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Theory of linewidth narrowing in Fano lasers
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We present a general theory for the coherence of Fano lasers based on a bound state in the continuum. We find
that such lasers enable an orders-of-magnitude reduction in the quantum-limited linewidth and, by introducing
mirror symmetry breaking, the linewidth can be further reduced. In contrast to ordinary macroscopic lasers,
though, the linewidth may rebroaden due to optical nonlinearities enhanced by the strong light localization. This
leads to the identification of optimal material systems. We also show that the coherence of this new type of
microscopic laser can be understood intuitively using a simple, effective potential model. Based on this model,
we examine the laser stability and deduce the dependence of the laser linewidth on the general Fano line shape.
Our model facilitates the incorporation of other degrees of design freedom and can be applied to a general class

of lasers with strongly dispersive mirrors.
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I. INTRODUCTION

Realizing ultracoherent nanoscale lasers is important for
numerous applications, including on-chip communications
[1], programmable photonic integrated circuits [2], biologi-
cal or chemical sensing [3], and quantum and neuromorphic
computing [4,5]. However, since the quantum-limited laser
linewidth scales inversely with the number of photons in
the cavity, the small mode volume of nanolasers poses a
fundamental challenge in realizing highly coherent micro-
scopic lasers [6—10]. Indeed, ultrasmall metallic lasers show
linewidths of tens of gigahertz [9], while state-of-the-art semi-
conductor lasers [11], albeit with millimeter lengths, can
achieve linewidths of less than 1 kHz [12]. Nevertheless, a
linewidth of a few megahertz was recently demonstrated in a
microlaser by taking advantage of the unusual properties of
a bound state in the continuum (BIC) [13]. One of the laser
mirrors thus uses a Fano resonance to implement the highly
dispersive characteristic of a BIC. This dispersion reduces
the laser linewidth by several orders of magnitude without
introducing a large cavity. The concept of such a Fano laser
is generic [14], and in this paper, we present a general theory
for the quantum-limited linewidth of this new type of laser.
Compared with Ref. [13], in which the response function
of the Fano mirror is a symmetric Lorentzian corresponding
to the specific case of a Fano-shape parameter ¢ = 0 [15],
we here extend the theory to account for general Fano line

“yiyu@dtu.dk
Tjesm@dtu.dk

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2022/4(4)/043194(13) 043194-1

shapes [16—18]. Our theory can be cast in a form where the in-
stantaneous laser frequency behaves analogously to a particle
moving in a potential and exposed to a randomly fluctuating
force, representing quantum noise. Such an analogy was ini-
tially developed for external cavity lasers [19,20], which today
represent the most important type of narrow-linewidth laser,
but is here extended to the generic case of a Fano laser. We
predict that by introducing mirror symmetry breaking, further
linewidth reduction by a factor of 4 is possible. Surprisingly,
we find that optical nonlinearities may give rise to a funda-
mental limitation to the linewidth.

Our theory not only offers a simple and intuitive explana-
tion of the physics of linewidth reduction in Fano lasers, but
also highlights the qualitative differences between Fano lasers
and external cavity lasers and may inspire future innovations.

II. STRUCTURE AND THEORETICAL MODEL

The Fano laser [Figs. 1(a) and 1(b)] is constructed by
coupling a discrete mode with a (quasi)continuum of modes,
which can be implemented in various configurations. For ex-
ample, it can be realized in an in-plane design [see Fig. 1(a)]
by a photonic crystal membrane with a line-defect semiopen
waveguide (WG) and a right mirror realized by a nanocavity
adjacent to the WG [21-25]. A field propagating to the right
in the WG can take two paths. One path follows the WG,
while the other comprises tunneling through the nanocavity.
These two paths interfere destructively around the nanocavity
resonance wavelength, leading to a high reflectivity within
a narrow bandwidth, which we refer to as a Fano mirror. A
virtual cavity (Fano cavity) can now be formed between the
left mirror and the Fano mirror and has the characteristics
of a BIC. Thus the mode only forms if the phase condition
is fulfilled (the round-trip phase change must be an integer
multiple of 27) at the resonance of the nanocavity, where
the Fano mirror reflectivity is high. This leads to a sensitive
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FIG. 1. (a) Fano laser realized in an in-plane geometry. A par-
tially transmitting element (PTE), with a field reflectivity of rp,
is placed in the region hosting a continuum of modes. The gain
material of the laser is placed in the continuum region, while the
region hosting the discrete mode is passive. (b) Fano laser realized
in a vertical configuration, where a photonic crystal slab is used
as the narrowband Fano mirror and serves as the combination of
the PTE and discrete state in the photonic crystal band diagram.
The orange shadings illustrate the lasing field, with the darker area
corresponding to stronger field intensity. (c) and (d) Phase potential
V as a function of instantaneous frequency A for (c) a conventional
external cavity laser and (d) the Fano laser. The laser experiences
phase noise represented by a Langevin force F5. The black curves
represent (c) the external cavity laser and (d) the Fano laser, and the
orange curves represent the Fabry-Perot laser counterpart. For the
Fano laser, the solid (dashed) black curve corresponds to the case
without (with) a PTE. Here, yi,/yp takes the values of 5000 and 78
for (c) and (d), respectively. Here, w., with; w/o, without.

geometry dependency of the quality factor (Q factor) of the
cavity mode, which is a hallmark of a BIC [26]. Such a Fano
laser has been realized using buried-heterostructure technol-
ogy [13], where the active material is embedded only in the
WG; however, the laser is of a general nature and can also be
realized in other platforms using various technologies, such
as monolithic integration [27,28], heterogeneous integration
[29], or hybrid integration [30,31]. In addition to the in-plane
configuration, the Fano laser can also be realized in a vertical
configuration [see Fig. 1(b)], e.g., using a dielectric slab as a
broadband mirror and a photonic crystal slab as the narrow-
band Fano mirror [32]. As our interest is on-chip applications,
we here focus on the in-plane configuration.

The dynamics of the Fano laser can be described by
coupled-mode equations [33] combined with conventional

rate equations [13,21]. By assuming that the left mirror has
unity reflectivity, we have

d
Ez‘ﬁ(t) = ((1 — jo)Gy AN (1) — yin)AT (1)

+ VinA” )/ rr(w;) + Fp+ (1), ey

d
EN(I)ZR_VNN(I)

— GN(N@) = No)I(@)/Va + Fx(1), (2

where AT (¢) [A™(¢)] is the slowly varying complex amplitude
of the forward (backward) propagating field, o is Henry’s
factor [34], Gy is the modal gain factor, w (w,) is the lasing
frequency (reference frequency, e.g., the steady-state lasing
frequency excluding quantum noise), N(¢) is the carrier den-
sity in the Fano cavity, N is the carrier density at transparency,
AN(t) = N(t) — N; is the carrier density deviation from its
steady-state value N;, and yy is the carrier decay rate. Fur-
thermore, R, V,, and yi, = 1/7;, denote the pumping rate,
the active volume, and the round-trip rate of the Fano cavity,
respectively. The number of photons stored within the Fano
cavity is related to the complex field, I(¢) = gs(w,.)|A+(t)|2,
with the conversion factor obtained from the steady-state solu-
tion [35], ¢y(@,) = (1 — [rr(@)I?)/ (2fio, yin In{1 /1R (@)]}).
The backward field is obtained from the nanocavity field,
A.(t), which in turn is driven by the forward-propagating field

AT(t) = rpAT (1) + /21 AL 1), 3

d
A =[] + 55 (0)) = 1A
+ V271 AT () + Fy (1). )

The nanocavity field is normalized such that |A.(t)]? is the
energy stored in the nanocavity. The parameter rp (15 =
V1 —r3) is the reflectivity (transmissivity) of the partially
transmitting element [PTE in Fig. 1(a)], which will be
discussed later. In addition, §o = wy — w, is the detuning
between the nanocavity resonance wy and w,, and SN (f)
is the complex change of the nanocavity resonance due to
optical nonlinearities leading to intensity-dependent detuning
and loss [36]. Furthermore, y, is the nanocavity intrinsic
decay rate, and y; (y») is the nanocavity coupling rate to
the left (right) side of the WG [Fig. 1(a)], with y. =y, +
y» and y, =y, + ¥.. These (field amplitude) decay rates
are related to the nanocavity intrinsic, coupling, and to-
tal Q factors as Q, = wo/(2yy), Qc = wo/(2yc), and @y =
wo/2y:). In Eqs. (1)~(4), Fa+(t), F4 (t), and Fy(t) are the
Langevin noise terms of the fields and carrier density. The
coefficient ¢/, depending on the coupling phase, can be
derived by exploiting energy conservation and time-reversal
symmetry [17,37], leading to cos(201):y2t§/(2y1r3)—
13/(2rg) — rg and sin(26,) = —Ptg,/4y1y> — 13v2/2yirs).
It should be noted that the transmission through a linear
Fano mirror follows the general expression for a Fano line

shape characterized by the shape parameter g [38]: T (§p) =
t2(q + 80/v)*/(1 + (80/¥:)*). Here, ¢ = — tan(¥) with ¥ =

