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Bipolar spin-conversion diode and quantum entanglement induced
by the valley and pseudoparity mixing
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Herein, we report on a zigzag graphene superconducting junction with a superconductor sandwiched in
between two magnetized zigzag graphene nanoribbons, where the valley and pseudoparity mixing are shown
to bring about peculiar properties. We find that the bipolar spin diode and spin-conversion diode in the
ferromagnetic configuration as well as quantum entanglement in the antiferromagnetic one are exhibited. The
noncollinear angle combined with the valley and pseudoparity mixing in arbitrary magnetic configurations exerts
a significant influence on the transport properties. In addition, not only the bipolar spin diode and magnetic
storage with high efficiencies but also the bipolar spin-conversion diode and quantum entanglement can coexist
in one setup. Particularly, the bipolar spin-conversion diode can be used to directly detect and confirm the helical
spin texture of the edge state in a quantum spin Hall insulator.
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I. INTRODUCTION

In recent years, the emergence of new materials, graphene
and typically graphenelike monolayers, including silicene,
germanene, and stanene, has brought a new perspective
to spintronics and valleytronics [1–17]. In these two-
dimensional materials, the two valleys at the K and K ′ points
of the Brillouin zone characterized by a pseudo-spin degree
of freedom, are related to each other by time-reversal symme-
try like the spin degree of freedom. Thus a superconducting
Cooper pair should be composed of electrons from the two
opposite valley bands, which is also the key mechanism in
valley-based superconducting spintronics. Particularly, for a
zigzag graphene nanoribbon (ZR) with even-number chain,
the electron wave function has odd or even pseudoparity.
The electrons are only allowed to transport between the same
pseudoparity bands by the valley-selection rule [1–5].

The superconducting junctions based on the ZRs have
been extensively studied [18–23], for instance, the nonlocal
quantum transport properties of a graphene superconduct-
ing spin valve. In this spin valve, for all bias voltages, a
spin-switch effect between perfect crossed Andreev reflection
(CAR) and perfect elastic cotunneling (EC) in the low-energy
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regime by reversing the magnetization direction in one of
the ferromagnetic layers, has been exhibited [23]. However,
the report on the interplay between the magnetic configu-
ration and pseudoparity of the particle in magnetized ZR
(MZR) lacks enough. In particular, due to the electrons or
holes having no valley degree in the bulk SC, the valley and
pseudoparity mixing at the interface between the ZR and
bulk superconductor (SC) are induced, which are favor of
enriching the superconducting spintronic properties. Owing
to the mixing, many important superconducting spintronic
applications, such as the spin filtering for spin diode [24–29]
and quantum entanglement [30–41], are exhibited, as shown
in the following parts. Therefore it is urgent to study such
magnetic superconducting junctions based on the two MZRs.

In this work, using a Green’s function method, we in-
vestigate a zigzag graphene superconducting junction with
two MZRs directly coupled to the SC layer, which is dif-
ferent from the situation of the graphene superconducting
spin valve [23]. Due to the valley and pseudoparity mixing,
novel features for the Andreev reflection (AR), EC, and CAR
processes in different magnetic configures, are exhibited. It
is shown that for the ferromagnetic (F) configuration, with
increasing exchange energy, there can only exist EC process
for certain spin or with conversion from certain spin to the
opposite one irrespective of the bias voltage polarities. This
can be applied to manufacture the bipolar spin diode and
bipolar spin-conversion diode. In the antiferromagnetic (AF)
configuration, at a small SC length, all scattering processes are
basically depressed, thus the system can be used to design the
magnetic storage device of high efficiency. However, under a
big SC length, there can be only CAR process for spin up or
down regardless of the exchange energy, indicating the perfect
quantum entanglement. Furthermore, the noncollinear angle
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FIG. 1. (a) A grounded s-wave SC lead of length L is sandwiched
in between the left and right MZR leads applied with voltage VL

