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Encoding a one-dimensional topological gauge theory in a Raman-coupled Bose-Einstein condensate
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Topological gauge theories provide powerful effective descriptions of certain strongly correlated systems, a
prime example being the Chern-Simons gauge theory of fractional quantum Hall states. Engineering topological
gauge theories in controlled quantum systems is of both conceptual and practical importance, as it would provide
access to systems with exotic excitations such as anyons without the need for strong correlations. Here, we
discuss a scheme to engineer the chiral BF theory, a minimal model of a topological gauge theory corresponding
to a one-dimensional reduction of the Chern-Simons theory, with ultracold atoms. Using the local conservation
laws of the theory, we encode its quantum Hamiltonian into an ultracold quantum gas with chiral interactions.
Building on a seminal proposal by Edmonds et al. [Phys. Rev. Lett. 110, 085301 (2013)], we show how to
implement it in a Raman-coupled Bose-Einstein condensate with imbalanced scattering lengths, as we have
recently realized experimentally [Frölian et al., Nature (London) 608, 293 (2022)]. We discuss the properties of
the chiral condensate from a gauge theory perspective and assess the validity of the effective quantum description
for accessible experimental parameters via numerical simulations. Our approach lays the foundation for realizing
topological gauge theories in higher dimensions with Bose-Einstein condensates.
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I. INTRODUCTION

Ultracold quantum gases constitute an ideal realization of
Feynman’s vision of a quantum simulator [1]. Thanks to their
excellent level of control, during the last two decades they
have allowed the exploration of strongly-correlated condensed
matter models which are hard to investigate with classical
computing methods, such as fermionic superfluidity or the
Hubbard model, as well as of weakly interacting systems in
extreme parameter regimes which are out of reach for tradi-
tional solid-state platforms, e.g., enabling the realization of
the celebrated Hofstadter and Haldane models [2–6]. The last
years have witnessed increased efforts to extend this strategy
to the quantum simulation of gauge theories [7–11]. In this
paper, we further extend this program to include topological
gauge theories.

Gauge theories are key to our understanding of interac-
tions between elementary particles as mediated by gauge
bosons [12–14] and constitute powerful effective descrip-
tions of the low-energy properties of strongly correlated
condensed-matter systems [15,16]. As in the quantum simula-
tion of condensed-matter physics, the motivation to emulate
gauge theories with ultracold atoms is twofold. On one
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hand, quantum simulators promise access to the equilibrium
and out-of-equilibrium properties of strongly coupled lattice
gauge theories that are very hard to determine by classical
means, like the phase diagram of quantum chromodynamics at
high density [17] or the dynamics of the quark-gluon plasma
[18]. On the other hand, they provide a versatile platform for
engineering the effective gauge theories that describe certain
strongly correlated systems with exotic excitations in a weakly
interacting and well controlled setting. These platforms may
grant access to anyons or Majorana fermions without the need
for strong interactions [19].

Simulating gauge theories with ultracold atoms is, how-
ever, fundamentally more challenging than emulating Hub-
bard or spin models. To account for both the matter and
gauge fields, multicomponent systems are required. Moreover,
to ensure the gauge invariance of the theory, the matter and
gauge fields must obey specific local conservation laws, i.e.,
local symmetry constraints that link them at every point of
space and time. Enforcing such constrained dynamics on a
quantum simulator is very demanding and has been the focus
of intense theoretical research for more than a decade [20–53].
Implementing the resulting protocols in the laboratory is even
more challenging, which explains the comparatively small
number of experimental realizations to date [10,11,54].

The vast majority of experiments have been focused on the
quantum simulation of gauge theories where the gauge fields
are dynamical, i.e., they have propagating solutions even in
the absence of matter. The prototypical example of this type
of gauge theory is quantum electrodynamics (QED), which
describes the coupling of electrons to photons. The local con-
servation law that ensures its Abelian U(1) gauge invariance
is Gauss’ law. In one dimension, however, no propagating
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gauge degrees of freedom are allowed. Indeed, in this case
there are no transverse electric field components: the electric
field is longitudinal and completely determined by the charges
through Gauss’ law, greatly simplifying its experimental im-
plementation.

A discretized one-dimensional version of QED, the
Schwinger model, is widely used as toy model for quantum
simulation approaches. It has been implemented in trapped
ion quantum computers [55,56] by eliminating the gauge field
through Gauss’ law and explicitly encoding it on matter de-
grees of freedom [36]. A one-dimensional U(1) quantum-link
model akin to QED, where the electric field is truncated to
a spin of 1/2, has been realized recently in an optical lattice
system [57,58]. This experiment explicitly implements both
gauge and matter degrees of freedom, and imposes Gauss’ law
through suitably designed energy penalties. Rydberg chain
experiments [59] can be interpreted as an encoded version of
the same model [60]. Building blocks of Z2 [61,62] and U(1)
[63,64] lattice gauge theories have also been demonstrated,
paving the way towards the realization of the corresponding
lattice gauge theories in extended quantum systems, and this
approach has even been investigated using classical electric
circuits [65].

Interestingly, analogous dynamical gauge theories emerge
naturally in the effective description of certain strongly cor-
related condensed matter systems, bridging the fields of high
and low-energy physics [16]. For instance, Abelian U(1) and
Z2 lattice gauge theories capture the behavior of certain quan-
tum spin liquids [66,67], and Kitaev’s toric code is a Z2 lattice
gauge theory [68]. Minimal instances of the toric code have
been implemented in quantum simulators using photonic, nu-
clear magnetic resonance, superconducting qubits, ultracold
atoms, and trapped ion platforms [61,69–73], and extended
versions of both quantum spin liquids and of the toric code
have recently been demonstrated using Rydberg atom arrays
[74] and superconducting qubits [75].

Among the gauge theories emerging in condensed-matter
physics, topological field theories play an important role
[15,16,76]. In this case, the gauge fields are unusual because
they do not have propagating degrees of freedom in the ab-
sence of matter even beyond one spatial dimension. As a
result, they can always be eliminated and the theory refor-
mulated to involve only matter degrees of freedom. However,
since this is done at the expense of introducing unconventional
(and very often nonlocal) interactions between the particles, a
gauge theory formulation for such effective theories is more
natural and insightful.

A prime example of topological field theory is the Abelian
U(1) Chern-Simons gauge theory which is commonly used as
an effective low-energy and single-particle description of two-
dimensional fractional quantum Hall states. It builds upon
Wilczek’s idea of flux attachment [77,78]. It consists of re-
placing the strongly interacting matter particles of the original
system, which were subjected to a large external magnetic
field perpendicular to the two-dimensional plane, with weakly
interacting particles with an integer number of magnetic flux
quanta attached to each of them. Chern-Simons theory is
the field theory describing the coupling of these new weakly
interacting particles to the vector potential that generates the
flux tubes’ magnetic field. The strength of the Chern-Simons

description lies in the fact that the new composite particles
(particle+attached flux tubes) provide a natural single-particle
interpretation of the peculiar properties of fractional quantum
Hall states. For instance, the fractional transverse conductance
plateaus simply correspond to the filling of the compos-
ite particles’ Landau levels, and the quasi-particles’ anyonic
character emerges from the Aharonov-Bohm phases that are
picked up upon exchange of flux tubes [78]. Therefore directly
engineering the Chern-Simons theory in quantum simulators
is a powerful approach to harness the physics of anyons in a
well controlled and weakly interacting setting [19].

The local conservation law of the Chern-Simons theory is
the flux attachment condition, i.e., the fact that the Chern-
Simons magnetic field is proportional to the matter density.
Thus the theory can be implemented in encoded form by
realizing a density-dependent vector potential whose curl
is proportional to the matter density. Conversely, a model
with a matter-dependent gauge field corresponds to a topo-
logical gauge theory if and only if the dependence follows
from a local conservation law. Recent experiments have real-
ized density-dependent Peierls phases, i.e., density-dependent
vector potentials in lattice systems, using ultracold atoms
[79–81], superconducting qubits [82], and Rydberg atoms
[83], but in these works, the local conservation laws required
to implement gauge invariant topological gauge theories were
not enforced.

Here, we approach the problem of engineering a topolog-
ical gauge theory from a different perspective. Requiring a
precise matter-dependent gauge field is equivalent to requir-
ing a precise form of the matter-matter interactions. Armed
by this simple but powerful consideration, we show that a
possible one-dimensional reduction of Chern-Simons theory
in the continuum, the so-called chiral BF theory [84–88],
can be realized by engineering chiral interactions in a Bose-
Einstein condensate (BEC). We prove that the chiral BF
theory reduces to a theory of bosonic matter fields with chiral
interactions once the local conservation law is used to elim-
inate the gauge field. An analogous encoding was exploited
in Refs. [36,55,56] to realize the Schwinger model, resulting
in Coulomb interactions. Then, inspired by the seminal pro-
posal of Ref. [89], we show that chiral interactions emerge
in the low-energy quantum description of a Raman-coupled
BEC with imbalanced interstate scattering lengths. The pro-
posed implementation, which we very recently realized in
Ref. [90], ensures gauge invariance by construction and is
directly implemented in the continuum. Since the formulation
of Chern-Simons theory is considerably less involved in the
continuum than in the lattice [91–94], extending our experi-
mental strategy to two-dimensional systems could allow for
the realization of Chern-Simons theory, as has been proposed
recently [95]. Thus we expect the chiral BF theory to play a
role as a toy model in the quantum simulation of topological
gauge theories with ultracold atoms, similar to the one played
by the Schwinger model in the quantum simulation of dynam-
ical lattice gauge theories.

