novel technique is twofold: (i)
A swift prediction of the critical gradient without the need
for tedious gyrokinetic numerical calculations, and (ii) the
potential to construct new configurations that combine neo-
classical optimization with a high ITG critical gradient. Two
such configurations found here are a compact version of the
Wendelstein 7-X, and a low aspect ratio quasiaxisymmetric
configuration. Our results suggest that, using the ITG critical
gradient as a figure of merit, a smaller aspect ratio can be
beneficial, but there is ample room among other degrees of
freedom for improvement in future designs of fusion reactors
of the stellarator type.
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