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Symmetries associated with complex conjugation and Hermitian conjugation, such as time-reversal symmetry
and pseudo-Hermiticity, have a great impact on the eigenvalue spectra of non-Hermitian random matrices. Here,
we show that time-reversal symmetry and pseudo-Hermiticity lead to universal level statistics of non-Hermitian
random matrices on and around the real axis. From the extensive numerical calculations of large random
matrices, we obtain the five universal level-spacing and level-spacing-ratio distributions of real eigenvalues,
each of which is unique to the symmetry class. Furthermore, we analyze spacings of real eigenvalues in physical
models, such as bosonic many-body systems and free fermionic systems with disorder and dissipation. We clarify
that the level spacings in ergodic (metallic) phases are described by the universal distributions of non-Hermitian
random matrices in the same symmetry classes, while the level spacings in many-body localized and Anderson
localized phases show the Poisson statistics. We also find that the number of real eigenvalues shows distinct
scalings in the ergodic and localized phases in these symmetry classes. These results serve as effective tools for
detecting quantum chaos, many-body localization, and real-complex transitions in non-Hermitian systems with

symmetries.
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I. INTRODUCTION

An understanding of spectral correlations under symme-
tries is useful in classifying phases of matter [1]. In closed
quantum systems, the spectral statistics of nonintegrable sys-
tems typically coincide with those of Hermitian random
matrices with symmetries, which serves as an effective tool
for detecting quantum chaos [2-5]. The spectral statistics
also provide a measure of the Anderson transitions [6-9] and
many-body-localization (MBL) transitions [10-13]. When a
disordered many-body Hermitian system is in the ergodic
phase, the statistics of spacing between its eigenenergy levels
are described by the Wigner-Dyson distribution of Hermitian
random matrices. The Wigner-Dyson distribution is univer-
sally classified by time-reversal symmetry (TRS). Hermitian
random matrices without and with TRS, whose sign is +1 and
—1, respectively, belong to the Gaussian unitary, orthogonal,
and symplectic ensembles, each of which exhibits distinct
spectral statistics.

While state-of-the-art quantum experiments facilitate prob-
ing quantum many-body physics including MBL [13,14],
energy gain and loss naturally exist in these optical systems,
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removing the Hermiticity condition from their many-body
Hamiltonians. Consequently, open quantum systems de-
scribed by non-Hermitian operators have attracted growing
interest. Researchers have studied the non-Hermitian physics
of optical phenomena [15-24], topological phases [25-35],
and Anderson and many-body localization [36—49]. These
works have led to a remarkable advance in spectral properties
of non-Hermitian operators [50-65]. Still, it remains to be
fully explored how symmetries influence the universal spec-
tral properties of non-Hermitian operators.

The level statistics analyses of Hermitian systems can-
not be directly applied to non-Hermitian systems. Due to
the absence of Hermiticity, the 10-fold Hermitian symme-
try classification [66] is enriched into a 38-fold symmetry
classification [32,67,68]. The eigenvalues of non-Hermitian
systems are distributed in the two-dimensional (2D) com-
plex plane. The statistics of complex level spacings s,
defined as the distance between the closest eigenvalues in
the complex plane (i.e., s, = ming |E, — Eg| for all complex
eigenvalues E,, Eg with a # ), were previously studied to
capture the spectral correlations of non-Hermitian systems
[50,59,60,62,63]. Non-Hermitian random matrices without
any symmetry show a universal distribution of the spacing of
complex eigenvalues, known as the Ginibre distribution [50].
An introduction of the transposition version of TRS, H =
L{;H TUr, UrUr = £1, which is called TRST [32], changes
the distribution into two distinct distributions, depending on
the sign of UjUr = %1 [59]. This is similar to the threefold
Wigner-Dyson distribution for Hermitian random matrices.
Meanwhile, an introduction of TRS, H = Z/{;H Ur, UplUr =
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TABLE I Tenfold symmetry classification based on time-reversal symmetry (TRS), time-reversal symmetry!? (TRS"), and pseudo-
Hermiticity (pH). TRS and pH are equivalent to particle-hole symmetry’ (PHS") and chiral symmetry (CS), respectively. For the columns
of given symmetry, the blank entries mean the absence of symmetry. For TRS and TRS', 41 stands for the sign of the symmetry. If H belongs
to the symmetry class in the first column, iH belongs to the equivalent symmetry class in the second column. The column “soft gap” gives
the small y = Im(E) behavior of the density p.(x,y) of complex eigenvalues if there is a soft gap around the real axis y = 0. The column
“8(y)” indicates whether there is a §-function peak on the real axis y = 0. In the presence of the §-function peak, the columns “(r)” and “x.,”
respectively, show the mean spacing ratio and spectral compressibility of real eigenvalues [see Egs. (11) and (23) for their definitions] obtained
from 4000 x 4000 random matrices in the generalized Gaussian ensemble. The standard deviation of (r) is estimated by the bootstrap method

[69] and labeled in parentheses; for example, the standard deviation is 0.0004 for “0.4194(4).”

Symmetry class Symmetry class (equiv) TRS (PHS) TRS' pH (CS) Soft gap 8(y) (r) X
A A

A+7 Alll Vi Iyl Vv 0.4194(4) 0.83
Al Df +1 [yl v 0.4858(3) 0.59
All ct -1 [y|?

Al Al +1

AIlf AIlf -1

INERTR BDI' +1 +1 v —IylIn(|y|) Vv 0.4451(4) 0.73
Al + n_ pirt +1 —1 J Iyl v 0.4943(4) 0.58
AIL + 1, cir’ -1 -1 Vi Iyl v 0.3708(7) 1.11
AIl 4 7_ cr —1 +1 v Iyl

+1, does not alter the spacing distribution away from the real
axis [50]. In fact, unlike TRST, TRS only relates an eigen-
value with its complex conjugate, so that it has no impact
on the correlation between two neighboring eigenvalues away
from the real axis. This fact makes the role of symmetries
in the universality classes of non-Hermitian random matrices
elusive.

In this paper, we show that TRS leads to universal level
statistics on and around the real axis. In addition to TRS,
we also identify the relevant symmetries that give rise to
universal level statistics of real eigenvalues in non-Hermitian
random matrices. The universal level statistics provide an
effective tool for detecting quantum chaos in open quantum
systems with the symmetries. In the 38-fold symmetry clas-
sification of non-Hermitian random matrices, we show that
there exist seven symmetry classes in which eigenstates with
real eigenvalues preserve all the symmetries of the symmetry
class, whereas eigenstates away from the real axis break some
symmetries. They are a class only with pseudo-Hermiticity
(class A + n; class Alll), classes with TRS whose sign is
either 1 (classes Al and AII), and classes with both TRS
and pseudo-Hermiticity (classes Al + 1. and AIl 4 n.4); see
Table 1. In the last classes, TRS commutes or anticommutes
with pseudo-Hermiticity. The subscript of n. denotes the
commutation (+) or anticommutation (—) relation between
TRS and pseudo-Hermiticity. Note that random matrices with
particle-hole symmetry (H = —M;HTZ/IP) and/or sublattice
symmetry (H = —U;HUS) do not give rise to the universal
level statistics of real eigenvalues because only states with
zero eigenvalue respect the symmetries.

The density of states (DOS) of non-Hermitian random
matrices and physical Hamiltonians is generally defined in
the complex plane, p(E = x + iy). Based on analytical and
numerical analyses, we find that in five out of the seven sym-
metry classes, the DOS in the complex plane has a §-function
peak on the real axis. They are class A + n, class Al (equiv-
alent to the real Ginibre ensemble [37,53,54,57,58]), class Al

+ 14, class Al 4 n_, and class AIl 4+ n_. In these symmetry
classes, the DOS p(E = x + iy) is decomposed into two parts,

p(E =x+iy) = p:(x,y) + p,(x)3(y), (D

where p.(x,y) is the density of complex eigenvalues away
from the real axis, and p,(x) is the density of real eigen-
values. Since only the states with real eigenvalues respect
the full symmetries in these symmetry classes, p,(x) plays
a role similar to the DOS in Hermitian systems. We show
that the level statistics of real eigenvalues obtained from
non-Hermitian random matrices, such as the level-spacing
and level-spacing-ratio distributions, are different from those
obtained from Hermitian random matrices and belong to the
five distinctive universality classes according to the symme-
tries. It is also notable that TRS or pseudo-Hermiticity does
not necessarily lead to p,(x) # 0 in the DOS. We find that
no real eigenvalues appear generally in class All, which is
consistent with the absence of real eigenvalues in the Ginibre
symplectic ensemble [50]. We further generalize the absence
of real eigenvalues to class AIl + 7_.

We use random matrix analysis and exact diagonalization
to identify universal level statistics of real eigenvalues for
the five non-Hermitian symmetry classes. To demonstrate the
universality of the level statistics, we apply the analysis to
many-body and noninteracting physical Hamiltonians with
disorder and non-Hermiticity. In physical systems that belong
to the five symmetry classes, a finite density p,(x) of real
eigenvalues enables comparison with those of non-Hermitian
random matrices. We introduce non-Hermitian terms into
interacting spin and hard-core boson models, such that many-
body Hamiltonians belong to classes A + n, Al, and Al 4 n..
By the exact diagonalization, we calculate their many-body
eigenenergies and their spacing distributions on the real axis.
In these four symmetry classes, the level statistics in the er-
godic phases follow those of non-Hermitian random matrices
in the corresponding symmetry classes. On the other hand,
in class AIl + 754, the level statistics of a dissipative free
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fermionic system deviate from those of non-Hermitian ran-
dom matrices in class AIl 4 n. We attribute this discrepancy
to the unconventional level interaction between real eigenval-
ues, which is unique to non-Hermitian random matrices in
class AIl 4 n4.

The reality of the spectrum in non-Hermitian Hamiltonians
was studied extensively [15]. References [54,56] showed that
the number of real eigenvalues is proportional to the square
root of the matrix size for non-Hermitian random matrices
in class Al, and several previous works [33,36,37,49,55,59]
found that a nonzero proportion of real eigenvalues can appear
in non-Hermitian physical systems with TRS. However, how
the number of real eigenvalues scales with the system size
in physical systems, and its relationship with random matrix
theory, are still unknown. We find that the average number
Nieal of real eigenvalues show distinctive scalings with respect
to the dimensions N of Hilbert space in the five symmetry
classes. We clarify Ny, o VN in the ergodic (metallic) phase
and N, ¢ N in the localized phases. Our results show that
the level statistics analyses are powerful tools for detecting
quantum chaos and MBL in non-Hermitian systems.

This paper is organized as follows. In Sec. II, we begin by
reviewing the symmetry classification of non-Hermitian ma-
trices, and we introduce level-spacing and level-spacing-ratio
distributions of real eigenvalues for non-Hermitian random
matrices. We numerically obtain the real-eigenvalue spacing
and spacing-ratio distributions from large non-Hermitian ran-
dom matrices. Analyzing small random matrices, we clarify
the nature of effective interactions between two neighboring
eigenvalues on the real axis, and we use them to explain
the behavior of large random matrices. We also show the
scaling of the number of real eigenvalues with respect to the
dimensions of random matrices. In Sec. III, we use a hard-core
boson model and interacting spin models to demonstrate the
universality of the real-eigenvalue spacing and spacing-ratio
distribution functions. We argue that the level statistics of
real eigenvalues are useful for detecting different many-body
phases in interacting disordered systems. We uncover that
in the MBL phase, the number of real eigenvalues shows a
nonuniversal scaling with respect to the dimensions of Hilbert
space. We provide an explanation for the nonuniversal scaling.
In Sec. IV, we apply the analysis to non-Hermitian noninter-
acting fermionic models in two and three dimensions. We find
that the number of real eigenvalues shows distinctive universal
scaling properties with respect to the matrix dimensions in
the metal and localized phases. Section V is devoted to the
conclusion and discussion.

II. RANDOM MATRICES

A. Non-Hermitian symmetry classes

The 38-fold symmetry class of non-Hermitian Hamiltoni-
ans is given by the following antiunitary symmetries [32]:

time-reversal symmetry (TRS) :
*7 4T *
Ur.HUr =H, UrlUy ==,
particle-hole symmetry (PHS) :
Up H'US, = —H, Up U} =+,

time-reversal symmetry’ (TRS") :
Up H'US =H, UpUp =+1,
particle-hole symmetry’ (PHS') :
Ur H'U; = —H, Url} ==+l, )
and unitary symmetries:
pseudo-Hermiticity (pH) :
UHU =H, U =1,
chiral symmetry (CS) :
UH U, = —H, U? =1,
sublattice symmetry (SLS) :
UsHU; = —H, Us* =1,

3

where U7, , Up, , Uy, U, and Us are unitary matrices. When
H respects TRS (pH), iH respects PHS' (CS), and vice versa.
In this sense, TRS and PHS' are unified, so are pH and CS
[31]. TRS relates an eigenvalue z with its complex conjugate
Z*. If v is a right eigenvector of a Hamiltonian H with TRS for
an eigenvalue z (Hv = zv), Z/I%v* is another right eigenvector
of H with the eigenvalue z* (H Urv* = * Ul-v*). Likewise,
pseudo-Hermiticity (pH) relates an eigenvalue z with its com-
plex conjugate z*, PHS™ and CS relate an eigenvalue z with
—z*, and PHS and SLS relate an eigenvalue z with —z. On the
other hand, TRS" imposes a constraint on each eigenvector.

When a symmetry relates an eigenvalue z with 7/ # z,
and |z — 7| is much larger than the mean level-spacing, such
symmetry is expected to have no influence on the local eigen-
value correlation around z. For example, neither TRS nor PHS
changes the nearest-spacing distribution of non-Hermitian
random matrices for general complex eigenvalues [59]. This
is similar to Hermitian random matrices with PHS or CS; for
example, the eigenvalue spacing distribution away from zero
energy in class D is the same as that in class A [66].

The spectral correlation on or around the real axis depends
on TRS, pH, and their combination (TRST). From TRS, pH,
and TRS', a tenfold symmetry classification is derived, as
shown in Table I. This tenfold class includes seven symme-
try classes that have at least one symmetry associated with
complex conjugation (TRS) or Hermitian conjugation (pH):
a class with pH (class A + ), classes with TRS whose sign
can be £1 (classes Al and AlIl), and classes with both pH and
TRS, where the sign of TRS is =1 and TRS commutes with
pH (classes Al + n4 and AIl + n,4) or TRS anticommutes
with pH (classes Al + n_ and AIl 4+ 5_). According to
the 38-fold symmetry classification of non-Hermitian systems
[32], these symmetry classes are equivalent to classes Alll,
Df, ¥, BDI', DIII", CII", and CI' (see Table I). The tenfold
symmetry class in Table I is also equivalent to the Hermitian
conjugate of the non-Hermitian Altland-Zirnbauer class (i.e.,
AZ" class) in Ref. [32].

