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Signature of PT -symmetric non-Hermitian superconductivity in angle-resolved photoelectron
fluctuation spectroscopy
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We show theoretically that the measurement of a PT -symmetric non-Hermitian superconductor by angle-
resolved photoelectron fluctuation spectroscopy (ARPFS) provides a particular signature. In fact, the signal is
negative in a single-band case in contrast to the ARPFS signal of Hermitian superconductors. We suggest that
the negative fluctuations can be explained by a remarkable pairing phenomenon: If the interaction between
electrons in this PT -symmetric non-Hermitian superconductor is attractive, then the interaction between holes
(i.e., missing electrons) is repulsive and vice versa. This difference in the sign of the interactions gives rise
to negative cross correlations. Here, we propose how such an electron-electron interaction can occur due to
the spatiotemporal modulation of the material. We also discuss the observability of this signature in multiband
systems.
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Introduction. Exotic states of matter allow for significant
advances in fundamental science and sometimes even in tech-
nology. In this sense, the physics of non-Hermitian systems
has acquired a lot of attention and evolved into a rapidly
developing research field [1,2]. Among these systems, PT -
symmetric structures [3,4] have received particular interest
due to their multiple applications in optics and synthetic ma-
terials. Here, P refers to parity and T to time reversal. It has
been predicted that adding optical loss and gain to Hermitian
systems allows for the formation of PT -symmetric systems
in the laboratory [5] that exhibit exciting physics, for instance,
loss-induced optical transparency [6] and reversing the pump
dependence of a laser [7]. There are many other interesting
effects and proposed applications based on the PT symmetry
of optical systems [8], e.g., visualization of exceptional points
in PT -symmetric directional couplers [9], laser absorbers
[10], unidirectional invisibility of media [11], and selective
mode lasers [12,13].

PT -symmetric superconductors have not been studied as
extensively as optical PT -symmetric systems. However, a
number of recent papers report particular properties related
to PT -symmetric superconductors and corresponding hy-
brid structures. For example, PT -symmetric superconductors
have been studied in relation to Majorana fermions with theo-
retical works showing unusual anticommutation relations [14]
or dragging of mobile Majorana fermions [15]. It has been
reported in Ref. [16] that PT symmetry stabilizes supercon-
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ductivity near the phase transition in a one-dimensional (1D)
system. In Refs. [17,18], the authors have discussed the theory
of PT -invariant topological metals, semimetals, and nodal
superconductors from a more general perspective. Moreover,
the superconducting PT -symmetric phase transition in meta-
surfaces has experimentally been investigated in Ref. [19].
Non-Hermitian superconductors with PT -symmetric Cooper
pairing have been theoretically studied in Ref. [20], where
the Dzyaloshinskii-Moriya interaction in combination with
an external bath or the imbalance between electron-electron
and hole-hole pairs has been suggested as the possible ori-
gin of PT -symmetric pairing. The theory of non-Hermitian
fermionic superfluidity with a complex-valued interaction has
been discussed in Ref. [21].

Taking into account the variety of possible applications of
non-Hermitian PT -symmetric superconductors, it is impor-
tant to develop detection schemes that allow for their unique
identification. It has been shown theoretically that angle-
resolved photoelectron fluctuation spectroscopy (ARPFS) can
be used for measuring the anomalous Green’s function char-
acterizing the superconducting state, in Hermitian systems
[22]. This theory has been further developed to propose the
direct detection of the “order parameter” of odd-frequency
superconductivity [23].

