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We theoretically demonstrate that the vortex supercurrent can be reversed by the frequency-symmetry conver-
sion among Cooper pairs by surface Andreev bound states. The surface of a three-dimensional superconductor
pierced by a flux quantum is considered. We compare the vortex supercurrents near the surface of the spin-singlet
s-wave and spin-triplet p,-wave superconductors using quasiclassical Eilenberger theory, where the surface is
perpendicular to the z direction. We demonstrate that the vortex supercurrent near the surface of a p,-wave
superconductor is reversed compared to those far from the surface, whereas that of an s-wave superconductor is
not. The splitting of the zero-energy states caused by the interference of the surface Andreev bound states and

Caroli-de Gennes-Matricon modes is demonstrated.
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I. INTRODUCTION

The magnetic flux penetrating a type-II superconductor
(SC) is quantized (i.e., quantum vortices) since a macroscopic
wave function describing the Cooper pair condensate must be
single valued. The phase winding around the vortex results in
a shielding current that localizes the magnetic field at the core.
This is how type-II SCs maintain the perfect diamagnetism
even in a magnetic field.

However, recent experiments confirmed the existence
of paramagnetic superconducting states [1,2]. Applying a
low-energy muon spin relaxation (uSR) technique for su-
perconducting bilayer systems, the local magnetic field was
larger than that of the applied magnetic field. This local
enhancement is well understood in terms of odd-frequency
(odd-w) Cooper pairs [3-5]. The pair density of odd-w pairs
was effectively negative [6], meaning that odd-w pairs show
the opposite response to perturbations compared with the
well-known even-w pairs [1,2,6—12]: Novel odd-w pairings
attract external fields.

Odd-w pairs appear in inhomogeneous systems [13-22].
In addition to U (1)-symmetry breaking, the inhomogeneity
locally breaks the inversion symmetry and causes parity mix-
ing of the Cooper pairs. Parity-converted Cooper pairs should
belong to an odd-w symmetry class to satisfy the Fermi-Dirac
statistics (i.e., Berezinskii rule [3]). For example, in a vortex
core in a BCS-type SC, odd-w pairs are induced because of
the vortex singularity [23,24]. At the surface of a spin-triplet
p-wave SC, odd-w pairs appear [14,25,26], where surface
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Andreev bound states [27] (ABSs) strongly suppress the local
pair potential.

Odd-w pairs in a vortex core are generated by a sin-
gularity in real space, whereas odd-w pairs at the surface
generate ABSs, which are related to anisotropy in the mo-
mentum space. The two types of odd-w pairs were considered
separately [28]. However, these odd-w pairs can emerge at
the same location and interact with each other. Recently, k.-
dependent anisotropic pairings in three-dimensional (3D) SCs
have become realistic (e.g., heavy-fermion compounds [29]
and Sr,RuOy4 [30-33]). In these systems, a quantum vortex
can penetrate a two-dimensional (2D) surface hosting flat-
band ABSs [34-37]. It is unclear how odd-w pairs by ABSs
affect the odd-w pairs carrying the vortex supercurrent, and
vice versa. Such novel vortex states help determine the pairing
symmetry of an SC and can be easily examined by existing
experimental methods such as scanning tunneling microscopy
[38] (STM) and superconducting quantum interference de-
vices [39,40] (SQUID).

In this study, the interference between odd-w pairs with
two different origins is investigated: the quantum vortex and
surface ABSs. A quantum flux penetrating a semi-infinite 3D
unconventional SC is considered, where the magnetic flux is
perpendicular to the surface, at z = 0. Using the quasiclassical
Eilenberger theory, the vortex supercurrents and local density
of states (LDOS) in the s- and p,-wave SCs are compared,
where surface ABSs are, respectively, absent and present.

The numerical results show that the vortex supercurrent
was reversed near the surface where the surface ABSs convert
both of the even- and odd-w pairs into odd- and even-w ones.
The pair amplitude is analyzed and it is shown that there is
local symmetry conversion among the Cooper pairs in the
region where the vortex and the ABSs coexist. The LDOS,
specifically, how the Caroli-de Gennes-Matricon (CdGM)
state [38,41,42] and surface ABSs develop when they overlap
is investigated. It is also shown that the zero-energy peak in
the LDOS split because of the interference.
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FIG. 1. (a) Schematic of the system. The vortex core is located
where x =y = 0 and the semi-infinite 3D SC that occupies z > 0.
The gap amplitudes for the (b) s- and (c) p,-wave SC, where color
means the internal phase of the pair potential. The inner silver sphere
indicates the Fermi sphere.

In the analytical calculations, the knowledge gained from
the numerical results is extended to more general SCs. By us-
ing the Kramer-Pesch approximation [43—45], which is valid
at a low temperature and near the vortex core, the direction
of the vortex supercurrent near the surface is shown to be
determined only by the k, dependence of the pair potential.

The remainder of this paper is organized as follows. The
model and method are introduced in Sec. II. The numerical
and analytical results are presented in Secs. III and IV. In
Sec. V, the study is summarized.

II. SYSTEM AND FORMULATION

We considered the quantum vortex penetrating a 3D SC
as shown in Fig. 1(a). The SC occupies z > 0 and the vortex
core is located at x = y = 0. We assume the cylindrical sym-
metry around the core. We employ the cylindrical coordinate
(x,v,z) = (pcos P, psin P, 7).