B. Level statistics of real eigenvalues for
non-Hermitian random matrices

We consider non-Hermitian random matrices H in sym-
metry classes A + 71, Al, All, Al + ny, and AIl + 74 in the
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FIG. 1. Density p.(x,y) of complex eigenvalues of non-Hermitian random matrices in the Gaussian ensemble for classes (a) AL (b) All,
(©) Al + n4, (d) A+ n, (e) AL+ n_, (f) AIl 4+ n,, and (g) AIl + n_. Here, p.(x, y) is shown as a function of y = Im(FE) for fixed x = Re(E)
near the real axis of complex energy E (i.e., y =~ 0). For classes Al, Al 4+ ., A+ n, and AIl + 7., the density of states p(E = x +iy) =
pe(x,y) + 8(y)p,(x) is separated into the density p.(x,y) of complex eigenvalues and the density p,(x) of real eigenvalues. For classes All
and AIl +7_, no real eigenvalues appear, and we have p(x + iy) = p.(x, y). The data of p(x + iy) are obtained from diagonalizations of 5000
samples of 4000 x 4000 random matrices in each symmetry class. Note that p.(x, y) is almost independent of x = Re(E) when E is away
from the boundary of a circle inside which the complex eigenvalues E distribute. All the ‘log’ in the figures are the natural log (In).

Gaussian ensemble with the following probability distribution
function p(H):

p(H) — C[;le—ﬁTr('H?,H)’ (4)

where B is a positive constant and Cy is a normalization
constant. Without loss of generality, we choose 8 = 1/2 for
the rest of this paper. Non-Hermitian matrices H are required
to belong to symmetry classes in Table I (see Appendix B for
details). Diagonalizations of large random matrices show that
eigenvalues are distributed almost uniformly in a circle except
around the real axis and its circumference (not shown here).
This distribution is consistent with the circular law of the
Ginibre ensemble [50]. For non-Hermitian random matrices
in classes A + n, Al, Al 4+ 5+, and AIl + 7., a subextensive
number of eigenvalues are real, and the DOS p(x,y) has a
8-function peak on the real axis:

p(E =x+iy) = pc(x,y) + pr(x)5(y).

In numerical diagonalizations, real eigenvalues and complex
eigenvalues are clearly distinguished, although real eigenval-
ues can artificially have tiny imaginary parts due to machine
inaccuracy of a numerical subroutine program. In fact, with
proper normalization, the apparent imaginary parts of real
eigenvalues of Hermitian matrices are less than a certain error
bound [70]. Meanwhile, to avoid regarding real eigenvalues

as complex due to the machine inaccuracy, we choose a cutoff
C larger than the error bound. The probability that complex
eigenvalues are mistaken as real depends on the dimensions N
of the matrix. With our choice of the cutoff C, this probability
is estimated to be negligible for N < 10%, where N in this
paper is typically less than 10* [70].

The density p.(x,y) of complex eigenvalues in all seven
symmetry classes vanishes toward the real axis and hence has
a soft gap around the real axis (see Fig. 1). The size of the gap
is of the same order as a mean level-spacing of eigenvalues in
the complex plane. When [y| is much smaller than the mean
eigenvalue spacing, we have p.(x, y) ~ |y| in classes Al, A +
n, Al +n_, AIl + n,, and AIl + n_, while p.(x,y) ~ |y|* in
class All and p.(x,y) ~ —|y|In]y| in class Al + 5, (Fig. 1).
These small y behaviors are consistent with the small matrix
analysis discussed in Sec. II C. The logarithmic correction in
class AI + 5, seems to be due to TRS™ with the sign +1
[52,59].

The number of real eigenvalues of non-Hermitian real ran-
dom matrices (symmetry class Al) was previously studied
[37,53,54,57,58]. However, a systematic study on the other
symmetry classes is still lacking. In this paper, we find that
the averaged number Ny, of real eigenvalues of N x N non-
Hermitian random matrices is proportional to the square-root
of the dimensions of the matrices in all five symmetry classes
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FIG. 2. Average number N, of real eigenvalues of non-
Hermitian random matrices in the Gaussian ensemble as a function
of /N for the five symmetry classes. Here, N is the dimensions
of random matrices. The error bars in the plot stand for twice the
standard deviation of N,.,. The standard deviation ON,., 18 estimated
bY NuampieR,, = S0t (N = Nt/ (Veampe — 1), where N is
the number of real eigenvalues in the ith random matrix, and Ngmple
is the number of random matrices in the ensemble. Ngpple is at
least 5000 for each matrix size. The plot clearly demonstrates the
square-root scaling Ny ~ /N in all five symmetry classes.

(see Fig. 2),

Neeat ¢ V/N. (6)

This subextensive number of real eigenvalues enables level
statistics analyses on the real axis, where the symmetries asso-
ciated with complex conjugation must have important effects
as in the Hermitian case [9].

Furthermore, we obtain the universal distribution functions
of spacings of real eigenvalues. Let A1, A,, ..., Ay, be all the
real eigenvalues of given #H in descending order. We define a
normalized spacing of the real eigenvalues as

At — A
5= L 74 7
(Aig1 — Aq)

Here, (---) stands for the average over the ensemble, and
(Ai+1 — A;) is evaluated by the average density of real eigen-
values at x = (A; + Ai1)/2,

1
(hivt —Xi) = —7———— (®)
(3 Ris1 + 1))
where p,(x) is the averaged density of real eigenvalues,
5, (0) = ) (8 — ), ©)

MER

with the set R of real eigenvalues. Here, p,(x) is estimated by
the average over the Gaussian ensemble. To exclude a fluctu-
ation due to finite sampling numbers, we follow Refs. [4,71]
and replace the é function in Eq. (9) with the Gaussian distri-
bution, exp[—(x — 1;)?/(202)]/(¥/270) with o = n5. Here,
5 is the mean level-spacing on the real axis, and n is an O(1)
constant. We verify the validity of this numerical approach by
using different n in the range from 2 to 5 and also replacing

the § function with the uniform distribution

1 | o) * (x €[l —20,4+20]),
— X 1120 2.4201(x) =
4o~ imRe kel 0  (xé[h—20,4+20]).

(10)
We confirm that p, (x) is barely influenced by the approxima-
tion scheme, where the maximal difference of p,(x) between
the different approximation methods is around or smaller than
1%. Note also that we exclude the real eigenvalues around
the edges of the spectrum when studying the distribution of
the spacings of real eigenvalues, because p,(x) near the edges
changes sharply and the estimated p,(x) might have larger
error bars.
The spacing ratio of real eigenvalues [10,11,72] is also a
useful quantity to characterize the level statistics on the real
axis. It is defined by

At — M Ai— Ai
r,-zmin( L ’1), (11)
Ai—Aic1 A1 — A

satisfying 0 < r; < 1. Since 7; is a dimensionless quantity and
free from the normalization, it is easier to numerically obtain
the distribution of r; than of s;.

In each of the five symmetry classes (i.e., classes A +
n, Al, Al +n4, Al + ny, and Al + n_), we numerically
calculate the level-spacing distribution p(s) and the level-
spacing-ratio distribution p,(r) of real eigenvalues, both of
which converge to the characteristic functions (Fig. 3). Here,
pr(r) and p(s) in class AIl 4+ n; converge more slowly than
those in the other symmetry classes and do not converge even
at the maximal matrix size [N = 4000; see Figs. 3(d) and
3(1)].

To improve the convergence, we also introduce a gen-
eralized Gaussian ensemble with the following probability
distribution function p'(H):

_ _ 2 gty
P(H) = CN,I(,Bl,ﬁz)e Te (B (HAH') =2 (H-H") ) (12)

where B; and B, control the fluctuations of Hermitian and
anti-Hermitian parts of H, respectively. For 8| = 8., p'(H)
reduces to p(H) in the Gaussian ensemble. For 8; # B, the
eigenvalues £ = x + iy of H distribute almost uniformly in
the ellipse in the complex plane,

x2 y2

a P
with a/b = B,/B1 [56]. In each symmetry class, random ma-
trices in the generalized Gaussian ensemble show the same
universal behaviors, such as soft gaps around the real axis
and the square-root scaling of the average number Ny.y of real
eigenvalues. We find that in each symmetry class, for a matrix
size N, the average number N, of real eigenvalues in the gen-
eralized Gaussian ensemble with 8; and B, is approximately
scaled by N,y in the Gaussian ensemble with the same matrix

=1, (13)

size as
S L (14)
B1
for Nrear, N,y < N. We also find that for N/, ; =~ Neea, p(s)

and p,(r) in the two ensembles are close to each other (see
Appendix C for details). Thus, p(s) and p,(r) converge much
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FIG. 3. Level-spacing distributions p(s) of real eigenvalues of N x N non-Hermitian random matrices in the Gaussian ensemble for
(a) class A + n, (b) class Al (c) class Al + 714, (d) class AIl + 5., and (e) class Al + n_. Level-spacing-ratio distributions p,(r) of real
eigenvalues of N x N non-Hermitian random matrices in the Gaussian ensemble for (f) class A + n, (g) class Al (h) class Al + n,, (i) class
All + n4, and (j) class Al + n_. For each N and for each symmetry class, p(s) and p,(r) are averaged over at least 5000 random matrices in
the ensemble. The black points for p(s) and p,(r) are obtained from 4000 x 4000 random matrices, where the standard deviation error bars are
evaluated by the bootstrap method [69]. The error bars for the smaller matrices are smaller than the error bars for N = 4000 and not shown.

faster in the generalized Gaussian ensemble with 8, > 8. We
choose 8,/B1 = 16 in the following.

In each symmetry class, the error bars of p(s) and p,(r) of
non-Hermitian random matrices in the generalized Gaussian
ensemble with a larger matrix size (N > 1000) overlap with
each other. Both p(s) and p,(r) converge to the characteristic
universal functions in the limit of the large matrix size (Figs. 4
and 5). p(s) for classes A + n, Al 4+ n,, and AIl 4+ 5, in
different ensembles was previously calculated in Ref. [73], al-
though the sizes of the matrices are small and p(s) in Ref. [73]
does not seem to reach the universal function forms shown
in Fig. 4. p(s) and p,(7) in the limit of the large matrix size
can distinguish the different symmetry classes among the five
symmetry classes. We confirm the universality of p(s) and
pr(r) in each symmetry class by comparisons with p(s) and
pr(r) in the Bernoulli ensemble (see Appendix B for details).
This comparison illustrates that both of the level-spacing and
level-spacing-ratio distributions of real eigenvalues are uni-
versal and unique in each symmetry class. In Secs. III and
IV, we compare p(s) and p,(r) obtained in the random matrix
theory with those obtained from physical models.

Note that the level-spacing distributions p(s) in the differ-
ent symmetry classes share the same asymptotic behaviors.
For s > 1, we have

Inp(s) o< —s (15)

in all five symmetry classes. On the other hand, for s < 1, we
have (see the insets of Fig. 4)

—slns  (class Al + ,
ps) o {S ( ) (16)

(other four classes).

As a comparison, the level-spacing distributions of Hermitian
random matrices satisfy Inp(s) oc —s? for s > 1 and p(s)
sP for s « 1, where the Dyson index 8 = 1, 2, 4 characterizes
the Gaussian orthogonal, unitary, and symplectic ensembles,

respectively [1]. The small-s behavior of p(s) and its differ-
ence with Hermitian random matrices are well understood by
analyses of effective small matrices (see Sec. I C for details).
In the large-s regime, the tail of p(s) in the non-Hermitian case
is much heavier than that in the Hermitian case. This differ-
ence in the large-s behavior shows that the correlation between
two neighboring real eigenvalues decays more quickly in non-
Hermitian random matrices than Hermitian ones. When the
distance between two neighboring real eigenvalues of a non-
Hermitian random matrix is larger, more complex eigenvalues
surround them and weaken the correlation between the two
real eigenvalues.

For reference, in the Hermitian random matrix theory, the
level-spacing-ratio distribution p,(r) is well approximated by
[72]

(r+r2)ﬂ
pr(r) - 3
Cp (1 +r+r2)1+3P

where 6(r) is the step function, Cg is a normalized constant,
and g =1, 2,4 is the Dyson index. By contrast, if all real
eigenvalues are uncorrelated and follow the Poisson statistics,
pr(r) is given by

o(1 —r), an

pr(r) = (1—r). (18)

1+ r)29

None of these level-spacing-ratio distributions p,(r) of Her-
mitian matrices can describe any of our universal p,(r) of
non-Hermitian random matrices in Fig. 5, showing the unique
non-Hermitian nature of our universal distribution functions.
Notably, the mean value of the level-spacing ratios

1
(r) =/ pr(r)rdr =~ 0.371 (19)
0

in class AIl 4 7 is smaller than

(F)Poisson = —1 +In4 =~ 0.386 (20)
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FIG. 4. Level-spacing distributions p(s) of real eigenvalues of N x N non-Hermitian random matrices in the generalized Gaussian
ensemble for (a) all five symmetry classes, (b) class A + 7, (c) class Al (d) class Al 4+ n4, (e) class All + 5., and (f) class Al + n_.
For each N and for each symmetry class, the spacing distribution function is averaged over at least 5000 random matrices in the ensemble. The
black points with the error bars are p(s) obtained from 4000 x 4000 random matrices, where the standard deviation error bars are evaluated by
the bootstrap method [69]. The error bars for the smaller matrices are smaller than those for N = 4000 and not shown. In each symmetry class,
p(s) of random matrices with different sizes N (N > 1000) almost overlap with each other. Insets: Asymptotic behaviors of the distribution
function for s > 1 and for s < 1. For small s, the cumulative distribution function [05 p(s')ds' is plotted as a function of either s> or —In(s)s>.
For s > 1, In(p(s)) is linear in s, indicating the Poisson-like tail. The comparison of p(s) among the five symmetry classes shows that p(s) for
classes Al and Al + n_ are close to each other, and that p(s) for the other three classes are clearly distinguished from p(s) for classes Al and

Al + n_. All the ‘log’ in the figures are the natural log (In).

of uncorrelated levels. By contrast, () of non-Hermitian ran-
dom matrices in the other four symmetry classes are all larger
than (7)poisson (see Table I and Fig. 5). In the Hermitian ran-
dom matrix theory, the mean values of level-spacing ratios in
the Gaussian orthogonal, unitary, and symplectic ensembles
are [72]

(r)coe ~ 0.531, (r)gor =~ 0.600, (r)gsg ~ 0.674, (21)

all of which are larger than (r)pyisson ~ 0.386. In addition, (r)
increases with the Dyson index g = 1, 2, 4 that describes the
strength of the level repulsion [1]. Thus, (r) < (7)poisson 1N
class AIl + 5, indicates unusual level interactions on the real
axis unique to this symmetry class.