In this Letter, we suggest to detect non-Hermitian PT -
symmetric superconductors via ARPFS. We prove that
the ARPFS signal for a single-band PT -symmetric non-
Hermitian superconductor is negative. (Note that the corre-
sponding signal for a Hermitian superconductor has to be
positive.) This remarkable result implies that it is unfavorable
for such a system to photoemit a correlated pair of elec-
trons. We suggest that this phenomenon can be explained
by the asymmetric electron-electron interaction potential that
effectively leads to an attractive interaction of electrons
and a repulsive interaction of corresponding holes or vice
versa.
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PT -symmetric non-Hermitian superconductor. The BCS-
type (mean-field) Hamiltonian under consideration is

H =
∑

k

�
†
kHk�k

=
∑

k

�
†
k (εkτz + iσy[�kτ+ − �̄kτ−])�k, (1)

where �
†
k = {c†

k,↑, c†
k,↓, c−k,↑, c−k,↓} and ck,σ is the annihila-

tion operator of an electron with momentum k and spin σ ; the
spin quantization axis is z; τz and σy are the corresponding
Pauli matrices in particle-hole and spin spaces, respectively,
with τ± = (τx ± iτy)/2; εk is the spectrum of electrons (in
the absence of superconductivity) and we assume εk to be
real; �k and �̄k denote mean-field pairing potentials. In the
Hermitian case, the following equality holds, �̄k = �

†
k. We

now explain the conditions that apply to �k and �̄k based
on the conservation of PT symmetry. If the Hamiltonian
is invariant with respect to PT symmetry, this implies that
(PT )Hk(PT )−1 = Hk. The time-reversal operator T is de-
fined as T = −iσyK, where K is the operator of complex
conjugation in real space (thus inverting the sign of momen-
tum). The parity (or space inversion/reflection operator) P
inverts the sign of the momentum. Thus, the Hamiltonian (1)
is PT -symmetric, if Hk = H∗

k. This is possible for real mean
fields �k and �̄k. Assuming that the superconductor is not
pumped with electrons or holes, we take |�k| = |�̄k|.

Now, we introduce and discuss the non-Hermitian charac-
teristics of the Hamiltonian (1). Non-Hermitian theory implies
that �

†
k �= �̄k. Taking into account all the above conditions,

namely |�k| = |�̄k| and �k, �̄k ∈ Re, the Hamiltonian (1)
can be non-Hermitian only if we define the mean fields to
be anti-Hermitian, i.e., �

†
k = −�̄k, as in Ref. [20]. Then

the excitation energies of Hk are εk = ±
√

ε2
k − |�k|2. Thus,

for |εk| > |�k|, the excitation spectrum is real, even though
the underlying Bogoliubov–de Gennes (BdG) Hamiltonian
is non-Hermitian. For |εk| < |�k|, instead, the eigenvalues
are complex and appear in complex conjugate pairs. In our
work, we focus on the regime |εk| > |�k| implying a real
spectrum. From there it follows that Hk can be understood
as pseudo-Hermitian [24], meaning H†

k = ηHkη
−1 with η

being a Hermitian and invertible linear operator. This relation
implies that the orthonormal scalar product must be defined
for the η-product of left and right eigenstates: 〈	α

L |	β
R〉 =

〈	α
R|η|	β

R〉 = δαβ .
Non-Hermitian theory of ARPFS. The theory of ARPFS

in the Hermitian case has been carefully described before
(see, e.g., Ref. [22]). Here, we shortly present the important
equations emphasizing the points related to the non-Hermitian
aspects of the derivation. The Hamiltonian of the light-matter
interaction is given by

H =
∑

k,p,σ,σ ′
S∗(t )eit Mσ,σ ′

k,p f †
p,σ ′ck,σ + H.c., (2)

where Mσ,σ ′
k,p are the matrix elements for emission and S(t ) is

the temporal envelope of the probe with frequency  centered
around t . The operator f †

p,σ ′ is the creation operator for emitted
electrons. The Hamiltonian of the emitted electrons has the

FIG. 1. Schematic of the ARPFS setup: An electromagnetic
pulse is hitting onto the PT -symmetric superconductor. Electrons
are emitted from the substrate due to interaction with photons from
the pulse and are registered by two detectors located at opposite
sides of the sample. The aim of the detection scheme is to identify
correlated electrons that formed a Cooper pair in the sample before
they have left it.