—Pcos™ (= tgy./ 2 JV172))-
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III. POTENTIAL PICTURE OF THE FANO LASER
FREQUENCY

For linewidth narrowing, we exploit the fact that the BIC
has a large fraction of its electromagnetic energy stored in the
nanocavity. Now, if the gain material of the laser is excluded
from the nanocavity, the field stored in the nanocavity is
not exposed to spontaneous emission and acts as a restoring
force that counteracts the random phase changes induced by
spontaneous emission in the spatial regions containing gain. In
this case, by defining the instantaneous laser frequency A =
(w, — w)Tp, Where tp is the time delay caused by the right
mirror, and separating the amplitude and phase of the laser
fields, one can derive from Eqgs. (1)—(4) (see Appendix A) that
the laser frequency behaves analogously to a particle moving
with strong friction in a potential V and exposed to random
kicks representing spontaneous emission; cf. Figs. 1(c) and
1(d). For a Fano laser, we have

V = Vep + Viu, (5)

where Vip = A2/(21p) is the potential of an equivalent Fabry-
Perot (FP) laser with cavity length equal to the Fano cavity and
frequency-independent mirror reflectivities. The other term
in Eq. (5) is Vem = ¥in In(1 + A?)/2 and originates from the
frequency dependency of the Fano mirror. The laser linewidth
(Av) is represented by the frequency spread resulting from
the random excursions around the potential minimum and is
inversely proportional to the square of the potential curvature,
ie., 1/Av o (d2V/dA2).

This is similar to the case where an FP laser is coupled
to a (large) passive external cavity [Fig. 1(c)], where V =
Vep + Vex and Vex = —kyin cos(6y + A) [20] with « being
the feedback fraction. As seen, an external cavity introduces
a cosine function adding to the original parabolic function of
the FP laser [20]. As a consequence, several potential valleys
appear, corresponding to different external cavity modes that
the laser jumps between on time scales determined by the
height of the potential barriers [19]. In contrast, the Fano
laser has a single minimum corresponding to the single BIC.
Furthermore, compared with the cosine function of Vgx, Vem
is a logarithmic function and does not depend on «, which is
usually much smaller than unity [20,39]. Therefore the Fano
laser configuration is much more effective in narrowing the
laser linewidth and furthermore accomplishes it without intro-
ducing a large external cavity or a large secondary resonator
[29], which would severely increase the footprint of the laser.

If the symmetry of the Fano resonance is changed, which
can be achieved by adding a PTE to change the amplitude
and phase of the continuum path [40], additional linewidth
narrowing can be achieved but at the prize of sacrificing the
monostability of the laser [asymmetric potential in Fig. 1(d)].
The detailed picture is that, compared with the case without
a PTE, the presence of the PTE lowers V on one side. This
means that the laser tends to have multiple solutions, rather
than being monostable, e.g., the laser can jump to another
solution as the right potential barrier is passed. This new
solution corresponds to 2wnlL/c + arg{rg(w)} = 2mm, where
n and L are the refractive index and length of the Fano cavity,
respectively, and m is an integer different from the value
corresponding to the original Fano mode. When the laser

oscillation frequency moves away from the nanocavity reso-
nance, |rg(w)| decreases toward O (rg) when the PTE is absent
(present), corresponding to a diverging (finite) laser threshold.
Therefore the PTE increases the chance of mode hopping into
another longitudinal mode of the Fano cavity [24]. However, it
should be noted that the multiple longitudinal modes appear-
ing in a Fano laser with a PTE cannot be captured here, since
our model is derived based on the expansion around a single
longitudinal mode [22].

The field reflectivity of the Fano mirror rg(w), with the
presence of a PTE, has the general form [37]

rr(@) = |rp(w)]e’*

Jrds + (2 — v1) + raye — jPig/4vivs — 13y2

re(j8 +vi)

(6)

Here, § = &9 + énL, Wwith 8o = wy — w. The parity of the
nanocavity mode with respect to the mirror plane [cf.
Fig. 1(a)] is accounted for by the coefficient, P, with P = 1
(—1) corresponding to an even (odd) mode of the nanocavity
and leading to a red (blue) parity for an asymmetric Fano
resonance with rg # 0 [37,41]. Compared with the case with-
out the PTE, where the decay ratio Ry, = y;/y> = 1, the PTE
can break the nanocavity mirror symmetry (y;/y» # 1), e.g.,
by incorporating a hole in the WG away from the mirror
plane [42]. This can enlarge the phase slope of rg(w) without
sacrificing the mirror reflectivity |rg(w)| at the nanocavity
resonance (see Fig. 4 in Appendix A), indicating that the laser
linewidth can be further reduced by the inclusion of a PTE.

From the laser model, the lasing frequency w fulfills the
relation w, = w — ayin + @ Re{Krg(w)} + Im{Krg(w)} with
K = yin/rr(w,). Based on the perturbation approach [39], one
can derive the Fano laser linewidth above the threshold

Avgr(@,) = Avpp(w,)/n?,

’

a
|”R(w)|‘f‘—a ¢R(w))
®

0
=1+ in |l ————
=y ( ()] 0w

w=w,

(N
where Avgp(w,) = (1+a2)(yi;zi;:;\/{,lh/(g;wr)”)ZC"'” is the linewidth
of the equivalent FP laser and 7 is the linewidth reduction
factor. Here, y; is the loss rate of the active WG, and C;, =
ng,/(mwV,) is a coefficient depending on the population in-
version factor, ng,. The threshold carrier density is given by
Nin(@,) = No + (¥i + vin In{1/|rr(w;)|})/Gn. As seen from
Eq. (7), the @ parameter can also contribute to linewidth nar-
rowing, provided it has the same sign as d|rg(w)|/dw, which
leads to negative feedback between the laser frequency change
and the refractive index change induced by the change in free-
carrier density [43]. Equation (7) is in accordance with the
previous result in Ref. [44] and can be related to the effective
Q factor of the Fano laser.

To evaluate the effective Q factor (Qpy) of the Fano laser,
we consider the electromagnetic energy stored in the entire
Fano laser, Ep., which consists of the energy stored in the
Fano cavity, Er, and the energy stored in the nanocavity, E,..
By neglecting the waveguide dispersion, the stored energies
are proportional to the group delay of each part [45], 7;, and
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FIG. 2. (a) Calculated Fano laser linewidths Avg. (black, red, and blue curves) vs (normalized) lasing frequency for different values of
the « parameter. The frequency dependence of the Fano mirror reflectivity and phase are also shown (upper gray and green curves). The
solid (dashed) parts of the curves represent stable (unstable) solutions. Here, 3 = 0.8 and R, = 1. (b) Phase potential V as a function of
instantaneous frequency A (left) and the resulting temporal trajectory of the complex field A* of the Fano laser (right), corresponding to
the spectral positions (cases I, II, and III) for « = 3 circled in (a). The trajectory of A™ in case II will evolve into a “fuzzy” circle as the
simulation time is prolonged. The trajectory of A™ in case III corresponds to self-pulsations. (c) The minimum Fano laser linewidth and (d) the
corresponding lasing frequency w,, as a function of rg and Ry, for @ = 3. The gray parameter regions are not accessible. In all the cases, a high

pump power of R = 10* m~3s~! is assumed.
Tp, as
Tin + 7,
Ep, = EF + Epe = EFP%
m

. (8)

= Erp (1 + g (@) / ZL“’”))
Here, Epp is the energy stored in a FP cavity with a di-
mension equivalent to the Fano cavity (FP counterpart).
i(uﬂ)lwzw = Ti,. The time-averaged power dissipation P
is caused by the propagation loss in the Fano cavity and the
power leakage from the right mirror. The value of this quantity

is the same for both the Fano laser and the FP counterpart,
Erp

leading to
P s w:w,) -

Here, Opp is the Q factor of the FP cavity laser. Equation (8)
slightly deviates from the one derived in Ref. [13]. We think
this is because we here take into account the energy (usually
negligible) stored in the WG on the right side of the left
reference plane of the Fano mirror, which is also part of the
lasing mode.

In the following, we investigate how the response func-
tion of the Fano resonance affects the laser linewidth. The
simulation parameters, unless specified, are kept fixed: Q. =
1000, wg = 2mc/ry with Ay = 1550 nm, o = 3, y; = 4.7 X
10057, i =95 x 102 57! yy =42 x 103 s7!, Gy =
52 x 10713 m3/s, No = 0.4 x 10®* m—3, and Cp,=11x

OrL = o

0
= QFP(I + Vin— 5o, e (rr(w))

10%° m~3. These values are in accordance with the results in
Refs. [13,22]. For simplicity, we assume negligible intrinsic
losses of the isolated nanocavity, corresponding to Q, — 00
(a finite value, Q, > 10°, does not change the picture). In
addition, we chose P =1, i.e., the Fano resonance has blue
parity, which leads to narrower laser linewidth for the com-
mon case in semiconductors, where « is positive [29,46].