The superconductivity in the ballistic limit can be
described by quasiclassical FEilenberger theory [46-50].
The quasiclassical Green’s function obeys the Eilenberger
equation,

hop-V§+1[H,81=0, =1,

N 8 =suf +1 for s wave,
8= s Su=1_ (H
—f —g 1 for p, wave,
0o (o~ i(e/c)vp -A —s A
- —-A —w, +ile/c)vp-A)
where v = vpk with k= (ke ky k) =

(sinf cos ¢, sinfsing, cosb), w, = 2n—+ )wkgT, kg,
T, e<0, ¢, and A are the isotropic Fermi velocity,
Matsubara frequency, Boltzmann constant, charge of a
quasiparticle, speed of light, and vector potential. The
normal and anomalous Green’s functions [g(IAc,r, iw,) and
f (IAc,r, iw,)] describe the quasiparticle and the Cooper
pairs. The under-tilde functions have been introduced as
)g(fc,r, iwy) =X*(—I}, r,iw,) with X being an arbitral
function. In this paper, we refer to f as the pair amplitude.
In Eq. (1), we have reduced the spin degree of freedom by
assuming the opposite-spin Cooper pairing for both SCs.

We consider the spin-singlet s-wave and spin-triplet p.-
wave SCs whose pair potentials can be given by

b= (20,

The schematic gap functions are shown in Fig. 1. The pair
potential A(r) is self-consistently determined by the gap
equation
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where [ ---dS2/47w is the average on the Fermi sphere, Ny
is a density of states (DOS) at Fermi energy in the normal
state, and N, is defined as the positive integer satisfying N, <
Q. /2mkpT with Q. being the cut-off frequency. The attractive
potential V depends on the pairing symmetry V = 1 for the s-
wave SC and V = 3k k. for the p, wave SC. The pair potential
winds its phase around the vortex; A(r) = A(z, p)e '® with
(x,¥,2) = (pcos P, psin P, 7).
The current density j(r) and LDOS N(r, E) are given by

N,
= 7491 N
i) = ~delNorkat Y [ 4 vrtmgthr.ion). @
n=0

N E) _ /dQR gk, r, E+i8)], (5
= lim [ —Re r, ,
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where E and § are the energy and smearing factor. We need to
solve the Eilenberger equation and Maxwell equation simul-
taneously and self-consistently to obtain the magnetic-field
distribution [51]. The magnetic field satisfies the following
equations [52]:

47
VxA=B, VxB=—j. 6)
c

In the quasiclassical theory, the Ginzburg-Landau (GL) pa-
rameter k = Ay /& is a parameter that characterizes the length
scale of the magnetic field, where A, = +/ 3c?/ Snezv%Ng and
& = hvp /2mkgT, are the London penetration depth and co-
herence length (see the Appendix A for the detail). In the
numerical calculations, we set k = 6+/6 and Q. = 40kpT,.

III. NUMERICAL RESULTS
A. Paramagnetic quantum vortex

The vector plot of the current density around the vortex
core in the p,-wave SC is shown in Fig. 2(a), where the result
for the s-wave SC is shown in Fig. 2(b) as a reference. The
color of the vectors corresponds to j¢: the red and blue mean
the diamagnetic and paramagnetic current respectively. At the
surface of the p,-wave SC, the current density changes its
direction near the surface as shown in Fig. 2(a), whereas j
in the s-wave case hardly depends on z as shown in Fig. 2(b).
The vortex supercurrent inversion can be seen more clearly in
the top views in Fig. 2(c). The p dependence of j for the
p.-wave SC is shown in Fig. 3(a), where we fixed the depth at
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FIG. 2. Vector plots of the current densities at 7/7,. = 0.2 for (a) the p,-wave and (b) s-wave SCs. The direction and color of the arrows
mean the direction and azimuthal component of the current density. The current density is normalized as jo = jo/j5N*(T/T. = 0.2) with
JY™(T /T, = 0.2) being the maximum value of j at 7/7, = 0.2 in each case. The solid black arrows represent the magnetic flux. (c) Top view
of the same results at z = 0 and z > £. The parameters are set to Q2. = 40kgT, and kgL = 6+/6.

z/€ =0,1,2,4,10. We see that the profile of jg at z = 10&
is qualitatively the same as the well-known s-wave result [42].
However, with approaching to the surface, jo changes the sign
at z ~ 2§, meaning that the paramagnetic current flows only
near the surface. The self-consistent pair potentials are shown
in the Appendix B.

The z component of the local magnetic field B, for the
p.-wave SC is shown in Fig. 3(b). Deep inside the SC, B, has
the typical profile: the magnetic field has a peak at the vortex
core and decays in the order of A, . However, with approaching
to the surface, B, is strongly suppressed and spreads broader.
Although the paramagnetic current flows near the surface, it
does not change sgn[B,] but modifies significantly the spatial
profile of B, at the surface. We show that the width of the peak
in B, strongly depends on z as in the inset of Fig. 3, where
the peak width Wy is defined by using the half-value radius;

1.0
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FIG. 3. Spatial profiles of (a) the circulation current and (b) the
magnetic field in the p,-wave SC. The magnetic field is normal-
ized as B, = B,/B.(p = 0,z = 10&, T/T. = 0.2). The depth is set
to z/€ =0,1,2,4, and 10. Near the surface, the current changes
the direction and the magnetic field is significantly suppressed. The
depth dependence of Wj is shown in the inset.

B |p=w; = (1/2)B;|,=0. In the s-wave case, the peak width
does not strongly depends on z. On the contrary, it depends
significantly on z in the p,-wave case. At the surface, Wp is
about four times larger than its value at 7 = 10£.