In order to provide the theoretical basis of the chiral BF
theory, its emergence in Raman-coupled BECs, and discuss
the validity of its implementation in realistic experimental
conditions, this paper is organized as follows. In Sec. II, we
review the main properties of topological field theories using
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the Lagrangian formalism, emphasize the differences between
topological and dynamical gauge theories, and derive the chi-
ral BF model as a dimensional reduction of Chern-Simons
theory supplemented with an additional chiral boson term
[84–88]. In Sec. III, we derive a consistent Hamiltonian for the
chiral BF theory suitable for experimental realizations. It is
obtained by applying the so-called Faddeev-Jackiw formalism
to the chiral BF Lagrangian [96,97], which yields a Hamilto-
nian in second-quantized and encoded form, where the gauge
degrees of freedom have been consistently eliminated in terms
of the matter ones. Section IV focuses on the implementation
of this second-quantized encoded Hamiltonian in Raman-
coupled BECs with imbalanced interactions, and presents the
main result of this work: the microscopic derivation of the
chiral BF theory as the effective quantum Hamiltonian of such
systems. Section V analyzes the phenomenology of chiral
BECs from a topological field theory perspective. In Sec. VI,
we investigate the validity of the mapping to the chiral BF
model for realistic experimental parameters, as realized in
Ref. [90] with a 39K BEC, by means of numerical simulations.
Finally, in Sec. VII, we draw the conclusions and perspectives
opened by this work.

II. TOPOLOGICAL FIELD THEORIES AND THE CHIRAL
BF THEORY

The chiral BF theory is a possible dimensional reduction
of the U(1) Chern-Simons theory and constitutes one of the
simplest examples of a topological field theory [84–88]. As
discussed in Sec. I, topological field theories are very par-
ticular types of gauge theories. They describe the coupling
of matter fields to gauge fields that do not have propagating
degrees of freedom in vacuum. Instead, their dynamics are
linked to those of matter through the local symmetry con-
straint of the theory, which also ensures its gauge invariance.
In this section, we start by reviewing the main features of
topological field theories and their differences with respect to
dynamical gauge theories. We do so by comparing the U(1)
Chern-Simons theory and electromagnetism. We then intro-
duce the chiral BF theory, obtained by reducing Chern-Simons
theory from two to one spatial dimensions and supplementing
the resulting Lagrangian with a chiral boson term [86–88].
We restrict ourselves to a system with open boundary con-
ditions, as discussed in the literature. The interesting case
of closed boundary conditions, where magnetic degrees of
freedom appear even in one dimension, will be the subject of
future work. Finally, we derive the equations of motion of the
matter and gauge fields for the chiral BF theory, highlighting
the analogies to the Chern-Simons case.

Maxwell theory. Electromagnetism, i.e., Maxwell theory,
is the best known example of a dynamical gauge theory. It is
a U(1) Abelian field theory that describes a matter field �,
which we take to be nonrelativistic and bosonic, minimally
coupled to a U(1) gauge field Aμ. Here and in the following,
greek indices indicate the space-time coordinates 0, . . . , d ,
with 0 corresponding to the time component t and 1, . . . , d
(where d can go up to 3) corresponding to the spatial com-
ponents x, y, z. The Lagrangian density of Maxwell theory is

LM = − 1
4 FμνFμν − AμJμ + Lmatter, (1)

where

Lmatter = i�∗�̇ + 1

2m
�∗∇2� − V (n). (2)

In these expressions, the time component of the current is
simply the density, J0 = n = �∗�, the spatial components
are given by J = [�∗(∇ − iA)� − ((∇ + iA)�∗)�]/(2im),
where m is the mass of the matter particles, and Fμν = ∂μAν −
∂νAμ is the electromagnetic field tensor. Moreover, here and in
the following repeated indices are summed, indices are raised
and lowered with the mostly negative Minkowski metric, spa-
tial vectors are denoted in bold and with the index up, the dot
denotes the time derivative, e.g., �̇ ≡ ∂0�, and V (n) are the
matter-matter interactions, which depend only on the matter
density n. We have also set the reduced Planck constant h̄,
the speed of light c, the vacuum permittivity ε0, the vacuum
permeability μ0, and the electron charge e to 1.

To clarify the content of the theory, we follow Faddeev
and Jackiw [96,97] and rewrite the Lagrangian density in
first-order formalism, i.e., in a form analogous to the Legendre
transform of a Hamiltonian density1

LM = A0(∇ · E − n) − E · Ȧ − 1

2
(E2 + B2)

+ i�∗�̇ + 1

2m
�∗(∇ − iA)2� − V (n), (3)

where we have introduced the electric and magnetic
fields Ei = (E)i = −F 0i = −(Ȧi + ∂iA0) and Bi = (B)i =
(∇ × A)i = − 1

2εi jkF jk . Here and in the following we use
latin indices for spatial coordinates, and εi jk is the Levi-Civita
symbol. In this form of the Lagrangian density the term
−E · Ȧ is the desired symplectic form for the gauge field that
will allow us to rewrite the Lagrangian in canonical form (see
next section), and we have omitted the total derivative ∇(A0E)
because it does not contribute to the action.

Equation (3) does not contain terms of the form ∂μA0,
and therefore A0 plays the role of a Lagrange multiplier. It
enforces the local conservation law necessary to ensure gauge
invariance,

∇ · E = n, (4)

which corresponds to Gauss’ law.
The equations of motion for the matter and gauge fields are

simply

i�̇ + 1

2m
(∇ − iA)2� − dV (n)

dn
� = 0,

∇ · E = n, ∇ × B − Ė = J,

∇ · B = 0, ∇ × E + Ḃ = 0. (5)

1In first-order formalism, one partially replaces the time-derivative
of the field with its conjugate momentum in order to get an expres-
sion that is at most linear in the time-derivative of the field. For
example, the classical mechanics Lagrangian of a particle of position
q and velocity q̇ subjected to a potential V (q), L = mq̇2/2 − V (q),
becomes in first-order formalism L = pq̇ − [p2/(2m) + V (q)] =
pq̇ − H (q, p).
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For the gauge field, we recover Maxwell’s equations. They
show that, in the absence of matter, only the transverse (diver-
genceless) part of the gauge field has propagating solutions:
the electromagnetic waves. For d = 2 or 3, the gauge field is
thus dynamical, making electromagnetism a dynamical gauge
theory. In one spatial dimension d = 1, however, no trans-
verse electric field nor magnetic fields appear. Thus, in d = 1,
the gauge field has no dynamics in vacuum.

Chern-Simons theory. The prototypical example of a topo-
logical field theory, Chern-Simons theory, is also a U(1)
Abelian gauge theory. It describes a matter field � evolving
in two spatial dimensions d = 2 and minimally coupled to a
gauge field Aμ that is “internal,” i.e., self-generated by the sys-
tem. If no additional external fields are applied, its Lagrangian
density reads

LCS = 1

4κ
εμνρAμFνρ − AμJμ + Lmatter, (6)

where μ = 0, 1, 2 and the coefficient κ of the gauge field term
is the so-called Chern-Simons level. Its value indicates the
number of flux tubes that are attached to each matter particle,
and the particular fractional quantum Hall state described.
For the case of a nonrelativistic and bosonic matter field
considered in this work, see Eq. (2), LCS is also known as
the Jackiw-Pi model [98,99].

As we did above for electromagnetism, we separate the A0

term from the Lagrangian. Moreover, we introduce A and B =
Be3, where the magnetic field now has only one component
that is perpendicular to the system’s plane. We then obtain the
Lagrangian density

LCS = − A0

(
B

κ
+ n

)
− 1

2κ
A × Ȧ

+ i�∗�̇ + 1

2m
�∗(∇ − iA)2� − V (n). (7)

In this case, the local conservation law of the theory, i.e.,
the equivalent to Gauss’ law for electromagnetism, is

B = −κn, (8)

a relation that is known as flux attachment because it high-
lights the fact that B is given by the flux tubes attached to the
matter particles.

In the absence of matter, the equation of motion for the
gauge field is Fμν = 0, which is locally trivial. Thus the exis-
tence of solutions for Aμ that are globally non trivial depends
on the topology of the space. The situation is very different
from that encountered in electromagnetism, where ∂μFμν = 0
(plus ∂μFνρ + ∂νFρμ + ∂ρFμν = 0) [100] and the gauge field
has propagating solutions in vacuum: the electromagnetic
waves.