To further clarify the nature of the interactions between
real eigenvalues in each symmetry class, we also calculate

the variance X, of the number Ny of real eigenvalues in an
interval on the real axis [9],

o = (Ny) — (Nw)>. (22)

We have ¥, o In{Ny) in Hermitian random matrix theory,
while we have ¥, = (Ny ) for uncorrelated real numbers (i.e.,
Poisson statistics). The spectral compressibility,

. d%,

lim ,
Ny —o00 d < NW)
quantifies the level interaction between real eigenvalues. For
Hermitian random matrices, the level repulsion is stronger,
leading to x = 0. On the other hand, we have xpyisson = 1 for

the uncorrelated real spectrum. In the intermediate regime,
such as the metal-insulator transition points in Hermitian

X = (23)
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FIG. 5. Level-spacing-ratio distributions p,(r) of real eigenvalues of N x N non-Hermitian random matrices in the generalized Gaussian
ensemble for (a) all five symmetry classes, (b) class A + 7, (c) class AL (d) class Al + 7, (e) class All 4 1., and (f) class Al + n_. For each N
and for each symmetry class, the level-spacing-ratio distribution function is averaged over at least 5000 random matrices in the ensemble. The
black points with the error bars are p,(r) obtained from 4000 x 4000 random matrices, where the standard deviation error bars are evaluated
by the bootstrap method [69]. The error bars for the smaller matrices are smaller than the error bars for N = 4000 and not shown. In each
symmetry class, p,(r) of random matrices with different sizes N (N > 1000) almost overlap with each other. The mean value (r) = fol pr(r)dr
of the spacing ratios and its standard deviation are given for N = 4000 for each symmetry class. The comparison of p,(r) among the five
symmetry classes shows that p,(r) distinguishes between different symmetry classes.

disordered systems, the level repulsion is weaker than the ran-
dom matrices but stronger than the Poisson statistics, resulting
in0 < x < 1[9]. For non-Hermitian random matrices in each
of the five symmetry classes, we find

Ez X (Nw), (24)

meaning that the spectral compressibility x gives a universal
constant unique to each symmetry class (see Table I and
Appendix E for details).

Remarkably, we have x & 1.11 > xpoisson = 1 in class All
+ 14, again indicating the unusual level interactions. As
shown by p(s) o« s — 0 for s — 0, the interaction is repulsive
in the small-s regime even for class AIl + 5., although the
level repulsion is much smaller than p(s) o s* of Hermitian
random matrices in class All (i.e., Gaussian symplectic en-
semble). Hence, from our numerical results of (r) < (r)poisson
and x > Xpoisson, the attractive interaction should appear in

the finite-s regime and dominate the repulsive interaction in
the small-s regime on average. This is also compatible with
the large peak of p(s) and p,(r) compared with the other
symmetry classes (see Figs. 4 and 5). A distinctive feature of
class AII + 7, is the simultaneous presence of TRS and TRS',
whose signs are —1. While TRS' with the sign —1 leads to the
Kramers degeneracy of generic complex eigenvalues and the
consequent strong level repulsion, TRS with the sign —1 leads
to the strong level repulsion around the real axis, as shown by
the absence of real eigenvalues in class AIl. The combination
of TRS and TRS' seems to result in the unusual interactions
between neighboring levels (Kramers pairs) on the real axis
that are repulsive in the small-s regime but attractive in the
larger-s regime. This is a possible reason for (r) < (r)poisson
and ¥ > xpoisson- In Sec. II C, we use effective small matrices
to analyze the interactions between neighboring real eigenval-
ues, and we find that the degrees of freedom of the attractive
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interaction in class AIl + 5, are much larger than those of the
other symmetry classes.

Note also that no real eigenvalues generally appear in
classes AIl and AIl + n_. This should be due to TRS with
the sign —1, which only enforces the Kramers degeneracy
on the real axis. If a real eigenvalue is present in these
symmetry classes, a Kramers partner with the same real
eigenvalue should always appear. While this Kramers pair is
robust against Hermitian perturbations, it is sensitive to non-
Hermitian perturbations and forms a complex-conjugate pair
in the complex plane. Consequently, real eigenvalues are un-
stable in these symmetry classes. On the contrary, in class All
+ 14, all eigenvalues including complex ones exhibit Kramers
degeneracy because of the additional presence of TRST with
the sign —1. Consequently, the Kramers pair on the real axis
is robust even against certain degrees of non-Hermitian per-
turbations, which leads to the subextensive number of real
eigenvalues. This is different from class AIl 4 n_, where only
TRS' with the sign +1 is present and no such robust Kramers
degeneracy is allowed generally. We also discuss the absence
of real eigenvalues in classes AIl and AIl + n_ by effective
small matrices in Sec. II C.

C. Effective small matrix analysis

Interactions between two neighboring eigenvalues can be
qualitatively understood by effective small matrices [59].
When two eigenvalues get close to each other by the change
of parameters, the interactions between them can be studied
by nearly degenerate perturbation theory [4]. The strength of
the interactions is generally determined by symmetry such
as TRS and pH. To see the influence of symmetry in each
of the seven symmetry classes, we consider the two adjacent
eigenvalues that are either both real or complex conjugate to
each other. Then, we project the variation of a full Hamilto-
nian onto a smaller space spanned by eigenvectors that belong
to the two adjacent eigenvalues. The small Hamiltonians thus
obtained take forms of either a 2 x 2 matrix or a4 x 4 matrix,
depending on the presence of the Kramers degeneracy. The
symmetry classes of the small matrices are the same as the
full Hamiltonians.

The small matrices in the seven symmetry classes are of

the following forms:
ax +az
ap — ay ’

(5) ap + a;
Hay = (

a, —as
3O ap + a; az +iay
Atn T\ —a3 + ia -
3 2 ap—ap
,H(s) (40 +a az
Al+n, ap — a;
(v) (a0 + iay az + iay
AH —asz +iay ay— ia
ap + a; 0 a)+as as— as
2O 0 ap + a; as+az a) —as
Al ’
a) — as —as+az3 ag— a 0
—da4 — a3 ap + as 0 ap — ay

ap a» + ia;
H(S) —
Alltn- —ap + iay a )

’}—[.El\YI)IJrnJr
ap + ap 0 a + ia5 as + ia3
0 aop + ay —as4 +ias ap — ias
- —ap + ias as + ias ap — ajy 0 ’
—as +ias —ap — ias 0 ag — ap
where ay, ay, ..., ay+, are real random variables. The eigen-

values of the small matrices are written in a unified form as

A=ap VX — Y,

X = Zjnzl a,‘z (m #£0),
10 (m=0),
m-+n
y=3Y a (25)
i=m+1

for the seven symmetry classes (see Appendix A for details).
The two eigenvalues of each of these matrices are either both
real or complex conjugate to each other. For m = 0 (classes
All and AIl 4 n_), they are always complex conjugate to each
other, meaning the absence of real eigenvalues. For m > 0, the
probability of two real eigenvalues is finite and equal to the
probability for X > Y. This explains the presence and absence
of the §-function peak on the real axis in the DOS in the seven
symmetry classes. In Appendix A, we analytically obtain the
level statistics of real eigenvalues and the DOS around the
real axis for the above effective small matrices in the seven
symmetry classes.

The finite probability of the real eigenvalues of the random
matrices leads to the square-root scaling of Ny, . According
to the circular law [50], the uniform distribution of complex
eigenvalues within the circle of radius R suggests that the
number of complex eigenvalues near the real axis within an
energy window of a mean complex energy spacing 5. is scaled

by VN,
2Rsc _
nR2 =2, / x VN (26)

with 7R? /52 = N. The complex eigenvalues near the real axis
can be regarded as complex-conjugate pairs of eigenvalues,
each of which is described by the small random matrices. Due
to the finite probability of X > Y, a complex-conjugate pair
of the eigenvalues near the real axis is converted into real
eigenvalues with a finite probability. This gives the square-
root scaling, Nyeas ~ +/N.

For X <Y, the two eigenvalues are complex conjugate
to each other. Thereby, X and Y in Eq. (25) give an attrac-
tive and repulsive interaction between the two eigenvalues,
respectively. The increase of X (Y) will decrease (increase)
the distance between the two eigenvalues along the imaginary
axis. In symmetry classes A + n, Al, Al + n, AIl + 54, and
Al 4+ n_, we have m > 0, and both attractive and repulsive
interactions are present. By contrast, in classes AIl and Al
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TABLE II. Degrees of freedom of Hermitian and anti-Hermitian
parts of traceless effective small random matrices H for the seven
symmetry classes. For each class, the traceless parts of the small
matrix are decomposed into the Hermitian and anti-Hermitian parts,
the degrees of which are denoted by m and n, respectively. If H
belongs to the symmetry class in the first column, iH belongs to the
equivalent symmetry class in the second column.

Symmetry Equivalent Real degree Imaginary degree
class symmetry class  of freedom m of freedom n
Al DY 2 1

A+ Alll 1 2

Al + 1, BDI' 1 1

All cf 0 3

Al + 7 DI 3 2
INIERS cr’ 0 2

All + 4 cIr’ 1 4

+ n_, we have m = 0, and thus no attractive interaction is
present (see Table II).

The DOS around the real axis is determined by the interac-
tion between the two complex-conjugate eigenvalues. When
the attractive interaction along the imaginary axis is absent
(m =0 in classes AlIl and AIl + 7_), the two eigenvalues
are less likely to appear around the real axis than the other
symmetry classes. The repulsion between the two eigenvalues
becomes larger for larger n. In fact, our analysis of the small
matrices in the Gaussian ensemble gives

G+ ly]*  (class AII), on
X+ iy) &
pe Y ly]  (class AIl + n_).

In the presence of the attractive interaction (m > 0 in classes
A + n, AL, Al + ny, AIl + 54, and Al 4 n_), the larger
attractive interaction converts the complex-conjugate pair of
eigenvalues near the real axis onto two real eigenvalues. As a
result, a subextensive number of eigenvalues of the full matrix
appear on the real axis. In fact, our analysis of the small
matrices in the Gaussian ensemble gives (see Appendix A for
detailed derivations)

—|y|ln class Al + ,
pc(x’y)o({ [ylnly|  ( n+) (28)

Iyl (other four classes)

for small |y|. These small-|y| behaviors of p.(x,y) from the
small matrix analyses are consistent with the numerical results
of large random matrices shown in Fig. 1.

For X > Y, the two eigenvalues are real. Thereby, X and Y
in Eq. (25), respectively, give a repulsive and attractive inter-
action between the pair of two real eigenvalues. The increase
of X (Y) increases (decreases) the distance between the two
eigenvalues along the real axis. We analytically calculate the
spacing distribution function of the two real eigenvalues for
the small matrices in the five symmetry classes with m > 0
(see Appendix A for detailed derivations). For small s, the
real-eigenvalue spacing distribution is obtained as

(class AT+ ),

—slns
P {S (other four classes). 29

Note that p(s) from the small matrix analyses and that from
large random matrices are not exactly the same, while they
share the same asymptotic behavior for small s for each of
the five symmetry classes. Note also that in class AIl + n,
the degrees of freedom of the attractive interaction Y (i.e.,
n = 4) are much larger than the degrees of freedom m of the
repulsive interaction X (i.e., m = 1). This is consistent with
(r) < (F)poisson and x > 1in class AIl + n, for large random
matrices (see Sec. II B for details).

III. DISSIPATIVE MANY-BODY SYSTEMS

In the previous section, we study the general behavior
of the level statistics of non-Hermitian random matrices in
symmetry classes Al, A + n, Al + n4, Al + n_, and AIl
+ n4+. The DOS in these symmetry classes shows a é-function
peak on the real axis. The number of real eigenvalues is scaled
by the square-root of the dimensions of the matrices.

In this section, we study many-body disordered Hamil-
tonians that belong to symmetry classes Al, A + n, Al +
N+, and Al 4+ n_. We calculate the level-spacing distribu-
tions, level-spacing-ratio distributions, and the numbers of
real eigenvalues in the weak disorder regime (ergodic phase)
and the strong disorder regime (MBL phase). In the weak
disorder regime, we show that the level-spacing and level-
spacing-ratio distributions of real eigenvalues match well with
those of non-Hermitian random matrices in the same sym-
metry classes. In addition, we find that the number of real
eigenvalues in the weak disorder regime is scaled by the
square root of the dimensions of the many-body Hamiltonians,
which is also consistent with the random matrix theory. In the
strong disorder regime, we show that the many-body model
in class Al is characterized by nonuniversal scalings of the
number of real eigenvalues and its standard deviation. We also
provide a phenomenological explanation for this nonuniversal
behavior.

A. Hard-core boson system

We consider the following one-dimensional (1D) hard-core
boson model with the nonreciprocal hopping [36,41]:

Ly
Hun = Z{t(egclr]ci + efgcjc,url) + Unjp1n; 4+ hing}.
i=1
(30)
Here, c; is a boson annihilation operator at site i, n; = cchi
is its number operator, and the periodic boundary conditions
are imposed (i.e., ¢, +1 = c1). Every site is allowed to be
occupied by no more than one boson under the local hard-core
boson constraint. g controls the degree of nonreciprocity and
non-Hermiticity, and 4; is the random potential at site i that
distributes uniformly in [—-W/2, W/2] with W > 0. On the
occupation-number basis, Hyy satisfies

Hiw = i 31)

and belongs to class Al This model can be mapped to an inter-
acting spin model with a random magnetic field and realized,
for example, in ultracold atoms [14,28,41].

