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Two-dimensional quadratic double Weyl semimetal
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Unconventional Weyl semimetals have attracted intensive research interest in condensed-matter physics and
materials science, but they are very rare in two dimensions. In this work, based on symmetry analysis and
first-principles electronic structure calculations, we predict that the Si/Bi van der Waals heterostructure is
a two-dimensional unconventional quadratic double Weyl semimetal with strong spin-orbit coupling (SOC).
Although unprotected by the C3v double group symmetry of the heterostructure, the two-dimensional quadratic
double Weyl semimetal is stable for compressive strains up to 6.64%. The system transforms into a trivial
semimetal with further increasing strain, where the phase boundary is a two-dimensional triply degenerate
semimetal state. Furthermore, the Kane-Mele tight-binding model calculations show that the quadratic double
Weyl phase is derived from the competition between the Rashba SOC and the proximity-effect-enhanced intrinsic
SOC. On the other hand, by breaking mirror symmetry, the quadratic double Weyl semimetal transforms into a
quantum spin Hall insulator as well as a quantum valley Hall insulator phase. Thus, the Si/Bi heterostructure is
an excellent platform for studying the exotic physics of the two-dimensional double Weyl semimetal and other
novel topological phases.
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I. INTRODUCTION

Weyl semimetals have been intensively studied owing to
their many exotic properties, such as chiral anomaly, chiral
zero sound, and topologically protected Fermi arc surface
states [1–10]. Conventional Weyl nodes have linear dispersion
and carry a chiral topological charge C = ±1, which does not
need any symmetry protection except for discrete translation
symmetry. Unconventional Weyl nodes, on the other hand,
contain double, triple, and quadruple Weyl nodes and they are
protected by a certain crystal symmetry, for example, C4 or C6.
Moreover, the double and triple Weyl nodes have quadratic
and cubic dispersions and carry chiral topological charges
C = ±2 and ±3, respectively [2,11,12], while the quadruple
Weyl nodes carry a chiral topological charge C = ±4 with
cubic and quadratic dispersions along the [111] direction
and other directions, respectively [13]. Unconventional Weyl
semimetals host more topologically protected Fermi arc sur-
face states than conventional ones [2,11–13].

Currently, the unconventional Weyl semimetals studied
are basically three dimensional. A natural question that
arises is whether unconventional Weyl nodes exist in two
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dimensions. In three dimensions, a Weyl node is surrounded
by a two-dimensional closed Fermi surface, so a chiral
topological charge can be defined and calculated. In com-
parison, in two dimensions, a Weyl node is surrounded by a
one-dimensional closed Fermi ring, leading to an ill-defined
chiral topological charge. Nevertheless, it is interesting that
two-dimensional Weyl nodes can carry ±π or ±2π Berry
phases and correspondingly have linear or quadratic dis-
persions [14–17]. They are similar to the three-dimensional
conventional Weyl and unconventional double Weyl nodes
and hence here we refer to them as the two-dimensional
conventional Weyl node and unconventional double Weyl
node, respectively. The two-dimensional conventional Weyl
semimetals have been well studied [18–23], but the two-
dimensional unconventional double Weyl semimetals are rare.
Very recently, the first spinful two-dimensional double Weyl
semimetal FeB2 is predicted in theory and the Chern number
C = 2 quantum anomaly Hall effect may be fulfilled in FeB2

[24]. However, due to a weak spin-orbit coupling (SOC), FeB2

is disadvantageous for studying the exotic physical prop-
erties of two-dimensional double Weyl semimetals. Novel
two-dimensional double Weyl semimetals with strong SOC
are therefore highly desired.