In the presence of matter, the Chern-Simons field ac-
quires nontrivial dynamics. This can be seen by explic-
itly writing the equations of motion for the matter and
gauge fields

i�̇ + 1

2m
(∇ − iA)2� − dV (n)

dn
� = 0,

E − κ e3 × J = 0, B + κn = 0. (9)

The equation for the electric field, combined with the
continuity equation for the matter field ∂0n + ∇ · J = 0, is
equivalent to the equation of motion for the magnetic field.
Thus one sees that the flux attachment condition is simultane-
ously the equation of motion of the gauge field and the local
conservation law of the theory. This is a property of gauge
theories that do not have independent propagating degrees of
freedom for the gauge field, and is analogous to what happens
for electrodynamics in one dimension.

Chiral BF theory. In the 90’s, Refs. [84,85] introduced a
possible reduction of Chern-Simons theory from two to one
spatial dimension that could conserve its main topological
features. This theory is obtained from the Jackiw-Pi model of
Eq. (6) by removing the dependence in the y spatial coordinate
and setting A2 = mB. Here B is a new bosonic scalar field that
depends only on x and t . Making the additional replacements
A0 → A0 − mB2/2 and κ → mκ , the Lagrangian density be-
comes

LBF = 1

2κ
BεμνFμν − AμJμ + Lmatter, (10)

with μ = 0, 1. Due to the form of the gauge field term (which
replaces the Chern-Simons form εμνρAμFνρ , see Eq. (6)) this
model receives the name of BF theory. Because it does not in-
clude any derivative of B, the equation of motion of the gauge
field is Fμν = 0 even in the presence of matter. This means
that in this one-dimensional problem the B and Aμ fields can
be completely decoupled from matter and eliminated by a
phase redefinition of �. The matter-matter interactions would
then be solely determined by V , making the theory trivial.
Refs. [84–88] therefore add to the Lagrangian density a ki-
netic term for the gauge field of the self-dual form ḂB′ [101].
Here and in the following, the prime indicates the spatial
derivative, i.e., B′ ≡ ∂1B. This term explicitly breaks Galilean
invariance and is the simplest nonrelativistic combination that
endows the system with chiral dynamics, making it reproduce
the behavior of one edge of the original 2D system. Its chiral-
ity can be selected through the sign of λ. For this reason, it is
called the chiral boson term.

The resulting model is the so-called chiral BF theory,
whose Lagrangian density reads

LcBF = 1

2κ
BεμνFμν + λ

2κ2
ḂB′ − AμJμ + Lmatter, (11)

where λ determines the strength of the chiral boson term.
Specifying the electromagnetic field tensor in components
(and up to total spatial derivatives), we have

LcBF = A0

(B′

κ
− n

)
− B

κ
Ȧ + λ

2κ2
ḂB′

+ i�∗�̇ + 1

2m
�∗(∂1 − iA)2� − V (n), (12)

where the vector potential A is now a scalar as in d = 1 it has
only one component.

From Eq. (12), we readily identify the local conservation
law of the chiral BF theory

B′ = κn, (13)

which is the equivalent to the flux attachment condition in
Chern-Simons theory or Gauss’ law in electromagnetism.
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The equations of motion for the matter and gauge fields
read

i�̇ + 1

2m
(∂1 − iA)2� − dV (n)

dn
� = 0,

Ḃ + κJ = 0, B′ − κn = 0, E − λ

κ
Ḃ′ = 0, (14)

where the electric field E and the spatial part of the current
J = [�∗(∂1 − iA)� − ((∂1 + iA)�∗)�]/(2im) are indicated
as scalars because in d = 1 they have only one component.

As in the Chern-Simons case, the first of these equa-
tions describes the motion of matter coupled to a gauge
potential A, and the first two equations in the second line can
be combined to yield the continuity equation for the matter
field ∂0n + ∂1J = 0. The last expression is the equation of
motion of the “electromagnetic” field tensor, which can be
rewritten as F01 = E = λṅ. Thus we see that at the classi-
cal level the local conservation law B′ = κn is equivalent to
E = λṅ or A = −λn + ∂1	, where 	 is an arbitrary function
that depends only on the spatial coordinate.

In conclusion, we see that despite its simplicity the chiral
BF theory already contains the main features of a topological
field theory. It can thus be used as toy model to benchmark the
quantum simulation of topological field theories with quan-
tum gases. However, to achieve this we need a Hamiltonian
formulation of the theory.

III. DERIVATION OF AN ENCODED HAMILTONIAN

In this section, we tackle the problem of deriving a quan-
tum Hamiltonian for the chiral BF theory that is amenable to
quantum simulation with ultracold atoms. Since the theory
is subjected to the local constraint Eq. (13) and the rela-
tions between Ȧ and Ḃ and the conjugate momenta of A and
B, −B/κ and λB′/(2κ2) respectively, are singular, i.e., they
cannot be inverted, it is not straightforward to perform the
Legendre transform of Eq. (12). To deal with the constrained
system, we apply the first-order approach due to Faddeev
and Jackiw [96,97]. It allows one to separate the dynamics
from the local conservation laws by progressively eliminating
the dependent fields at the level of the Lagrangian. In this
way, we avoid the complex Dirac treatment of constraints
[102,103]. We end up with a second-quantized Hamiltonian
involving only the physical degrees of freedom of the system,
and where the matter-dependent gauge degrees of freedom
have been eliminated using the local conservation law. That
is, a Hamiltonian that has an encoded form similar to the one
exploited to simulate the Schwinger model [36,55].

Since the Faddeev-Jackiw approach is not commonly used
in quantum simulation, we first apply it to Maxwell theory and
show the emergence of Gauss’ law and of Coulomb’s Hamil-
tonian. We then perform an analogous consistent elimination
for the chiral BF theory, obtaining the local conservation law
Eq. (13) already derived in Sec. II and the encoded Hamilto-
nian.

In both cases, the elimination of the matter-dependent
gauge field produces a nontrivial interaction for the matter
field: an infinite-range Coulomb interaction in the case of
electromagnetism, and an anomalous chiral interaction term
in the chiral BF theory. The implementation of the encoded

Hamiltonian in an experimental system reduces then to the
engineering of the corresponding emerging interaction term.

Maxwell theory. The starting point of the Faddeev-Jackiw
approach is the Lagrangian of the system in first-order form,
i.e., Eq. (3) in the case of Maxwell theory. There, the electric
field of the system can be decomposed in longitudinal (i.e.,
stemming from the gradient of a function) and transverse
(i.e., divergenceless) parts E = EL + ET, and Gauss’ law can
then be used to express the longitudinal part in terms of the
matter field EL = ∇(∇−2n). Here ∇−2n is simply minus the
electrostatic potential. By substituting in the Lagrangian and
decomposing also the vector potential in longitudinal and
transverse parts, A = AL + AT, we find (up to total deriva-
tives)2

LM = − ET · ȦT + i�∗�̇ + n∇−2(∇ · ȦL)

−1

2

(
E2

T−n∇2n+B2
)+ 1

2m
�∗(∇ − iA)2� − V (n).

(15)

This expression shows that the transverse components of the
gauge field and the matter field are the dynamical degrees
of freedom of the theory: the pairs (AT,−ET) and (�, i�∗)
are equivalent to position and momentum of a mechanical
system, (q, p). While the first two terms in Eq. (15) have the
canonical form pq̇, the third term does not because there is
no momentum field conjugated to AL. This simply reflects the
fact that the longitudinal component of the gauge field is not
physical. The key point of the Faddeev-Jackiw treatment is
that such noncanonical terms can always be removed by field
redefinitions.

Indeed, if we redefine the matter field through the gauge
transformation � = exp[i∇−2(∇ · AL)]φ, we obtain

i�∗�̇ + n∇−2(∇ · ȦL) = iφ∗φ̇ and

1

2m
�∗(∇ − iAL)2� = 1

2m
φ∗∇2φ. (16)

In the second expression, we have used that by construction
AL = ∇ fL for some function fL. Thus ∇ · AL = ∇2 fL and
fL = ∇−2(∇ · AL), which implies ∇(∇−2∇ · AL) = AL.

Substituting this into Eq. (15), the Lagrangian density takes
the canonical form

LM = −ET · ȦT + iφ∗φ̇ − Henc
C (17)

and we can read off the encoded Hamiltonian density

Henc
C = 1

2

(
E2

T − n∇−2n + B2
) − 1

2m
φ∗(∇ − iAT

)2
φ, (18)

which is Coulomb’s Hamiltonian. Note that this result has
been derived without assuming any gauge choice.