The Hermitian limit (g = 0) of the model was pre-
viously studied [11-13,74-77], where the level-spacing
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FIG. 6. (a) Heat map of the density p.(x, y) of complex eigenvalues of the hard-core boson model in the weak disorder regime (W = 2,
L, = 16). (b) Integrated density of complex eigenvalues, p.(y) = % /791 pe(x, y)dx. As seen from the heat map, —1 < E < 9 is well within the
ergodic phase for W = 2. (c) Level-spacing distribution p(s) of real eigenvalues within the energy window —1 < E < 9 in the weak disorder
regime of the hard-core boson model, and its comparison with p(s) obtained from non-Hermitian random matrices in symmetry class Al (black
line). Inset: Asymptotic behavior of fos p(s")ds’ for s < 1. The consistency between p(s) from the hard-core boson model and p(s) from the
random matrices justifies that —1 < E < 9 for W = 2 is well within the ergodic phase. (d) p(s) in the many-body localized phase (all the real
energies E, W = 30), and its comparison with the Poisson distribution. () Mean value of level-spacing ratios (r) = fol pr(r)dr as a function
of system size L,. The average is taken in the ergodic phase (W =2, —1 < E < 9, L, = 16). (f) Level-spacing-ratio distribution p,(r) of real
eigenvalues in the ergodic phase (W =2, —1 < E < 9, L, = 16) and its comparison to p,(r) obtained from non-Hermitian random matrices
in class Al (g) p,(r) in the many-body localized phase and its comparison with p,(r) of uncorrelated real numbers. The mean value (r) of
each level-spacing-ratio distribution is also shown in the figures. (c)-(g) The error ranges are evaluated by the bootstrap method [69]. The error
ranges of the distributions of random matrices are much smaller than those of the hard-core boson model and are not shown here or in the

following figures (i.e., Figs. 8, 13, and 17; see also Figs. 4 and 5).

distribution obtained by the exact diagonalization is one of
the most powerful tools for detecting the MBL. To iden-
tify the ergodic and MBL phases in the non-Hermitian case
(g # 0), Ref. [41] used a scaling of the proportion of the
number of real eigenvalues, entanglement entropy, and level-
spacing distribution in the complex plane. The proportion
of the number of real eigenvalues increases as the disor-
der strength increases. Furthermore, Ref. [41] conjectured
that complex eigenvalues collapse onto the real axis and
that the proportion of real eigenvalues becomes approxi-
mately 1 when the system undergoes a transition from the
ergodic to MBL phases. Meanwhile, the scaling relationship
between N,y and N in the ergodic phase was not clari-
fied.

We study the weak (strong) disorder regime of this model
at the half-filling of the boson number with the parameters
t=1,¢g=0.1,U =2, W =2 (W = 30). At the half-filling,
the boson number M is the same as the half of the lattice site
number L, (i.e., M = L,/2). At least 400 different disorder
realizations of Eq. (30) are diagonalized for each system size
(the maximal system size is L, = 16) and for each disorder
strength.

In the weak disorder regime (ergodic phase), we find that
p(x + iy) has a é-function peak on the real axis, p(x + iy) =
pe(x,y) + 8(y)pr(x), and pc(x, y) shows a soft gap p(x, y)
|y| around the real axis y = 0 [Figs. 6(a) and 6(b)]. We calcu-
late the level-spacing distribution p(s) and level-spacing-ratio
distribution p,(r) of the real eigenvalues from an energy range
around the center of the many-body spectrum. We exclude real
eigenvalues near the edges of the spectrum from the statistics.
For the system sizes L, > 12, the error bars of the mean values
of the level-spacing ratio with different system size L, already
overlap with each other [see Fig. 6(e)]. This indicates that the
level statistics in the ergodic phase reach the convergence for
L, > 12.

We find that the level-spacing distribution and level-
spacing-ratio distribution of real eigenvalues are well de-
scribed by those obtained from non-Hermitian random
matrices in class Al [Figs. 6(c) and 6(f)]. For reference, we
compare the Kolmogorov-Smirnov distances between p(s),
pr(r) of our hard-core boson model in the ergodic phase and
those from the non-Hermitian random matrices in the five
symmetry classes in Appendix D. The comparison further
confirms the consistency between the random matrix theory
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8r Here, S; = (S©, S;,i), S =10, 00, 6) is the spin-1/2
[ Hard-core boson ——y = 0.51*x+1.71 S0 L J .. .
© Spin (AT) = 0.50%x10.99 operators at site i w1th the.perlodlc boundary confiltlons (i.e.,
Spin (A + 7) y = 0.48%x+0.22 St.+1 = S1). The lattice site number L, for H4 is chosen to
7T T Spin (A4 n,) ——y = 0.50%x+0.73 be an odd integer to respect TRS whose sign is —1 [see
[ Spin (Al +7-) ——y =0.51*+0.95 also Eq. (40) below]. h{", h;,i), and h{" are real random num-
6l bers that describe random magnetic fields or random energy
E gain and loss. hfj) (u = x,y, z) distributes independently and
%D uniformly in [—W,,/2, W, /2] with W,, > 0. DY and D) are
<5l real random numbers (random imaginary DM interactions)
that distribute independently and uniformly [—Wp /2, Wp /2]
with Wp > 0. These non-Hermitian terms can be realized,
ar for example, in continuously measured cold atomic systems
[78,79].
5 ‘ : ‘ ‘ ‘ ‘ The random spin model H; satisfies
N Hi=Hi (33)

FIG. 7. Average number N, of all the real eigenvalues as a
function of the dimensions N of the Hilbert space for the many-body
bosonic models in the weak disorder regimes (W =2 or W, = W, =
W, = Wp = 1). The square-root scaling Nyea o< /N suggests that all
the real eigenvalues of the bosonic models in the weak disorder
regimes are consistent with the random matrix theory and hence well
within the ergodic phase. All the ‘log’ in the figures are the natural
log (In).

and the physical Hamiltonian. We also calculate the number
Nieqr Of all the real many-body eigenenergies and its average

Niear over the different disorder realizations. We find that
Nieal is scaled by the square root of the dimensions N of the
many-body Hamiltonian, Nyeq ~ VN (Fig. 7), which is also
consistent with the random matrix theory.

In the strong disorder regime (MBL phase), by contrast, al-
most all the eigenvalues are real, and thus we have Ny ~ N.
While the level-spacing-ratio distribution p,(r) of real eigen-
values is the same as p,(r) of uncorrelated real eigenvalues
[Eq. (18)], the level-spacing distribution p(s) of real eigen-
values is slightly different from the Poisson distribution. This
slight difference is due to the finite-size effect and will vanish
if the disorder strength or the system size is increased.

B. Interacting spin system

We consider the following 1D Heisenberg spin models with
random magnetic fields, random energy gain (loss), or random
imaginary Dzyaloshinskii-Moriya (DM) interaction:

L
Hi = ZJSi “Sivts
i=1
Hy=Hi+ Y {hS9 +inPSP + hDs?},

Ho=Hi+ Y ik +inDSO + hDsO},
i

Hy=Hi+ Y |{ihDSD +nDsD),

Ly
Hy = Hy + Z {iD)(ci)(S)(:i)SiiH) _ S;i)S;i+l))
i=1

+ DY (SPSIHD — sOsHY) L (32)

and thus belongs to symmetry class Al. H, satisfies

L, L,
Hy = (]_[ a;”) ] (]_[ a;”) (34)
and belongs to symmetry class A + n. Hj satisfies

Hy = 3, (35)

Ly L,
Hy = (H aﬁ”)%ﬁ (H o;”) (36)

L, L, *
1) (). o

and thus belongs to symmetry class Al + 5. H4 satisfies

with

Hy = Hj, (38)

L, L,
Hy = (]_[ a;”) H, (]_[ ay(")) : 39)

When L, is an odd integer, the unitary matrix satisfies

L L *
o) (f).

and hence the TRS operator and pH operator anticommute
with each other. Thus, H4 belongs to class Al 4+ n_ for
odd L,.

We study the weak disorder regimes of the four 1D Heisen-
berg models with the parameters J =1, W, =W, =W, =
Wp =1 and with the different system sizes (the maximal
size is Ly = 13). From the DOS p(E = x + iy) = p.(x,y) +
3(y)pr(x), the soft gap of p.(x,y) around the real axis y = 0
is universally observed with the same asymptotic behavior
for small y [Figs. 8(e)-8(h)]. For different L, (L, of H4
changes only for odd numbers), the number N, of real
eigenvalues shows the square-root scaling with respect to the
dimensions N of the many-body Hamiltonians, Ny, o VN
(Fig. 7), which is consistent with the random matrix theory.
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FIG. 8. (a)—(d) Heat maps of the density p.(x, y) of complex eigenvalues of the non-Hermitian interacting spin models in the weak disorder
regimes (W, =W, =W, =Wy = 1, L, = 13) for (a) class AL (b) class A + », (c) class Al + 7., and (d) class Al + 7n_. (e)—(h) Integrated
density of complex eigenvalues, p.(y) = % ff;s pc(x, y)dx, in the weak disorder regimes. From the heat maps, —2.5 < E < 2.5 for W, =
W, = W, = Wp = 1 is well within the ergodic phase for all the spin models. (i)-(1) Level-spacing distributions p(s) of real eigenvalues in the
weak disorder regimes of the interacting spin models, and their comparison to p(s) from non-Hermitian random matrices in the same symmetry
classes (red line). Insets: Asymptotic behavior of fos p(sH)ds' for s < 1. (m)—(p) Level-spacing-ratio distributions p,(r) of real eigenvalues in
the weak disorder regimes of the interacting spin models, and their comparison to p,(r) from non-Hermitian random matrices in the same
symmetry classes. The mean value (r) = fol p,(r)dr of each level-spacing-ratio distribution is shown in the figures. The statistics are taken in
the weak disorder regime (W, = W, = W, = Wp = 1 and —10 < E < 10 in all four spin models). The consistency between p(s) [p,(r)] from
the spin models and p(s) [p,(r)] from the random matrices justifies that all eigenstates with real energy —10 < E < 10 in the weak disorder
regime are in the ergodic phases. (i)—(p) The error ranges are evaluated by the bootstrap method [69]. All the ‘log’ in the figures are the natural
log (In).

Both level-spacing statistics and level-spacing-ratio statistics
of real eigenvalues for each spin model show the same dis-
tributions as in the random matrices in the same symmetry
class [Figs. 8(1)-8(1) and 8(m)—-8(p)]. These results indicate
that the square-root scaling of Ny, universally holds true in

the ergodic phases of interacting disordered systems. It should
be noted that many-body eigenstates in the ergodic phases are
extended in many-body Hilbert space, while single-particle
eigenstates in the metal phase, which are studied in Sec. IV,
are extended in the spatial coordinate space.
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FIG. 9. Level-spacing distributions p(s) of real eigenvalues in
the strong disorder regimes of the non-Hermitian spin model H,;
for (a) W, =W, =20, W, =2 and (b) W, =W, =15, W, = 10.
Level-spacing-ratio distributions p,(r) of real eigenvalues in the
strong disorder regimes of H; for (c) W, =W, =20, W, =2 and
(d) W, = W, = 15, W, = 10. The statistics are taken from all the real
eigenvalues of H,;.

Moreover, we study the strong disorder regimes of H; in
class Al with the parameters J =1, W, = W, =20, W, =2
or J =1, 15< W, =W, <40, W, =10. We find that H,
and H;3 in the strong disorder regimes show the level statis-
tics of real eigenvalues similar to those of H; in the strong
disorder regimes (not shown). W, and W, in H; describe
Hermitian local disorder while W, describes anti-Hermitian
local disorder. When the Hermitian disorder dominates over
the anti-Hermitian disorder (W, = W, = 20, W, = 2), almost
all the eigenvalues are real, where we have Ny, o< N. The
level-spacings and level-spacing ratios of real eigenvalues
satisfy the Poisson distribution [Fig. 9(a)] and the distribution
in Eq. (18) [Fig. 9(c)].

When the anti-Hermitian disorder is of the same order
as the Hermitian disorders (W, = 10, 10 < W, = W, < 40),
the number N, of real eigenvalues fluctuates largely from
sample to sample. The standard deviation of N, Ul%m] =
(ereal) — (Neeal) %, grows exponentially with the system size L,,
and oy, is much larger than Neeal = (Nreat) (Fig. 10). Notably,
we find that the scalings of N, and oy, with respect to the
dimensions N of the Hamiltonian are characterized by nonuni-
versal powers, such as Ny ~ N* (see Figs. 10 and 11). The
powers of both N, and on,, increase when the Hermitian
disorders become larger.

The nonuniversal powers « in the scalings of N, and ON
can be explained with a hypothesis that the MBL phase in the
non-Hermitian case exhibits an emergent integrability as in
the Hermitian case [12,13]. Suppose that the many-body non-

3000 |
2000 ¢

[ ] Nreal ~ 1.12N0‘79 (pf = 086)
4 oy, ~0.58N%2 (p; = 0.89)

1000 |

500 f

200 1

100 ¢

256 512 1024 2048 4096
N

FIG. 10. Average number N, of all the real eigenvalues and
its standard deviation oy, in the non-Hermitian interacting spin
model #,; as functions of the dimensions N of the Hilbert space. The
Hermitian and anti-Hermitian disorder strengths are chosen to be on
the same order (W, = W, = 15, W, = 10). p; is an estimation of the
probability p in Eq. (45) by the linear regression on InN,e with InN
or Inoy,, with InN.