IV. FANO LASER LINEWIDTH IN THE LINEAR CASE

We first focus on the linear case where Sy, = 0. As seen
from Eq. (7) and the expression for N;,(w,), the Fano laser
linewidth can, for fixed pumping, be reduced either by re-
ducing the linewidth of the solitary FP laser by increasing
the Fano mirror reflectivity lrr(w))* (to lower the laser
threshold), or by increasing the linewidth reduction factor
by increasing the (absolute) value of the (normalized) am-
plitude differential L, (8) = 27 a|rz(w)| ™ (L |rz(@)D],_, or
the phase differential L,(8) = 27 (= 9 qu(w))l . All three
quantities can be controlled by § and Ry;. In general for a
given Ry, large values for |L,(8)| [|L,(8)|] are found on the
low (high) reflectivity side of the Fano mirror (see Fig. 4 in
Appendix A). Examples of the Fano laser linewidth variation
with laser operation frequency are shown in Fig. 2(a). A pump
power of R = 10°> m~3s~! is applied, which is ~37 dB above
the lowest laser threshold obtained for Rj; = 1. Such a high
pump power is beyond (about 10 dB higher than) our cur-
rent experimental possibilities, and it is not a requirement for
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achieving narrow linewidth but is chosen to ensure that lasing
can occur even around the minimum reflectivity coefficient
of the Fano mirror. Submegahertz linewidths can already be
achieved at R < 2 x 10°* m—3s~!, even with a relatively low
nanocavity Q factor of 1000.

For « # 0, the laser linewidth exhibits two local minima.
The right minimum, with a sharp spectral feature, corresponds
to the reflectivity minimum, and the linewidth narrowing here
is due mainly to the amplitude-phase coupling, where a large
L(8) [because of a large value of d|rg(w)|/dw accompanied
by a small value of |rg(8)|] provides negative feedback, sup-
pressing laser frequency fluctuations. The left local linewidth
minimum, with a broader spectral feature, occurs close to
the reflectivity maximum of the Fano mirror and is due to a
combination of low threshold [high |rg(w)|] and prolonged
photon storage in the passive nanocavity [large L,(§)]. For this
case, the influence of L;(6) is negligible.

The laser linewidth also assumes a local maximum, which
is blue or red detuned with respect to the linewidth minimum,
depending on the sign of «. Such a maximum corresponds to
n =0, where L;(8) = — (27 /yin + L2(8)).

Here, we will focus on the good-cavity case, where the Q
factor is high, so that the Petermann factor [47] is close to
unity and the dispersion of the gain material can be neglected;
these effects will become important in the bad-cavity case and
lead to correction factors of Eq. (7) [48]. It should also be
pointed out that Eq. (7) only is valid for stable solutions. The
laser stability can be checked by a linear stability analysis or
direct numerical simulations including Langevin terms (see
Appendix C) and can for certain kinds of instability (saddle-
point instabilities) also be inferred from the laser potential
[20]. Large fluctuations of the Langevin force may cause the
laser to switch from one local potential minimum to another
minimum or cause switching to another solution, which is not
described by the same effective potential, similar to the case
of external cavity lasers [49]. Considering that the right local
minimum corresponds to a very large laser threshold and can
lead to laser instabilities, we, in the following, focus only on
the left minimum.

Figures 2(c) and 2(d) show, in color, the minimum
linewidth and the corresponding lasing frequency w,, versus
rg and Ry,. The gray regions cannot be accessed since R, is
bounded by Rpin < Ri2 < Rmax, Where Ry = (1 +r5)/(1 —
rg) and Rpnin = 1/Rmax [50]. As seen, the smallest linewidth
always occurs at A,, & Ao With Ry = Ry, corresponding to
the upper edge of the contour of Fig. 2(c) (and ¢ = 0 for
the general Fano formula). This reflects that the main factors
contributing to the laser linewidth are |rg(8)| and L, (8), which
are large at § = 0 in the case of Ry = Rnax (see Fig. 4 in
Appendix A).

Next, we focus on highly asymmetric structures, i.e., the
upper edge of the contour of Fig. 2(c). Based on Eq. (7),
utilizing § < Y, and Ry = Rpax, a simple expression for the
Fano laser linewidth can be derived:

1 2
Avi(on) = (1 +<1+rB>(ym/yz)> Ave, O
where
ay;
m = 1-— ~ . 10
@ ‘”°< téwo(1+(1+r3>(ym/yt>)> @. (10)

Equation (9) shows that compared with the corresponding
FP laser, with a linewidth of Avgp =~ (1 + az)Cspyiz/R un-
der the high-pumping assumption, where R — yyNy(w,) =
R, the Fano mirror can significantly improve the laser co-
herence. Such an improvement becomes more pronounced
as vin () increases (decreases), e.g., by reducing the Fano
cavity size or improving the nanocavity Q factor. Com-
pared with conventional external cavity lasers [39,51], which
are based on weak feedback with a linewidth of Avey =
[1/(1 + k(yin/y:))]* Avgp, where k < 1, the Fano laser in-
trinsically operates in the regime of strong feedback and
thereby enables a much larger linewidth reduction without
significantly increasing the size of the laser. At the same
time, the Fano laser does not experience any modal doublets,
in contrast to ordinary strong injection-locking or feedback
systems [46].

For ultrasmall lasers, where yi,/y: > 1, Eq. (9) shows that
by breaking the mirror symmetry, Avgg(w,,) can be further
reduced by a (maximum) factor of 4, compared with the
ordinary symmetric case (R, = 1). This is because a higher
rp enables a larger Ry.x and thus a larger y; for a fixed
0., leading to a larger |A.| [52] (compared with the case of
rg = 0, the nanocavity field gets doubled under the condition
of rg =1 and R = Ryay). This can also be understood in
another way: To achieve an effective Fano destructive inter-
ference at the output of the WG, the decay of the nanocavity
field to the right side, |+/2)2A.|, should be balanced by the
field | jtpA™| transmitted directly through the WG. Therefore
a smaller y,, a larger |A.|, or a stronger field localization in the
passive nanocavity region is needed. This enhances the laser’s
composite Q factor. This is consistent with Figs. 4(a) and 4(b)
of Appendix A, in which |rg(w)|? approaches unity with the
frequency slope doubled as Ry — Rpax.

In the case of a high PTE reflectivity, the Fano laser may
appear to be equivalent to a system of two coupled cavities.
However, in contrast to the case of two coupled cavities, the
Fano laser mode still bears the characteristics of a BIC, even
for rg = 1, where the PTE completely blocks the right end of
the WG. This can be concluded by analyzing the Fano mode
as a superposition of two coupled modes (see Appendix B).

The linewidth expressed by Eq. (9) is identical to the result
derived using the Langevin approach (see Appendix C), where
stochastic Langevin noises are introduced for the Fano cavity
field A™ (7). The absolute output power is, of course, also im-
portant. It can be shown that the external quantum efficiency
is much higher for the cross port [24] and the left mirror rather
than the port involving transmission through the Fano mirror
(see Appendix D).

V. FANO LASER LINEWIDTH IN THE NONLINEAR CASE

The theory and results presented so far assumed the
nanocavity to have a linear response, i.e., dnp () = 0. How-
ever, the spatially localized field in the nanocavity of the
Fano laser can induce a large power-dependent change in the
laser output by spectrally shifting or changing the amplitude
of rg(w,) through optical nonlinearities [36]. We incorporate
nonlinear absorption and index changes by taking

SnL(t) = (Kx — JKT)IA))? + (Kp — jKON:(2).  (11)

043194-5



YU, ZALI, AND M@RK

PHYSICAL REVIEW RESEARCH 4, 043194 (2022)

Here, Kx|A. (t)I2 and KpN,(t) account for the nanocavity res-
onance shifts due to Kerr and free-carrier effects, with Kx
being the Kerr coefficient and K accounting for free-carrier
dispersion and band filling [36]. The terms Kr |Ac(t)|2 and
KAN,(t) account for absorption, with K7 being the two-photon
absorption (TPA) coefficient and K4 being the free-carrier ab-
sorption coefficient. Furthermore, N,(¢) is the mode-averaged
free-carrier density generated by TPA in the nanocavity, gov-
erned by

ON(1)/3t = —yueNo(t) + GrlA()I*, (12)

where y,. is the effective carrier decay rate in the nanocavity
and Gr is the free-carrier generation coefficient due to TPA.
The coefficients Kg, K7, Gr, and y,. depend on the nonlinear
optical mode volumes of the nanocavity [36]. We compare
photonic crystal L7 nanocavities made of InP, Si, and SiN
working at ~1.55 um and choose y;, = 1.9 x 10'2 s~! and
Ve = 2 X 10'0 s~1. We calculate the linewidth including non-
linearities also using the potential approach [see Eqs. (A6) and
(A7) in Appendix A], with parameters for the three material
systems considered (see Table I), which agrees well with the
conventional Langevin approach (see Appendix C).