The derivation above is valid also when we restrict our-
selves to one or two spatial dimensions. In d = 1, there is
no transverse component and the Hamiltonian simply con-
tains the kinetic term of matter and the Coulomb interaction,
which is of infinite range as EL = ∫

dx n and thus −n∇−2n =

2We have exploited that the inverse Laplacian can be inte-
grated by parts like the other differential operators,

∫
d3 r f ∇−2g =∫

d3r ∇−2 f g.
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(
∫

dx n)2 = E2
L. It has precisely the same form as the in-

teraction term in the lattice Hamiltonian of the Schwinger
model after encoding [36], where the integral of the den-
sity is replaced by the sum of the charges (represented as
spins by a Jordan-Wigner transformation) over the sites of
the lattice. It is the experimental implementation of such
an exotic interaction term that makes the realization of the
encoded Hamiltonian difficult, a challenge that was success-
fully tackled with trapped ions [55,56]. In d > 1, encoded
formulations of Maxwell’s lattice gauge theory Hamiltonians
that exploit the electromagnetic duality have been proposed in
Refs. [52,104–106], while link model dual formulations have
been investigated in Refs. [45,107].

Chiral BF theory. We now apply the Faddeev-Jackiw pro-
cedure to the Lagrangian of the chiral BF model Eq. (11) in
order to derive the corresponding encoded Hamiltonian. Since
only the matter field enters canonically in the Lagrangian den-
sity, this is the dynamical field [as the chiral BF equations of
motion Eq. (14) also indicate].

In order to consistently formulate the theory in Hamilto-
nian form, separating the dynamics from the constraints, we
start by redefining the matter field as

� = exp

[
i

(∫ x

x0

dξ A(ξ, t )−
∫ t

t0

dt ′A0(x0, t ′)

+ λ

2κ
B(x0, t )

)]
ψ, (19)

where x0 and t0 are specific values of the space and time
coordinates. This gauge transformation, which is similar to the
one performed in Ref. [88] on the equations of motion, allows
us to rewrite the Lagrangian Eq. (12) (up to total derivatives)
in the form

LcBF = Ã0

(B′

κ
− n

)
− λ

2κ
Ḃ(x0, t )n + λ

2κ2
ḂB′

+ iψ∗ψ̇ + 1

2m
ψ∗ψ ′′ − V (n), (20)

with the Lagrange multiplier Ã0 ≡ − ∫ x
x0

dξ F01(ξ, t ). We thus
see that the effect of the gauge transformation Eq. (19) is to
separate the dynamical part of the gauge field, proportional to
the bosonic gauge field B, from the “trivial” part represented
by the Lagrange multiplier Ã0. The latter imposes the con-
straint B′ = κn or, equivalently,

B(x, t ) = κ

∫ x

x0

dξ n(ξ, t ) + B(x0, t ), (21)

which as we explained in Sec. II, is the local conservation law
of the chiral BF theory. To derive the encoded Hamiltonian,
we substitute the symmetry constraint Eq. (21) into Eq. (20),
obtaining a Lagrangian where the gauge field has been com-
pletely eliminated and only the matter field appears

LcBF = i ψ∗
(

∂0 − i
λ

2

∫ x

x0

dξ ṅ(ξ, t )

)
ψ+ 1

2m
ψ∗ψ ′′−V (n).

(22)

However, the resulting expression is nonlocal, and thus not
easily amenable to quantum simulation. Moreover, the canon-
ical quantization of Eq. (22) would lead to a quantum field that

is not bosonic. This was to be expected, since in two spatial
dimensions Chern-Simons theory is a field theory for anyons,
and its one-dimensional reduction, the chiral BF theory, was
originally constructed as a possible model for anyons in a line
[84,85]. Indeed, although in the original papers the quantum
mechanical model proposed as microscopic realization of the
theory was not correct [86–88], the chiral BF theory has been
subsequently shown to be the field theory corresponding to
the Kundu model, a well-defined microscopic model for linear
anyons, in the regime of vanishing contact interactions [108].
In fact, as shown in Refs. [86–88], adding contact interactions
does not alter the commutation relation of linear anyons, as it
gives contact interactions for the anyonic field.

Our final step to derive an encoded Hamiltonian suitable
for the quantum simulation of the chiral BF theory is to
remove the nonlocality of Eq. (22) by performing the Jordan-
Wigner transformation

ψ = exp

[
i
λ

2

∫ x

x0

dξ n(ξ, t )

]
φ, (23)

after which the matter field φ is again bosonic. This yields the
local Lagrangian density

Lenc
cBF = i φ∗φ̇ − Henc

cBF (24)

from which (up to total derivatives) we read off a Hamiltonian
density that is canonical and can be quantized

Henc
cBF = − 1

2m
φ∗φ′′ + Ṽ (n) + λ

2
J n. (25)

Here J = (φ∗φ′ − φ∗′φ)/(2im) is the spatial current for the
nonrelativistic boson φ not coupled to any gauge field
and Ṽ includes now a positive cubic term, Ṽ (n) = V (n) +
λ2n3/(8m). Thus the encoded model corresponds to that of a
bosonic field with effective chiral and three-body interactions
besides the original ones

Hint = V (n) + Hchiral
int + H3B

int = V (n) + λ

2
J n + λ2

8m
n3.

(26)
For small values of λ, the three-body term H3B

int ∝ λ2 be-
comes negligible, and the encoded model reduces to that of a
bosonic field with additional chiral interactions Hchiral

int ∝ λ.
Therefore and similarly to the Maxwell case, the elimina-
tion of the gauge field through the local conservation law
produces an interaction in the encoded Hamiltonian, which
in the case of the chiral BF theory is not Coulomb-like but
dominantly of current-density form. This interaction is chiral:
it breaks Galilean invariance as the chiral BF theory before
the encoding does. For localized wave packets, it is equivalent
to a density-density term with a coupling that changes with
the velocity of the wave packet itself (see Sec. V for further
details). Conversely, a nonrelativistic bosonic system display-
ing a current-density interaction is described by a chiral BF
theory, i.e., we can measure all the observables of the latter in
the former.

The encoded Hamiltonian Eq. (25) provides a simple pre-
scription for obtaining the quantum chiral BF theory, since
it is sufficient to normal order it to have a second-quantized
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Hamiltonian operator [87,88]

Ĥenc
cBF = − 1

2m
φ̂†φ̂′′+ : Ṽ (n̂) : +λ

2
: Ĵ n̂ : . (27)

Through the local constraint, we can then determine the ex-
pectation value of all of the observables. For instance, the
expectation value of the electric field of the chiral BF the-
ory before encoding can be obtained by measuring the time
derivative of the expectation value of the density 〈Ê〉 = λ〈 ˙̂n〉.
Note that an analogous strategy was used to determine the
electric field when simulating the encoded Schwinger model
with trapped ions [36,55].

Coincidentally, Eq. (25) can be rewritten as

Henc
cBF = − 1

2m
φ∗

(
∂1 + i

λ

2
n

)2

φ + V (n) (28)

and interpreted as a matter field φ minimally coupled to a
density-dependent vector potential A = −λn/2 [86–88]. It
was precisely this property of the encoded theory that in-
spired the first theoretical proposal for its implementation in a
Raman-coupled BEC with imbalanced interactions [89]. Note
however that A is not the gauge potential of the chiral BF
theory before encoding. This can be readily seen from the
classical equations of motion of the theory Eq. (14), from
which (for a particular gauge choice) the chiral BF gauge
potential can be written as A = −λn. It differs from the defi-
nition of A by a factor of 2.

IV. EXPERIMENTAL IMPLEMENTATION IN A
RAMAN-COUPLED BEC

The local Hamiltonian for the chiral BF theory in en-
coded form involves only a bosonic matter field and local
interactions. This makes it amenable to quantum simulation
with Bose-Einstein condensates, as originally put forward by
Edmonds et al. [89]. In the first part of this section, we briefly
review the key results of this seminal theoretical proposal that,
building upon the density-dependent vector potential inter-
pretation of the encoded chiral BF Hamiltonian presented in
Sec. III, maps a Raman-coupled BEC into the classical version
of the encoded chiral BF theory. This is achieved using a
position-space approach valid in the large Raman coupling
regime. In the second part of this section, we present an
alternative derivation of the mapping to the encoded chiral BF
theory. Based on a microscopic momentum-space picture, it
highlights the chiral interaction interpretation of the encoded
model and encompasses as well its quantum regime. We also
exploit this momentum-space approach to show that under
specific conditions, the mapping between a Raman-coupled
BEC and the chiral BF model can be extended to the regime of
moderate Raman coupling strength, which is experimentally
more accessible [90]. From this section to the end of the
paper, we restore the usual notation for the time and space
coordinates μ = 0 → t and μ = 1 → x, and introduce di-
mensionless units in terms of the Raman-coupling parameters
following conventions usual in the field [109].