Hermitian Hamiltonian in the MBL phase can be effectively
expanded in terms of L, mutually commuting bit operators "
(i=1,2,...,L)as

Ly
HYPL =3 00 3 g0
i=1 i
+ 3 KiprPtD® (41)
ijk

Here, we have [{", ] = [HYBL, 701 =0 for all i and ;.
The bit operator 7{ is a two-by-two non-Hermitian matrix.
HMBL respects TRS and belongs to class Al Given that the

117

T W,.=15 (pp=0.65) — 3y =0.79+z+0.12 (p; = 0.87)
T W,.=20(pp=080) —y=088%z+0.09 (p; = 0.92)
10 H Wy =25 (po = 0.87) y=0.94%z —0.05 (p; = 0.96)
T W, =30 (pp=0.91) — 1y =0.96 %z — 0.06 (ps = 0.975)
T W, =40 (pp=0.95) —y =097 %z +0.05 (p; = 0.979)
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FIG. 11. Average number N, of real eigenvalues as a function
of the dimensions N of the Hilbert space of the interacting spin model
H;. The Hermitian disorder strength and anti-Hermitian disorder
strength are of the same order: the anti-Hermitian disorder strength
is fixed to W, = 10, while the Hermitian disorder strength is changed
from W, = 15 to 40. py is the probability that an eigenvalue of the
local disordered Hamiltonian h{’c" + ih’o(" 4+ h’c (" becomes
real. p; is an estimation of the probability p in Eq. (45) by the linear
regression on InN,, with InN. All the ‘log’ in the figures are the
natural log (In).
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coefficients such as J;; and K;j; are real numbers, the bit
operator must also be real (t{))* = ¢//:

W 4a® a4 q®
G _ +ay ay +a;
= <l> <l> G _ 0 “42)
612 — Cl3 Clo — Cll

with real numbers a{) (¢ = 0, 1, 2, 3). The real numbers of
different i and different components are almost independent
of one another in the strong disorder regime. When H, is
dominated by the on-site random terms (W, W,, W, > J), the
bit operator is given by the random magnetic ﬁelds at each lat-
tice site, a(() =0, a(’) h?/2, a} O = p /2, and a(’) = h(’)/2
For (a\")? + (a(’))2 > (a(’))z, the bit operator 7" has real
eigenvalues,

W= a0k (@) + (@) - ()

For (61(1"))2 + (ag))2 < (agl))z, the bit operator has complex
eigenvalues,

1 = a0 £ i (@) ~ (@) - (@)’

From them, a many-body eigenvalue of #MEL is given by

E({B;}) = Z,\W + ZJ,,)\;;U\;” S (43)

with 8; =:|:1,:|:iforj= 1,2,...,L)C

Let p be a probability of the bit operator of i having real
eigenvalues. The probability is independent of i, and two bit
operators at different i and j are uncorrelated with each other.
Thus, a probability of a given many-body eigenvalue being
real-valued equals a probability of all kgi) being real, which is

p*=. The average and standard deviation of the number of real
eigenvalues are estimated as

Nreal = (2]7)1”,

ONew =/ (N2,) — N2, = 28/ ple — p2Ls
= (2\/7))LX (44)

for L, > 1 and p < 1. Here, (---) means the average over
different disorder realizations. These evaluations lead to the
scalings

N7 o
Niea ~ N,

B
ONeea ™ N¥,

a=1+log,p <1,
,8_1+ log, p < 1. (45)

Note that in the MBL phase with p < 1, oy, is much larger
than Ny, for large N, being consistent with the numerical
observation (Fig. 10). When the on-site disorders in #; be-
come much more dominant than the Heisenberg interaction
J, the probability p in the scaling forms can be determined
only by W,, W,, and W, (see po in the caption of Fig. 11). The
numerical data with the finite disorder strengths are approx-
imately well fitted by Eq. (45) with similar values of p
(Fig. 11). In the strong disorder regime, the probability dis-
tribution of Ny, shows two peaks around N, = O (i.e., none
of eigenvalues are real) and N,y = N (i.e., all eigenvalues are
real) (Fig. 12), which are also consistent with the phenomeno-
logical explanation in Eq. (43).

, x10°
15+
S
h-Y
057
0 1 1 1
0 1000 2000 3000 4000
Nr(ml

FIG. 12. Probability distribution of the number N, of real
eigenvalues of the interacting spin model #, in the strong disorder
regime (W, = W, = 20, W, = 10). The distribution is obtained from
the diagonalization of 400 samples with the system size L, = 12. The
dimensions of the Hilbert space are N = 25 = 4096. The two peaks,
Nieas = 0 and N,y = N, appear in the distribution.

The level-spacing statistics of real eigenvalues show the
Poisson distribution in the strong disorder regime. To illus-
trate this with oy, > Neea, we unfold the level-spacing of
many-body eigenvalues by the density p.(x,y) of complex
eigenvalues in each sample of different disorder realizations,

Air1 + )»i)

= (hip1 — A )p“‘)( 5

with
N
P ) = -f“‘ > (8 =) (46)

real MER

Here, A; (i =1,2,...,2E) stands for the many-body eigen-
values in descending order and N (ek;l is the number of the
real eigenvalues in the kth sample. The real-eigenvalue spac-
ing thus normalized shows the Poisson distribution in the
strong disorder regime with ow,, > Nea [Fig. 9(b)]. The
spacing-ratio statistics over samples with very different num-
bers of real eigenvalues inevitably increase statistical errors

[Fig. 9(d)].

IV. DISSIPATIVE FREE FERMIONS

In the previous section, we demonstrate the universal level
statistics of real eigenvalues in the ergodic phases of the
bosonic many-body Hamiltonians. In this section, we study
noninteracting fermionic Hamiltonians with disorder and non-
Hermiticity that belong to symmetry classes Al + n, and AIl
+ n4. We calculate the DOS, the level-spacing statistics, and
the number of real eigenvalues in the weak and strong disorder
regimes. In both regimes, the DOS has a §-function peak
on the real axis, p(E = x + iy) = p.(x,y) + §(¥)p,(x). In the
metal phases, we demonstrate that the number of real eigen-
value is scaled by the square root of the dimensions of the
Hamiltonians, being consistent with the random matrix theory.
We also find that the real-eigenvalue spacings and spacing
ratios for class Al + n show the same distributions as those
of the random matrices in the same symmetry class while we
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FIG. 13. (a) Heat map of the density p.(x, y) of complex eigenvalues in 3D class Al + .. for the weak disorder regime (W, =3, W, =1,
16 x 16 x 16 sites). (b) Integrated density of complex eigenvalues, p.(y) = i f:l pc(x, y)dx, around the real axis y = Im(E) = 0 with
x; = 2. (c) Level-spacing distribution p(s) of real eigenvalues in the metal phase (|E| < 4, W; = 3, and W, = 1), and its comparison to p(s)
from non-Hermitian random matrices in the same symmetry class (black line). Inset: Asymptotic behavior of f(f p(s')ds’ for s <« 1 in the metal
phase. (d) p(s) in the localized phase of the 3D model (all the real energy £, W, = W, = 60) and its comparison to the Poisson distribution.
(e) Mean value of level-spacing ratios (r) = fo] pr(r)dr as a function of system size L. (f) Level-spacing-ratio distribution p,(r) of real
eigenvalues in the metal phase (|[E| <4, W, =3, W, = 1) and its comparison to p,(r) from non-Hermitian random matrices in the same
symmetry class. (g) p,(r) of real eigenvalues in the localized phase (all real energy E, W) = W, = 60) and its comparison to p,(r) of
uncorrelated real numbers. The mean value (r) of each level-spacing-ratio distribution is shown in the figures. (c)—(g) The error ranges are
evaluated by the bootstrap method [69]. All the ‘log’ in the figures are the natural log (In).

find discrepancies for class AIl + n,. We discuss possible where the TRS operator and the pH operator commute with
reasons for these discrepancies. In the localized phases, by each other. Thus, this model belongs to symmetry class

contrast, the level-spacings of real eigenvalues show the Pois- Al + n,.
son distribution, and the number of real eigenvalues is linearly We investigate the weak (strong) disorder regime with the
scaled by the dimensions of the Hamiltonians. parameters t = 1, W, =3, W, =1 (W; = 60, W, = 60) and
with the periodic boundary conditions. We diagonalize H3p
A. 3D class AT + 7, with 240 different disorder realizations with different system

sizes (the maximal system size is 16 x 16 x 16). We find
that eigenstates with real energy E undergo the Anderson
transition in the weak disorder regime. An energy region near
E =0 (JE| < 4) is in the metal and localized phases in the
weak and strong disorder regimes, respectively. We calculate
the DOS, the level-spacing distribution, and the number of real

We study a non-Hermitian extension of the Anderson
model on the three-dimensional (3D) cubic lattice:

Hip = Z(C,T(&'Go + &loy)e; + iwic] aye;) + Z clope;.

i (i)

(47) eigenvalues in the weak and strong disorder regimes. In the

Here, & and & describe the Hermitian disordered po- ~ Weak disorder regime, pc(x,y) shows a soft gap pc(x,y)
tentials that distribute independently and uniformly in  —ly/ln|y| around the real axis y = 0 [Figs. 13(a) and 13(b)],
[—W;/2, W, /2], and w; describes the anti-Hermitian disor- sharing the same scaling as in the random matrix theory for
dered potential that distributes uniformly in [—W,/2, W, /2]. symmetry class Al + 7. The mean value of the level-spacing
The non-Hermitian Hamiltonian Hsp satisfies TRS, ratios converges for the system size L > 8 [Fig. 13(e)]. The
level-spacing distribution p(s) and level-spacing-ratio dis-

Hip = Hip, (48) tribution p,(r) of real eigenvalues, respectively match well

and pH with p(s) and p,(r) from non-Hermitian random matrices in
’ class Al + ny [Figs. 13(c) and 13(f)]. The number of real

Hip = az’HgDaz, (49)  eigenvalues is scaled by the square root of the dimensions of
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FIG. 14. Average number Ny, of real eigenvalues as a function
of the dimensions N of the non-Hermitian disordered Hamiltonian
in 3D class Al + 5. The lines with the different colors are for the
different disorder strengths. The blue line is for the metal phase in the
weak disorder regime (|E| < 4, W; = 3, and W, = 1). The red line
is for the localized phase in the strong disorder regime (all the real
energy E, W; = W, = 60). For reference, the black lines are Ny o
N and N,y o /N, respectively. All the ‘log’ in the figures are the
natural log (In).

the Hamiltonian, being consistent with the scaling from the
random matrix theory. In the strong disorder regime, on the
other hand, the level-spacing and level-spacing-ratio statistics
of real eigenvalues are consistent with those of uncorrelated
real eigenvalues [Figs. 13(d) and 13(g)], and the soft gap of
pc(x,y) near the real axis disappears (not shown here).

In the strong disorder regime, Ny, is scaled linearly in
N (Fig. 14). This linear scaling Ny, o< N in the localized
phase is explained as follows. A disordered Hamiltonian in the
localized phase can be viewed as (L/£)? almost independent
blocks. Here, £ is a localization length in the localized phase,
L is the linear dimensions of the system size, and d is the spa-
tial dimensions. Each block can be regarded as an independent
random matrix, and dimensions of each block are of the order
of £4. Thus, Nyeq is evaluated as

Neear ~ (L/E)!\/E? « N, (50)

which is consistent with the numerical results.

B. 2D class AII + »,

We study a non-Hermitian extension of the disordered
SU(2) model [80] on the 2D square lattice:

Hop = Z(sicjooci + 81’.d;ood,-)

+ Y nle]RG. j)e; +dR . j)d;]
()

+ Y nlcUG, )Hd;+d{U'G, j)ejl, (1)

(i.))
where ¢; and d; are annihilation operators for two different
orbitals defined on site i. Both operators have a pseudo-spin-
1/2 degree of freedom. (i, j) denotes the nearest-neighbor
square-lattice sites. oy stands for the two-by-two identity ma-
trix acting on the spin degree of freedom. ¢; and ¢; are on-site

3 +L=8
DE=s_ —L=16
L=32

T . T L=64

= 0f S [ L=96

0 NN

S N
DF ~—
3t N ,
-4 . . . .
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E

FIG. 15. Normalized localization length A = &,/L as a function
of real energy E in the 2D non-Hermitian SU(2) model in the weak
disorder regime (W = 0.4, W' = 0). The localization length &, along
the x direction is calculated in the quasi-1D geometry (L, x L with
L, > L). Eigenstates with energy E and eigenstates with energy —F
share the same localization length. For |E| < E. (|E| > E.) with
E,. ~ 3.3, A increases (decreases) as L increases, and thus the system
is in the metal (localized) phase. All the ‘log’ in the figures are the
natural log (In).

random potentials that distribute independently and uniformly
in the range [-W/2, W/2]. t; and ¢, are real numbers. R(i, j),
R'(Q, j),U(, j),and U'(i, j) are SU(2) matrices that distribute
uniformly with respect to the Harr measure of SU(2) [80] and
satisfy the following symmetry properties:

R, j) =R'(j, i), (52)
R, j)=R"(j,), (53)
UG, j)=-U"(, ). (54)

The term with #, is anti-Hermitian and the others are Her-
mitian. Let 7, be a two-by-two matrix acting on the orbital
space, satisfying 7.(c;, ;)" = (c;, —d;)T . The Hamiltonian in
Eq. (51) satisfies TRS,

Hop = oy Hjpoy, (55)
and pH,
Hop = t.Hi, T, (56)

where the TRS operator and the pH operator commute with
each other. Thus, the Hamiltonian belongs to symmetry class
All + n4. This Hamiltonian is a minimal model to study the
interplay between the spin-orbit coupling [81] and pH.

We investigate the weak (strong) disorder regime of
Eq. (51) with the parameters #; =1, , =0.1, W =04
(W = 80) and with the periodic boundary conditions. In the
weak disorder regime, we find that eigenstates with real
eigenvalues £ undergo the Anderson transition at a certain
mobility edge E = E.. The normalized localization length
A(E,L)=E&.(E,L)/L shows a scale-invariant behavior at
E = E. (Fig. 15). Here, the localization length &.(E, L) is
calculated along the x direction by the transfer matrix method
in the quasi-1D geometry L x L, (L, > L) [48,82-84]. For
the weak disorder regime, |E| < E. ~ 3.3 and |E| > E, corre-
spond to the metal and localized phases, respectively (Fig. 15).
We diagonalize the Hamiltonians in Eq. (51) with 240
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»
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FIG. 16. Average number N, of real eigenvalues as a function
of the dimensions N of the 2D non-Hermitian SU(2) model. The dif-
ferent colored lines are for the different disorder strength and energy
regions. The blue line is for the metal phase (|E| < 3 with W = 0.4,
W’ = 0), the purple line is for the localized phase (|E| > 3.5 with
W = 0.4, W = 0), the red line is for the localized phase I (all the
real energies E with W = 80, W’ = 0), and the yellow line is for the
localized phase II (all the real energies E with W = 40, W’ = 40).
For reference, the black lines are N,y o N and Ny o VN, respec-
tively. All the ‘log’ in the figures are the natural log (In).

different disorder realizations for each system size (the max-
imal system size is 55 x 55 sites), where eigenstates near the
mobility edge are excluded from the level statistics of real
eigenvalues.

In the weak disorder regime, the density p.(x,y) of com-
plex eigenvalues shows the soft gap p.(x, ¥) o |y| in the metal
phase [|x| = |Re(E)| < E,.] for y = Im(E) much smaller than
the mean level-spacing [Figs. 17(a) and 17(b)]. The soft-gap
behavior is consistent with the DOS of non-Hermitian random
matrices in class AIl + 7. The number of real eigenval-

ues within the metal phase, N::;‘al = ffE dxp,(x), shows the
square-root scaling with respect to the dimensions N of the
Hamiltonian, N™® o /N (Fig. 16), which is also consis-

real
tent with the random matrix theory. On the other hand, the

number of real eigenvalues in the localized phase, ergafl =
f‘x|>EC dxp,(x), is scaled by N, N1% o N (Fig. 16).