simple form Hf = ∑
p,σ Ep f †

p,σ fp,σ = ∑
p,σ Epnp,σ . The total

population of emitted electrons can be written as

I (1)
p,σ = 〈np,σ 〉 = 〈SLnp,σSR〉0, (3)

where the index 0 denotes averaging with respect to the
ground state and its η-pseudo-Hermitian adjoint 〈· · · 〉0 =
〈0|η · · · |0〉 (see also the Supplemental Material [25]). The
evolution operator for the right state vector is SR =
T exp [−i

∫ ∞
−∞ dτH (τ )] and for the left state vector is SL =

T̄ exp [i
∫ ∞
−∞ dτH (τ )]. We can see that with this choice of left

and right basis states, SR coincides with the known expression
for the S-matrix and SL coincides with S†. Here, T and T̄
denote time and antitime ordering, respectively.

The statistical correlations of photoemission events read

I (2)
p,σ ;p′,σ ′ = 〈np,σ np′,σ ′ 〉, (4)

where the average 〈· · · 〉 is defined in the same way as
in Eq. (3). In order to calculate I (2)

p,σ ;p′,σ ′ , we expand SL

and SR up to second order assuming a weak light-matter
interaction. This implies that we need to average eight
f -operators and four c-operators. The emitted electrons
refer to a quadratic Hermitian Hamiltonian. Thus, we aver-
age them using Wick’s theorem. The c-operators can also
be averaged using Wick’s theorem, if we carefully define
the left and the right basis [26]. Thus, we can decouple
the two-point Green’s function G

k2,k1,k′
1,k

′
2

σ2,σ1,σ
′
1,σ

′
2
(τ2, τ1, τ

′
1, τ

′
2) =

〈T̄ [c†
k2,σ2

(τ2)c†
k1,σ1

(τ1)]T [ck′
1,σ

′
1
(τ ′

1)ck′
2,σ

′
2
(τ ′

2)]〉0 into correla-
tions of pairs of operators of the form 〈c†c〉0, 〈c†c†〉0, and
〈cc〉0. The fluctuations of the correlations of photoelectrons
are defined as

�Ip,σ ;p′,σ ′ = I (2)
p,σ ;p′,σ ′ − I (1)

p,σ I (1)
p′,σ ′ . (5)

In the case p′ = −p (corresponding to the setup shown
in Fig. 1) and for the Hamiltonian defined in Eq. (1),
the nonzero terms of the type 〈c†c〉0 from I (2)

p,σ ;p′,σ ′ can-

cel with the ones from I (1)
p,σ I (1)

p′,σ ′ . Thus, only terms de-
pending on the anomalous Green’s functions, defined as
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F−p,p
σ ′,σ (τ1, τ2) = 〈T [c−p,σ ′ (τ1)cp,σ (τ2)]〉0 and F̄ p,−p

σ,σ ′ (τ2, τ1) =
〈T̄ [c†

p,σ (τ2)c†
−p,σ ′ (τ1)]〉0, remain. We note that in general F̄ �=

F † for a non-Hermitian system. If we employ the sim-

plified matrix element form Mσ,σ ′
k,p = M0δk,pδσ,σ ′ , a usual

approximation in the theory of angle-resolved photoemission
spectroscopy, we obtain

�Ip,σ ;−p,σ ′ = M4
0

∫ ∞

−∞
dτ1dτ2dτ ′

1dτ ′
2S(τ1)S(τ2)S∗(τ ′

1)S∗(τ ′
2)ei(+Ep)(τ ′

1+τ ′
2−τ1−τ2 )F̄ p,−p

σ,σ ′ (τ2, τ1)F−p,p
σ ′,σ (τ ′

1, τ
′
2). (6)

Notice that Eq. (6) contains cross-correlations of the anoma-
lous Green’s functions of photoemitted electrons. Positive
values of �Ip,σ ;−p,σ ′ refer to correlations, while negative val-
ues refer to anticorrelations.