The temperature dependence of j¢ is shown in Fig. 4(a),
where jg is obtained at the surface of the p,-wave SC. The
amplitude of the paramagnetic current increases with de-
creasing temperature. In particular, the paramagnetic current
increases rapidly at low temperature. This low-temperature
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FIG. 4. (a) Paramagnetic vortex-current at the surface of the p, -
wave SC. The current density is normalized as j = jo/|j3"(T /T, =
0.2)| with j¥i(T/T. = 0.2) being the minimum value of jg at
T/T. = 0.2. The temperature is set to 7'/T. = 0.2, 0.4, 0.6, and 0.7.
The open squares indicate the maximum value of |js(p,z = 0)| at
each temperature. (b) Magnetic field at the surface of the p.- and
s-wave SCs. The temperature in the p,-wave SC is set to T /T, =
0.2,0.4,0.6, and 0.8, and the temperature in the s-wave SC is
T/T. = 0.2. Insets in (a) and (b) show the temperature dependencies
of W, and Wy, where W, is defined as |jo(p =W;,z=0,T)| =
max, | jo(p, z =0, T)|. We normalize W;g, as W) (T /T. = 0.8) =
WJ(B)/W_/(B)(T/YZ- = 08) in each SC.
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FIG. 5. Pair amplitudes at [(a),(b)] z = 10& and [(c),(d)] z = 0. The left (right) figures show the even frequency (odd parity) components.
The parameters are setto T = 0.27,, w, = wy, and ® = 0. The definition and notation of C,,,(r) are shown in Eq. (7) and the Appendix C. The
even- and odd-frequency components are subdominant at z = 0 and z = 10& respectively. The other components are negligibly small. [(e),(f)]
Schematic picture of the spatial distribution of the pair amplitudes around the vortex in the p,-wave SC.

anomaly is characteristic to the paramagnetic response related
to the odd-w pairs induced by the ABSs [6,8-11].

B. Symmetry conversion

We explore the origin of the paramagnetic circulating cur-
rent in this subsection. The magnetic response is related to
the frequency symmetry of Cooper pairs [6—12]. Namely, the
direction of the vortex current is determined by the spatial dis-
tribution of the even- and odd-w Cooper pairs. To analyze the
symmetry of the Cooper pairs, we expand the pair amplitudes
at wy in terms of the real spherical harmonics (see Appendix C
for the details),

f@ K iwg) = fin(r k),

Im

Jim = Cim(@)Yim k). (7)

We refer to, for example, fj—s .—> (d,>_,2-wave component)
as f2_,» for simplicity. We hereafter fix @ = 0 because of the
rotational symmetry around the vortex.

Deep inside the p,-wave SC, the symmetry conversion is
caused only by the vortex singularity at o = 0. In the ho-
mogeneous limit, the pair amplitude has only the p,-wave
component, f = Agk;/\/w2 + Acck? ~ f. + fi with Ay
being the pair potential in the homogeneous limit, where the
denominator induces non-p,-wave component. At the vortex
core, the pair amplitude obtains an additional phase from
the phase winding of the vortex, f ~ k;(k, + ik,) ~ f.x +if;;
[23,24]. In a spin-triplet SC, these even-parity components
should be an odd function of w, to satisfy the Pauli exclusion
principal (i.e., Berezinskii rule [3]). Figures 5(a) and 5(b)
show the symmetry conversion between the even- and odd-w
components at z = 10£. The even-w p,-wave component is
dominant at p > &, whereas only the odd-w d.x + id,.-wave
component has an amplitude at p = 0.

At the surface, the symmetry conversion is caused by the
two factors: the surface ABSs and vortex. The pairing sym-
metry is shown in Figs. 5(c) and 5(d). At p > &, the pair
amplitude can be written as a superposition of the s-wave and

d-wave pairings [10,11,25]: f ~ fo + f.». Namely, only the
odd-w pairs are present at the surface far from a vortex. At the
intersection of the vortex core and surface (i.e., p = z = 0),
these odd-w pairs have an additional phase from the vortex.
As aresult, the p, + ip, wave and f,» + if}» are dominant as
shown in Fig. 5(c). Note that these even-w pairs are generated
from the odd-w pairs, and have different pairing symmetry
from the pair potential. In Figs. 5(e) and 5(f), we show the
schematics of the spatial profile of the Cooper pairs.

The relation between the frequency-symmetry conversion
and supercurrent inversion can be confirmed by analyzing the
current density j in Eq. (4). Close to the vortex core (i.e.,
p K &), j can be expressed in terms of the pair amplitudes
[10,17,18,53]. Specifically, it can be expressed by the even-w
(odd-w) component fe(),

Ne
T — a2 N
Jo(r) = —joi ;0/ Ir sin6 sin plmg(k, r, iw,),  (8)

g =1~ 1P+ L2 — 20 2, ©)

1
ey = S k. iwy) + () f (. k. —iwy)],— (10)

where we have used the normalization condition (i.e., g% =
1 —s,ff) and jo =4mNyle|vpT.. Applying the conversion
f. < f, to Egs. (8) and (9), we show that the frequency-
symmetry conversion by the surface ABSs results in the
vortex-current inversion (see the Appendix D for the details).

C. Local density of states

Before discussing the obtained quasiparticle spectra, we
quickly overview the in-gap states related to this system:
Surface ABS and CdGM mode. The p,-wave SC hosts the sur-
face ABSs [27] at its surface perpendicular to the z direction
because of the quasiparticle interference [54]. In the p.-wave
case, the ABSs form the flat-band zero-energy surface states
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p/€& z/€

FIG. 6. (a) Contour plots of the LDOS at the surface and the vortex core. (b) Comparison of LDOS. The parameters are set to the same

values used in Fig. 2. The smearing factor is § = 0.005.

[55-57]. The CdGM modes are quasiparticle states bounded
at a vortex core [41]. Because of the confinement by the
local suppression in the pair potential, the in-gap quasiparticle
states appears at the vortex core [58]. In the Appendix B, we
show the quasiparticle spectra of the s-wave SC with a vortex
as a reference, where we explain the spatial distribution of the
CdGM modes.