The mean value (r) of the level-spacing ratios in the metal-
lic phase converges to the value (r) ~ 0.41 for larger system
size [Fig. 17(d)]. This value is larger than the mean value
(r) = 0.37 of non-Hermitian random matrices in class AIl +
N+, suggesting a possible discrepancy of the level statistics
between the physical model and the random matrices. In fact,
the level-spacing distribution p(s) and level-spacing-ratio dis-
tribution p,(r) in the metallic phase are also different from
those of the random matrices [Figs. 17(e) and 17(g)], although
the small-s behavior of p(s) is consistent with the random
matrix theory [inset of Fig. 17(e)]. The Kolmogorov-Smirnov
distances between p(s), p-(r) in the metallic phase and those
of the random matrices are around 0.06 (Appendix D) while
the distances are less than 0.01 in the other four symmetry
classes. Similar discrepancies of the level statistics were pre-

viously reported in physical models near the mobility edge
of the Anderson transition [9] or the MBL transition [85].
Nonetheless, in our study, an energy window |E| < 3 for the
level statistics of the physical model is well within the metallic
phase |E| < E, ~ 3.3 (Fig. 15). No previous works found
such discrepancies of p(s) and p,(r) between physical models
in the metallic phases and the random matrices.

A possible reason for the discrepancies is unusual level
interactions in non-Hermitian random matrices in class AIl
+ n4. As discussed in Sec. II, the small level-spacing ratio
(r) < (r)poisson and the large spectral compressibility y >
XPoissons Which are also supported by the small random matrix
analyses, suggest that the attractive interaction between real
eigenvalues in the finite-s regime dominates the repulsive
interaction in the small-s regime on average. We speculate that
this unconventional level attraction makes the level statistics
of the random matrices in the finite-s region unstable against
details of physical models. Only for smaller level spacing
s < 1, the behaviors between the physical model and random
matrices are consistent. It is unclear whether p(s) and p,(r)
of physical models in class AIl + n are universal or not,
and we leave this issue for future study. It is also interesting
to investigate whether the non-Hermitian generalization of
other random matrix ensembles, such as the power-law ran-
dom banded matrix ensemble [86] and the Rosenzweig-Porter
random-matrix ensemble [87,88], can describe the physical
models in class AIl 4 7.

In the strong disorder regime (W = 80), the soft gap in
the DOS around the real axis y = 0 disappears (not shown
here). The level-spacings of real eigenvalues show the Poisson
distribution [Fig. 17(f)], and the level-spacing ratios of real
eigenvalues show the same distribution as uncorrelated real
numbers in Eq. (18) [Fig. 17(h)]. The average number of all
the real eigenvalues becomes proportional to N (Fig. 16). In
this phase, the Hamiltonian is dominated by the Hermitian
part and almost all the eigenvalues are real, resulting in the
linear scaling N,e;y o N. To confirm that this linear scaling is a
general property of the Anderson localized phase, we general-
ize the model in Eq. (51) and study the following model ),

Hop = Hop + AH,
AH = Z wic:faod,- — a)idfaoci. (57)

Adding AH does not change the symmetry class of H, (class
AIl 4 ny). Here, w; distributes uniformly in [—W’/2, W'/2].
We calculate the DOS, the level-spacing distribution p(s),
and the number of real eigenvalues with the parameter
W’ = W = 40. Thereby, p.(x, ¥) has no soft gap aroundy = 0
[Fig. 17(c)], p(s) is consistent with the Poisson distribution,
and Ny = ]j;o dxp,(x) remains linear in N (Fig. 16).

V. CONCLUSIONS

Non-Hermitian Hamiltonians in the seven symmetry
classes (classes A + 7, Al, Al + ny, All, and AIl + n4)
have TRS or pH. Real eigenvalues respect these symme-
tries with complex or Hermitian conjugation. We find that
a subextensive number of eigenenergies of non-Hermitian
random matrices in classes A + 5, Al, Al + n4, and All
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FIG. 17. (a) Heat map of the density p.(x, y) of complex eigenvalues of the 2D non-Hermitian SU(2) model in the weak disorder regime
W =0.4, W =0, 55 x 55 sites). (b,d) Integrated density of complex eigenvalues, p.(y) = 2;%1 ff}‘(] pe(x, y)dx, as a function of small y =
Im(E) around the real axis y = 0 (b) in the weak disorder regime (W = 0.4, W = 0, x; = 3) and (c) in the strong disorder regime (W =
W’ = 40, x; = 20). (d) Mean value of level-spacing ratios as a function of system size in the metal phase (|[E| <3, W = 0.4, W' =0). (e)
Level-spacing distribution p(s) of real eigenvalues in the metal phase of the non-Hermitian SU(2) model (|[E| < 3, W = 0.4, W' = 0), and its
comparison to p(s) from random matrices in symmetry class AIl 4+ n, (red line). Inset: Asymptotic behavior of fOS p(s')ds’ in the metal phase
for s « 1. (f) p(s) in the localized phase of the 2D non-Hermitian SU(2) model (all the real energies E, W = 80, W’ = 0), and its comparison
to the Poisson distribution. (g) Level-spacing-ratio distribution p,(r) of real eigenvalues in the metal phase of the 2D non-Hermitian SU(2)
model (|E| <3, W =0.4, W = 0) and its comparison to p,(r) from non-Hermitian random matrices in symmetry class AIl + n,. The
difference between the physical model and random matrices cannot be neglected. (h) p,(r) of real eigenvalues in the localized phase (all real
energy E, W = 40, W’ = 0) of the 2D non-Hermitian SU(2) model and its comparison to p,(r) of uncorrelated real numbers. The mean value
(ry = ﬁ)l pr(r)dr of each level-spacing-ratio distribution is also shown in the figures. (d)—(h) The error ranges are evaluated by the bootstrap

method [69].

+ n4 are real, where the DOS on the complex plane has a
d-function peak on the real axis. We clarify the universal level-
spacing distributions on the real axis in these five symmetry
classes for non-Hermitian random matrices, as well as bosonic
many-body Hamiltonians in the ergodic phases and fermionic
noninteracting Hamiltonians in the metal phases. In classes A
+ n, Al, and Al + 74, the level statistics of real eigenvalues
show good agreement between the ergodic physical models
and random matrices, while we find discrepancies in class
AlIl + 7n,. The average number of real eigenvalues in the
ergodic phases universally shows the square-root scaling with
respect to the dimensions of the Hamiltonians. We explain
the universal asymptotic behaviors of the DOS around the
real axis and the level-spacing distributions on the real axis
by small random matrix analyses. We also clarify the level
statistics of the physical models in the Anderson localized
and MBL phases by extensive numerical calculations together
with the phenomenological interpretations.

The universal level-spacing and level-spacing-ratio dis-
tributions of real eigenvalues and the scaling relationship
of the number of real eigenvalues obtained in this paper
provide powerful methods of studying level statistics of non-
Hermitian systems with TRS and/or pH. They are also useful

for detecting quantum chaos, many-body localization, and
real-complex transitions in non-Hermitian systems with the
symmetries.

For example, the level statistics of real eigenvalues help us
answer fundamental questions on non-Hermitian disordered
systems. Analyzing level spacings or level-spacing ratios of
real eigenvalues in the different energy windows, we can
determine the presence of mobility edges in non-Hermitian
many-body systems. By the finite-size scaling analysis of
spacing ratios [89], we can also evaluate the critical exponents
of the Anderson transitions in non-Hermitian systems with
TRS and/or pH. Comparisons of the critical exponents with
systems without TRS or pH tell us whether TRS and/or pH
change the universality classes of MBL transitions in non-
Hermitian systems. We believe that with the help of the results
in this paper, a number of spectral analysis methods and quan-
tum chaotic studies used in Hermitian systems are ready to be
applied to non-Hermitian systems with TRS and/or pH.

The real spectrum is related to the stability of non-
Hermitian systems in their long-time dynamics [15,41,90,91].
The square-root scaling of the number N, of real eigen-
values hints at possible dynamical instability in ergodic
non-Hermitian systems. In contrast, the linear scaling of Nea
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in the Anderson localized phase may imply that disorder can
stabilize the dynamics of non-Hermitian systems. The nonuni-
versal scaling of the number of real eigenvalues, together
with our explanation, also serves as evidence for the emergent
integrability in the MBL phase of non-Hermitian systems.

The eigenstates on the real (imaginary) axis can only
respect TRS (PHS"), TRSY, and pH (CS) among all the sym-
metries, as long as they are away from zero in the complex
plane. Thus, for all 38 symmetry classes, we believe that the
level-spacing distributions of real (purely imaginary) eigen-
values away from zero satisfy one of the five universal level
spacing distributions found in this paper. For example, for
non-Hermitian random matrices in symmetry class BDI (i.e.,
with TRS whose sign is 4+1 and PHS whose sign is +1), PHS
affects the spectral statistics only around zero, and hence the
real-eigenvalue spacing distribution away from zero should be
the same as that in class Al. We leave testing this for all 38
symmetry classes for future work.

While we have focused on non-Hermitian Hamiltonians
in this paper, our results should also be relevant to Lind-
bladians, which govern the open quantum dynamics of the
Markovian master equation [92]. Similarly to closed quantum
systems, it was conjectured that the level-spacing statistics of
Lindbladians obey those of non-Hermitian random matrices
in the nonintegrable phases and the Poisson statistics in the
integrable phases [59,60,62]. This conjecture was previously
verified for generic complex eigenvalues of Lindbladians
away from the real axis. Notably, Lindbladians always re-
spect TRS, where time reversal is effectively defined by the
combination of complex conjugation and the swap operation
between the bra and ket spaces. Thus, we expect that our
results of the level statistics of real eigenvalues for non-
Hermitian random matrices should coincide with those of
nonintegrable Lindbladians in the same symmetry classes. It is
also notable that the quadratic Lindbladians can be classified
by the AZ" symmetry class [93], which is the same as the
tenfold symmetry class studied in this paper.

Before concluding this paper, we note in passing that a non-
Hermitian extension of the disordered Su-Schrieffer-Heeger
model was shown to exhibit the level-spacing statistics of
the Gaussian orthogonal ensemble [94]. This is due to an
additional symmetry that enables a similarity transformation
between this non-Hermitian model and the Hermitian Su-
Schrieffer-Heeger model. Thus, in this non-Hermitian model,
only the Hermitian degrees of freedom are present, and all
eigenvalues are real, which are different from generic non-
Hermitian random matrices studied in this paper.
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APPENDIX A: ANALYSES OF SMALL
RANDOM MATRICES

Small non-Hermitian random matrices in the seven sym-
metry classes are written in the following unified form:

m m—+n
HE = apl + Za,-L,- + Z ia;L;. (AD)
i=1 i=m+1

Here, I is the identity matrix, Ly, Lo, ..., Ly, are anticom-
muting Hermitian traceless matrices, {L;, L;} = 2§; ;I, and
ap, ay, . . ., yyy are real numbers. Note that

m-+n
Tr(H(A‘)TH(‘Y)) — <Z alz)Tr(])

i=0

(A2)

The real numbers ag, ai, ..., a4+, are independent of each
other and obey the identical standard Gaussian distribution.
Note that Zle ai2 obeys the x? distribution with the degree k
[59]. The probability of Zf:l a? = X is given by

e
k k k] X 2 Ov
2:1(%)

0, X < 0.

p(X: k) = (A3)

The square of the traceless part of ) is proportional to I,
2

m m+n m m+n
E CZ,‘L,' + E ia,-L,» = E aiz — E a,-z 1. (A4)
i=1 i=m+1 i=1 i=m+1

Thus, eigenvalues of H'®) are given by

m m—+n
h=a£VX-Y, X=)dal, Y=Y a. (AY)
i=1 i=m+1

The probability that the eigenvalues are real is given by the
probability of X > Y:

o0 +00
pm*zf dX/ dYO(X —Y)p(X;m)p(Y;n), (A6)

where 6 (u) is the step function satisfying 6(u) = 1 foru > 0
and O(u) = 0 for u < 0.

In terms of Pauli matrices o, and 7, (u =0, x,y, z) and
their Kronecker products 7,0, the traceless parts of the small
random matrices in the seven symmetry classes are given as

17 (s) :
Hyl = a10; + a0, + iazoy,

"‘(5) _ . .
HA+rz = a,0; + a0y + iazoy,

17(s) _ .
HAIHH = a0, + iayoy,
7 (s . . .
HE&I)I = ia|0; + iayo, + iazoy,
HY  =at, + arte + a31,0, + iaaT,0, + iasT,0:
Al4+y. — 91tz 2Ly 3Ly0y 4lyOx 540z,
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™ (5) . .
HAHJHF = ia 0y + iay0y,

HE:I)I-&-tu = a7, + iay Ty + 4370y + ia4T,0y + iasT,0;.
(A7)

In fact, the small matrix in each class respects the following
symmetries:

77(5) _ 47(s)*
Har = Har »

17 (s) 7 ()T
IHAX+77 = UZIH./LL'nGZ’

17(s) _ gy (s)x 17(s) _ 7 ()T
Hatrn, = Hatry,s  Hatey, = 0:Har,, 00
() _ 7 (s)%
Han = 0y My 0y,
17(s) _ gy (s)x 7(s) _ 7 ()T
7'LAH-n, = HAH—r]J ,HAH-r], = O-Y,HAH—n,G}”

7(s) _ 7 (s)% 17(s) _ 7 ()T
/HAH-H], = G)'/HAH-&-U,G)" ,HAH-&-n, = UZHAII+n,OZ’

_ 7 ()T
= T H ), T

7_2(8)

All47,

’HXI)Ier. = G.V’Hz(:l)lima.v’ (A8)
The number m of the real degrees of freedom and the number
n of the imaginary degrees of freedom for the small random
matrices in each symmetry class are summarized in Table II.
The probability of real eigenvalues is finite for * in classes
Al A + n, Al + n4, Al + n_, and AIl 4+ 54 because of
m # 0; on the other hand, the probability of real eigenvalues
is zero for H'® in classes AIl and AII + 5_ because of m = 0.