ARPFS signal for PT -symmetric non-Hermitian super-
conductors. Let us apply this result to the case of a
PT -symmetric non-Hermitian superconductor, as specified
above. The Green’s function G = [1 − H]−1 can be written
as

G =
(

G F
F̄ Ḡ

)
= ω + εkτz + iσy(τ+�k − τ−�̄k )

ω2 − ε2
k − �k�̄k

. (7)

Taking into account that �̄k = −�k with �k ∈ Re, we obtain,
for instance, for σ =↑ and σ ′ =↓,

F−k,k
↓,↑ (ω) = −F̄ k,−k

↑,↓ (ω) = −�k

ω2 − ε2
k + �2

k

. (8)

In order to apply these anomalous Green’s functions to
Eq. (6), we need to perform a Fourier transformation of
Eq. (8). Building a contour of half-circle shape with the radius
R → ∞ and employing residues (see Supplemental Material
[25]), we obtain for the anomalous Green’s functions in the
time domain

F̄ k,−k
↑,↓ (t ) = − i�ke−it

√
ε2

k −�2
k

2
√

ε2
k − �2

k

, (9)

F−k,k
↓,↑ (t ) = − i�keit

√
ε2

k −�2
k

2
√

ε2
k − �2

k

. (10)

This directly illustrates the fact that F̄ k,−k
↑,↓ (t ) �= [F−k,k

↓,↑ (t )]†,
and thus Eq. (6) does not simplify to the absolute value
squared of an integral over only one anomalous Green’s
function as in case of Hermitian superconductors [22]. This
implies that the ARPFS signal can be negative.

Next, we apply this result to Eq. (6). For simplicity, we
assume delta-function-shaped pulses, S = S0δ(t − t0). Phys-
ically, this assumption means that the temporal width of the
pulse is the shortest timescale under consideration. Thus, in
corresponding experiments, we might need to take into ac-
count the relation of the frequency width of the pulse and the
band structure of the sample in order to avoid photoemission
from different bands. As an example, in order to emit electrons
from a single band by a pulse of duration 30 fs, we need a
band separation of at least 20 meV, when the probed momenta
are near the Fermi momentum. This criterion is fulfilled in
a variety of superconductors, e.g., Sr2RuO4 [27] and iron
pnictides [28].

In our example of the single-band superconductor, the sig-
nal is given by

�Ip,↑;−p,↓ = −M4
0 S4

0

4

�2
p

ε2
p − �2

p
. (11)

Evidently, we obtain the particular result that the photoelec-
tron fluctuations are negative in the regime under consider-
ation, i.e., |εp| > �p. In such experiments, the momentum
p can be chosen. Therefore, we can always choose a large
enough p to work in the desired regime. We underline that
such a signal appears due to F̄ k,−k

↑,↓ (t ) = −[F−k,k
↓,↑ (t )]†. Note

that it can in principle be obtained in a non-PT -symmetric
case too. The main requirement is that the Hamiltonian of the
type of Eq. (1) is non-Hermitian.

Let us suggest a physical explanation of Eq. (11) for
the non-Hermitian PT -symmetric superconductor as defined
above. We first draw the analogy to the case of two electrons
placed at r1 and r2 interacting repulsively via a Coulomb in-
teraction. Their joint density ρ(r1, r2) is then smaller than the
product of the independent densities ρ(r1) and ρ(r2), at small
distances |r1 − r2|, implying ρ(r1, r2) − ρ(r1)ρ(r2) < 0. In
a notation related to the previous analysis, we can write this
inequality as 〈np,↑n−p,↓〉 − 〈np,↑〉〈n−p,↓〉 < 0. In analogy to
the ARPFS case discussed above, this means that after an
electron with momentum p and spin ↑ has been emitted,
the emission of an electron previously correlated with the
first one with momentum −p and spin ↓ is suppressed. This
suppression happens because, unlike in the Hermitian case,
the hole mean field has the opposite sign to the electron mean
field. This implies that if electrons interact attractively, holes
interact repulsively, and vice versa.