The LDOS at the surface of the p,-wave SC are shown in
Fig. 6, which can be measured by, for example, a scanning
tunnel spectroscopy measurement. The flat-band zero-energy
ABSs appear at far from the vortex core (i.e., p > &). Ap-
proaching to the vortex, the bound-states energy is lifted from
E = 0 and the zero-energy peak is split into two peaks with
E =~ 0.5A at p = 0. The evolution of the CdGM modes at
the lowest energy are shown in Fig. 6, where we fix p = 0.
Deep inside the SC (z > &), the CAGM mode stay at E = 0.
However, with approaching to the surface, the zero-energy
peak splits into two peaks. We conclude the zero-energy peak
splitting is a result of the interference between the surface
ABSs from the p.-wave nature and the CdGM modes from the
quantum vortex: The quantum states staying at E = 0 repel
each other in energy space due to the superposition in real
space.

The splitting of the LDOS at E = 0 can also be interpreted
in another way. The ABS appears at the zero-energy when
A(kin) = —A(koy) during the reflection at a surface, where
kin (koy) is the incoming (outgoing) momentum. A similar

J

sign change occurs when the quasiparticle passes through
the vortex core. However, on the quasiclassical paths passing
through the origin (intersection of the surface and the vortex
core), this sign change never occurs. The sign change from
the reflection and that from the vortex core compensate each
other. Therefore, the zero-energy state does not appear at the
origin.

IV. KRAMER-PESCH THEORY

We apply the Kramer-Pesch approximation [43—45] to
more general superconducting states and generalize our re-
sults obtained numerically; the vortex-current reversal and
disappearance of the zero-energy peak at z = p =0 in the
LDOS. The Kramer-Pesch approximation, which is valid
when kgT < |As| and p <K &, allow us to obtain the analytic
solution of the quasiclassical Green’s function. We assume
that the gap function is written as

A(r, k) = h(p, 2)e W (k), (11)

where h(p, z) is a real function describing the spatial profile
of A and \IJ(IAc) is the momentum dependence of A, which
satisfies \I/(k”, k) = so \I/(k”, —k;) with k|| = (k,, ky, 0) and
sy = 1. Surface ABSs are formed when sy = —1. In the
Kramer-Pesch approximation, the azimuthal components of
current density j¢ for each sy are written as

o (F)]s,—1 = 4 Nole| /dQ i — ) S b 1)
Jor)ls=1 = olelve | 4= 4kBTp ,
1 aQ . c! 2 _
Jo@ls=1 < 4mNolelvp [ —sin’(¢ — @) ST + = |eD. (13)
) 2 = 1 . cos(¢p — @) ~
Dlp, @.k) = ——=——os | do'—h 0, |o cosd — p— o —2/WH)|F (p, ®,0", k)], (14
(p ) UFC(,O,q),k)/_oo o= (IUIsm ocosd —p— — exp [=2|V(H)|F (p, , 0, k)] (14)
2 (> _
Cp, ®,k) = —/ do’ exp [<2|V(K)|F (p, D, 0, k)], (15)
VF J_oo
F(,O, d, 0, k) = / sign(o-’)h(|o./| sin@, |U/COSQ +Zol)d0_/’ (16)
0 cos(¢p—D)(sinf)~!
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where D > 0 and C > 0. The detailed derivation of Eq. (13) is
explained in the Appendix E. The conventional vortex current
has a positive value as in Eq. (12). On the other hand, Eq. (13)
shows that the current density can be negative at low temper-
ature because of the first term. Thus, the vortex current on the
surface with the ABS is reversed.

In the Kramer-Pesch approximation, the surface DOS for
sg = —1 is written as

N(E, p,z=0 k) D+ E)?
(E,p,z ):/_ (oD +E) <1 a7
No 47 (pD+E)* +C2
in(¢p — @) -
p=Sn@—®) 5 (18)
sin 6

Equation (17) shows that the surface DOS is less than N
and becomes zero at p = E =0 (see the Appendix E for
the details.). Therefore, the zero-energy peak in the LDOS at
p = z = 0 disappears when sg = —1.

Applying the Kramer-Pesch approximation, we demon-
strate the current inversion and the disappearance of the zero-
energy peak in the LDOS under the condition A(k,, ky, k;) =
—A(ky, ky, —k;). This indicates that our numerical results are
not unique only to the p,-wave SC. The vortex supercurrent
inversion can occur in superconductors with flat-band surface
ABSs.

V. CONCLUSIONS

We have demonstrated that the local frequency-symmetry
conversion of Cooper pairs inverts the direction of the vortex
supercurrent. Using the quasiclassical Eilenberger theory, a
quantum vortex penetrating a surface hosting the ABSs both
numerically and analytically has been investigated. In the self-
consistent simulations, comparing the vortex supercurrents in
the p.-wave and s-wave SCs, we have found that the super-
current flows in the opposite direction near the surface of the
p.-wave SC. By analyzing the anomalous Green’s function,
the frequency-symmetry conversion among Cooper pairs by
ABSs has been shown to trigger the supercurrent inversion.
In the analytic calculation with the Kramer-Pesch approxima-
tion, the condition of the vortex current inversion has been
generalized.

From the quasiparticle spectra obtained from the Green’s
function, we have found that the zero-energy states from the
ABSs and CdGM mode are coupled with each other and
shift to nonzero energies when the current inversion occurred.
Within the Kramer-Pesch approximation, it has been analyt-
ically shown that the LDOS is zero at the intersection of the
vortex core and surface because of the interference between
the ABSs and CdGM mode.
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APPENDIX A: MAXWELL EQUATION, RICCATI
PARAMETRIZATION, AND BOUNDARY CONDITIONS

In this section, we introduce the formulations of the vector
potential, Riccati parametrization, and boundary conditions.
Under the rotational symmetry around the z axis, the magnetic
field B and vector potential A are obtained from j as

L., r—r
B(r)=— [ jr)x ——=dV’, (A1)
c r —r|
00 1 0
A(r) = e@/ B,(p,7)dz + e@;/ 0'B.(p',z=00)dp’.
z 0
(A2)

We introduce a dimensionless Maxwell equation (6) for nu-
merical calculations,

6
Vi (V' xA)= S (A3)

where V/ = £V, A and j are normalized as A’ = 2w & /dy)A
and j' = j/jo with ®¢ = mfic/|e| and jo = 4w Ny|e|vpT..