Vector potential real-space derivation. The theoretical
work of Edmonds et al. proposes a scheme to engineer a
bosonic field minimally coupled to a density-dependent vec-
tor potential and described by Eq. (28) with a Bose-Einstein

FIG. 1. Experimental scheme. A Bose-Einstein condensate with
two internal states ↑ and ↓ (purple ellipsoid) is transversally con-
fined in an optical waveguide (light red cylinder). The two states
have an energy difference 
 and are coupled by two Raman laser
beams (red arrows) counter-propagating along the x direction, with
single-photon wave vectors ±kRe1, and two-photon Rabi frequency
� and detuning δ0. An external magnetic field B0 is used to control
the interatomic interactions.

condensate [89]. Specifically, a vector potential A with the
required linear density dependence is obtained by combining
two ingredients:

(i) an optical coupling between two internal atomic states
↑ and ↓. Induced by two laser beams in Raman configuration
(with two-photon Rabi frequency � and single-particle de-
tuning δ0, see Fig. 1), it yields a synthetic vector potential that
scales linearly with the detuning of the coupling field [110];

(ii) differential intrastate interactions of the two states in-
volved, given by the coupling constants g↑↑ and g↓↓, which
makes this detuning density-dependent due to the differential
mean-field shift of the transition.

A BEC subjected to such a density-dependent synthetic
vector potential is described by the encoded version of the chi-
ral BF theory, and constitutes an ideal experimental platform
to explore its properties.

Since the scheme has been reviewed in detail in previous
works [89,111], we only summarize the key concepts here.
The mapping to the chiral BF theory is obtained under the
adiabatic approximation for the atom-light coupling in posi-
tion space. In this regime, the strength of the optical coupling
� between the two atomic states is the dominant energy
scale of the problem. Thus the atoms adiabatically follow the
eigenstates of the combined atom-photon system, which are
position-dependent dressed states. This leads to a synthetic
vector potential of “geometrical” origin [110]. The inter-
atomic interactions between the atoms are then added to the
single-particle treatment of the problem within a mean-field
approximation, and their effect on the noninteracting dressed
states is included perturbatively. Thus the chiral BF model of
Eq. (28) is implemented at the mean-field level, i.e., as a clas-
sical field theory. Ref. [89] shows as well that the dynamics
of the atoms are described by an effective single-component
extended Gross-Pitaevskii equation (eGPE) with an additional
nonlinear current term. It stems from the density-dependent
vector potential A, and for δ0 = 0 reads A = −λn/2, with
λ ∝ (g↓↓ − g↑↑)/�.

Despite its appeal, this theoretical proposal is challeng-
ing to implement experimentally. First, it requires a bosonic
atomic species with two internal states of sufficiently different

043088-7



C. S. CHISHOLM et al. PHYSICAL REVIEW RESEARCH 4, 043088 (2022)

scattering lengths in order to ensure that their differential
mean-field energy is a sizable fraction of the Rabi frequency,
i.e., that λ is large. This imposes the use of bosonic atoms
with suitable Feshbach resonances, such as the alkali species
lithium, potassium or cesium, or the lanthanide atoms dys-
prosium or erbium. Since the large dipolar interactions of
the latter yield interaction terms that go beyond the chiral
BF Hamiltonian of Eq. (25), we focus on the alkali case.
There, 39K provides two suitable magnetic field regions
where g↑↑ > 0, g↓↓ > 0, the two intrastate scattering lengths
are sufficiently imbalanced, and their magnitude is such that
the mean-field description of the BEC remains valid [90,112].
In contrast, fulfilling all conditions simultaneously with 7Li or
133Cs is complicated. Second, the two states must be coupled
using two laser beams of recoil energy ER exploiting a two-
photon Raman scheme and, to reach the regime of validity of
the position-space approach, a Rabi frequency on the order
of 100ER is needed [109]. Due to inelastic photon scattering
from the Raman beams, this value is experimentally unrealis-
tic for 39K, for which the lifetime of the BEC at � = 100ER/h̄
is below 2 ms [113]. To implement the chiral BF theory
experimentally, it is thus important to relax the requirements
on the Raman coupling strength.

Chiral interactions’ momentum-space derivation. At the
single-particle level, it is well known that analyzing Raman-
coupled systems in momentum space enables the identifi-
cation of a synthetic vector potential proportional to the
two-photon Raman detuning for much smaller values of the
coupling strength than in the position-space approach [109].
Here we show that this momentum-space description can be
extended to the case of unequal interactions, and under suit-
able conditions allows us to map the system into the chiral
BF model at the quantum level Eq. (27) for experimental
parameters realistic for 39K.

Specifically, we consider an atom with two internal states
↑ and ↓ separated by a frequency difference 
. Two Ra-
man laser beams of wavelength λR counter-propagating along
the x direction couple them, imparting a momentum along
the coupling direction kx of 2kR, but leaving the momentum
along the perpendicular directions k⊥ unaffected, see Fig. 1.
Here kR = 2π/λR is the single-photon Raman wavevector
and ER = h̄2k2

R/2m is the corresponding recoil energy. In the
following we work in dimensionless units and set kR and ER

to 1.
In the frame rotating at 
 and in the atomic basis |σ 〉

formed by the states | ↓, kx − 1〉 and | ↑, kx + 1〉, the Hamil-
tonian of the system in the absence of interatomic interactions
takes the form

Ĥkin =
∫

d3k
(2π )3

∑
σ1,σ2

ϕ̂†
σ1

(k)Hkin,σ1,σ2 ϕ̂σ2 (k), (29)

where the field operator ϕ̂†
σ (k) (ϕ̂σ (k)) creates (destroys) a

particle in state |σ 〉 and Hkin,σ1,σ2 is an element of the 2 × 2
matrix

Hkin

=
(

(kx + 1)2 + k2
⊥ − δ0/2 �/2

�/2 (kx − 1)2 + k2
⊥ + δ0/2

)
,

(30)

where � and δ0 are the two-photon Rabi frequency and single-
particle detuning of the Raman coupling beams written in
dimensionless units.

For each value of kx, Hkin can be diagonalized by the
unitary matrix

UR(kx ) =
(

sin θ (kx ) − cos θ (kx )
cos θ (kx ) sin θ (kx )

)
, (31)

which relates the original |σ 〉 basis to the Raman-dressed basis
|±〉 via a momentum-dependent basis transformation

φ̂±(k) =
∑

σ

UR±,σ (kx )ϕ̂σ (k), (32)

where φ̂±(k) are the field operators in the dressed basis. In
this basis, the eigenvalues read

E±(k) = k2
⊥ + E±(kx ) = k2

⊥ + k2
x + 1 ± 1

2 �̃(kx ), (33)

with �̃(kx ) =
√

�2 + δ̃(kx )2 and δ̃(kx ) = δ0 − 4kx, and de-
scribe two energy bands of quasi-momentum k. In Eq. (31),
the mixing angle θ (kx ) is momentum dependent and can
be conveniently expressed as a function of the momentum-
dependent polarization parameter P = δ̃/�̃. The latter de-
scribes the spin composition of the dressed states, with
sin θ (kx ) = √

(1 − P)/2 and cos θ (kx ) = √
(1 + P)/2, and is

an accessible experimental observable.
For � > 4, the lowest energy band has a single minimum.

Expanding E− to second order in kx/� around this minimum
allows one to interpret the dressed-state atoms as synthetic
particles of larger effective mass and subjected to a synthetic
vector potential. For small detunings, it is proportional to δ0

[109]. Here, we perform instead such series expansion at a
generic value of kx. By rewriting kx = k0 + q, we expand E−
in series of the small parameter q/�̃ around k0 and obtain

Hkin = E−(k0) + k2
⊥ + (q − As)2

m∗ + W0 + O((q/�̃)4), (34)

where, along the x direction, the dressed atoms experience a
synthetic vector potential

As = −m∗
[

k0 + δ̃(k0)

�̃(k0)
− 8

δ̃(k0)�2

�̃(k0)5
q2

]
, (35)

have an effective mass

m∗ =
[

1 − 4
�2

�̃(k0)3

]−1

, (36)

and are subjected to an additional scalar potential W0 =
−A2

s /m∗. To leading order, these expressions coincide with
those obtained through the position-space approach. To
second order in q/�̃, they are analogous to the usual
momentum-space results for k0 = 0 [109], except from the
fact that m∗, As and W0 now depend on the value of k0. To third
order in q/�̃, As acquires a momentum dependence which can
be interpreted as a q-dependent effective mass [114]. Note that
our series expansion remains accurate as long as k0 is chosen
equal or close to the center of mass momentum of the cloud.
Indeed, the momentum spread of a weakly interacting BEC
remains small compared to the Raman wave vector kR as long
as the effective mass Eq. (36) is not too large.
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The crucial ingredient to engineer the chiral BF model in its
encoded form is to include interactions into this momentum-
space picture. To this end, we start from the interaction
Hamiltonian of the system in the |σ 〉 basis

Ĥint =
∫

d3k1

(2π )3

d3k2

(2π )3

d3k3

(2π )3

d3k4

(2π )3
V̂ (k1, k2, k3, k4), (37)

where

V̂ (k1, k2, k3, k4) = 1

2

∑
σ1,σ2

gσ1,σ2 ϕ̂
†
σ1

(k4)ϕ̂†
σ2

(k3)

× ϕ̂σ1 (k2)ϕ̂σ2 (k1)δ3(k4+k3−k2−k1).
(38)

Equations (37) and (38) describe collisions between atoms
with incoming momenta k1, k2, and outgoing momenta k3, k4,
where the delta function ensures momentum conservation. In
this expression, g↑↑, g↑↓, and g↓↓ are the coupling constants
describing the interactions between the two atomic internal
states in the absence of Raman coupling.