This surprising result can be formally understood as fol-
lows. The electron-electron interaction is described as

U =
∑
p,q

ψ
†
p+q,↑ψ

†
−p−q,↓V (q)ψ−p,↓ψp,↑. (12)

It can be transformed into the corresponding hole interaction
using fermionic commutation relations and relabelling the
momentum indices as

U =
∑
p,q

ψ−p−q,↓ψp+q,↑V (−q)ψ†
p,↑ψ

†
−p,↓. (13)

From Eqs. (12) and (13), we obtain expressions for the corre-
sponding mean fields,

�̄k =
∑

p

V (p − k)〈ψ†
p,↑ψ

†
−p,↓〉, (14)

�k =
∑

p

V (k − p)〈ψ−p,↓ψp,↑〉. (15)
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If the interaction potential V (q) is real and there is a balance
between electrons and holes 〈ψ†

p,↑ψ
†
−p,↓〉 = 〈ψ−p,↓ψp,↑〉, the

interaction potential V (q) must be odd in order to fulfill �k =
−�̄k. Equations (12) and (13) imply that electrons attract
each other whereas holes repel each other (or vice versa). If
a Cooper pair of electrons is photoemitted, a pair of holes is
left behind. Since the holes repel each other this process costs
energy. Hence, the photoemission of the two electrons that
form the Cooper pair is suppressed.

Odd interaction potentials are typically related to certain
asymmetries in the system, for instance, nonreciprocity or
asymmetry of the spectrum. Nonreciprocity is characteristic
of PT -symmetric systems, e.g., nonreciprocal light trans-
mission [29–31], nonreciprocal bands in diatomic plasmonic
chains [32], or the asymmetric spectrum of a PT -symmetric
superconductor with two bands [33].

Possible mechanism of an electron-electron interaction in
a PT -symmetric non-Hermitian superconductor. We propose
that the asymmetry leading to an odd interaction poten-
tial can also be achieved via external effects, such as the
spatiotemporal modulation of material properties inducing
nonreciprocity of the elastic wave propagation [34–37], that
can modify the electron-electron interaction correspondingly.
We suggest to consider the following situation: Two phonon
bands, ω1,q and ω2,q, interact with each other strongly with an
off-diagonal element δω,q and due to nonreciprocity δ±ω,q 
δ±ω,−q. Then we follow the standard procedure of the deriva-
tion of the phonon-mediated electron-electron interaction
[25]. The full action is S = Se + Sph + Se-ph. We expand
the partition function Z in Se-ph, average over phonon de-
grees of freedom, reexponentiate it, obtaining the action for
the electron-electron interaction Se-e = i〈Se-phSe-ph〉ph/2. The
electron-phonon interaction action is

Se-ph =
∫

dωdqFω,q

∑
j=1,2

(a j,ω,q + ā j,−ω,−q)ρω,q, (16)

where the density of electrons is ρω,q =∫
d�dKψ̄ω+�,K+qψ�,K with ψ̄ and ψ being electron

Grassmann fields; ā and a are phonon bosonic fields; the
function Fω,q is the prefactor that usually contains material
characteristics and constants, e.g., elastic constants; index j
denotes phonon bands 1 or 2.

After averaging over phonon degrees of freedom in Se-e, we
obtain the electron-electron interaction potential [25]:

V (ω, q) = −Fω,qF−ω,−q

2

[
ω1,q + ω2,q − 2ω − 2δω,q

δ2
ω,q − (ω − ω1,q)(ω − ω2,q)

+ ω1,−q + ω2,−q + 2ω − 2δ−ω,−q

δ2−ω,−q − (ω + ω1,−q)(ω + ω2,−q)

]
. (17)

We assume that ω1,±q, ω2,±q � δω,q, δ−ω,−q, ω. This can be
valid, for example, for acoustic phonons at small q. Moreover,
the phonon-phonon interaction can be enhanced externally,
e.g., by doping [38] or laser pulsing [39]. If we further assume
that δ±ω,q  ω  δ±ω,−q, we obtain

V (ω, q) � −V (ω,−q) � Fω,qF−ω,−q

ω
. (18)

Importantly, this electron-electron interaction potential is odd
in momentum.