In order to solve the Eilenberger equation (1) numerically,
we introduce the coherence function [49,50] y as

¢ 1 —suyy _ 2y
L+s,vy’ L+s,7y

Substituting Eq. (A4) into Eq. (1), we obtain the Riccati-type
differential equations,

(A4)

fivp - Vy — 2<w,, ~ Y ~A)y —A+A*Y2 =0, (A5)
C

hvp - Vy +2(wn — EvF -A)y + s, A" — SMA)/Z =0.
4 c 4 4
(A6)

The solutions of Eq. (1) are given by solving Eq. (A5) and
(A6) along the quasiclassical paths and substituting the ob-
tained y and y into Eq. (A4). We solve Egs. (3), (A2), (AS),
and (A6) numerically in a self-consistent manner. The co-
herence functions y and y in the homogeneous limit (i.e.,
V .y =0)are givenby

= = (A7)

"7 on+ sign(@n)Jor + AP

*
SuA%

y = (A8)

wy, + sign(w,) CU% +|Axl?
where A is the bulk value of A.

We impose the boundary conditions on the coherence func-
tions. (I) The coherence functions are equal to the values in
Egs. (A7) and (A8) deep inside the SC (i.e., p > &, 7> §&).
(IT) At the surface (i.e., z = 0), we impose

yley b ry,z =0, iw,) = yky, —k., 1,z =0, i®,), (A9)
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(a) s-wave (b) p.-wave
18 ] L
12 _ L
% 0.5 Jﬁi
- 0 0
<1
% z=0
— 0

06 12 18
p/§ p/§
FIG. 7. Spatial dependencies of |A| in the (a) s-wave and (b) p.-

wave SCs. The pair potential is normalized by its bulk value. The
parameters are set to 7' /T, = 0.2, Q. = 40kgT,, and kg, = 6+/6.

which means the specular reflection where rj = (x,y). As a
result of Eq. (A9), the pair amplitude f is forced to be an even
function with respects to the k, inversion at the surface.

APPENDIX B: ADDITIONAL NUMERICAL RESULTS

In this section, we show the spatial dependence of the pair
potential and local density of state (LDOS) for the s-wave
SC. We show the spatial dependencies of the pair potential in
Fig. 7. As shown in Fig. 7(a), the pair potential in the s-wave
SCis suppressed near the vortex core but not at the surface. On
the other hand, the pair function in the p,-wave SC disappears
at the vortex core and the surface as shown in Fig. 7(b).

2
=

o <
d1 =
& <
=

0
0 4 8 0 4 8
p/€ z/€

FIG. 8. Contour plots of the LDOS at (a) surface and (b) vortex
core in the s-wave SC. The parameters are the same as in Fig. 7. The
smearing factor is § = 0.005.

In Fig. 8, we show the LDOS in the s-wave SC. Fig-
ures 8(a) and 8(b) show the LDOS at the surface and vortex
core. In Fig. 8, there exist subgap bound states near the core
known as the Caroli-de-Gennes-Matricon (CdGM) modes.
The approximate energy dispersion of the CdGM modes have
been derived as E,, >~ (n — 1/2)A§o/EF in Ref. [41], where
the half integer (n — 1/2) is the quantum number of the angu-
lar momentum. The eigenfunction of the CdAGM mode labeled
by n has a maximum amplitude at a radius distance of the
order p >~ (n — 1/2)/kr [42]. Thus, the evolution of subgap
states in Fig. 8(a) corresponds to the dispersion relation of the
CdGM modes.

TABLE I. Notation of the expansion coefficients f;,,.

l m Orbital Real spherical harmonics Y7, Notation of f,,
0 0 s (1/4m) fo
1 -1 Dy \/(3/47) sin ¢ sin 6 fy
0 D2 V/(3/4m) cos f2
Da \/(3/4m) cos psin @ fa
2 —2 oy V/(15/167) sin 24 sin” 6 foy
-1 dy- \/(15/167) sin ¢ sin 26 fyz
0 d.» (5/167) (3cos? 6 — 1) fr2
dy \/(15/167) cos ¢ sin 20 fox
2 dyp2_y2 \/(15/167) cos 2¢ sin® 0 fr2y2
3 -3 Fy3a2—y2) \/(35/327) sin 3¢ sin® @ fyBa2—y2)
-2 foyz (105/167) sin 2¢ sin® § cos 6 foy=
-1 Jy=2 V/(21/327) sin ¢ sin 6 (5 cos® —1) Jyz2
0 fan (7/167) (5cos® 6 — 3cos b)) fan
1 Fos2 V/(21/327) cos ¢sin 6 (5 cos® —1) Fs2
2 fa(@2—y2) \/(105/167) cos 2¢ sin? § cos 0 fa(@2—y2)
3 Fr(z2—3y2) \/(35/327) cos 3¢ sin® 0 Fr(z2—3y2)

043122-7



YOSHIDA, SUZUKI, AND TANAKA

PHYSICAL REVIEW RESEARCH 4, 043122 (2022)

APPENDIX C: RENORMALIZED SPHERICAL
HARMONICS

We use the real spherical harmonics Y, to analyze the
pair amplitudes. We abbreviate the expansion coefficients fj,,
in the main texts for simplicity. We summarize Y;,, and the
notation of fy, in Table I. The spherical harmonics Y, is
normalized to satisfy the orthonormal relation

/Ylel’m’dQ = 8118 » (Cl)

where d2 = sin 0d¢d6.