To simplify the situation, we assume that the nanocav-
ity resonance is tuned so that the nonlinear resonance shift
is always compensated at steady state, i.e., Re{dn.} = 0. In
practice, this can be implemented by placing electrodes close
to the nanocavity for temperature or electric-field tuning.
Here, considering the lack of analytical solutions and thus
more time-consuming computations when including optical
nonlinearities, we focus on the close-to-optimum point, @, =
wo. With nanocavity nonlinearities [Fig. 3(a)], the Fano laser
linewidth exhibits similar dependence on the Fano line shape
as in the linear case; that is, the narrowest linewidth is still
located close to Rpyax. The smallest linewidth in the linear case
[black curve in Fig. 3(b)] agrees perfectly with the approxi-
mate solution [Eq. (9)].

The linewidth obtained when considering optical nonlin-
earities is larger than the linear one and does not depend
monotonically on rg. This can be attributed to two factors:
(1) the reduction of the Fano mirror reflectivity caused by
nonlinear absorption in the nanocavity, which lowers the Q
factor of the laser, and (2) the additional Langevin noise intro-
duced by nanocavity nonlinearities, which causes additional
phase fluctuations. To determine which factor is dominant,
we examine |rg(w,)|* [see the blue curve in Fig. 3(b)].
As seen, |rg(w,)|> varies almost oppositely to the laser
linewidth with rg, indicating that the reduced Fano mirror
reflectivity plays an important role. A reduced mirror re-
flectivity at large rp is ascribed to the fact that a higher
rp can enable a larger Ry.x and thus stronger field storage
in the nanocavity, resulting in higher nanocavity absorption.
Indeed, the Fano mirror reflectivity decreases dramatically
for high pump powers [Fig. 3(c)]. Therefore, unlike the
linear case, the laser linewidth in the nonlinear case suffers
from a trade-off between enhanced field localization and en-
hanced nanocavity absorption. This trade-off means that the
linewidth does not follow the inverse-power dependence pre-
dicted by the Schawlow-Townes formula [53] [Fig. 3(d)]. The
linewidth saturates and eventually increases with increasing

Li idth (MH
0 inewi (16 z) 10
@ @ . ©
"2 0.6{|—Linear
- —Nonlinear
0.4 7 27 47
I's 8 2
10
(d)
0.8
10’
1 Ri2 10 ~
5 1.0 Z10°
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—||=— Nonlinear| e
g $10"
= o 5 —Linear
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3 —Nonlinear (Si)
] Nonlinear (SiN)
0 0.8 10°
0.0 04 08 o7 27 d
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FIG. 3. (a) Fano laser linewidth Avg (wy) (color scale) as a
function of rg and R, when nanocavity nonlinearities are accounted
for. Here, the nanocavity is made of InP, and a relatively high pump
power of R = 10%> m~3s~! is chosen to better illustrate the nonlinear
effects. (b) The minimum linewidth extracted from Fig. 3(a) (red
curve) and Fig. 2(c) (black curve) as a function of rgz. The Fano
mirror reflectivity |rR(a)0)|2 (blue curve) corresponding to the red
curve is also plotted. (c) Variation of the Fano mirror reflectivity
with pump power. The pump power has been normalized, with 0 dB
corresponding to the threshold. Here, rz = 0, and the nanocavity
is made of InP. (d) Fano laser linewidth vs pump power. The red,
green, and orange curves correspond to the case where nanocavity
nonlinearities are accounted for, and the nanocavity is made of InP,
Si, and SiN, respectively. The black and blue curves correspond to
the linear case (nanocavity nonlinearities are absent), and |rr(wo)|?
of the blue curve is set identical to that of the red curve. Here, rz = 0.

pump power. Simulations of other nanocavities, e.g., the HO
type [36], which has a smaller mode volume and a faster car-
rier decay rate, give qualitatively the same result. It should be
noted that the nonlinear result [e.g., the red curve in Fig. 3(d)]
agrees well with the linear result when accounting for the
power dependence of |rg(w,))* [blue curve in Fig. 3(d)], fur-
ther confirming that the reduction of the reflectivity due to
nonlinear absorption is the dominant effect causing linewidth
rebroadening. Figure 3(d) predicts that for an InP nanocavity,
it may be difficult to reach submegahertz linewidth. However,
the problem is significantly reduced by using a material with
smaller nonlinear loss, such as Si or SiN [see the green and
orange curves in Fig. 3(d)]. Such structures can be realized
using heterogeneous integration technology [29,54]. We also
find that nonlinear effects become orders of magnitude weaker
if the nanocavity of the Fano mirror is replaced by a much
larger cavity.

VI. SUMMARY AND OUTLOOK

In summary, we have presented a general theory of the
quantum-limited linewidth of a Fano laser based on a bound
state in the continuum. In particular, we have developed
a potential picture valid for lasers with strongly dispersive
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laser mirrors. Based on the theory, we show that the Fano
laser allows orders-of-magnitude linewidth reduction with-
out compromising the monostability and without significantly
increasing the size of the laser. This enables microscopic
lasers featuring similar linewidth narrowing as conventional
macroscopic external cavity lasers, but with different modal
properties. By breaking the symmetry of the Fano mirror,
we find that the Fano laser linewidth can be reduced by an
additional factor of 4. This improvement, however, may be
compromised by optical nonlinearities that limit the minimum
linewidth obtained for a given material system.

Our theory provides insights into the stability and coher-
ence of microscopic lasers. The potential model accounts for
global dynamics of the system that cannot be inferred from
small-signal analysis. The model thus facilitates the incor-
poration of other degrees of design freedom and physics,
exemplified by the mirror symmetry breaking and optical non-
linearities considered here, which have been largely neglected
in previous linewidth investigations. Therefore the developed
theory can be used to investigate other configurations, e.g.,
considering other dispersive laser mirrors, such as those en-
abled by multiple Fano resonances, Autler-Townes splitting,
or electromagnetically induced transparency [14,16,55,56].

ACKNOWLEDGMENTS

The authors acknowledge the support of the Danish Na-
tional Research Foundation via NanoPhoton - Center for
Nanophotonics (Grant No. DNRF147) and the European Re-
search Council (ERC) under the European Union Horizon
2020 Research and Innovation Programme (Grant No. 834410
Fano). Y.Y. acknowledges the support from Villum Fonden via
the Young Investigator Programme (Grant No. 42026).

APPENDIX A: THE EFFECTIVE POTENTIAL OF
LASERS WITH A DISPERSIVE MIRROR

By separating the amplitude and phase of A™ () in Eq. (1),
e, At(t) = |AT(1)|e/® ®, we arrive at two differential equa-
tions

d
Elfﬁ(t)l = GNANDIAT ()] — yinlAT (1)

+ Re{KA™ (1)/A* (OYAT ()] + Fa+((1), (A1)
|

%(ITL(I) = —aGyAN (1) + Im{KA™(1)/AT (1)} + Fy: (1),
(A2)

where F4+|(t), Fy+ (t) are the Langevin noise terms of the field
amplitude and phase. The steady state, in the absence of noise,
is found by solving d|A™(¢)|/dt = 0 and d¢™ (t)/dt = w, —
w, leading to Gy AN = ayiy, — o Re{Krgp(w)} and
W, = ® — aYin + @ Re {Krg(w)} + Im {Krg(w)}.  (A3)
Here, rr(w,) = A~ /A", and w is the oscillation frequency
of the entire laser system. Based on the small-perturbation
approach, by using rg(w) = |rr(w)]e/*@) from Eq. (A3) one
finds the following relation between changes in w, and w:

0 0
Aw, = Aw + Yin | a —— —IrrR(0)| + —¢r(w) || Aw.
I (@)] 8 b0 .
(A4)
If the laser has a dispersionless mirror, i.e.,
d|rr(w)|/dw, d¢Pr(w)/dw =0, this reduces to the case

of the equivalent FP laser, with mirrors that have the same
reflectivity as the Fano laser evaluated at its operation point
but with no frequency dependence, and a cavity length given
by that of the Fano cavity [see Fig. 1(a)]. In this case, one
has Aw, = Aw. The factor by which the linewidth of the
composite cavity laser is reduced compared with the FP laser
counterpart is given by the ratio (Aw/Aw,)* [39], where Aw
is the change in the oscillation frequency of the composite
laser system upon a change Aw, in the oscillation frequency
of the corresponding FP laser. Using Eq. (A4), one gets