Inspired by Refs. [115,116] and by our recent theoret-
ical and experimental work on coherently-coupled BECs
[117–119], as a next step we express V̂ in the dressed basis
|±〉 and restrict ourselves to the lowest energy band. This
approximation is valid when the energy gap to the |+〉 band
is much larger than all interaction energies of the problem,
so that band-coupling processes are negligible. In these con-
ditions, the effective interaction Hamiltonian in the lowest
energy band includes

V̂eff (k1, k2, k3, k4) = 1
2 g̃eff (k1, k2, k3, k4)φ̂†(k4)φ̂†(k3)

× φ̂(k2)φ̂(k1)δ3(k4 + k3 − k2 − k1).
(39)

Here, we have introduced the simplified notation φ̂ ≡ φ̂− and
defined g̃eff , the effective coupling constant describing the
interactions between the Raman-dressed atoms. This coupling
constant is momentum dependent, and depends only on the

projection of the momenta of the colliding atoms along the x
axis, ki,x. It reads

g̃eff (k1,x, k2,x, k3,x, k4,x ) =
∑
σ1,σ2

gσ1,σ2UR−,σ1 (k4,x )

× U †
R−,σ1

(k2,x )UR−,σ2 (k3,x )

× U †
R,−,σ2

(k1,x ). (40)

Thus the coupling leads to an effective modification of the
scattering properties of the dressed states, an effect previously
explored only in the cases g↑↑ �= g↓↓, kR = 0 [115,119,120],
and g↑↑ = g↓↓ = g↑↓ and kR �= 0 [116].

As with Hkin, g̃eff can be expanded in series around any
momentum k0. Writing the momenta of the atoms along x as
ki,x = k0 + qi,x and expanding in the small parameter qi,x/�̃,
we obtain to first order

g̃eff (k1,x, k2,x, k3,x, k4,x )

= g̃eff (k0, k0, k0, k0) + λ
�̃(k0)

2m∗

4∑
i=1

qi,x

�̃(k0)
+ O((qi/�̃)2).

(41)

The zeroth order expansion coefficient is

g̃eff (k0, k0, k0, k0) =g↑↑ cos4 θ (k0) + g↓↓ sin4 θ (k0)

+ 1
2 g↑↓ sin2 2θ (k0) = geff(P0), (42)

where P0 = P(k0) is the polarization parameter for k0 and
geff(P) = [g↑↑(1 + P)2 + g↓↓(1 − P)2 + 2g↑↓(1 − P2)]/4 is
the effective interaction strength commonly used in the kR = 0
case [115,119,120]. The first-order expansion coefficient is

λ = 4m∗

�̃(k0)

[
δ̃(k0)

�̃(k0)
geff(P0)+g↓↓ sin4 θ (k0) − g↑↑ cos4 θ (k0)

]

= m∗

�̃(k0)

[
4δ̃(k0)

�̃(k0)
geff(P0) + g↓↓(1 − P0)2 − g↑↑(1 + P0)2

]
.

Combining Eqs. (39) and (41), and transforming back to
position space, the interaction Hamiltonian truncated to the
lowest energy band can be rewritten as Ĥint = ∫

d3rĤint , with

Ĥint ≈ 1

2

∫
d3q1

(2π )3

d3q2

(2π )3

d3q3

(2π )3

d3q4

(2π )3

[
geff (P0) + λ

�̃(k0)

2m∗

4∑
i=1

qi · e1

�̃(k0)

]
φ̂†(q3)φ̂†(q4)φ̂(q1)φ̂(q2)

× exp[i(q1 + q2 − q3 − q4) · r] = 1

2
geff (P0)φ̂†(r)n̂(r)φ̂(r) + λ

2im∗ φ̂†(r)[φ̂†(r)∂xφ̂(r) − [∂xφ̂
†(r)]φ̂(r)]φ̂(r). (43)

This interaction Hamiltonian density includes, besides the
usual density-density interaction term, an additional contri-
bution proportional to λ. Recognizing the (dimensionless)
normal-ordered current operator in the absence of external
gauge fields,

Ĵ (r) = 1

im∗ [φ̂†(r)∂xφ̂(r) − [∂xφ̂
†(r)]φ̂(r)], (44)

we see that this contribution corresponds to Hchiral
int . Thus, to

first order in λ, Eq. (43) is identical to the quantum version
of the interaction term of the chiral BF theory after encoding

Eq. (26)

Ĥint ≈ 1

2
geff(P0) : n̂2 : +λ

2
: Ĵ n̂ : +O(λ2), (45)

which to O(λ2) is equivalent to the Kundu linear anyon
model.3

3Note that the interaction Hamiltonian density of Eq. (45) is
equivalent to the second-quantized bosonic Hamiltonian Eq. (2) of
Ref. [108] for c = geff (P0)m∗/2 and κ = −λ/2.
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To derive the complete Hamiltonian of the encoded chiral
BF theory, we need to reproduce as well its kinetic term.
Starting from the expression of Ĥkin Eq. (34), we achieve this
by setting δ̃ = 0. This choice corresponds to k0 = δ0/4 and
implies a balanced superposition of the states ↑ and ↓ (P = 0).
It cancels the q-dependence of the external vector potential As,
which can then be gauged away. Dropping as well constant
energy terms from Eq. (34) and combining the result with the
expression of Ĥint (43), we obtain the effective Hamiltonian

Ĥeff ≈
∫

d3rφ̂†(r)

[
− ∇2

⊥ − ∂2
x

m∗ + 1

2

(
g1 − λδ0

2

)
n̂(r)

+ λ

2
Ĵ (r)

]
φ̂(r), (46)

where g1 = geff(0). Around any momentum k0, Eq. (46) de-
scribes a system of bosonic particles of effective mass m∗
along the x direction that have not only standard density-
density interactions of coupling strength g1 − λδ0/2, but also
the characteristic current-density interactions of the chiral BF
theory. Indeed, this expression is identical to the encoded
version of the chiral BF Hamiltonian Eq. (27) for ˆ̃V (n̂) =
(g1 − λδ0/2)n̂2.

In the weakly interacting regime � � g↑↑n, g↑↓n and
g↓↓n considered in this work, Eq. (46) can also be rewritten
as

Ĥeff =
∫

d3rφ̂†(r)

[
− ∇2

⊥ − 1

m∗

(
∂x + i

λ

2
n̂(r)

)2

+ 1

2

(
g1 − λδ0

2

)
n̂(r)

]
φ̂(r) + O(λ2), (47)

where we have added a (negligible) three-body in-
teraction term which, in dimensionless units, reads
Ĥ3B

int = λ2 : n̂3 : /(4m∗). Equation (47) is equivalent
to the quantum version of the encoded chiral BF
Hamiltonian Eq. (28) and describes a bosonic field
minimally coupled to the density-dependent vector potential
Â = −λφ̂†φ̂/2 = −λn̂/2. Thus this result connects our
momentum-space derivation of the effective Hamiltonian to
the position-space derivation of Ref. [89], and shows that the
latter is the classical field limit of the former.

In conclusion, in this section, we have shown that for δ̃ = 0
(P = 0) the lowest dressed state of a Raman-coupled BEC
with unequal interactions effectively realizes the encoded ver-
sion of the chiral BF theory introduced in Sec. III. We have
obtained this result by microscopically deriving the effective
interaction Hamiltonian of the system restricted to the lowest
energy band. Thus, in contrast to the original position-space
treatment of Ref. [89], which focuses on the connection to
a density-dependent vector potential, our approach highlights
the microscopic origin of the chiral (current-density) interac-
tion term. Specifically, we have shown that this term directly
reflects the momentum dependence of the interactions be-
tween Raman-dressed states when g↑↑ �= g↓↓, and results in
a system where Hint breaks Galilean invariance already at the
lowest order in momentum.

Our method allows us to extend the validity of the mapping
to the encoded chiral BF theory from the classical to the

quantum regime, and remains valid beyond the mean-field ap-
proximation. Moreover, we show that the mapping extends to
moderate values of the Raman coupling strength, well beyond
the regime of applicability of the position-space approach,
provided the relation k0 = δ0/4 (i.e., δ̃ = 0 and P = 0) is
fulfilled. This point was key for our experimental realization
of the model [90]. In the next section, we investigate more in
detail the anomalous properties of chiral Bose-Einstein con-
densates, i.e., BECs described by the effective Hamiltonian
of Eq. (47), and relate them to the phenomenology of the
underlying one-dimensional topological gauge theory.