and VR, respectively, which can be realized by the ferromagnetic
proximity. Here, two ferromagnetic insulators such as EuO magne-
tized by the magnetic field H, are respectively placed on the left
and right ZRs. (b) The QSH insulator is sketched, where the blue
and black lines illustrate the helical edge states with the vertical
arrows representing the spin orientation. (c) The electron and hole
energy dispersions of the edge states in a magnetized even ZR with
the gate voltages UL(R) = 0, where the hole band “h” is obtained
as a mirror image of the electron band “e” over the Fermi level
(horizontal dotted line) with “+” and “−” denoting the even and
odd pseudoparities of the edgestates, respectively. In addition, the
spin-up (-down) electron band overlaps with spin-down (-up) hole
band of opposite pseudoparities, and the spin exchange energy causes
a shift of the Dirac point from the Fermi level. (d) The corresponding
energy dispersions for the situation of the bulk SC with the left (the
gate voltage US > 0) and right (US < 0) panels.

in arbitrary magnetic configurations has a significant effect
on the transport properties. In particular, the present structure
can be combined with the quantum spin Hall (QSH), so that
we would present a unambiguous evidence of the helical spin
texture being still lacking [42–49].

II. MODEL WITH THE VALLEY AND PSEUDOPARITY
MIXING INDUCED BY THE BULK SC

Consider an MZR/SC/MZR junction shown in Fig. 1,
where an s-wave SC metal is grounded, the length of SC
region is La with a the lattice constant, the left and right
MZRs are respectively biased VL and VR, and the width of the
ribbon is given by the zigzag chain number N . We utilize the

following Hamiltonian [5] to describe the structure

H =
∑
lσ

(Uj + h · σ )C†
lσClσ −

∑
〈lm〉

t (C†
lσCmσ + c.c.)

+
∑
kσ

(εk − US )b†
kσ

bkσ

+
∑

k

(�b†
k↑b†

−k↓ + c.c.) +
∑
〈li〉σ

(tliC
†
lσ biσ + c.c.), (1)

where the first and second terms describe the two MZRs with
C†

lσ (Clσ ) the creation (annihilation) operator at site l with spin
σ (σ = ± =↑↓), Uj the lattice site energies of the left ( j = L)
and right ( j = R) ribbon regions, h · σ the spin exchange term
induced by magnetic proximity, 〈lm〉 denoting the summation
over the nearest neighbor sites, and t = 2.8 eV the hopping
integral; the third and fourth terms describe the SC metal lead
with US the chemical potential and � the superconducting pair
potential. The last term is the coupling between the bulk SC
furface and the two MZR ribbons with tli the hoping energy
and biσ the lattice version of the operator bkσ in the SC region,
where the surface connecting the two MZRs can be regarded a
ribbon. The exchange fields of the two MZRs are respectively
assumed to be hL = (0, 0, h) and hR = (h sin θ, 0, h cos θ ),
which corresponds to the F (AF) configuration with θ = 0 (π )
and the arbitrary one with θ �= 0 and π .

The device in Fig. 1(a) can be deemed as a three-terminal
device in which the left MZR, right MZR, and SC metal
leads are connected to the SC ribbon region. In the left MZR
lead, the current can be obtained from the standard Keldysh
formalism

IL = e

h

∫
dE Tr[Hi,i+1G<

i,i+1(E ) − G<
i,i+1(E )Hi+1,i]ee, (2)

where Hi,i+1 refers to the hopping matrix between two neigh-
boring slices of the MZR with i a unit slice index, G< denotes
the lesser Green’s function defined as in the Appendix A, the
trace is performed over the transverse site and spin space,
and the subscript ee represents the electron component for the
Nambu space.

In the light of the Keldysh formula G< = Gr�<Ga with
Gr(a) the retarded (advanced) Green’s function and �< the
lesser self-energy, the current is reduced to

IL = e

h

∫
dE Tr

{
�L

eeGr
ee�

R
eeGa

ee( fL − fR)

+ �L
eeGr

eh�
L
hhGa

he( fL − f̄L )

+ �L
eeGr

eh�
R
hhGa

he( fL − f̄R) + �L
eeGr�SGa( fL − fS )

}
,

(3)

where the four terms respectively describe the EC, local AR,
CAR, and quasiparticle’s tunneling processes, and the last
one occurs mainly out of the superconducting energy gap.
In Eq. (3), f j ( j = L, R, S) stands for the Fermi-Dirac dis-
tribution function in the jth lead with fL(R) = f (E + eVL(R) )
and f̄L(R) = f (E − eVL(R) ), and � j = i(� jr − � ja) denotes
the linewidth function of the jth lead with �r = [�a]† the
self-energy.
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FIG. 2. The spin-up and spin-down AR, CAR and EC trans-
mission probabilities for the F (the left column) and AF (the right
column) configurations vs eVL . Here, L = 40, eVR = 0, UL = UR =
0, US = 10�, h = � for (a) and (b), 3� for (c) and (d), and 5� for
(e) and (f).