AUFL _ Aw 2_ 1
Avpp  \Aw, )] 72

Yin
-1 (1 Yin
At 21

2
L@ +120)) . (A3)

where L;(8) = 2ma|rg(w)| ™ L |rr(o)] is the normal-

ized amplitude derivative and L,(§) = 2x %(]ﬁ]g (w)|,_, isthe
normalized phase derivative (see Fig. 4). For the Fano laser
with the Fano mirror reflectivity of Eq. (6), we have

and

a
|VR(60)|_]—8 Irr(w)] = <
w

0 S, (w) rfg(PSe — r§8,(w)) 0
O e — —di(w)
3w¢R @ < 8- () + Bi(w) — v, ) (PS, — r§8r(w))2 + [r3Gi(@) =) — 2 + y1]2 do
. _ 2142(8. _ _
28,((1)) V43 ;- rB[rB(il(a)) Vv) V2 + Vl] . iS,(a)) (A6)
Sr(@)” + (i) =1)*  (PS, — 136,())” + [r3(Si(@) — yo) — y2 + 1] ) 8@
8 () ra(PSe — r3d,(w)) 9
— 3 5 ) 2 _ar(a))
8 (@) + (Gi(@) =) (PS, — 138,(@) + [R6@) — v) — 12 + 1] 0@
. _ 2142(8S. _ _
_ 261(('0) y’ - rB[rB((Szl ((1)) )/v) V2 + 7/1] . igl(a))’ (A7)
81 (@)* + @Bi(@) = 1) (PS, — r28,(0))” + [F2(6i(@) — ) — 1 + 1] ] 9@
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FIG. 4. (a) The Fano mirror reflectivity (|rg(8)|?) for different reflectivities of the PTE (r3) and different decay ratios (R12 = y1/y»). Here,
8 = wy — w, with wy being the nanocavity resonant frequency. (b) The phase change of the Fano mirror reflection [arg{rz(5)}] for different
reflectivities of the PTE and the decay ratios [the phase change was normalized so that arg{rg(0)} = 0]. (c) The mirror reflectivity [rR(8))?,
(d) normalized amplitude derivative L;(8), and (e) normalized phase derivative L,(8) of the Fano mirror, as a function of §/y; and Ry,. Here,

r3 = 0.5 and o = 3. In (d) and (e), the ranges of the color scales are restricted to the interval from 0 to 5 x 10~

where §,(w) [§;(w)] is the real (imaginary) part of § + Sni (@),
and its specific form depends on the type of optical nonlinear-
ities in the nanocavity, dnr. ().

In the linear case where dn;. = 0 [6,(w) = wyg — w = wy —
wy, 6;(w) = 0], the above equations reduce to

0 2020, 1oy
5 gy 2 lnnon)
w (PSg - rB(S) + (rB)/U + V) — J/1)

82 + Vt2
and

9
|VR(w)|_13—|rR(w)|
w
8 N ré(PSe — réc?)
47 (PS,—r28) + (Ry+v— 1)

(A8)

7

in which S, = tB\/ dy1ys — t2(y1 + y2)*. The laser stability
can be investigated through a conventional small-signal anal-
ysis or investigated in the time domain, where we solve
Egs. (1)=(4) numerically by treating the Langevin noise
terms as random sources with normal distribution [57]. From
Egs. (Al) and (A2), and neglecting amplitude fluctuations,

s for a clearer illustration.

one gets
d
E‘PJF(Z‘) = —a(¥in — Re {Krp(®)}) + Im {Krg(w)} + F4+ (t)

rr(w)

rr(w;)

+ sin (¢r(w) — ¢r(@,))] + Fy+ (0). (A9)
Next, we extend the approach taken in Ref. [19] for exter-
nal cavity lasers to the general scenario. We introduce ¢ (t —
Tp), which is the phase delayed by a time, tp. Such a delay
is caused by field dwelling in the external cavity in conven-
tional external cavity lasers or field storage in the nanocavity
in the Fano laser. For example, tp = 1/yp = d¢p(w)/0w =
1/y; is the time delay at w, = wy when y, =0 and y, =
y1. By defining A = ¢ (¢) — ¢ (¢t — 1p), using A = (w, —
w)tp and (3¢T(r — tp)/dt) ~ ypA, we derive from Eq. (A9)
the following equation for A:
d d

—A=—o¢t _i-*- —
A=) =~ g7~ )

= —Q¥in + Vin [ cos (Pr(@) — Pr(w;)))

:i¢+(l)— iqﬁ(t—r )+ Fp+(t — Tp)
dt dt P ¢ b

dv
=——— + FA0),

A (A10)
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where
Yinlrr(@)/rr(@;)]

X [o cos (pr(@) — pr(@,)) + sin (¢r(w) — Pr(w,))]
(A11)

W Ao+
dA_ ]/D an

and Fa(t) = Fy+(t) — F, J(t — 1p) is a Langevin term with
a correlation strength (Fa(t)Fa(t")) = 47 Avgp(w,)8(t —t').

J

1 2
V= -ypA" +aynA —

Equation (A10) is analogous to the equation of motion for
a particle with coordinate A moving with strong friction in
a potential V and exposed to a fluctuating force Fa(¢) [20].
The coordinate A plays the role of the instantaneous laser
frequency as well as the phase change over the time interval
7p. Taking the Fano mirror reflectivity [Eq. (6)] and consider-
ing the simple case of y; = y» = y./2 & y,/2, we obtain by
integrating Eq. (A11)

Vi 2r8(rp A + 8) (v — a8) + 2y, (tp(ays + ) — rp(y, — ad)) tan~! (L2242)

2 ZJ/D

Vin Ve(rplays +8) +15(ys — ad)) In {y? + (ypA + 8)°}

tgy:y — rgd

2yp tgy; — 1o

where yp = 1/((0¢g(w)/dw). For « =0, r5 =0 (tg = 1),
and w, = wy, we have yp = y;; so Eq. (A12) reduces to

V =1ypA% + yin3 In{l + A%} (A13)

The potential [Eq. (A13)] for the Fano laser is different from
the potential for an external cavity laser [20], which (for o =
0) assumes the form

V = LypA% — kyincos (6 + A). (A14)

From Eq. (A11), by considering dw/dA = —yp when w —
w,, we find the curvature of the potential V in the minimum
point:
1 d*v
vp d A?

w=w,

d 0
~ 1+ Vin <a|rR(w)|‘—|rR<w>| - —¢R(w))
Jw Jw

([ Auvep :
== Ave)
Equation (A15) shows that the curvature of V at w = w,,

normalized by yp, is identical to the linewidth reduction factor
for the Fano laser compared with the FP laser counterpart.

w=w,

(A15)

APPENDIX B: COUPLED-CAVITY SYSTEM VERSUS THE
FANO SYSTEM WITH A PARTIALLY TRANSMITTING
ELEMENT

For simplicity, we consider a Fano laser system with a
PTE, where rg =1 (15 =0) and Ry = Rna. We neglect
the linewidth enhancement factor and optical nonlinearities
in the nanocavity. By replacing Agp(t) = jA™ (t)//Vin, and
assuming that the laser oscillates at a frequency where the
Fano mirror reflectivity is close to unity [|rg(w,)] — 1 with
y» — 0] so that the inverse of the photon lifetime of the Fano
cavity can be simplified as y, = 2y; 4+ 2¥in In{1/|rz(w,)|} ~
2y + 2yin(1 — |rg(w;)]), Eqs. (1) and (4) can be reduced, in a
matrix form, to

d (A1) \ _ apf Ac®)
dr (AFp<r)) = M(App(r))’ ®D

, (A12)

where

M:<_]50_7/t K¢ )
K g — Vin
Here, g = Gy(N — Ny) — i, and k. is, in general, complex

but approaches /2y, y, for y, < y.. By using |rg(w,)| — 1
and Gy(N — Ny) — ¥, Eq. (B1) leads to two eigenfrequen-
cies:

1 .
We 1 = Wy — 5(80 - ](2Vin + Vt)

/8 7ave = Go+ J@n — 1)),

1 :
We2 = Wy — 5(50 —JQVin+v)

— /8 mye — Go+ JQm — D).