V. PROPERTIES OF A CHIRAL BEC FROM A GAUGE
THEORY PERSPECTIVE

Chiral BECs have been predicted to display a number of
unconventional properties, including the existence of chiral
solitons [89,121–123], density-dependent persistent currents
and anomalous expansion dynamics [89], unconventional
collective modes [124–126], and peculiar vortex patterns
[127,128]. Previous works viewed these properties as a result
of an anomalous current term in the equations of motion
originating from the density-dependent vector potential A of
the encoded Hamiltonian. Here, we show that the correspon-
dence to the underlying chiral BF gauge theory provides a
more intuitive interpretation of these results. Specifically, we
review the main observables of the chiral BF theory that can
be accessed by performing measurements on a chiral BEC,
and discuss their potential experimental observation.

Chiral solitons. One of the defining properties of the chiral
BF theory is the existence of chiral soliton solutions for the
matter field [86–88]. These are self-bound wave packets of
the matter field that propagate without dispersion only when
moving along one direction. On the contrary, wave packets
with the opposite center of mass momentum cannot form soli-
tons and spread. Thus chiral solitons are collective excitations
of the one-dimensional system and can be seen as particles
which only exist for a given propagation direction.

Solitonic solutions of the matter field can be dark solitons,
i.e., dips in the density profile of the matter field that are ac-
companied by an abrupt change of its phase, or bright solitons,
i.e., self-bound matter wave packets that propagate without
dispersion. Both are solutions of the classical equation of
motion for the matter field of the encoded BF Hamiltonian
Eq. (25), which is an effective one-dimensional extended
Gross-Pitaevskii equation (eGPE) of the form [86,89]

iφ̇ = −
(

∂x + i
λ

2
n

)2

φ +
(

gn + λ

2
J

)
φ + O(λ2). (48)

Here, we use the same units as in Sec. IV. By performing a
Jordan-Wigner transformation � = exp(i

∫ x
−∞ dξ λn/2)φ that

eliminates the density dependence from the kinetic term, we
obtain

i�̇ = −�′′ + (gn + λJ )� + O(λ2). (49)

If we consider a matter wave packet of center of mass momen-
tum k, its group velocity in dimensionless units is v = 2k and
the current reads J = 2kn = nv. Then, Eq. (49) becomes com-
pletely analogous to the usual Gross-Pitaevskii equation but
with g̃ = g + 2λk. The additional momentum-dependent part
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of the coupling constant corresponds to the chiral interaction
term of the matter field in the encoded theory Hint

chiral =
λkn2, see Sec. III. When g̃ < 0, the system supports a bright
soliton solution: a self-bound matter wave packet that prop-
agates without dispersion because the attractive nonlinearity
compensates for the dispersion caused by quantum pressure.
If the condensate at rest has g � 0, reversing its group velocity
will yield a repulsively interacting system (g̃ > 0) where no
soliton solutions exist [89], as we have indeed observed ex-
perimentally [90]. Thus the bright soliton solution of Eq. (49)
is chiral, and constitutes the many-body analog of edge states
in quantum Hall systems. It directly reflects the chirality of
the underlying gauge theory, which can be traced back to the
self-dual term ḂB′ of the chiral BF model before encoding,
Eq. (20).

Electric field. In its encoded form, the chiral BF theory
involves only matter fields. However, the relation between
the gauge and matter classical fields derived in Secs. II and
III translates into a relation between the expectation values
of the corresponding quantum fields. Specifically, one has
〈Ê〉 = λ〈 ˙̂n〉 and can therefore determine the chiral BF electric
field by measuring the temporal evolution of the matter den-
sity. Changes in the density induce an electric force that acts
back into the chiral BEC and endows it with rich dynamics,
especially when the system is confined in a harmonic trap.

For instance, Refs. [124–126] showed that the current-
density term of the eGPE Eq. (48) leads to a coupling of
the monopole and dipole collective modes of the system,
eventually leading to chaotic dynamics. Here, we interpret this
coupling in terms of the induced chiral BF electric field. In a
chiral BEC, the compression of the gas due to the excitation
of the breathing mode generates a synthetic electric field. The
corresponding electric force displaces the center of mass of
the cloud and excites the dipole mode. Thus the coupling of
the monopole and dipole modes is a direct manifestation of
the back action between matter and gauge fields.

An even stronger manifestation of the BF electric field is
the distortion of the density profile of the cloud upon expan-
sion of the chiral BEC into an optical waveguide, an effect that
we have recently observed experimentally [90] following the
theoretical prediction of Ref. [89]. In this situation, the density
of the gas drops in the center of the cloud and increases
on its edges, leading to an inhomogeneous distribution of
electric forces. These forces skew the density profile of the
chiral BEC, which develops an asymmetric shape during the
expansion. Within the chiral BF theory, the only source of
asymmetry of the density distribution is the chiral BF electric
field. Other sources of asymmetry, stemming from higher
order momentum corrections of the kinetic term [114] go
beyond the mapping of the system into the encoded chiral BF
Hamiltonian, see Sec. IV. Thus tracing the different sources of
asymmetry during the expansion of the system is a powerful
means of benchmarking the validity of the mapping, as we
discuss in detail in the next section.

VI. NUMERICAL VALIDATION FOR REALISTIC
EXPERIMENTAL CONDITIONS

In the previous sections, we have derived a Hamiltonian
encoding of the chiral BF theory that includes matter-only de-

grees of freedom and is amenable to quantum simulation with
ultracold quantum gases (Sec. III), and we have shown how
to implement it in Raman-coupled BECs with imbalanced
intrastate interactions (Sec. IV). Moreover, we have discussed
how to reveal the key phenomenology of the gauge theory in a
chiral BEC using realistic experimental observables (Sec. V).
Specifically, we have seen that letting the condensate expand
in an optical waveguide results in an asymmetric density pro-
file which reveals the electric field of the chiral BF theory
before encoding. In this section, we use this characteristic fea-
ture to verify the quality of the mapping of the Raman-coupled
BEC into Eq. (25) as a function of the relevant experimental
parameters.

We consider the experimental conditions of Ref. [90],
i.e., a chiral 39K BEC composed by two mF magnetic sub-
levels of the F = 1 hyperfine manifold | ↑〉 ≡ |F = 1, mF =
0〉 and | ↓〉 ≡ |F = 1, mF = 1〉. At a magnetic field B0 =
397.01 G, their interactions are parameterized by the scat-
tering lengths a↑↑/a0 = 1.3, a↓↓/a0 = 252.7, and a↑↓/a0 =
−6.3 [129], where a0 is the Bohr radius, and that in the
dimensionless units introduced in Sec. IV are related to the
corresponding coupling constants by gσ1σ2 = 8πaσ1σ2 . The
two Raman coupling beams are counter-propagating and their
wavelength λR = 768.97 nm corresponds to the potassium
tune-out value, for which the scalar light shift cancels and
no trapping potential is produced. To confine the atoms, a
harmonic spin-independent trapping potential of frequencies
(ωx, ωy, ωz )/2π = (70, 147, 99) Hz is included.

We aim at determining the experimental parameters for
which the dynamics of this system are faithfully described
by the encoded chiral BF theory, i.e., by the effective single-
component Hamiltonian of Eq. (46) and the corresponding
extended Gross-Pitaevskii equation.4 To this end, we compare
the predictions of the effective single-component model to
those of the complete two-component system for different
values of the Rabi coupling �, restricting ourselves to the
regime where the dispersion relation has a single minimum
(� > 4). Specifically, we compute the ground state of the sys-
tem in the trap using imaginary time evolution. We set δ0 = 0
which gives an initial center of mass momentum of the BEC
approximately equal to k0 = 0.5 We numerically simulate the
time-dependent dynamics of the cloud upon release from the
harmonic trap into an optical waveguide that tightly confines
the atoms in the transverse directions. During the process,
the Raman beams are kept on. As discussed in Sec. V, we
expect the atomic density distribution to become asymmetric
during the expansion, revealing the effect of the electric field
of the chiral BF theory. We characterize this asymmetry via
the second and third central moments of the distribution,
σ 2 (the variance) and μ3, from which we can quantify the

4We therefore do not include the three-body term Ĥ3B
chiral, which

contributes less than 10−5 as a fraction of the interaction energy for
all parameters considered here.

5In the ground state, the BEC has no mechanical momentum, i.e.,
its center of mass momentum corresponds to that of the minimum
of the dispersion relation. This value is slightly shifted from the
single particle prediction (kx = 0 for δ0 = 0) due to the effect of the
differential mean-field energy shift on the Raman detuning.
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FIG. 2. Numerical comparison of the expansion dynamics for the effective single-component model corresponding to the encoded chiral BF
theory and the complete two-component Raman-coupled system. [(a)–(c)] Integrated density profiles of the effective model (blue solid lines)
and of the full system (orange dashed lines) for (a) � = 4.5, (b) 7.0, and (c) 10.0 after 0, 7.5, and 15 ms of expansion in the optical waveguide.
The dynamics of both are qualitatively similar for all values of �. For � � 7.0, the two density profiles are practically indistinguishable as
shown by the difference in the profiles given in (d)–(f).

skewness of the distribution s = μ3/σ
3. In the experiment

of Ref. [90], the optical waveguide is formed by a single
optical dipole trap beam of transverse trapping frequencies
(ωy, ωz )/2π = (129, 99) Hz, where the asymmetry between
the two directions is due to the effect of gravity. A weak axial
potential ωx/2π = 5 Hz stemming from the residual curvature
of the magnetic field is added to it. In all simulations, we
consider exactly this combined optical/magnetic potential to
facilitate the comparison with the experimental data. Since
the trapping potential does not have cylindrical symmetry, we
perform full three-dimensional simulations. We exploit the
package XMDS2 [130], and employ an adaptive time step
Runge-Kutta 4(5) algorithm using 4096 grid points with 0.058
μm spacing along the x axis and 32 grid points with 0.675 μm
spacing along each transverse axis. For the results presented
here, we integrate out the transverse axes.