1. Real-eigenvalue spacing

With a finite probability, the small random matrices in
classes Al, A + n, Al 4+ 14, and AIl + . have a pair of real
eigenvalues. The distance s between the two real eigenvalues
is given by

The probability of (s/2)> = X under the condition that the
eigenvalues are real is calculated as follows:

oy oo X [2 dY8X — ¥ — X)pX"sm)p(Y'; )
- S dX [2,dY'0(X =Y )p(X'sm)p(Y':n)

x4X n

Jo dx(x+X)2lem T x27le2
X

B Jo dx [T dX(x+X)2 e T xi e

3ee, (m.n) = (2. 1),
s e erfe(vX), (m, n) = (1,2),
_ 2K, (m,n) = (1, 1),
LAl =G,
e’%[Zﬁ;ﬁz:(j);:sl))erfc(ﬁ)], (m.m) = (1.4),

with [;¥ dXP(X) = 1. Here, erfe(u) = - [~ e™"d1 is the
complementary error function and K,(x#) is the modified
Bessel function of the second kind. Then, the probability of
the distance being s under the condition that the eigenvalues
are real is given by

S S 2
Pi(s) = §P<<§> >’

with fooo Pi(s)ds = 1. Note that the real-eigenvalue spacing
distribution function p(s) in the main text is defined for
the distance normalized by the mean value of the distance:
Jo° p(s)sds = 1. Thus, we have

p(s) = 5Py(3s),

(A10)

(Al1)

with the mean value

5= foo sPy(s)ds. (A12)
0

" mn From Egs. (A10) and (A11), we obtain the probability distri-
s=2 Z ai2 - Z ai2~ (A9) bution functions of the normalized distances between the two
=1 i=m+1 real eigenvalues as follows:
Ymsei, (m,n) = (2, 1),
L(V2 + 1)Shses™erfe (), (m,n) = (1,2),
2r(3)
8”(%)4’(0(%) (m,n)=(1,1)
p(s) = E%F?_ 3 » ’ ’ 3 ) (A13)
E%seiT (ﬁe%s erfc(§3S)+ZE3s)
eI , (m,n) = (3, 2),
53se” 8535 (§4s7ﬁe%§§f2 ( %Eﬁszfl)erfc(% ))
4(4\/5_5)\/7? ’ (mv I’l) = (1, 4)7
with
2(1 2)(2 — +/2sinh~!(1
5= X VD2 - Vasinh (1) ~ 2.053, (A14)
JT
6 — /2sinh~ (1
5 = 6= Vasinh™ (1) 1.467, (A15)
V2 — D)7
20 — 144/2sinh ' (1
5= 2 V2sinh (D), g0, (A16)

4v2 =57
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Note that p(s) takes the following asymptotic forms for s < 1:

(m,n) =(2,1),(1,2),(3,2), (1,4),

ps)~ (m.n) = (1, 1).

S,
{ —sln(s),
(A17)

2. Density of states

We calculate the DOS of the small random matrices. For
m # 0, the DOS p(E = x + iy) is decomposed into the den-
sity p.(x, y) of complex eigenvalues and the density p,(x) of
real eigenvalues, p(E) = p.(x,y) + 6(y)p,(x), while for m =
0, the density of real eigenvalues always vanishes, p(E) =
pe(x,y). The density p.(x,y) of complex eigenvalues is the
probability of E being x + iy. For m # 0, it is given by

2|yle

2
-5 [e'e} [e'e}
dX/ dY sy —X —y?)
\/ZJT /;oo —00

x p(Y;n)p(X;m)

Pc(x, y)

22
V2lyleT  Terfe(lyD,  (m.n) = (2,1),
Valyle s (m.m) = (1,2).
2 V2 a2
=1 /2bIKo(5)e % (m,m)= (1, 1),
).2 x2
Jile 5, (m.n) = (3.2).
2 2
e+ Dhle 55 o =(1.4),
(A18)

with the normalization [ dx [°° dyp(x,y) = 2. Here, the
constant 2 is the number of different eigenvalues of small
matrices. Note also that we have [° dx [* dyp.(x,y) #
[ dx [% dyp(x,y) =2 under this normalization condi-
tion. For m = 0, the DOS in the complex plane p(x,y) =
pe(x,y) is given by

2
2 -5 +oo
yle / dY S(Y — ) p(Y:n)

c(xy )=
pe(x,y e ) .
1 22
=———pI" e T2
25 AT (3)
2
_7_/‘77! 9 e 0729
_ flylevsz (m,n) =(0,2) (A19)
LyPe=7%,  (m,n)=1(0,3),

with the same normalization [*_dx [*_dyp(x, y) = 2. For
ly] < 1, the density p.(x, y) of complex eigenvalues takes the
following asymptotic forms for each symmetry class:

vl. (m.n) = (2. 1), (1,2), 3. 2),
(1,4),(0,2),
P ¥) ™ |yp2, (m, n) = (0, 3),
—iylin(yD).  (m.n) = (1, 1).

(A20)

APPENDIX B: RANDOM MATRIX ENSEMBLES
1. Class Al

For a random matrix in class Al, let Uy be the identity
matrix /. In this choice, H is a real matrix. The probability
distribution function in the Gaussian ensemble is given by

=By M | [[dHi
ij ij

where f is a constant and Cy is a normalization constant. With
Ur = I, the probability distribution function in the Bernoulli
ensemble is given by

p(H)dH = Cy exp (B1)

with the probability 1/2,

H,
with the probability 1/2.

1
= -1

Notably, the probability distribution in the Bernoulli ensemble
is not invariant under unitary transformations.

(B2)

2. Class AI + 4

For a random matrix in class Al 4 7., let us choose Uy =
land Uy = 0, ® Iy, v with the identity matrix [y, x. Then,
Har4+n, generally takes

A B
Hatgy, = 5 cf (B3)
where A, B, C are § x  real matrices with
Aij =Aji, Gj = Cji. (B4)

The probability distribution function in the Gaussian ensem-
ble is

p(H)dH = Cyexp 4§ —

223 +2Z (A7 +C))

i>j

]_[ dB;; [ [ dAydCi;.

izj

+ Z AL +CP)
(BS)

The probability distribution function in the Bernoulli ensem-
ble is
Bij, Aij(i = ), Gij(i = j)
_ { 1 with the probability 1/2, (B6)
—1  with the probability 1/2,
with Eq. (B4).

3. Class AI + 75—

For a random matrix in class AI+ 7_, let us choose Uy = I
and U, = oy ® Iy, x. Then, Hry,_ takes a form of

A B
Hatty. = c oarl (B7)
where A, B, C are § x % real matrices satisfying,
Bij = _Bji’ Cij = _Cji- (B8)
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The probability distribution function in the Gaussian ensem-
ble is

p(H)dH = Cyexp { —28 ZA

+Y (B} +Ch)

i>J

X ]_[ dAi; | | dBi;dCi;. (B9)

l>_]

The probability distribution function in the Bernoulli ensem-
ble is

Aij, Bij(i > j), Cij(i > J)

-1

with Eq. (BS).

with the probability 1/2,

. » (B10)
with the probability 1/2,

4. Class A +n

For a random matrix in class A with pH, let U, be 0, ®
ngg- Then, H a4, is given by

A B
Haty = g ) (B11)
where A, B, C are % X % matrices satisfying
Ajj _A]l, Cij = C;‘i. (B12)

The probability distribution function in the Gaussian ensem-
ble is given by

p(H)dH = Cy exp {—ﬂ [Z (A% +Ch)

i

+2 3 (142 + 16,12 +2 1B, 2

i>j i,j

x [ [ dAijdA;dCiidC;, ]_[ dA;dC; ]_[ dB;;dB};.

i>j

(B13)

The probability distribution function in the Bernoulli ensem-
ble is given by

1 with the probability 1/2,

Aii, Ci = . - (B14)
—1  with the probability 1/2,
and
Aiii > j),Ci;(i > j), Bjj
I+ with the probability 1/4,
_J—1+i with the probability 1/4, (B15)
~ |1—i  with the probability 1/4,
—1 —i with the probability 1/4,
and Eq. (BS).

5. Class AIlL

For a random matrix in class All, let Uy be oy, ® I Nyw.
Then, Hap is given by

A B
Han = g A )

with %’ X %’ matrices A and B. The probability distribution
function in the Gaussian ensemble is

(B16)

p(H)dH = Cyexp | =28 > (14> + B;I*)
ij
X HdAUdA* dB;;dB;;. (B17)

The probability distribution function in the Bernoulli ensem-
ble is

I+ with the probability 1/4,
—1+i with the probability 1/4,
i Bi= Y120 with the probability 1/4,
—1 —i with the probability 1/4.

(B18)

6. Class AII + n,

For a random matrix in class AIl4 71, let us choose Uy =
700y ® IN N and U, = 1,00 @ In Ny with the identity matrix
Iy n. Then Hati+y, generally takes

4 4

Al A? B! B?
_AZ pAlE _g>* Bl
_Blt T C! C?
_B  _BIT  _c¥» (clx

Haven, = ; (B19)

where A*, B*, C"* (u = 1,2) are & x & matrices satisfying

1 1 1 1 2 2 2 2
Al =Alr cl =clr A} = A%, CY = —C.

(B20)

The probability distribution function in the Gaussian ensem-
ble is

p(H)AH = Cyexp { —[ 23 (A1) + (1))

+4 3 > (la + leul)

n=12i>j

+a 2 Dlel
u=12 ij
x [ | dAldAlrdA}dATrdCldClrdClac)y
i>j

x HdA”dCI ]_[ dBldB!?dB}dB};. (B21)

The probability distribution function in the Bernoulli ensem-
ble is

with the probability 1/2,

. . (B22)
with the probability 1/2,

Al c.l:{ll
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FIG. 18. Density p.(x, y) of complex eigenvalues for non-Hermitian random matrices in the Bernoulli ensemble for classes (a) Al (b) Al
(©) Al + 14, (d) A+ 7, (e) Al 4+ n_, (f) AIl 4+ n,, and (g) AIl 4 n_. Here, p.(x, y) is shown as a function of y = Im(E) for fixed x = Re(E)
near the real axis y = 0 of complex energy E. The data are obtained from diagonalizations of 5000 samples of 4000 x 4000 random matrices
in each symmetry class. Note that p.(x, y) is almost independent of x as long as E is away from the boundary of a circle inside which the
complex eigenvalues E distribute. All the ‘log’ in the figures are the natural log (In).

W . e . Y2
A (0> ), G > j), By

I+ with the probability 1/4,
—1+i with the probability 1/4,
= . . . (B23)
—1 —i with the probability 1/4,
—1 —i with the probability 1/4

for u = 1, 2 with Eq. (B20).

7. Class AIl + 7_

For a random matrix in class AIl+ »_, let us choose Uy =
oy ® I%X% andU, =0, Q® I% XX Then, Hany,,_ is given by

A B
Hanin. = g oa) (B24)
where A, B are § x ¥ matrices satisfying
Aj; =A%, By = Bj;. (B25)

The probability distribution function in the Gaussian ensem-
ble is given by

p(H)dH = Cy exp I—ﬂ [Z 2(A; + |Bil?)

i

+4) (AP + 1B

i>j
x [ [dAijdA;; [ | dAa ] | dBijdBy;.  (B26)
i>j i i>j

The probability distribution function in the Bernoulli ensem-
ble is given by

1 with the probability 1/2,

Ay = . - (B27)

—1  with the probability 1/2,

Aij(i > ), Bij(i = J)

I+ with the probability 1/4,
_J=1+1i with the probability 1/4, (B28)
~|1—i  with the probability 1/4,

—1 —i with the probability 1/4,

with Eq. (B25).

8. Level statistics in the Bernoulli ensemble

We diagonalize non-Hermitian random matrices in the
Bernoulli ensemble for the seven symmetry classes and ob-
tain the universal properties of the DOS as well as the level
statistics of real eigenvalues in the Bernoulli ensemble. The
DOS in each symmetry class shows the same property as
the DOS in the Gaussian ensemble. The soft-gap behaviors
of the density p.(x, y) of complex eigenvalues around the real
axis (y = 0) are consistent with the DOS in the Gaussian
ensemble (Fig. 18). For non-Hermitian random matrices in
classes AIl and AIl + 5_, no real eigenvalues appear. By
contrast, the average numbers of real eigenvalues in classes
Al, A + n, Al + n4, and AIl + 74 are proportional to \/]V
in the Bernoulli ensemble (Fig. 19). In these five symme-
try classes, both the level-spacing distribution p(s) and the
level-spacing-ratio distribution p,(r) of real eigenvalues in
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80 [ class A + 17
[ class AI
class AT + ny ~

601 [ class AIl + n, . P

| class Al + 7_ ~
B =
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20t
0 L L L )
20 40 60 80
VN

FIG. 19. Average number N, of real eigenvalues of non-
Hermitian random matrices in the Bernoulli ensemble as a function
of +/N for the five symmetry classes. Here, N is the dimensions of
the random matrices. The error bars in the plot stand for the standard
deviations of N.,. The plots clearly demonstrate the square-root
scaling Nyeq o +/N in all five symmetry classes. For each symmetry
class and matrix size, Ny from the Bernoulli ensemble is almost the
same as Ny, from the Gaussian ensemble.

the Bernoulli ensemble are consistent with the distribution
functions in the Gaussian ensemble (Figs. 20 and 21). These
results demonstrate the universality of the soft gap of the DOS
around the real axis, the level-spacing and level-spacing-ratio
distributions of real eigenvalues, and the scaling relation of
the average number of real eigenvalues.

APPENDIX C: GENERALIZED GAUSSIAN ENSEMBLE

1. Probability distribution functions

Suppose that H is a non-Hermitian random matrix in one
of the seven symmetry classes (i.e., classes A + n, Al, Al +
n+,, All, and Al 4 ). Then,
H/:%(H+H*)+1TX(H—HT) (el
is a non-Hermitian random matrix in the same symmetry class
as H when x is a real number satisfying x # 0, 1. Thus, we
can generalize the Gaussian ensemble in each symmetry class
into the generalized Gaussian ensemble. ' in the generalized
Gaussian ensemble is realized with the same probability as ‘H
in the Gaussian ensemble,

P(HYdAH = p(H)dH. (C2)
The inverse transform of Eq. (C1) is given by
1 1 .