III. RESULTS AND DISCUSSIONS

In calculations, the zero temperature T = 0K is consid-
ered, the pair potential and linewidth constant of the SC lead
are respectively set as � = 1 meV and gS = 2�, �L(R) can be
directly calculated from a semi-infinite MZR, and the zigzag
chain number is taken to be even number 14.

A. The bias voltage combined with the exchange energy

Figure 2 illustrates the spin-resolved AR, CAR, and EC
probabilities, respectively denoted by T σ

AR, T σ
CAR, and T σ

EC,
which are as a function of the left bias voltage eVL for the
F and AF configurations with less increase of the exchange
energy h at US = 10� and SC length L = 40. For the F
configuration, the AR and CAR processes for the spin up
and down both disappear, and the spin-up EC process also
disappears nearly while only spin-down EC process remains.
The less increase of h cannot bring about any changes of the
features except for a slight change in the magnitude of T ↓

EC for
the spin-down EC process. Therefore the system can be used
to manufacture the spin-filtering device on a large scale of
negative and positive eVL. For the AF configuration, it is found
that at |eVL| < �, all the scattering processes for both spin
up and down disappear, while at |eVL| > �, only spin-down
EC process remains at small h as in the F configuration and
no scattering process emerges at large h, which suggests a
magnetic storage of high efficiency. All quantities, T σ

AR, T σ
CAR,

and T σ
EC at US = −10�, are shown in Fig. 3, in which the

corresponding features still remain except for a slight change
of magnitude. Now we observe the situation for L = 31, as
shown in Fig. 4. In the F configuration, in the range of
|eVL| < �, there exists only the spin-up EC process (T ↑

EC �= 0)
at small h, which is thoroughly different from the situation
for L = 40 only with T ↓

EC �= 0. Particularly, with increasing h,
T ↓

EC starts to increase from 0 while T ↑
EC decreases gradually.

Beyond � for eVL, with the increase of h, only T ↑
EC keeps

FIG. 3. The same as in Fig. 2 except for US = −10�.

at negative eVL but both T ↓
EC and T ↑

EC exist at positive eVL,
which is also different from the case at L = 40. In the AF
configuration, at |eVL| < �, although there are T ↓

CAR and T ↑
CAR,

the former dies out with the enhancement of h. Nevertheless,
at |eVL| > �, there are only small T ↑

EC and T ↓
EC, which fall

down to zero gradually with h. It follows that at L = 31, h
exerts an influence on the T σ

EC and T σ
CAR, so that we necessarily

get insight into the effect of great increase of h on them. In
Fig. 5, the probabilities for all processes as a function of eVL

with great increase of h are plotted. We notice that in the F
configuration, on the scale of |eVL| < �, there is almost only
spin-up EC process from h = �, then spin-down EC process
emerges, finally only spin-down EC process remains at h =
40�. As a result, spin-up EC process can gradually evolve
into spin-down one. In other words, with great increase of h,
there exists the spin-current with the conversion from one spin
direction to the other. Similarly, the feature also takes place at
|eVL| > �, except that the magnitude is no more than slightly
small. In the AF configuration, both T ↑

CAR and T ↓
CAR exist at

|eVL| < �, but the former predominates. At |eVL| > �, both
T ↓

EC and T ↑
EC for negative eVL appear and the former similarly

FIG. 4. The same as in Fig. 2 except for L = 31.
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FIG. 5. The same as in Fig. 2 except that L = 31, h = � for
(a) and (b), 20� for (c) and (d), and 40� for (e) and (f).

reigns, whereas, although both of them for positive eVL exist,
they are too small. Particularly, at large h, all processes are
suppressed. In addition, at US = −10�, there exist the same
features as those at US = 10�, which are not plotted by fig-
ures for simplicity. From the above, it is concluded that there
are thoroughly different features for different L, therefore, it
is necessary for one to further investigate the effect of L.