We can get the Q factors of the eigenmodes of the Fano
laser system as Q. 1/» = — Re{w, 1/2}/(2Im{w,,1/2}), and for
80 =0,weget Q. =00, Q,2 = wy/(2(2¥in + ¥¢))- The cor-
responding eigenvectors are

- (ﬂy_m/%) Voy = (—W?/‘(zy_m)

- 1 1

As seen, eigenmode 1, with Q. = oo, corresponds to the
Fano mode where the field is concentrated in the nanocav-
ity (since yi, >> v;). This agrees with our previous analysis
[13]. Eigenmode 2 corresponds to the case where the field is
concentrated in the WG part. Interestingly, eigenmode 2 has a
low Q factor even though the reflectivity of the PTE is unity,
i.e., the WG is closed at the right end. Such a low Q factor
can be ascribed to the fact that when the field is concentrated
in the WG part while the nanocavity is almost empty, the
phase change of the WG field induced by the reflection off the
right Fano mirror has a phase difference of 7 compared with
the case where the nanocavity field is well established. This
means that eigenmode 2 does not meet the resonant condition
of the FP cavity defined by the left end of the WG and the right
PTE. So the field dissipates quickly. Therefore the Fano mode
can be still classified as a BIC even when the PTE completely
blocks the WG.
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From Eq. (B1), since «, is almost purely real for the Fano
laser, it contrasts with ordinary coupled-cavity systems where
k. 1s imaginary [33]. This distinguishes the Fano system from
the case of Autler-Townes splitting [58], which corresponds to
amode doublet with similar Q factors. Our system rather bears
resemblance to the parity-time system [59,60] working in the
parity-time broken regime where the two eigenmodes split
in loss. However, a fundamental difference is that the lasing
mode of the Fano laser is eigenmode 1, with the field con-
centrated in the passive (low loss) nanocavity region, while it
is distributed evenly between the passive and active regions
in the parity-time symmetric regime, or concentrated in the
active (high loss) region in the parity-time broken regime.
This is because a real . in the Fano laser enables the loss of
one cavity to be compensated by the feedback from the other
one, i.e., the lasing is promoted by decreasing the mirror loss
of the mode through field destructive interference between
A, (discrete mode) and App (quasicontinuum mode). For the
parity-time laser (in the parity-time broken regime), instead,
the loss is compensated by an enhanced modal gain as in that
regime, |k.| is usually small. A smaller |«.| will localize a
larger portion of the field in the active region, i.e., the lasing is
promoted by increasing the lateral optical confinement factor.
It should be noted that the BIC of our Fano system can transit
to a conventional coupled-cavity system when 7z = 0 and
Vv > V.. In this case, k. — jk,, i.e., k. becomes imaginary,
which means in practice that the nanocavity and WG have a
large spatial separation.

APPENDIX C: LASER LINEWIDTH BASED ON THE
LANGEVIN APPROACH

Based on Egs. (1)-(4) and Eqgs. (11) and (12), neglecting
the Langevin noise forces, we obtain the steady-state solu-
tions of the Fano laser system (for w, = wy) by solving the
following set of algebraic equations:

Ne = GrlA* ) Vaes
2)/1€2j9‘
J% + v + KrlA P+ UANY

N = No+ (vi + vin In {1/|rr(w0)|}) /Gy,

rr(wo) = rp +

At \/ liwoVa(R — yyN) ’
(1 = Irr(@0)1?) [yi/ Gan In {1/1rr(@0)[}) + 1]

o Ac= (A = nslAT) VN,

T =0, ¢ =—jIn(A_/IA]),

¢ = —jIn(A./IAD).

Here, we define U = G7Ky /e, and |Ac|2 is the real and
positive solution (X) of the following equation:

UX® + 2UKrX* + (K7 +2Uy)X? + 2Kr v X?

A = rg(wo)|AT

(ChH

+ (82 +v)X —2p]at =o. (C2)

We assume that the Fano resonance can be tuned so
that the nonlinear resonance shift of the nanocavity is al-

ways compensated at steady state, i.e., Re{dnp} = 0. Next,
we separate the amplitude and phase of the fields, i.e.,
AE(t) = |AX 1)/ O, A (1) = |Ac(1)]e/% D, expand the per-
turbation of the dynamical variables to first order around
their steady states, ie., H() =H+ AH(r) with H=
[AT], JA~], |Al, #%, ¢, ¢ N, N.J' being the steady-
state values. After that, by Fourier-transforming the perturba-
tions to the frequency domain, we arrive at the relation

OAH(0) = F(w). (C3)

Here, O is a coefficient matrix depending on the laser pa-
rameters, the nonlinear coefficients, and steady-state values
[61]. F(w) is the Langevin noise terms [Fi4+|(@), 0, Fja (),
Fy+(w), 0, Fy (w), Fy(w), 0]" whose correlation strengths can
be evaluated by inspecting the average particle exchange rates
into and out of various reservoirs [61]. For simplicity, if ne-
glecting the shot noise associated with nanocavity resonance
shift, after some algebra, we get

(Fla+1Fla+)) = Gy(N — No)ngp/ ss(wo),
(Fy Fyv) = (FaeFiae ) /1A,
(FxFy) = 4Gy (N—No)y(w0)| AT’ (ny—1)/V>+2R/V.,

Gy (N — No)(s(@o)(1 — 2n,)|AY)> = nyy)

(Fa+Fy) =
AT Gy (wo)Ve|AT]

’

(F|AC\F|A(»\) = th(KANc + Kr |AC|2 + Vv)/29

(Fp.Fp.) = (Fia, Fia) /| (C4)

Here, () indicates a statistical ensemble average, which is
identical to a time average in the present case of an ergodic
system. We have neglected the Langevin noise terms due
to the free carriers generated in the nanocavity. The phase
A¢.(w) can be obtained by solving Eq. (C3), and the laser
frequency fluctuation is v.(w) = —jowA¢.(w)/(27), which
can be expressed analytically in terms of the Langevin noise
sources

Ve(w) = &1 Fa+ (@) + &Fa, (@) + G Fy (w)
+ &Fy, (@) + EsFy(w).

The noise frequency spectrum can thus be obtained as
1
S.0) = 5= [ (octwpun (o) )i
2

= 6112 (Fia+ Fa+)) + 122|* (Fia, Fia.|)
+ G312 (Fy+ Fge ) + 18al* (Fy Fy.) + 12512 (FyFiv)

+ (5185 + ¢7¢5) (Flar | F), (C5)

which depends on the Langevin noise correlation strengths.
The laser linewidth is finally found as

Avp = 275,(0). (C6)

Noting that by neglecting the Langevin noise correlation terms
in Eq. (C5), except the dominating terms, (Fjs+Fjs+|) and
(Fy+Fy+), the expression for the Fano laser linewidth reduces
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TABLE 1. Nonlinear coefficients for the simulations.

Coefficient InP Si SiN

K¢ (W's72) 88 x10%  —12x10®  —12x10%
Kr (W-1s72) 1.85 x 102 2.9 % 102 6.6 % 107!
Kp (m3/s) 1.95 x 10712 48x 10713 0

K, (m3/s) 2.13x 1071 6.9 x 1071 0

Gr W2m>3s73)  3.35x 10° 53 % 10% 1.2 x 10%

to Eq. (7) in the main text. Here, the nonlinear coefficients
Kk, Kr, Kp, K4, and G, obtained based on the calculated
nanocavity nonlinear mode volumes combined with material
parameters [36,62,63], are listed in Table I.

APPENDIX D: OUTPUT POWER OF THE FANO LASER

When the Fano laser operates around the nanocavity reso-
nance, the output power transmitted through the Fano mirror
(termed the through port) is limited due to the very high
reflectivity of the Fano mirror. Therefore it is preferable to
use another channel for the output, for example, e.g., either the
left mirror (the left end of the WG) by reducing (increasing)
the left mirror reflectivity (transitivity), r; (f1), or through
a cross port by placing an additional WG adjacent to the
nanocavity with a coupling efficiency y;3 [24]. These channels
are expected to have a higher external quantum efficiency than
the through port [24]. The ratio of the output power of the
left mirror, Pp, with respect to the through port, Pr, can be
obtained as

_h _ (1 =n)ietenl
Rir(wy) = Pr - (1 — |rR(wr)|2)’
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FIG. 5. (a) The ratio of output powers in the left port and the
through-port (R.7, black curve) and the ratio of output powers in
the cross port and through port (Rcr, red curve), as a function of rp
when the Fano laser operates at the frequency point of the optimum
linewidth w,, (as Ry = Rmax)- (b) The output power ratio (log scale)
between the left port and cross port as a function of rg and Ry,. The
Fano laser operates at the reflectivity peak of the Fano mirror.

and the ratio of the output power of the cross port, Pc, with
respect to the through port is
Pc
Rer (o) = P,
_ 4y1y3
lt5(@o — ;) — jts (Vo + v3) + Se/tsl*

Figure 5 compares R, and Rcr. Here, we choose r, = 0.99
and wo/(2y3) =1 x 10° so that the maximum of the Fano
mirror reflectivity |rg(w)| = r; (when rg = 0). As seen, both
R;7 and Rer are much larger than unity, and the cross port, in
general, exhibits the highest external quantum efficiency when
working around the frequency point of the optimum linewidth
wy, [Fig. 5(a)]. When working around the peak of the Fano
mirror reflectivity, the left mirror can give a higher external
quantum efficiency [Fig. 5(b)].

[1] C. Sun, M. T. Wade, Y. Lee, J. S. Orcutt, L. Alloatti, M. S.
Georgas, A. S. Waterman, J. M. Shainline, R. R. Avizienis, S.
Lin, B. R. Moss, R. Kumar, F. Pavanello, A. H. Atabaki, H. M.
Cook, A. J. Ou, J. C. Leu, Y. H. Chen, K. Asanovié, R. J. Ram
et al., Single-chip microprocessor that communicates directly
using light, Nature (London) 528, 534 (2015).