In this work we predict that the Si/Bi van der Waals
heterostructure is not only a two-dimensional unconventional
quadratic double Weyl semimetal with strong SOC, but also
an excellent platform to realize a variety of novel topological
phases. A two-dimensional triply degenerate semimetal can
be obtained by applying compressive strain, as the phase
boundary between the quadratic double Weyl and trivial
semimetals. Furthermore, a quantum spin Hall insulator as
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FIG. 1. (a) Schematic view of the Si/Bi heterostructure. The
black rhombus represents the unit cell used in the calculations.
(b) Top and side views of Si atoms in the unit cell. A shiplike warp
structure is formed, in which the two sunken Si atoms are labeled
by 4 and 5. (c) Schematic of the Brillouin zones of the Si (red), Bi
(blue), and Si/Bi heterostructures (black).

well as a quantum valley Hall insulator phase can be achieved
by breaking the mirror symmetry. As described by the Kane-
Mele tight-binding model calculations, both the quadratic
double Weyl node and the topological phase transition orig-
inate from the competition between the strong Rashba SOC
and the proximity-effect-enhanced intrinsic SOC. The Si/Bi
van der Waals heterostructure is an ideal arena for exploring
various topological phenomena and associated physics.

II. COMPUTATIONAL DETAILS

In our calculations, the plane-wave-basis-based method
and Quantum Espresso software package were used [25,26].
We adopted the generalized gradient approximation of
the Perdew-Burke-Ernzerhof formula for the exchange-
correlation potentials [27]. The ultrasoft pseudopotentials
were employed to model the electron-ion interactions [28]. In
order to obtain accurate Si/Bi distances, van der Waals inter-
action was included by using the nonlocal functional method
[29]. A 20-Åvacuum layer was used to avoid the residual
interaction between adjacent layers. After full convergence
tests, the kinetic energy cutoffs for wave functions and charge
densities were chosen to be 50 and 400 Ry, respectively. In the
calculations, all structural geometries were fully optimized to
achieve the minimum energy. The tight-binding methods by
the combination of WANNIER90 [30] and WANNIERTOOLS [31]
software packages based on the Green’s function method were
adopted to study the edge states.

III. Si/Bi HETEROSTRUCTURE

The Si/Bi heterostructure was constructed by combining a√
3 × √

3-R30◦ supercell of a single bilayer bismuthene and
a 2 × 2 supercell of planar silicene, both of which have been
synthesized experimentally [32–35], as shown in Fig. 1(a).
Based on the experimental structures, supercells of both lay-
ers were created commensurate with a common lattice and
the optimized supercell lattice constant was approximately
7.78 Å. The separation between Si and Bi layers is about

FIG. 2. Electronic band structure of the Si/Bi heterostructure
along the symmetric axes (a) without and (b) with SOC. (c) Energy
dispersions of bands near the Fermi level across the whole Brillouin
zone. The corresponding edge states are shown (d) without and (e)
with SOC.

3.06 Å, indicating a van der Waals interaction regime. In
the heterostructure, a shiplike warp structure of Si atoms is
formed, in which the two Si atoms, labeled respectively as
4 and 5 in Fig. 1(b), are relaxed more along the perpendic-
ular z direction than the other six Si atoms. There are three
different lengths of Si-Si chemical bonds formed, as labeled
respectively by b-1, b-2, and b-3 in Fig. 1(b). The difference
between the bond types b-2 and b-3 is very small, both of
which are a little longer than the bond type b-1. The overall
relaxed structure is mirror symmetrical along the cell axis and
the short diagonal direction of the calculation cell. Thus the
Si/Bi heterostructure has C3v point group symmetry. The cor-
responding Brillouin zone of the Si/Bi heterostructure along
with its high-symmetry k-point folding relationship with Bril-
louin zones of silicene and bilayer bismuthene is shown in
Fig. 1(c).