B. The interplay between the SC length and spin
exchange energy

The dependence of T σ
AR, T σ

CAR, and T σ
EC on the SC length L

are illustrated in Fig. 6 for the F and AF configurations with
less increase of h at US = 10�. In the F configuration, there
exist only EC processes for the spin up and down, which are
shown to oscillate strongly and fast with L. The increase of h
can change the values of the peaks and valleys but not their
locations basically, and the peaks (valleys) for the spin up and
down always do not overlap due to the exchange energy. In

FIG. 6. The AR, CAR and EC probabilities for the F (the left
column) and AF (the right column) configurations versus the SC
region length L. Here, eVL = 0.5�, UL = UR = 0, US = 10�, h = �

for (a) and (b), 3� for (c) and (d), and 5� for (e) and (f).

FIG. 7. The same as in Fig. 6 except that h = � for (a) and (b),
20� for (c) and (d), and 40� for (e) and (f).

the whole oscillation, the valley values of zero and nonzero
both exist. There exists a wide of range for L, i.e., L = 5, 37,
and 54 (6, 10, 23, 40, 57, and 78), at which the EC process
for the spin up (down) remains while for the spin down (up) is
thoroughly depressed. As discussed before for L = 40 (see the
left column of Fig. 2), the spin filtering is also not varied with
the bias voltage eVL for these SC lengths, which can be used
to manufacture bipolar spin diodes. In the AF configuration,
there exist only T ↑

CAR and T ↓
CAR, which oscillate weakly and

slowly with L, particularly, are basically depressed at L < 45
with the increase of h. This means that during this scope,
the spin filtering and magnetic storage with high efficiencies
coexist in one setup, as shown in Fig. 2 for L = 40. More
importantly, due to the interplay between L and h, the SC
lengths L for the valleys of the CAR processes with the spin
up and down are different. Therefore we can always find only
CAR processes for some spin remaining with the increase
of the exchange energy at certain SC length, which is just
desirable. For instance, there are only CAR processes for spin
up at L = 74 and 91, while for spin up at L = 47, 64, 81 and
96, which means that quantum entanglement is produced at
these SC lengths. In Fig. 7, T σ

AR, T σ
CAR, and T σ

EC are shown
as a function of L for the F and AF configurations with
large increase of h at US = 10�. It is shown that in F con-
figuration, the properties basically keep no change, however,
with increasing h, the magnitudes for some peaks and valleys
are greatly changed and the number for them become more,
stemming from the split of the peaks or valleys. We notice
that the spin up (down) EC process can gradually evolve into
spin down (up) processes such as at L = 14, 15, 31, 35, 48,
and 52 (72 and 89). More specifically, with the increase of
h, the former disappears gradually, while the latter starts to
emerge and then predominate thoroughly. Similarly, as pre-
sented above for L = 31 (see the left column of Fig. 5), the
spin conversion is not changed by the bias voltage eVL for
these SC lengths. This indicates that the tunneling current for
some spin direction at these SC lengths can turn into the one
for the opposite spin direction, which can be used to produce
bipolar spin-conversion diodes. The reason stems from the
shift of the energy bands in two ZMRs induced by h as well
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FIG. 8. (a) The CAR and EC transmision probabilities as a func-
tion of θ , where eVL = −0.7�, UL = UR = 0, h = 5�, and US =
−10�. (b) The conductances for the same parameters as in (a).

as valley and pseudoparity mixing. In the AF configuration,
there are the same properties as those with the less increase
of h, i.e., there can exist only CAR processes for the spin up
(down) at some SC lengths, for instance, 74 and 91 (96).