APPENDIX D: VORTEX SUPERCURRENT AND
FREQUENCY SYMMETRY OF COOPER PAIRS

The direction of the vortex supercurrent is related to the
frequency symmetry of Cooper pairs. The azimuthal compo-
nent of the current density (4) is

T & 40
jolr) = i 32 / 2 sind singmg(k.r, i), (D)

where jo = 4w Ny|e|vpT.. Namely, the direction of the current
is determined by the sign of Im[g]. Using the normalization
condition for the quasiclassical Green’s function (i.e., g2 =
1 —s,ff), we have

=1 LR + £, = 2imf, ;.

fe(o) = %[f(ra k’ lC()n) + (_)f(r’ k’ _iwn)]v

where f, and f, represent respectively the even- and odd-
frequency component, and we have used the symmetry
relation between f and f [i.e., f(r, k, iw,) = f*(r, =k, iw,)].

We analyze the direction of the vortex supercurrent in the
vicinity of the vortex core. From Fig. 5(e), deep inside the
SC, the pair amplitudes around the vortex core can be approx-
imated as

(D2)

(D3)

fepF, fo~ —RFe™™, (D4)
where F = F (l},) and we have introduced the constant R
(0 < R < 1) that expresses the relative amplitude of f, to f..
The subdominant component has an additional phase factor
(—e~®) from the phase winding of the vortex. Substituting
Eq. (D4) into Eq. (D2), we have

g=+/1— p?|F|? + R2|F|? + 2ipR|F |*Ime—i¢ (D5)
R|F|?sin
=1+RF|?2 - i,ou + 0(p?) (D6)
V1+RF?
with p < &. The equation above results in
. JoR|F|?sin? ¢
—josinglmg = p = ——ee— + 0(p?), (D7)

J1+RYF?

meaning that the electric current flows in the opposite direc-
tion of the phase winding e~'® around the vortex core (i.e.,
Jo > 0).

At the surface of a p,-wave SC, the symmetry conversion
occurs because of the ABSs. From Fig. 5(f), the pair ampli-

tudes can be expressed as

f.=—RFe ™, f,=pF,

(D8)
where we can show R?|F|> = 1 by solving the Riccati-type
differential equations (E1) at 7 = 0 and p = 0. We assume
fe near the core has the maximum value at w, = 0. From
this assumption, we obtain R*|F|*> < 1 at finite Matsubara
frequencies. Substituting Eq. (D8) into Eq. (D2), we have

g=+/1—R2|F2 + p2|F | + 2ipR|F ’Ime¢
R|F|*sin¢
J1—RYF?

Therefore, the direction of the current density is given by

(DY)

=1-RYIF2+ip + 0(p?). (D10)

JoR|F|*sin” ¢
p—
V1 —RYF?

Comparing Egs. (D7) and (D11), we see that the frequency-
symmetry conversion results in the vortex-current inversion.

—Jjosinglm([g] = — +0(p?). (DI1)

APPENDIX E: ANALYTICAL CALCULATIONS
BY KRAMER-PESCH APPROXIMATION

In this section, we analytically calculate the quasi-
classical Green’s functions by the Kramer-Pesch approxima-
tion [43—45] and reproduce two numerical results, the reversal
of the vortex current and suppression of the LDOS at the
intersection point of the surface and vortex core, for more
general SCs. In the Kramer-Pesch approximation, we obtain
the solutions of the Riccati-type differential equations up to
the first order of the displacement b from the vortex core and
Matsubara frequency w,. Thus, the Kramer-Pesch approxi-
mation is appropriate near the vortex core p < & and in low
temperature kgT < | Al. In this section, We follow the method
in Ref. [44].

We start with the Riccati-type differential equations with
A =0,

vr - Vy 4+ 2w,y — A+ A*y? =0, (El)
vr - Vy =20,y + 5, A" — sNAZ2 =0, (E2)

where we use the units 77 = kg = 1. We introduce the coordi-
nate transformation as in Fig. 9,

a = xcos¢ + ysin¢, (E3)
b= —xsin¢g + ycos¢, (E4)

where the angle ¢ characterizes the direction of the
momentum k= (sin @ cos ¢, sin 6 sin ¢, cos 0). The
b axis is perpendicular to the projected momentum
ky = (sinf cos ¢, sinf sing, 0). We solve the Riccati-type
differential equations by integrating y or y in the direction k.

The impact parameter b is constant on the integrating path and
corresponds to the distance between the integrating path and
vortex core. In this coordinate r = (a, b, z), the Riccati-type
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Z : 9 J * 2
A VF sm9£+cosea—Z )~/—2wn7~/ + s, A _S”AZ =0.
~ (E6)
[~ < . k In the analytic calculation, the pair potential is written in more
general form

I A(k) = h(p, e w(k), (E7)

1
O : » where the real function /4 and the complex function W describe
! the spatial and momentum dependence of A. In addition, we
b ¢ assume that W satisfies sy = W(0, ¢)/W(r —6,¢) = =1. In
the case of sy = 1 and —1, the ABSs is absence and present
a on the surface perpendicular to the z axis. We expand the pair

y potential as
FIG. 9. Coordinate transformation from (x, y, z) to (a, b, 2). Alk,r) = Ao + Ay, (E8)
A == h ) 7i¢ i \IJ I} ’ E9
differential equations are rewritten as 0 (la]. 2)e sign(@)¥ (k) E9)
. b .
0 0 — —i$ g i
UF{Sinea_ +C0598_})/ +2w’1y — A + A*yz — 0’ (ES) A] = _h(|a|7 Z)e Slgn(a)l;‘lj(k)a (Elo)
a Z

J
with respect to b. The solutions (A7) and (A8) in the homogeneous limit are also expanded in terms of b and w, as

v, k, iwn) = sign(aw ){ Ve W™ — iwé} (E11)
e YL owdor hqal, 1wd)R (k)| a
. . s, U*(k)e'® 5, U*(k)e'® s, V*(k)e'® b}
5k’ n) = n K = - & = n M—A— E12
vk, fon) “@ww){|wmn nal @R T e a (E12)