IV. ELECTRONIC AND TOPOLOGICAL PROPERTIES

As is well known, monolayer Si is a Dirac semimetal,
while single-bilayer Bi is a quantum spin Hall insulator [36].
When stacking the Si and Bi layers forms a heterostructure,
the reduced symmetry combined with the enhanced SOC in
the Si layer due to the proximity effect by the adjacent Bi layer
may result in the emergence of a quadratic double Weyl phase.
Based on this idea, we constructed the Si/Bi heterostructure
(Fig. 1) and calculated its electronic band structure along high-
symmetry directions, as shown in Fig. 2. When ignoring the
SOC, the Si/Bi heterostructure is a semimetal with linear
dispersion nodes at the K and K ′ points protected by the
C3v symmetry [Fig. 2(a)]. Due to the lack of space-inversion
symmetry but the presence of time-reversal symmetry, the
two linear dispersion nodes may carry opposite Berry phases.
Indeed, our calculations show that the two linear dispersion
nodes at the K and K ′ points have Berry phases π and −π ,
respectively. Thus, without the SOC, the Si/Bi heterostructure

043183-2



TWO-DIMENSIONAL QUADRATIC DOUBLE WEYL … PHYSICAL REVIEW RESEARCH 4, 043183 (2022)

is a conventional Weyl semimetal with two Weyl nodes. Here
we recall that, in three dimensions, two Weyl nodes related by
the time-reversal symmetry carry the same chiral topological
charge. This gives rise to at least four Weyl nodes in order to
satisfy no-go theorem [37,38]. In contrast, in two dimensions
two Weyl nodes related by the time-reversal symmetry carry
opposite Berry phases, so the minimum number of Weyl nodes
is 2, for example, the case of the Si/Bi heterostructure.

Once the SOC is introduced, the point group symme-
try of electronic states of the Si/Bi heterostructure changes
from the C3v point group to the C3v double group. The
group theory analysis indicates that the two-dimensional ir-
reducible representation of the C3v point group reduces to
two one-dimensional irreducible representations and one two-
dimensional irreducible representation of the C3v double point
group. Correspondingly, the Weyl node at the K (K ′) point
splits into one doubly degenerate bands and two nondegener-
ate bands [Fig. 2(b)]. Moreover, for the nondegenerate bands
there is a large splitting which is more than two orders of
magnitude larger than that in pristine silicene. This shows that
there is a large SOC in the heterostructure.

The close proximity between the silicene and the single
bilayer bismuthene allows the electron wave functions from
both layers to overlap and hybridize sufficiently, endowing the
silicene with strong SOC. As shown in Figs. 2(a) and 2(b),
there is indeed a strong interlayer hybridization between the
Si-p and Bi-p orbitals around the Fermi level, much enhancing
the SOC in the Si/Bi heterostructure. As a result, around the
Fermi energy, the conduction band at the � point is pushed
away and then there are only the doubly degenerate bands
which cross with each other at the K or K ′ point with a
quadratic dispersion, as shown in the energy band structure
over the whole Brillouin zone in Fig. 2(c). Moreover, the
calculated Berry phase around the K (K ′) point is 2π (−2π ).
Thus the Si/Bi heterostructure is a perfect quadratic double
Weyl semimetal.

Just like the case of a three-dimensional conventional Weyl
semimetal, there are also edge states connecting two Weyl
points with opposite Berry curvatures in a two-dimensional
conventional Weyl semimetal. In the Si/Bi heterostructure,
in the case of ignoring the SOC, there is indeed an edge
state linking the two conventional Weyl points at the K
and K ′ points [Fig. 2(d)]. Are two-dimensional and three-
dimensional quadratic Weyl semimetals still similar? The
answer is yes. In fact, the two-dimensional double Weyl
semimetal Si/Bi heterostructure is a zero-gap quantum spin
Hall insulator, which has topologically protected helical edge
states at the boundary. Thus, there are two edge states con-
necting the two quadratic double Weyl points at K and K ′ and
the two edge states form a Dirac point at the � point due to
the time-reversal symmetry [Fig. 2(e)]. Moreover, since the K
and K ′ points are located at two boundaries of the Brillouin
zone, the two edge states cross the whole Brillouin zone. This
is a very important property of Weyl semimetals.