C. The noncollinear magnetic configurations

Next, we turn our attention to noncollinear magnetic
configurations. In Fig. 8(a), the CAR and EC transmission
probabilities as a function of θ are plotted, where eVL =
−0.7�, UL = UR = 0, h = 5�, and US = −10�. Irrespective
of θ , T ↑

CAR = 0, indicating that the CAR process is thoroughly
prohibited, and T ↓

CAR �= 0 increases slowly with θ up to π

but it is small. With the increase of θ , both T ↑
EC and T ↓

EC
decrease all the time from θ = 0 to π . Figure 8(b) shows the
corresponding conductance for the situation of Fig. 8(a). It is
found that the conductance decreases with θ and is not zero
at θ = π , which just embodies the features of all scattering
processes of Fig. 8(a), and could be probed experimentally. In
Fig. 9, the conductance versus the SC length L at θ = 2π/3
is illustrated. It is noticed that the conductance oscillates with
L, being not only positive but also negative. This indicates
that at different L, the competition between the EC and CAR
processes is characterized by different intensity. For example,
the former predominates at L = 34, while the latter does at
L = 38.

FIG. 9. The conductance vs the SC region length L. Here, θ =
2π/3 and other parameters are the same as in Fig. 8(a).

D. Physical origins of the above-obtained features

In the F configuration, due to the valley and pseudoparity
mixing in the bulk SC with no valley degree [see Fig. 1(d)],
an incident spin-up electron with “+” pseudoparity in the
left MZR can propagate into the electronlike (holelike) bands
of the SC region. Then the electron enters into the “+”
pseudoparity bands of the right MZR but the hole does
not because no holelike zero-energy state is involved in the
transport for the right ZMR. Hence only the pseudoparity
conservation spin-up EC processes are yielded as shown in
the left columns of Figs. 6 and 7. However, in the AF con-
figuration, only holelike zero-energy state contributes to the
current, therefore there exist the pseudoparity nonconserva-
tion spin-up CAR processes (see the right columns of Figs. 6
and 7). The explanations for the existence of the CAR and
EC processes with only spin down are given by the same
way. Since the electronlike and holelike zero-energy states
have opposite pseudoparities for an even MZR at UL = 0 as
shown in Fig. 1(c), the AR should be prohibited due to the
valley-selection rule.

The oscillation of EC and CAR processes with L are related
to the formation of resonant transmission levels inside the SC
region due to the presence of two interfaces in the junction.
Because the number of channels contributing to the current
in the AF is smaller than that in the F, the oscillation of
CAR performs more weakly than that of EC does (see Figs. 6
and 7). For SC length L being much smaller than coherent
length, the CAR processes hardly have time to take place, and
hence the CAR processes are almost suppressed as shown in
the right columns of Figs. 6 and 7.

The spin exchange energy causes a shift of the Dirac point
from the Fermi level as shown in Fig. 1(c). In the F con-
figuration, for an incident spin-up electron, the channels of
zero-energy state of both the left and right MZRs involved in
the transport are diminished with the increase of h, leading
to the gradual disappearance of spin-up EC process. For an
incident spin-down electron, the situation is just contrary (see
left columns of Figs. 2–5). In the AF configuration, for an
incident spin-up (-down) electron, the channels of zero-energy
state of both the left and right MZRs are suppressed with h,
thus CAR processes for spin-up and -down disappear grad-
ually (see right columns of Figs. 2–5). In addition, the bias
voltage eVL induces a shift of the Fermi level and resulting
variation of the channels of zero-energy state in the left MZR,
as a result, different features given by eVL are exhibited, as
shown in Figs. 2–5.