In a first series of simulations, we fix a total atom num-
ber N = 65 000. Figures 2(a)–2(c) shows the evolution of
the density profiles of the effective single-component system
(corresponding to the encoded chiral BF theory) and of the full
two-component Raman-coupled system for three values of �.
Moreover, Figs. 2(d)–2(f) show the difference between the
single- and two-component density profiles. We see that for
all considered values of �, the effective chiral BF model qual-
itatively reproduces the behavior of the full Raman-coupled
system. Remarkably, this is even true for values of � barely

above 4, i.e., just at the entrance of the single-minimum
regime. In Fig. 3, we compute σ 2 and the skewness of the
density distributions over time for five values of � (top and
middle panels). For � � 7, the predictions of the effective
single-component model become practically indistinguishable
from those of the complete system for all times, showing that
the Raman-coupled BEC faithfully implements the encoded
chiral BF theory in this regime. To quantify the quality of
the implementation, we compute the next order corrections
in energy for the effective model as a fraction of the total
energy (discounting the transverse kinetic energy and trap
contributions) 
E/E (bottom panel). For � � 7, we get an
energy discrepancy of <1 % for all computed times. For
comparison, in the long time limit the position-space approach
of Ref. [89] yields a fractional error with respect to Eq. (47)
equal to the effective mass m∗, which exceeds 100% in this
regime. This confirms that our microscopic momentum-space
picture is essential to extend the validity of the mapping of the
Raman-coupled system into the chiral BF theory to a regime
that can be accessed in current experiments.

In a second series of simulations, we investigate the effect
of atomic losses induced by the Raman-coupling beams on
the expansion of the cloud. Since they remain experimentally
unavoidable even at moderate values of the Rabi frequency
[90], our goal is to identify an experimental observable for the
cloud asymmetry that is robust against them. To this end, we
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FIG. 3. Validity of the mapping to the encoded chiral BF Hamil-
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3

vs. expansion time t for the effective single-component system
(dashed lines) and the full two-component system (solid lines), for
different values of �. For � � 7.0, the two models become practi-
cally indistinguishable. Bottom panel: relative error of the next order
energy corrections 
E/E , which remains below 1% for � � 7.0.

perform simulations of the effective single-component model
in the presence and absence of a phenomenological loss rate
term i�/2. We set �/� = 10−4, corresponding to the value
predicted theoretically [113] and measured experimentally in
Ref. [90]. We consider � = 7.0 and two different values of
the initial atom number N0. As depicted in Fig. 4, both the
variance and the skewness are affected by changes in N0.
In contrast, while the variance is affected by atomic losses,
the skewness parameter is robust against them, and is thus a
good experimental observable to quantify the asymmetry of
the density distribution.

Finally, we evaluate the chiral BF electric field generated
by the time variation of the atomic density during the expan-
sion. As we discussed in Secs. III and V, although the chiral
BF gauge fields are eliminated in the encoded formulation of
the chiral BF theory, the relation between matter and gauge
fields imposed by the local symmetry constraint 〈Ê〉 = λ〈 ˙̂n〉
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FIG. 4. Effect of atomic losses on the asymmetric expansion of
a chiral BEC. Variance σ 2 (top) and skewness s = μ3/σ

3 (bottom)
of the effective single-component model in the presence and absence
of an atom loss rate �, for � = 7.0 and two different values of the
initial atom number N0. The simulations show the robustness of the
skewness against atom loss.

allows us to recover the value of the chiral BF electric field,
which we show in Fig. 5 for � = 7.0 and N = 65 000.

In conclusion, we have shown that the encoded chiral
BF theory can be realistically implemented in a Raman-
coupled 39K BEC with imbalanced intrastate interactions,
as investigated in Ref. [90]. We have quantified the
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FIG. 5. The chiral BF electric field generated by the time vari-
ation of the atomic density during the expansion for � = 7.0 and
N = 65 000.
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validity of the mapping by simulating the expansion dynam-
ics of the system in an optical waveguide, comparing the
behavior predicted by an effective single-component model
corresponding to the encoded chiral BF Hamiltonian to that
of the complete two-component Raman-coupled system. We
have shown that the mapping extends to moderate values
of the Rabi frequency well beyond the regime of validity
of the position-space approach and can be readily accessed
in current experiments. We have found that the asymme-
try of the density distribution, which reveals the chiral BF
electric field of the theory before encoding, can be robustly
characterized by its skewness parameter and is resilient to
relevant experimental perturbations such as atom losses. Our
numerical results provide a detailed theoretical support for the
experiments of Ref. [90]. Moreover, a similar strategy could
be exploited to benchmark the quality of the implementation
of other encoded theories, such as the chiral BF theory with
closed boundary conditions or the Chern-Simons theory in
two dimensions [95].

VII. CONCLUSIONS AND OUTLOOK

In this work, we have described and analyzed a scheme for
the quantum simulation of the chiral BF theory, a topological
gauge theory resulting from the dimensional reduction of the
U(1) Abelian Chern-Simons gauge theory from two to one
spatial dimensions, that we have recently demonstrated exper-
imentally [90]. Our scheme is based on encoding the gauge
degrees of freedom into a matter field with unconventional in-
teractions using the local conservation laws of the theory, and
thus preserves the gauge invariance of the dynamics by con-
struction. It is equivalent to the strategy used to implement the
Schwinger lattice gauge theory in trapped-ion digital quantum
simulators [36,55,56], but applied here to the realization of
a continuum topological gauge theory in a neutral-atom ana-
log quantum simulator. Using the so-called Faddeev-Jackiw
first-order approach, we have shown that interactions in the
encoded Hamiltonian are chiral, i.e., linearly dependent on the
center of mass of the matter particles [85,86]. Then, building
upon the seminal proposal of Edmonds et al. [89], we have
demonstrated that they can be engineered in two-component
Raman-coupled Bose-Einstein condensates with imbalanced
interactions for realistic experimental parameters, and that the
mapping of this system to the chiral BF theory extends to the
quantum regime. Finally, we have discussed how to extract
the chiral BF gauge fields by performing measurements on the
encoded system, and benchmarked the validity of our scheme
for the experimental parameters of Ref. [90] by means of
numerical simulations.

The quantum simulation of the chiral BF theory opens
interesting perspectives. First, since our mapping of a Raman-
coupled BEC into the encoded chiral BF Hamiltonian remains
valid at the quantum level, our approach allows the investi-
gation of the chiral BF theory beyond its classical limit, i.e.,
exploring chiral BECs beyond the mean-field approximation.
Moreover, chiral BECs provide a route to experimentally
probe the peculiar quantum many-body bound states of the
chiral BF theory [86–88], whose classical limit are the chiral
solitons that we have recently observed [90]. Second, the
chiral BF theory corresponds to a field-theoretical formulation

of the Kundu linear anyon model [108]. It would thus be
interesting to explore its connections with other proposals for
realizing linear anyon in optical lattices [131–133], clarifying
the differences existing between continuum and lattice linear
anyon models [134]. Third, although in this paper we have
focused on the chiral BF theory on a line, i.e., on a system
with open boundary conditions, the model can also be for-
mulated in a ring, i.e., with closed boundary conditions. In
this case, the gauge degrees of freedom cannot be completely
eliminated any longer: new topological configurations appear
that correspond to the integer values of the magnetic flux
piercing the ring. Such self-generated magnetic flux could be
realized with state-of-the-art experimental techniques [89]. To
this end, our Raman-coupling experimental scheme should be
applied to a BEC trapped in an annular geometry [135–137],
and extended to a beam configuration that imparts angular
momentum in a so-called spin-orbital angular momentum
coupling scheme [138–140]. Finally, using a position-space
treatment in the regime of large Rabi frequency, Ref. [95]
proposes to implement Chern-Simons theory by applying
such spin-orbital angular momentum coupling scheme to a
two-dimensional system. Our momentum-space microscopic
treatment of interactions in the Raman-coupled system should
provide a deeper insight into the meaning of this mapping
and allow us to assess its validity for realistic experimental
conditions. Realizing such a paradigmatic topological gauge
theory in a neutral-atom quantum simulator would provide a
new experimental platform to engineer anyonic excitations,
fostering the development of adequate experimental tools to
manipulate them and characterize their properties without the
need for strong correlations.
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