On the other hand, the C3v double group symmetry protects
the existence of a doubly degenerate band, but unprotects
a quadratic dispersion. Thus, a quadratic double Weyl point
with Berry phase ±2π may transform into three Weyl points
with Berry phases ±π and one Weyl point with Berry phase
∓π , even keeping the symmetry of C3v [24]. However, our

FIG. 3. Orbital-resolved band structure of Si/Bi heterostruc-
tures with SOC, under compressive biaxial strain of (a) 6.64% and
(b) 8.0%. The red and blue lines indicate that the states are mainly
contributed by the Si-p and Bi-p orbitals, respectively. The Fermi
level is set to zero.

calculations show that such a transform is too small to iden-
tify in the Si/Bi heterostructure. Hence, it is still rational to
consider the crossings at the K (K ′) points as double Weyl
points with quadratic band dispersions.

To further examine the stability of the quadratic double
Weyl nodes, we have calculated the electronic band structures
of the Si/Bi heterostructure under different strains. The results
indicate that when the compressive strain is less than 6.64%,
the quadratic double Weyl points always exist. Therefore,
the quadratic double Weyl points are stable under a wide
range of strain. On the other hand, the quadratic double Weyl
semimetal phase transforms into a triply degenerate semimetal
with 6.64% compressive strain applied [Fig. 3(a)]. Since in
two dimensions the point groups are uniaxial and the highest
point group symmetry is D6h, a triply degenerate semimetal
can never be protected by symmetry [39]. With the compres-
sive strain further increased, the triply degenerate semimetal
then transforms into a trivial semimetal phase, as shown in
Fig. 3(b). The two-dimensional triply degenerate semimetal
thus serves as the phase boundary between the quadratic dou-
ble Weyl phase and trivial semimetal phase.

V. KANE-MELE TIGHT-BINDING MODEL

The quadratic double Weyl nodes are unprotected by the
C3v double group symmetry, then what is the underlying
mechanism for the formation of quadratic double Weyl nodes
in the Si/Bi heterostructure? To answer the question, we
have constructed a low-energy effective model to describe the
band structure of the Si/Bi heterostructure, that is, the Kane-
Mele tight-binding model [40]. The effective Hamiltonian is
written as

H =
∑

b=1,2

(
tb

∑
〈i j〉b

c†
i c j + iλRb

∑
〈i j〉b

c†
i (s × d̂i j )zc j

)

+
∑

c=1,2,3

iλIc

∑
〈〈i j〉〉c

νi jc
†
i szc j, (1)

in which index b (c) represents the two (three) different types
of hopping integrals between the nearest (next-nearest) neigh-
bors. Note that there are three different types of bonds in the
system. However, the lengths of b-2 and b-3 are almost the
same; hence, we set them the same for simplicity. The first
term in Eq. (1) is the nearest-neighbor hopping term on the
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FIG. 4. Band structures of the Kane-Mele tight-binding model
for (a) α = 0.0, (b) α = 2.0, (c) α = 3.33, and (d) α = 6.0.

honeycomb lattice, in which tb is the hopping amplitude. Since
the silicene is placed on the substrate of Bi which breaks
the space-inversion symmetry, an effective electric field is
formed perpendicularly after relaxation, resulting in a Rashba
SOC coupling term iλRb