[2] W. Bogaerts, D. Pérez, J. Capmany, D. A. Miller, J. Poon, D.
Englund, F. Morichetti, and A. Melloni, Programmable pho-
tonic circuits, Nature (London) 586, 207 (2020).

[3] C. Ge, M. Lu, S. George, T. A. Flood, C. Wagner, J. Zheng,
A. Pokhriyal, J. G. Eden, P. J. Hergenrother, and B. T.
Cunningham, External cavity laser biosensor, Lab Chip 13,
1247 (2013).

[4] J. Carolan, C. Harrold, C. Sparrow, E. Martin-Lépez, N. J.
Russell, J. W. Silverstone, P. J. Shadbolt, N. Matsuda, M.
Oguma, M. Itoh, G. D. Marshall, M. G. Thompson, J. C.
Matthews, T. Hashimoto, J. L. O’Brien, and A. Laing, Universal
linear optics, Science 349, 711 (2015).

[5] Y. Shen, N. C. Harris, S. Skirlo, M. Prabhu, T. Baechr-Jones,
M. Hochberg, X. Sun, S. Zhao, H. Larochelle, D. Englund, and

M. Soljacic, Deep learning with coherent nanophotonic circuits,
Nat. Photonics 11, 441 (2017).

[6] G. Bjork, A. Karlsson, and Y. Yamamoto, On the linewidth of
microcavity lasers, Appl. Phys. Lett. 60, 304 (1992).

[7] B. Ellis, M. A. Mayer, G. Shambat, T. Sarmiento, J. Harris, E. E.
Haller, and J. Vuckovi¢, Ultralow-threshold electrically pumped
quantum-dot photonic-crystal nanocavity laser, Nat. Photonics
5,297 (2011).

[8] J. Kim, A. Shinya, K. Nozaki, H. Taniyama, C.-H. Chen, T.
Sato, S. Matsuo, and M. Notomi, Narrow linewidth operation of
buried-heterostructure photonic crystal nanolaser, Opt. Express
20, 11643 (2012).

[9] M. P. Nezhad, A. Simic, O. Bondarenko, B. Slutsky, A. Mizrahi,
L. Feng, V. Lomakin, and Y. Fainman, Room-temperature
subwavelength metallo-dielectric lasers, Nat. Photonics 4, 395
(2010).

[10] S.I. Azzam, A. V. Kildishev, R. M. Ma, C. Z. Ning, R. Oulton,
V. M. Shalaev, M. I. Stockman, J. L. Xu, and X. Zhang, Ten
years of spasers and plasmonic nanolasers, Light: Sci. Appl. 9,
90 (2020).

043194-11


https://doi.org/10.1038/nature16454
https://doi.org/10.1038/s41586-020-2764-0
https://doi.org/10.1039/c3lc41330f
https://doi.org/10.1126/science.aab3642
https://doi.org/10.1038/nphoton.2017.93
https://doi.org/10.1063/1.106693
https://doi.org/10.1038/nphoton.2011.51
https://doi.org/10.1364/OE.20.011643
https://doi.org/10.1038/nphoton.2010.88
https://doi.org/10.1038/s41377-020-0319-7

YU, ZALIL, AND M@RK

PHYSICAL REVIEW RESEARCH 4, 043194 (2022)

[11] T. Septon, A. Becker, S. Gosh, G. Shtendel, V. Sichkovskyi,
F. Schnabel, A. Sengiil, M. Bjelica, B. Witzigmann, J. P.
Reithmaier, and G. Eisenstein, Large linewidth reduction in
semiconductor lasers based on atom-like gain material, Optica
6, 1071 (2019).

[12] C.T. Santis, Y. Vilenchik, N. Satyan, G. Rakuljic, and A. Yariv,
Quantum control of phase fluctuations in semiconductor lasers,
Proc. Natl. Acad. Sci. USA 115, E7896 (2018).

[13] Y. Yu, A. Sakanas, A. R. Zali, E. Semenova, K. Yvind, and J.
Mgrk, Ultra-coherent Fano laser based on a bound state in the
continuum, Nat. Photonics 15, 758 (2021).

[14] M. F. Limonov, M. V. Rybin, A. N. Poddubny, and Y. S.
Kivshar, Fano resonances in photonics, Nat. Photonics 11, 543
(2017).

[15] U. Fano, Effects of configuration interaction on intensities and
phase shifts, Phys. Rev. 124, 1866 (1961).

[16] A. E. Miroshnichenko, S. Flach, and Y. S. Kivshar, Fano res-
onances in nanoscale structures, Rev. Mod. Phys. 82, 2257
(2010).

[17] W. Suh, Z. Wang, and S. Fan, Temporal coupled-mode theory
and the presence of non-orthogonal modes in lossless multi-
mode cavities, IEEE J. Quantum Electron. 40, 1511 (2004).

[18] D. Bekele, Y. Yu, K. Yvind, and J. Mgrk, In-plane photonic
crystal devices using Fano resonances, Laser Photonics Rev. 13,
1900054 (2019).

[19] J. Mgrk, M. Semkow, and B. Tromborg, Measurement and
theory of mode hopping in external cavity lasers, Electron. Lett.
26, 609 (1990).

[20] J. Mgrk, B. Tromborg, and J. Mark, Chaos in semiconductor
lasers with optical feedback: Theory and experiment, IEEE J.
Quantum Electron. 28, 93 (1992).

[21] J. Mgrk, Y. Chen, and M. Heuck, Photonic Crystal Fano Laser:
Terahertz Modulation and Ultrashort Pulse Generation, Phys.
Rev. Lett. 113, 163901 (2014).

[22] Y. Yu, W. Xue, E. Semenova, K. Yvind, and J. Mgrk, Demon-
stration of a self-pulsing photonic crystal Fano laser, Nat.
Photonics 11, 81 (2017).

[23] T. S. Rasmussen, Y. Yu, and J. Mgrk, Theory of self-pulsing in
photonic crystal Fano lasers, Laser Photonics Rev. 11, 1700089
(2017).

[24] J. Mgrk, Y. Yu, T. S. Rasmussen, E. Semenova, and K.
Yvind, Semiconductor Fano lasers, IEEE J. Sel. Top. Quantum
Electron. 25, 2900314 (2019).

[25] T. S. Rasmussen, Y. Yu, and J. Mgrk, Suppression of Coherence
Collapse in Semiconductor Fano Lasers, Phys. Rev. Lett. 123,
233904 (2019).

[26] M. Rybin and Y. Kivshar, Supercavity lasing inflation identi-
fied, Nature (London) 541, 164 (2017).

[27] Z. Wang, B. Tian, M. Pantouvaki, W. Guo, P. Absil, J. Van
Campenhout, C. Merckling, and D. Van Thourhout, Room-
temperature InP distributed feedback laser array directly grown
on silicon, Nat. Photonics 9, 837 (2015).

[28] B. F. Mayer, S. Wirths, S. Mauthe, P. Staudinger, M. Sousa, J.
Winiger, H. Schmid, and K. E. Moselund, Microcavity lasers
on silicon by template-assisted selective epitaxy of microsub-
strates, IEEE Photonics Technol. Lett. 31, 1021 (2019).

[29] M. A. Tran, D. Huang, and J. E. Bowers, Tutorial on narrow
linewidth tunable semiconductor lasers using Si/IlII-V hetero-
geneous integration, APL Photonics 4, 111101 (2019).

[30] Y. Li, J. Zhang, D. Huang, H. Sun, F. Fan, J. Feng, Z. Wang, and
C. Z. Ning, Room-temperature continuous-wave lasing from
monolayer molybdenum ditelluride integrated with a silicon
nanobeam cavity, Nat. Nanotechnol. 12, 987 (2017).

[31] M. D. Birowosuto, A. Yokoo, G. Zhang, K. Tateno, E.
Kuramochi, H. Taniyama, M. Takiguchi, and M. Notomi,
Movable high-Q nanoresonators realized by semiconductor
nanowires on a Si photonic crystal platform, Nat. Mater. 13,
279 (2014).

[32] S. Fan and J. D. Joannopoulos, Analysis of guided resonances
in photonic crystal slabs, Phys. Rev. B 65, 235112 (2002).

[33] H. A. Haus, Waves and Fields in Optoelectronics (Prentice-Hall,
Englewood Cliffs, NJ, 1984).

[34] C. H. Henry, Theory of the linewidth of semiconductor lasers,
IEEE J. Quantum Electron. 18, 259 (1982).

[35] B. Tromborg, H. Olesen, X. Pan, and S. Saito, Transmission
line description of optical feedback and injection locking for
Fabry-Perot and DFB lasers, IEEE J. Quantum Electron. 23,
1875 (1987).

[36] Y. Yu, E. Palushani, M. Heuck, N. Kuznetsova, P. T. Kristensen,
S. Ek, D. Vukovic, C. Peucheret, L. K. Oxenlgwe, S. Combrié,
A. de Rossi, K. Yvind, and J. Mgrk, Switching characteristics
of an InP photonic crystal nanocavity: Experiment and theory,
Opt. Express 21, 31047 (2013).