We also note that the periodic modulation of elastic prop-
erties, e.g., due to spatiotemporal modulation, should be
incorporated into Fω,q, because it is usually proportional to
the elastic constants. Thus, Fω,q will have a peak around the
modulation frequency which means that we can consider ω

only around that frequency and the limit δ±ω,−q � ω � δ±ω,q
is justified. In this model, we assume that spatiotemporal mod-
ulation generates nonreciprocity, but do not take into account
possible nonequilibrium processes for electrons and phonons
for simplicity.

Multiband systems. Our formalism can be expanded to
the case of multiband non-Hermitian superconductors, which
we briefly discuss below. If electrons are photoemitted from
several bands, the operators c obtain additional band in-
dices, and the anomalous Green’s function is defined as
F−p,p

σ̄ ,α;σ,β (τ1, τ2) = 〈T [c−p,σ̄ ,α (τ1)cp,σ,β (τ2)]〉0 with α and β de-

noting bands. Then, I (2)
p,↑;−p,↓ can contain inter- and intraband

terms in the case of several pulses addressing different bands
[23]. If there is no complex spin structure of the Hamiltonian,
which can be affected by the operator T , the condition for a
multiband Hamiltonian to be PT -symmetric remains Hk =
H∗

k. Then, the mean fields and other terms of the Hamiltonian
must be real similarly to the single-band case. In this case, if
the following condition applies,

F−k,k
σ̄ α;σ,β (tα, tβ ) = −F̄ k,−k

σ,β;σ̄ ,α (tβ, tα ), (19)

where tα,β denote times of delta-shaped pulses addressing
bands α and β, respectively, we again obtain a negative signal
as in Eq. (11).

If the superconductor has a more complex Hamiltonian, the
condition for being PT -symmetric could be more complex.
Then, we may obtain imaginary terms in the Hamiltonian
which most likely lead to complex values of the Green’s
functions F−k,k

σ̄ ,α;σ,β (ω) and F̄ k,−k
σ,β;σ̄ ,α (ω). However, even then,

if [F−k,k
σ̄ ,α;σ,β (tα, tβ )]† = −F̄ k,−k

σ,β;σ̄ ,α (tβ, tα ), we obtain a negative
signal for the delta-shaped pulses in analogy to Eq. (11).

We mention in passing that in the case of a more com-
plicated expression for the Hamiltonian than Eq. (1), the
expression for the signal in Eq. (6) can also contain terms of
the normal part of the Green’s function because the two-point
Green’s function G

k2,k1,k′
1,k

′
2

σ2,σ1,σ
′
1,σ

′
2
(τ2, τ1, τ

′
1, τ

′
2) contains different

correlators and in general they may not all cancel with the
correlators stemming from I (1)

p,σ I (1)
p′,σ ′ . If this is the case, the

signal may be negative or positive depending on how the
additional terms relate to the term with anomalous Green’s
functions.

In general, the signal from a non-Hermitian superconduc-
tor of the type of Eq. (1) (not necessarily PT -symmetric) can
be positive or negative, because in the non-Hermitian case the
signal �Ip,↑;−p,↓ does not convert to the modulus square of
an integral over one Green’s function as in the Hermitian case
[22].

Summary. In conclusion, we have analyzed angle-resolved
photoelectron fluctuation spectroscopy (ARPFS) for a PT -
symmetric non-Hermitian superconductor. We have presented
the non-Hermitian formalism for ARPFS and shown that the
signal has to be negative in the single-band case. The neg-
ative fluctuations are a consequence of the asymmetry of
the electron-electron interaction in such PT -symmetric su-
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perconductors, leading to the attraction of electrons and the
repulsion of holes and vice versa.
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