IV. APPLICATION: THE TESTIFICATION OF HELICAL
SPIN TEXTURE OF EDGE STATE IN QSHS

QSH insulator is a topological nontrivial phase of elec-
tronic matter. Such novel phase is characterized by the gapped
bulk states and helical edge states, i.e., the spin-up (spin-
down) electrons propagate clockwise (counterclockwise)
along the sample edge. Besides the physical significance, the
helical states may have important applications in the spin-
tronic device and quantum information processing. Although
the edge-state conduction and the spin polarization of the
edge current have been confirmed, a direct evidence of the
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helical spin texture of edge state remains a challenge [42–49].
Here, we propose to apply the bipolar spin-conversion diode
in this work to solve this problem. The proposed setup is
shown in Figs. 1(a) and 1(b). The MZR/SC/MZR junction
with the bipolar spin-conversion diode function kept at volt-
ages VL and VR can be considered as an ensemble, which can
supply the incident perfect spin-polarized electrons with the
bias voltage bipolarity to the QSH. Under this situation, the
MZR/SC/MZR junction and the QSH edge states could be
equivalently supposed to be coupled in series. For the F mag-
netic configuration in the MZR/SC/MZR junction at small h,
it can act as a bipolar spin diode with spin up, which at the
positive (negative) bias voltage can supply incident spin-up
electrons moving from the left (right) lead to the terminal
1 (2) of the QSH. Owing to spin-momentum locking in the
QSH, at the positive (negative) VL, the spin-up electrons move
to the right (left) only along the upper (down) edge channels
from terminal 1 (2) to 2 (1), finally return to the junction
through right (left) lead. However, at large h, the bipolar spin
diode turns into the one with spin down. Similarly, due to
spin-momentum locking in the QSH, at the positive (negative)
VL, the spin-down electrons move to the right (left) only along
the down (upper) edge channels from terminal 1 (2) to 2
(1), finally return to the junction through right (left) lead.
Therefore only spin-up (down) current flows in both the QSH
and present junction for the positive and negative bias voltages
at small (large) h, which can be used to probe and confirm the
helical spin texture of the QSH edge states.

V. CONCLUSION

In summary, we propose a zigzag graphene superconduct-
ing junction with a bulk SC sandwiched in between two
MZRs, directly coupling to the SC, which is characterized by
valley and pseudoparity mixing due to the electrons having no
valley degree in the bulk SC. It is shown that the two mixings,
particularly combined with spin freedom in the MZRs, give
rise to novel features for the EC, local AR, and CAR processes
in different magnetic configurations. The present setup has the
two features: (1) for the F configuration, with the increase
of h, there can exist only the EC process for certain spin or
with conversion from certain spin to the opposite spin; (2)
for the AF configuration, all scattering processes are basically
depressed at small L, while there can exist only CAR process
for the spin-up or -down regardless of h at large L. Therefore
the system can be used to manufacture not only the bipolar

spin diode and spin-conversion diode but also the devices with
magnetic storage device of high efficiencies and perfect quan-
tum entanglement. In particular, the structure can be combined
with the QSH insulator so as to give unambiguous evidence of
the helical spin texture in the QSH.

It is pointed out here, although the induction of a magnetic
leakage to the s-wave SC near the interface between the MZR
and SC is exhibited, it has a weak influence on the SC in
general and therefore does not destroy the conductivity as in
the usual ferromagnet/SC junctions [50–52]. Thus, our results
should be clearly observable in a realistic setup.
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APPENDIX: CALCULATION DETAILS

In Eq. (2), G< is defined as

G<
lm,σ (t, t ′) = i

(〈C+
mσ (t ′)Clσ (t )〉 〈Cmσ̄ (t ′)Clσ (t )〉

〈C+
mσ (t ′)C+

lσ̄ (t )〉 〈Cmσ̄ (t ′)C+
lσ̄ (t )〉

)
(A1)

with σ̄ = −σ , Hi,i+1 and G< are 8N × 8N matrices by taking
both the spin and Nambu spaces into account.

In Eq. (3), the Green’s function of the SC region is given
by

Gr = [EÎ − Hs − �L − �R − �S]−1 (A2)

with Hs the Hamiltonian of the SC ribbon region in the
Nambu space and Î a unit matrix. The left and right self-
energies �Lr,Rr can be calculated numerically by the recursive
method [53], and that of the SC ribbon region is evaluated by
�S = ∑

i tl,igr
Sit

	
i,m with i the same as indices l and m denoting

the SC ribbon site. The surface Green’s function gr
Si of the SC

lead can be transformed from the bulk SC Green’s function,
particularly for a conventional s-wave SC, they are identical.
We assume that each site in the SC ribbon region connects
independently a one-dimensional (1D) SC lead as adopted
in Ref. [5] for further simplicity, thus the self-energy can
be analytically obtained as �S = −igS (EÎ + �σ̂x )/2
, with

 = √

E2 − �2 at |E | > � and 
 = i
√

�2 − E2 at |E | < �.
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