[37] Y. Yu, Y. Chen, H. Hu, W. Xue, K. Yvind, and J. Mgrk, Non-
reciprocal transmission in a nonlinear photonic-crystal Fano
structure with broken symmetry, Laser Photonics Rev. 9, 241
(2015).

[38] J. W. Yoon and R. Magnusson, Fano resonance formula for
lossy two-port systems, Opt. Express 21, 17751 (2013).

[39] H. Li and N. B. Abraham, Analysis of the noise spectra of a
laser diode with optical feedback from a high-finesse resonator,
IEEE J. Quantum Electron. 25, 1782 (1989).

[40] M. Heuck, P. T. Kristensen, Y. Elesin, and J. Mgrk, Improved
switching using Fano resonances in photonic crystal structures,
Opt. Lett. 38, 2466 (2013).

[41] Y. Yu, M. Heuck, H. Hu, W. Xue, C. Peucheret, Y. Chen, L. K.
Oxenlgwe, K. Yvind, and J. Mgrk, Fano resonance control
in a photonic crystal structure and its application to ultrafast
switching, Appl. Phys. Lett. 105, 061117 (2014).

[42] A. D. Osterkryger, J. R. de Lasson, M. Heuck, Y. Yu, J. Mgrk,
and N. Gregersen, Spectral symmetry of Fano resonances in a
waveguide coupled to a microcavity, Opt. Lett. 41, 2065 (2016).

[43] R. F. Kazarinov and C. H. Henry, The relation of line narrowing
and chirp reduction resulting from the coupling of a semicon-
ductor laser to a passive resonator, IEEE J. Quantum Electron.
23, 1401 (1987).

[44] A. Yariv, J. E. Kitching, and Y. Shevy, Semiconductor laser
quantum noise limits, in Laser Frequency Stabilization and
Noise Reduction, Proceedings of the SPIE Vol. 2378 (SPIE,
Bellingham, WA, 1995), p. 2.

[45] H. G. Winful, Group delay, stored energy, and the tunneling
of evanescent electromagnetic waves, Phys. Rev. E 68, 016615
(2003).

[46] W. Jin, Q. FE. Yang, L. Chang, B. Shen, H. Wang, M. A.
Leal, L. Wu, M. Gao, A. Feshali, M. Paniccia, K. J. Vahala,
and J. E. Bowers, Hertz-linewidth semiconductor lasers using
CMOS-ready ultra-high-Q microresonators, Nat. Photonics 15,
346 (2021).

043194-12


https://doi.org/10.1364/OPTICA.6.001071
https://doi.org/10.1073/pnas.1806716115
https://doi.org/10.1038/s41566-021-00860-5
https://doi.org/10.1038/nphoton.2017.142
https://doi.org/10.1103/PhysRev.124.1866
https://doi.org/10.1103/RevModPhys.82.2257
https://doi.org/10.1109/JQE.2004.834773
https://doi.org/10.1002/lpor.201900054
https://doi.org/10.1049/el:19900400
https://doi.org/10.1109/3.119502
https://doi.org/10.1103/PhysRevLett.113.163901
https://doi.org/10.1038/nphoton.2016.248
https://doi.org/10.1002/lpor.201700089
https://doi.org/10.1109/JSTQE.2019.2922067
https://doi.org/10.1103/PhysRevLett.123.233904
https://doi.org/10.1038/541164a
https://doi.org/10.1038/nphoton.2015.199
https://doi.org/10.1109/LPT.2019.2916459
https://doi.org/10.1063/1.5124254
https://doi.org/10.1038/nnano.2017.128
https://doi.org/10.1038/nmat3873
https://doi.org/10.1103/PhysRevB.65.235112
https://doi.org/10.1109/JQE.1982.1071522
https://doi.org/10.1109/JQE.1987.1073251
https://doi.org/10.1364/OE.21.031047
https://doi.org/10.1002/lpor.201400207
https://doi.org/10.1364/OE.21.017751
https://doi.org/10.1109/3.34036
https://doi.org/10.1364/OL.38.002466
https://doi.org/10.1063/1.4893451
https://doi.org/10.1364/OL.41.002065
https://doi.org/10.1109/JQE.1987.1073531
https://doi.org/10.1103/PhysRevE.68.016615
https://doi.org/10.1038/s41566-021-00761-7

THEORY OF LINEWIDTH NARROWING IN FANO LASERS

PHYSICAL REVIEW RESEARCH 4, 043194 (2022)

[47] K. Petermann, Calculated spontaneous emission factor for
double-heterostructure injection lasers with gain-induced
waveguiding, IEEE J. Quantum Electron. 15, 566 (1979).

[48] A. Pick, A. Cerjan, D. Liu, A. W. Rodriguez, A. D. Stone, Y. D.
Chong, and S. G. Johnson, Ab initio multimode linewidth theory
for arbitrary inhomogeneous laser cavities, Phys. Rev. A 91,
063806 (2015).

[49] J. Mgrk and B. Tromborg, The mechanism of mode selection
for an external cavity laser, IEEE Photonics Technol. Lett. 2, 21
(1990).

[50] K. X. Wang, Z. Yu, S. Sandhu, and S. Fan, Fundamental bounds
on decay rates in asymmetric single-mode optical resonators,
Opt. Lett. 38, 100 (2013).

[51] W. Liang, V. S. Ilchenko, D. Eliyahu, A. A. Savchenkov, A. B.
Matsko, D. Seidel, and L. Maleki, Ultralow noise miniature
external cavity semiconductor laser, Nat. Commun. 6, 7371
(2015).

[52] Y. Yu, H. Hu, L. K. Oxenlgwe, K. Yvind, and J. Mgrk, Ultrafast
all-optical modulation using a photonic-crystal Fano structure
with broken symmetry, Opt. Lett. 40, 2357 (2015).

[53] A. L. Schawlow and C. H. Townes, Infrared and optical masers,
Phys. Rev. 112, 1940 (1958).

[54] G. Crosnier, D. Sanchez, S. Bouchoule, P. Monnier, G.
Beaudoin, I. Sagnes, R. Raj, and F. Raineri, Hybrid indium
phosphide-on-silicon nanolaser diode, Nat. Photonics 11, 297
(2017).

[55] Y. Yu, A. M. Delgoffe, A. Miranda, A. Lyasota, B. Dwir, A.
Rudra, and E. Kapon, Remote excitation between quantum
emitters mediated by an optical Fano resonance, Optica 8, 1605
(2021).

[56] L. Huang, B. Jia, Y. K. Chiang, S. Huang, C. Shen, F. Deng,
T. Yang, D. A. Powell, Y. Li, and A. E. Miroshnichenko, Topo-
logical supercavity resonances in the finite system, Adv. Sci. 9,
2200257 (2022).

[57] M. Ahmed, M. Yamada, and M. Saito, Numerical modeling
of intensity and phase noise in semiconductor lasers, IEEE J.
Quantum Electron. 37, 1600 (2001).

[58] S. H. Autler and C. H. Townes, Stark effect in rapidly varying
fields, Phys. Rev. 100, 703 (1955).

[59] H. Hodaei, M.-A. Miri, M. Heinrich, D. N. Christodoulides,
and M. Khajavikhan, Parity-time-symmetric microring lasers,
Science 346, 975 (2014).

[60] L. Feng, Z.J. Wong, R. M. Ma, Y. Wang, and X. Zhang, Single-
mode laser by parity-time symmetry breaking, Science 346, 972
(2014).

[61] L. Coldren, S. Corzine, and M. Masanovic, Diode Lasers and
Photonic Integrated Circuits (Wiley, New York, 2012).

[62] P. Gunter, Electro-optical effects in ferroelectrics, Ferroelectrics
74, 305 (1987).

[63] B. U. Sohn, J. W. Choi, D. K. Ng, and D. T. Tan, Optical
nonlinearities in ultra-silicon-rich nitride characterized using
z-scan measurements, Sci. Rep. 9, 10364 (2019).

043194-13


https://doi.org/10.1109/JQE.1979.1070064
https://doi.org/10.1103/PhysRevA.91.063806
https://doi.org/10.1109/68.47029
https://doi.org/10.1364/OL.38.000100
https://doi.org/10.1038/ncomms8371
https://doi.org/10.1364/OL.40.002357
https://doi.org/10.1103/PhysRev.112.1940
https://doi.org/10.1038/nphoton.2017.56
https://doi.org/10.1364/OPTICA.442594
https://doi.org/10.1002/advs.202200257
https://doi.org/10.1109/3.970907
https://doi.org/10.1103/PhysRev.100.703
https://doi.org/10.1126/science.1258480
https://doi.org/10.1126/science.1258479
https://doi.org/10.1080/00150198708201311
https://doi.org/10.1038/s41598-019-46865-7