- ’ rf r_ r ) C3

H 2x(H +H )+—2(1—x)(H H) (C3)

As Eq. (C1) is a linear transform, the Jacobian matrix of the

transform depends only on x,
dH = C.dH, (C4)

where C, is an x-dependent constant. The probabil-
ity distribution in the generalized Gaussian ensemble is

0.01 0.02 0.02
1r i 1r 1 s
® "
F 0.005 08l = 0.01 0.8 Eo_m
— Py B
0 Zo6f 0 Z o6 0
0 0.006 IS8 0 0.02 & 0 0.006
52 0.4 —s%logs 0.4 52
—— N’ = 4000 (GGE) ——N' = 4000 (GGE) —— N’ = 4000 (GGE)
[ N =4000 (BE) 0.2 I N =4000 (BE) 0.2 [ N =4000 (BE)
n 0 L L O L L L
3 4 5 0 1 3 4 5 0 1 2 3 4 5

s
(a) p(s) in class Al

s
(b) p(s) in class AT + n4

s
(c) p(s) in class A + 7

0.01 0.04
1 £ 1 8
= £ 0.005 Z0.02
0.8 = 0.8 &
206 0 206 0
ISH 0 . 0.006 ISH 0 ) 0.006
0.4 s 0.4 s
— N’ = 4000 (GGE) | — N’ = 4000 (GGE)
0.2 ] N = 4000 (BE) 0.2 ] N = 4000 (BE)
0 ‘ : : 0 ‘ ‘ ‘ =
0 1 2 3 4 5 0 1 2 3 4 5

s
(d) p(s) in class AI 4 n—

S
(e) p(s) in class AIl + ny

FIG. 20. Real-eigenvalue spacing distribution functions p(s) of 4000 x 4000 non-Hermitian random matrices in the Bernoulli ensemble
(BE) for the five symmetry classes and their comparisons to p(s) obtained from non-Hermitian random matrices in the generalized Gaussian
ensemble (GGE) with ,/8; = 16. Insets: Asymptotic behaviors of the distribution functions for s <« 1, where the cumulative distribution
function f(f p(s')ds' is plotted as a function of either s?> or —In(s)s>. The error ranges are evaluated by the bootstrap method [69]. The error
ranges of p(s) of the GGE random matrices are much smaller than those of the BE random matrices and not shown here (see also Fig. 4). All

the ‘log’ in the figures are the natural log (In).
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FIG. 21. Level-spacing-ratio distributions p,(r) of real eigenvalues obtained from 4000 x 4000 non-Hermitian random matrices in the
Bernoulli ensemble for the five symmetry classes and their comparisons to p,(r) obtained from non-Hermitian random matrices in the
generalized Gaussian ensemble with 8,/8; = 16. The mean value (r) = fol pr(r)dr of each distribution is also shown in each figure. The
error ranges are evaluated by the bootstrap method [69]. The error ranges of p,(r) of the GGE random matrices are much smaller than those

of the BE random matrices and not shown here (see also Fig. 5).
given by

PHOAH = p(H)dH
= C];le—ﬂTr(HfH)dH
= C[;lc;lefTr[g(H+H+)27§(H7H+)2]d,H,

_ C]glC—le*Tr[%(H/JrHﬁ)z*At(l—%)z(HlirHH)Z]dH/v
(C5)

which reduces to Eq. (12) with C];l(ﬁ]’ﬂz) =Cy'C7L B = &,
and 8,

=_B
= iqa—x7

2. Level statistics

We show that level-spacing and level-spacing ratio distri-
butions, p(s) and p,(r), in the generalized Gaussian ensemble
(GGE) with B, > B; converge faster than those in the Gaus-
sian ensemble (GE). Figures 3(d) and 3(i) show that p(s) and
pr(r) in class AlIl 4+ n, converge more slowly than those in
the other symmetry classes. Thus, we focus on p(s) and p,(r)
in class AIl 4 14 and compare their convergence in the GGE
and GE. For the other four symmetry classes, random matrices
in the GGE have the same properties.

We find that for N x N non-Hermitian random matrices
in the GGE with different parameter Bi, 5,, the average
number of real eigenvalues Ny, is approximately scaled by

40 ¢

[ class AIl 4+ ny (N = 256)

30

10+

> 3
\/ B2/ B

FIG. 22. Average number N/, , for real eigenvalues of 256 x 256
non-Hermitian random matrices in the generalized Gaussian ensem-
ble as a function of B,/8; (class AIl + n,). Here, B; and B, are
the parameters of the generalized Gaussian ensemble in Eq. (12).
The plot clearly demonstrates N, ,; o +/B>/B1. For random matrices
with different sizes and in the other four symmetry classes, the same

scaling relation also holds true.
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FIG. 23. (a)-(d) Comparison between level-spacing-ratio distributions p,(r) and level-spacing distributions p(s) of real eigenvalues
obtained from N’ x N’ non-Hermitian random matrices in the generalized Gaussian ensemble and N x N non-Hermitian random matrices
in the Gaussian ensemble for class AIl + 7. (e) Mean value of the level-spacing ratio (r) = fol p,(r)dr as a function of the average number
Nieq of real eigenvalues in the GE and GGE for class All + 17, For Ny = 70 (N’ > 1000), the error bars of (r) for different sizes overlap with
one another. The error ranges are evaluated by the bootstrap method [69]. The error ranges of the distributions of the GGE random matrices
are much smaller than those of the GE random matrices and not shown here (see also Figs. 4 and 5).

(see Fig. 22)

N real X

B2

Bi

which is compatible with Eq. (13). When the average numbers
of real eigenvalues of two GGE random matrices with dif-
ferent B,/B; and different N are approximately the same, we
also numerically find that the level-spacing and level-spacing
ratio distributions, p(s) and p,(r), from the two matrices are
the same In Fig. 23, we compare p(s) and p,(r) from 252 x
252 (128 x 128) GGE random matrices with 8,/8; = 16 and
those from 4000 x 4000 (2000 x 2000) GE random matrices.
The error bars for almost all the data points overlap with each
other, and the average number of real eigenvalues is approx-
imately the same (e.g., v/252 x 16 = /4032 ~ +/4000). In
the limit of N — o0, p(s) and p,(r) in the GGE with different
B2/B1 converge to the same universal distribution. For the
same matrix size N of the random matrices, p(s) and p,(r)
converge faster in the GGE with larger 8,/8;, as shown in
Fig. 23(e). The square-root scaling of N, With respect to the
dimensions N of the matrices and the soft gap of density of
complex eigenvalues around the real axis are also universally
observed in random matrices of the GGE (not shown).

; (Co)

APPENDIX D: KOLMOGOROV-SMIRNOV DISTANCE

It is more feasible to use cumulative distribution functions
than probability distribution functions, when comparing er-
godic phases of physical systems with random matrices. Here,
we calculate the Kolmogorov-Smirnov (KS) distance from
the cumulative spacing distribution function fos p(s")ds’ and
cumulative spacing-ratio distribution function for pr(rdr’
among physical systems and random matrices in different
symmetry classes (Tables III and IV). In the calculations,
we first obtain the empirical cumulative distribution function

F,(x) from a set of real random variables {x;, x2, ..., x,} for
the spacing and spacing ratio,
o=t 00— (D1)
(X)) = — Xi —X),
e

with the step function 6. This function F,(x) corresponds to
the cumulative level-spacing and level-spacing-ratio distribu-
tion function of real eigenvalues. The KS distance between
the two empirical cumulative distribution functions F,; (x) and
F,(x) is defined by the maximum value of the difference
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TABLE III. Kolmogorov-Smirnov (KS) distance among level-
spacing distribution functions p(s) of real eigenvalues obtained from
4000 x 4000 non-Hermitian random matrices in the five symme-
try classes (classes A+n, Al, Al 4+ ni, and AIl + n,), and KS
distance between p(s) obtained from the physical systems in the
ergodic phases and p(s) obtained from the random matrices in the
five classes. The first column specifies the random matrices (RM) and
Hamiltonians of the physical models. The physical models are the 2D

TABLE IV. Kolmogorov-Smirnov (KS) distance among level-
spacing-ratio distribution functions p,(r) of real eigenvalues ob-
tained from 4000 x 4000 non-Hermitian random matrices in the five
symmetry classes (classes A+n, Al, Al + n., and AIl + n,), and
KS distance between p,(r) obtained from the physical systems in the
ergodic phases and p,(r) obtained from the random matrices in the
five classes. The notation is the same as Table III.

disordered free fermions in class AIl + 1, (Hap), the 3D disordered System  Class Al Al+n, A+ny Al+n_ All4ny
free fermions in class Al + n; (Hip), the hard-core boson model
. . . . . . RM Al 0 0.070  0.114  0.016 0.194
with the nonreciprocal hopping (Hpun), and the four interacting spin
models (H;, H,, Hs, H4). The second column denotes the symmetry RM Al+n, 0070 0 0.044 0.085 0.125
classes to which the random matrices or the Hamiltonians in the first RM Adne 01140044 0 0.129 0.083
column belong. The first row labels the RM in the five symmetry RM Al+n- 0016 0.085 0.129 0 0.209
classes. The KS distances between p(s) from the first column and RM All + 7, 0194 0125 0.083 0.209 0
p(s) from the first row are shown. For each system in the first column, Hun Al 0.007  0.067 0.110 0.021 0.191
the shortest distance to random matrices is highlighted with the bold ~ H1 Al 0.003 0.071 0.114 0017 0.195
characters. Hip Al+n; 0.069 0.006 0.045 0.084 0.126
Hs Al+ny 0.067 0.004 0.047  0.083 0.128
System  Class Al Al+ny A+4+ny Al+n- All41n,4 H, A+n. 0119 0.049 0.006 0.134 0.081
Ha Al+n_ 0015 0.085 0.128  0.004 0.208
RM Al 0 0052 008 001l  0.165 Hoy  All4+n, 0.138 0069 0.025 0.154  0.062
RM Al + 7, 0.052 0 0.038  0.063 0.114
RM A+ny 0.089 0.038 0 0.098 0.077
RM Al+n_ 0011 0.063  0.098 0 0.174
RM All+1n, 0.165 0.114 0.077 0.174 0 . . ]
Hon Al 0010 0043 0079  0.020 0155 eralized Gaussian ensemble with 8,/8; = 16 fpr the five
21, Al 0.009 0045 0081 0018 0.157 symmetry classes. Table III (Table IV) also give the KS
Hap Al + 7, 0.050 0.003 0.040 0.060 0.115 distance l?etween p(s) [pr(r)] from the physmal systems in
Hs Al+7, 0055 0.004 0036 0.066 0.111 the ergodic phases with the maximal system size, and p(s)
H, A+7, 0093 0043 0005 0.102 0.073 [p,(r)] from the random matrices in the five symmetry classes.
H, Al+1n_ 0010 0062 0097  0.003 0.174 Tables IIT and IV show that in classes Al, Al 4+ 4, and A +
Hon All+1n, 0.118 0.066 0.032  0.129 0.052 n, the probability distribution functions p(s) and p,(r) from
the physical systems in the ergodic phases have the shortest
distance to p(s) and p,(r) from the random matrices in the
between the two functions over all x, same symmetry class, and the shortest distances are less than
0.01. Tables III and IV also show that p(s) and p,(r) of the
D12 = sup [F1(x) — Fa(x)]. (D2)  physical systems in class AIl + 75, have the shortest KS
X

Tables III (Table IV) summarizes the KS distance among
p(s) [p-(r)] from 4000 x 4000 random matrices in the gen-

distance with p(s) and p,(r) of the random matrices in class A
+ n but have the larger distance (>0.05) with p(s) and p,(r)
of the random matrices in class AIl + ..

100t ~058(AI+7] ) 307 o x=0.57(AI+n-) 30 © x=0.58(AI+ 1)
~ 0.59(AI) x ~ 0.58(AT) o X ~ 0.59(AI)
~0.75(AL + 1) ~ 0.72(AI + ) ¥~ 0.72(AI + 7.)
801 o Y ~o082A +7) o x ~0.84(A + 1) o x~0.82(A+n)
X ~ L11(AIL + ny) 201 X =~ 1.09(AIIL + ny) 20t X ~ L.13(AIL + ny)
60 |—y== —uy==z —y==x
Al 5 A A
401 55 N
(5 10 10}
,ﬁ&ﬁ Wg«f‘;“
201 S g
C@yg&f
0 0 - ! . 0 . ,
0 20 40 60 80 100 0 10 20 30 0 10 20 30
(Nw) (Nw) (Nw)
(a) generalized Gaussian ensemble (b) Gaussian ensemble (¢) Bernoulli ensemble
(B2/B1 = 16)

FIG. 24. Variance X, and mean value (Ny ) of the number of real eigenvalues of non-Hermitian random matrices in the five symmetry
classes. ¥, and (Ny ) within different energy windows are obtained from 4000 x 4000 non-Hermitian random matrices in the (a) generalized

Gaussian ensemble with 8,/8; = 16, (b) Gaussian ensemble, and (c) Bernoulli ensemble. The scaling relation X, =~

X (Nw) holds for all five

symmetry classes. The spectral compressibility x is obtained by the linear fitting of the data points for each symmetry class.
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APPENDIX E: NUMBER VARIANCE AND
SPECTRAL COMPRESSIBILITY

For an ensemble of non-Hermitian random matrices, we
count the number Ny (E) of real eigenvalues in an energy
window [—E, E] with E > 0 in each sample. We evaluate the
mean value (Ny (E)) and the variance £,(E) = (Ny (E)?) —
(Nw (E))? of the number in the energy window for different
E. In our evaluation, only less than 50% of all the real eigen-
values are included in the energy window. Note also that in
classes Al + n_ and AIl 4+ 754, we regard each Kramers
pair as one real eigenvalue, and we characterize the level
interaction between neighboring Kramers pairs by X,(E)
and (Ny (E)).

In all random matrix ensembles studied in this paper (i.e.,
generalized Gaussian ensemble with 8,/8; = 16, Gaussian

ensemble, and Bernoulli ensemble), we have the scaling
relation

X (E) = xNw(E) (ED)

for all five symmetry classes (Fig. 24). The spectral com-
pressibility x in each symmetry class takes the same value
for the different ensembles, suggesting the universality of
x. While x is less than xpoisson = 1 in classes Al, Al +
N+, and A + ny, x is larger than xpoisson = 1 in class All
+ n4+. This unusual relation x > Xpoisson = 1 in class All
4+ ny indicates that attractive interactions are more dom-
inant than repulsive interactions in this symmetry class,
which has no analogs in Hermitian random matrices and also
non-Hermitian random matrices in the other four symmetry
classes.
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