When we set the cut-off of the integral path as a. > 0, the boundary conditions (I) in the Appendix A are given for w, > 0 as

w , Wkye ™ Wik)e (ke b
yla=—a., = <0<, iw, | =— = + —|w,| — i ————, (E13)
2 [W(k)| Ao|W (k)| (k)| dac
W (k)e' W (k)e't w*(k)e' b
y(a —a,0<0 < z,iw,,) _ T W®)e® 5, VT 362 w,| + i T b (E14)
- 2 [W (k)| Aol (k)] (k)| ac
The Riccati-type differential equations of the zeroth order of b and w,, are written as
. 0 0 * 2
vpysinfd— +cosf—ryvo — Ao+ Ayyy =0, (E15)
da 0z
. 0 0 * 2
VF smé‘a +00598—Z Yo+ sulg —suBoyo=0. (E16)
The solutions of these equations for w, > 0 are given by
N v 0,7 — 0}, .
otk i) = — O T =00, D) iy, (E17)
[W(k)|
. s, W*(min{@, & — 6}, ¢) .
yolk, iw,) = =~ - e?, (E18)
- Wik
which satisfies the boundary conditions (A9), (E13), and (E14). The first-order Riccati-type differential equations are written as
. 0 0 * *, 2
VF smé‘a + cos@a—Z vi + 20,0 — A1+ 2000071 + ATy, =0, (E19)
. 0 d " 2
VE sm@a— + cos@a— Y1 —2waY0 + Su A7 — 25, AoYoy1 — suA1yy =0. (E20)
a z)= ~ -~ ~
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The general solutions of these equations are given as

2 7 7 ’ 7. ’
Y= v—eXp[2I‘I'(k)|F(0,ZO, 9)]/ do [—l Ao — wnyo} exp[—2|W(k)|F (0", 20, 0)]
F [}

o’sinf
+Co expl[2|W(k)|F (o, 20, 0)], (E21)
2 A o b
Y1 = — exp[2sy|W(k)|F(0,20,0)] | do’ [ is,———A +wnyo:| exp[—2s¢|W(k)|F (', 20, 0)]
- VF a, o'sinf
+Coexpl2sg|W(k)|F (0, 20, 0)], (E22)
7 v 0,7 — 0}, . ,
F(o,20,60) = sign(o”) (max{0, = — 6} <b)h(|o~’| sin@, ¢’ cos O + z9)do’, (E23)
-3 (k)
a=osind, (E24)
z =0 cosb + 7, (E25)

where oy, Cy, 09, and Cy are integral constants. In 7 /2 < 6 < 7, we obtain the first-order coherence function y; from the
boundary condition (E13) as

_ac sin 6

sin @

2 A “ b N
y = —expl2|VD)IF (o, 20,0)] / da/[—ia, Ao — wnyo] exp[—2[¥(k)IF (0, 20, 0)]
F

Wik)e e b a.
{ ool‘If(/AC)|2|wn| - @] ac} exp [ZI\IJ(k)I{F(a 20,0)—F (_sine’zo’g)}]’ (E26)

The other function y| in 0 < 6 < /2 is given from the boundary condition (E14) as

ac

Sin b ~
' do’[—isu—_AS T wn)/o:| expl—2s5 | W) F (0", 20, 0)]
o’sinf ~

) .
1= exp [2s0| W (k)| F (o, Z079)]/

14
(ke (WEk)e b .
- {s“ QI | — 2 e } exp |:259|\I’(k)|{F(0 2,0) - ( - e)” (E27)
Aco| W(K)|? wo)|  ac sin¢
We respectively set the integral constants as oy = —a./siné and og = a./sinf. From the boundary condition (A9), y; in

0<6 <m/2and y,inm/2 <O < 7 are given as

Y= viexp [2|qf(l})|F(a,zO,9)]/ ~do’ [—i
- “

cos B

— Ao—wn)/o:| exp[—2|W(k)|F (0", 20, 6)]
o’sinf

I s R
+— dd/[—l Ao(—z0, 1 — 6) —ano} exp[2|W(k)|{F (0, 20,0) — F(0', =20, m — 6)}]

v J- e o’sin6
W(k)e Wk)e ™ b ac
v R Wac} o[ wibfroso—r(—5 o)l

2 b Lo
Y1 = o expl2s5| W (k)| F (o, Zoﬁ)]/ do’ [_ls"a in OAO +wny0] exp[—2sp|W(k)|F (07, 20, 0)]

ac

2 sin 6 b
-= dG/I:_lSuo Az, —0) + wn)/o} exp (250 |W(K)|(F (5, 20, 0) — F (0, =20, 7 — 6)}]
F ~

x.osQ
W*(k)e'® w*(k)e'® b .
~s {—S" ®)” | ) — 222" D }exp[zsuwkn{F(o,zo,o)—F(.“—C,—zo,n—9)}]. (E29)
A | (k)| |\w(k)| ac sin 6

When we take z = 0, a. — 00, we obtain

F(o - —Z—O,ZO,Q) —0, (E30)
cosf
Vg b4
F<o=—oo,z(),5 <6 <n> =s€F<0=+oo,z(),O<9 < 5) = 00. (E31)
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As aresult, y; and y; in 0 < 6 < /2 is given as

k)