∑
〈i j〉b

c†
i (s × d̂i j )zc j , where λRb is the

amplitude. The third term describes the intrinsic SOC with
amplitude λIc . Here we define α as the ratio of the intensity
of averaged Rashba SOC to that of averaged intrinsic SOC,
namely, α = λR/λI (there is only little difference in values
between the different types of Rashba SOC or intrinsic SOC,
so we simplify the description by averaging the different
types of these two SOCs). When ignoring the Rashba SOC
(α = 0.0), there are two doubly degenerate bands at the K (K ′)
point near the Fermi level. A gap opens due to the existence
of the intrinsic SOC [Fig. 4(a)]. When the Rashba SOC is
introduced, as α is finite, the lower doubly degenerate bands
split. The splitting gap gradually increases with the increase of
α [Fig. 4(b)]. When α reaches a critical value, the higher va-
lence band touches the doubly degenerate conduction bands,
forming a triply degenerate point [Fig. 4(c)]. With the further
increase of α, which indicates a very strong Rashba SOC,
the triply degenerate point splits into a nondegenerate point
and a quadratic double Weyl point [Fig. 4(d)]. Note that in
the Si/Bi heterostructure, the Rashba SOC is already very
large in the optimized configuration and the system is in the
quadratic double Weyl regime. Although an external compres-
sive biaxial strain results in an increased Rashba SOC, this
also reduces the distance between the lowest Si and highest
Bi atoms, strengthening the interlayer hybridizations. The
proximity-induced intrinsic SOC in the Si/Bi heterostructure
is enhanced much more rapidly than the Rashba SOC. This
gives rise to the transition from the quadratic double Weyl
phase to the triply degenerate phase. Therefore, the novel
quantum topological phases in the Si/Bi heterostructure are
derived from the competition between the Rashba SOC and
the proximity-effect-enhanced intrinsic SOC.

Next, a topological phase transition in the Si/Bi het-
erostructure is discussed with breaking the C3v symmetry.

FIG. 5. (a) Spin-resolved electronic band structure and Berry
curvature of the Si/Bi heterostructure with breaking the mirror sym-
metry and (b) corresponding edge states.

Specifically, we break the mirror symmetry but retain the C3

rotational symmetry. The quadratic double Weyl point at the
K (K ′) point then opens a gap and the Si/Bi heterostructure
becomes an insulator, as shown in Fig. 5(a). Moreover, the
calculation of Z2 topological invariance indicates that the sys-
tem is a quantum spin Hall insulator. The edge states connect
the bulk conduction and valence bands, forming a Dirac point
at the � point due to the protection of the time-reversal sym-
metry, as shown in Fig. 5(b). Meanwhile, from Fig. 5(a), the
distribution of Berry curvature shows that the Berry phases
around the K and K ′ points are opposite, 2π and −2π , respec-
tively, which is determined by the time-reversal symmetry.
The corresponding Chern numbers are then CK = −CK ′ = 1,
indicating that the Si/Bi heterostructure is a quantum valley
Hall insulator [41–44]. In other words, the Si/Bi heterostruc-
ture is not only a quantum spin Hall insulator, but also a
quantum valley Hall insulator when breaking the C3v symme-
try. More importantly, the bilayer Bi was synthesized on the
Bi2Te3 substrate and our calculations indicate that a trilayered
Si/Bi/Bi2Te3 heterostructure is still a quadratic double Weyl
semimetal. Thus the two-dimensional unconventional Weyl
semimetal Si/Bi heterostructure is highly likely to be grown
on the Bi2Te3 substrate.

To the end, we recall that such a perfect quadratic dou-
ble Weyl semimetal is also an ideal platform for hosting
topological superconductivity via superconducting proximity
effect, for example, setting the Si/Bi heterostructure on a
Pb(111) substrate. It has been reported that the fabrication of
a Pb(111) film on multilayer Bi enables observation of the
proximity-induced superconductivity in Bi(111), as evident
from a 1-meV energy gap at 5 K [45]. Together with our
findings, the Si/Bi/Pb(111) trilayered heterostructure could
serve as a versatile platform to study the interplay among
the proximity-induced superconductivity, electronic, and
topological physics.

VI. CONCLUSION

In summary, based on the symmetry analysis and the first-
principles electronic structure calculations, we proposed a
promising realistic material system, the Si/Bi heterostructure,
to realize the novel two-dimensional quadratic double Weyl
state, which arises from the competition between the Rashba
SOC and the proximity-effect-enhanced intrinsic SOC. With
the application of strain or breaking the mirror symmetry,
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more exotic topological phases, such as two-dimensional
triply degenerate state, quantum spin Hall state, and quantum
valley Hall state, can be obtained. Our work therefore provides
a good playground to study a variety of novel topological
properties and is of great instructive value for future work
on designing or customizing the electronic and topological
properties of materials.
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