2 [ Teosd b N
yi=— / do/[—i ——— Ag(—20, 7 — 0) —wnyo] expl—2|W(k)|F (o', —z0, T — O)], (E32)
VF J_oo o’sin6
2 oo 1 . b * 7 ’
Y1 =—— do —WSp— Ao + wnyo exp[—2S9|\IJ(k)|F(O' » 20, 0)1, (E33)
~ vr J_ 0 o’sinf ~

cos 6

and ones in 7 /2 < 6 < 7 is given as

2 70‘2’% ’ . 7 ’
Y=— do [—l ——Ap — ano} exp [—-2|W(k)|F (o', 20, 0)]. (E34)
VF J_oo o’sin6
2 OO ! . b * I
Yi=—— do'| —isy————Aj(—z0, T — 0) + wyyo | exp[—2sp|V(K)|F (07, —z0, T — O)]. (E35)
~ vr J_ 20 o’sinf ~

cos 6

We can replace z to |z| due to z = o cos 6 + zp > 0. By this substitution, we can rewrite y; and y; in0 < 6 < 7 as

2 (@ [ b o, _
Y=— do [—l ——A(0") — a)nVO:| exp [—2|W(k)|F (o], (E36)
VF J_oo o’sin6
2 *© / . b Ak I - I
yi=—— 1| do'|—isuse———A"(0") + w,yo | exp [-2|V(K)|F (o")], (E37)
~ vp Jo 2 o’sinf ~
where we define A and F as
A(o, 20, I:t) = h(|o’|sin 8, |0’ cosh + zol)ei¢sign(0)\D(max{9, T — 0}, ¢), (E38)
F(o,z20.k) = / sign(o")h(|o’| sin 0, |0’ cos O + zg|)do’. (E39)
_20

cost

The quasiclassical Green’s functions are expanded as

_1=suyy  1=s.00v0+ v1ivo + vor1)

= ~ , (E40)
I+suyy  T+su(oyo+vivo+vovi)
2 2 2
L+s,yy  T4+s.(vovo+vivo +vy1)
The relation ypyo = —s,.5¢ is important. In the case of sy = 1, zeroth-order Green’s functions diverge, whereas ones do not in
the case of sy = —1. We consider the case of s = —1. In this case, the first-order Green’s functions are approximated as
suW 2y0 + 2y
8=~ | fxT— (E42)
+ s W 2+s5,W
where we define
2 *© / . b A ’ - !
Wb, z0,k) = yivo+voy1 = — do'| —i———A(0")yo — suwy | exp [-2|W(k)|F (07)]. (E43)
~ ~ vr J_ oo o’sinf ~
In the cylindrical coordinate r = (p, ®, z = 0), W is rewritten as
W(p, ®,z=0,k) = —25,(ipCD + 0,C), (E44)
where we use b = p sin(¢ — ®) and define D and C as
2 > i - ) _
Dip, ®. k)= — / 4o =) (o ing. o cos8 — p° P T PN exp (=210 ) F (. b, 0" k)] (E4S)
C(p,d,k) J_o o’sinf tan 6
i —®) .
=IO D) 5, 0,0, (E46)
sin 6
2 [ _
Clp, @, k)= — do’exp [-2|W(k)|F (p, @, o', k)]. (E47)
VF J-co
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It is noted that D, C > 0 due to 7 > 0. The azimuthal component of the current density is written as
oo
. e . . P
Jor) = —4leNowT Y | ——vr sin6 sin(¢p — ©)Img(k, 7, iwy). (E48)
e 47

In order to calculate the current density, we perform the sum over the Matsubara frequencies as

[e¢]

[o.¢] . .
o . T sin 6 sin(¢p — ®)pC~'D
—T sin 6 sin(¢p — P) Zlmg(p, Dk, iw,) = Z Gon — D —iC- G + pD —iCT)
n=1 n n

(E49)
n=1
¢ sin 6 sin(¢ — ®)Re| tanh ! (—pD +iC™h
= —— SIn 1n — nn —(— 14
4 o P

1 [ in’(¢p — ®)pC~'D
- / = P0C DLk Sz (ES0)
7 Jo {(z+pD)*+C2H{(z— pD)*+C~2} 2T
The second term is bounded from above as
1 /00 sin?(¢p — ®)pC~'Dz z
— tanh —dz
7 Jo {z+pDy+C2H(z—pDy*+C2} 2T
1 2 o 'D
<‘f sin’(¢ — ®)pC~'Dz E51)
(G+ oDy +C A= pDP +C 7
1 e e oD
=, sinfsin(p — @) » gt =2sinfsin( — ®)tan~! (F) (E52)
From this inequality, we obtain
o0
—T sinfsin(¢ — @) Y Img(p, D, k. iwy)
n=1
ct 1 _ o _( pD
< e sin 0 sin(¢ — ®)Re| tanh ﬁ(—pD +iC ) + 2sin @ sin(¢p — ®) tan o (E53)
~ sin’(¢p — q>)[ < T i|,oD + 0(p?). (E54)
Therefore, the vortex current at p < & and T < A is bounded from above as follows:
-1 2 -
jo(p) < 4lelNom v / - sin’(g — <I>)[ =+ F]"D' (ESS)
On the other hand, in the case of sy = 1 or deep inside the SC, the current density is given by
jo(p) = 4lelNomvr | S22 s1n9 sin(p — c1>)— tanh <2T) (E56)
c-!
~ 4|e|Nomtvp | — sm 2(¢ — d>)—pD+ 0(p?), (E57)

where N is the density of state in the normal state. These equations (ES5) and (E57) show that the vortex current is reversed
near the surface when sy = —1.

The LDOS is written as
N(E, p)
To a»o/ —Reg(k,r, E + i6). (E58)

From Eq. (E42), the LDOS is calculated as

N(E, , dQ D+E +i8
(_p):_hm/—Re, pO+YE+TI (E59)
No s—»0) 47 iC-'—pD—E —i$
dQ D+ E)?
:/_ (bD+E) < (E60)
4w (oD + E)? +C—2

Therefore, the LDOS is suppressed significantly at p < & and E < |A| and equals zero especially at p = 0 and E = 0. These
results are consistent with numerical results for the p.-wave SC in the main texts.
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