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Spontaneous symmetry breaking in frustrated triangular atom arrays
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We demonstrate the presence of an optical phase transition with frustration-induced spontaneous symmetry
breaking in a triangular planar atomic array due to cooperative light-mediated interactions. We show how the
array geometry of triangle unit cells at low light intensities leads to degenerate collective radiative excitations
forming nearly flat bands. We drive degenerate pairs of collective excitations to be equally populated in both
the case of the atomic polarization being in the lattice plane and the case of the atomic polarization being
perpendicular to it. At higher intensities, above specific threshold values, this symmetry in the populations is
spontaneously broken. We also develop an effective few-mode model that provides semianalytic descriptions of
the symmetry-breaking threshold and infinite-lattice limit phase transition. Surprisingly, we find how excitations
due to dipolar interactions correspond to optical analogs of those found in frustrated magnets and superfluids,
with closely related symmetry-breaking mechanisms despite the significant physical differences between these
systems, opening the potential for simulating even quantum magnetism. Transmitted light through the array
conveys information about symmetry breaking in the hysteresis behavior of the spectrum. Moreover, in a
Mott-insulator state, the atomic positions are subject to zero-point quantum fluctuations. Interpreting each
stochastic realization as a light-induced quantum measurement of the atomic position configuration, we find how
strong nonlinearities and even weak position uncertainties lead to considerable measurement-induced symmetry
breaking, while ensemble averaging over many realizations restores the original symmetry and the unbroken

state. Larger position uncertainty results in the formation of domains of different broken symmetries.
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I. INTRODUCTION

Phase transitions are ubiquitous throughout physics and
are signified by a sharp change in the behavior of a system
with only a small modification of the system parameters.
Most phase transitions are described by the paradigm of
spontaneous symmetry breaking (SSB), where the system
configuration changes from one that respects the symmetry of
the Hamiltonian to one that violates it. There are many notable
examples of SSB in a wide range of physical models. One of
the best known is magnetic systems, where a random homo-
geneous configuration of magnetic moments spontaneously
aligns below the Curie temperature. SSB is also found in mag-
netic systems with geometric frustration where, e.g., spins in a
lattice experience competition between their interactions with
one another and the lattice geometry [1]. In a triangular lattice
with antiferromagnetic interactions, two spins in a triangle can
antialign, but the third cannot simultaneously antialign with
both. This results in degeneracy of the ground state, where
the system spontaneously chooses between equally possible
configurations, which leads to nontrivial magnetic behavior
in closed systems [2—7], or a multitude of steady-state phases
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in open systems [8]. Experimental implementations of closed
classical frustrated spin systems on triangular lattices have
been realized using even cold gases [9], trapped ions [10,11],
and coupled lasers [12].

Other notable examples of SSB can be found in optical
systems of driven cold atom clouds that self-organize into one
of many degenerate spatial structures due to phase transitions
and SSB of translational symmetry. This phenomenon has
been studied for atoms in single-mode [13—19] and multimode
[20,21] cavities, where SSB is signaled by an increase in
the intracavity photon number, and also in cold gas clouds
with optomechanical and measurement back action [22-25].
More recently, optical phase transitions have been predicted
for atoms trapped in an array without the presence of a cavity
or back action [26].

Atoms trapped in regular arrays are a particularly attractive
physical system to study strong light-mediated cooperative
interactions. There has been considerable recent theoretical
interest, e.g., in the studies of optical responses in the limit
of low light intensity (LLI) [27-50]. However, for stronger
intensities of the incident field, nonlinear and quantum ef-
fects may become relevant [26,51-68], and the collective
effects are expected to result in novel light-induced phase
transitions with clear observable signatures in the scattered
light [26] and even the emergence of optical bistability [69].
Near-resonance light scattering from cold atomic ensembles,
including planar arrays, has also been experimentally stud-
ied at high atom densities where the collective effects are
prominent [70-78].
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In this paper, we show the existence of an optical phase
transition with frustration-induced SSB in an array of radia-
tively strongly coupled atoms. The atoms are trapped in a
triangular array of triangle unit cells, and we find that the lat-
tice geometry results in remarkably flat bands and degenerate
collective radiative excitations in the limit of LLI. However,
for stronger driving, when the light intensity exceeds a thresh-
old value, the symmetry is spontaneously broken, and one
of the modes becomes dominant. In addition to the numer-
ical atom-by-atom simulations, we show this by developing
a few-mode effective model that is valid in the large-lattice
limit, where the number of relevant modes is reduced due to
the phase matching. The effective model provides qualitative
understanding of the process of SSB, the threshold values
for its emergence, and the infinite-lattice limit description of
the phase transition. Signatures of the SSB in the transmitted
light from the ensemble are also identified, where we find
sharp Fano-like resonances and hysteresis in the coherent
transmission upon sweeping the laser frequency. Excitation
eigenmodes perpendicular to the array bear a notable re-
semblance to the spiral ground states in frustrated magnetic
systems with either positive or negative chirality and could
even act as optical simulators for the physics of magnetic
systems. Surprisingly close analogies of phase transitions and
SSB are found with other entirely different physical systems
of triangular symmetries, such as Bose-condensed atoms with
only contact interactions in a triangular optical lattice where
the local phase of the superfluid acts as the spin excitation [9].

When the atoms in a Mott-insulator state are confined in
the lowest vibrational levels of the lattice sites, as in recent
light transmission experiments [70], their positions are sub-
ject to zero-point quantum fluctuations. We solve the optical
response by stochastic electrodynamics simulations, unrav-
eling the atomic distribution into stochastic realizations of
atomic positions [27,79]. Each stochastic realization leads
to a characteristic response that is generated by the quan-
tum fluctuations of the atomic positions. Individual stochastic
configurations represent spontaneous symmetry breaking of
atomic population dynamics and an optical phase transition.
In the presence of more significant fluctuations, the sym-
metry is broken differently across the lattice, resulting in
the formation of domains. Ensemble averaging over many
stochastic realizations restores the original symmetry and the
unbroken state. Due to nonlinearities, even very weak position
uncertainties lead to strongly enhanced changes in the atom
response. We discuss the relationship between the stochastic
electrodynamics and quantum trajectories and the interpre-
tation of stochastic realizations as a light-induced quantum
measurement of the atomic position configuration, resulting
in measurement-induced symmetry breaking and phase tran-
sitions.

II. MODEL
A. Atoms and light fields

We consider a system of N cold atoms trapped in a two-
dimensional (2D) optical lattice, formed of a triangular array
of unit cells in the yz plane. Each unit cell is an equilateral tri-
angle of three atoms with spacing a [Fig. 1(a)], with a spacing

FIG. 1. A planar array of atoms driven by incident light. (a) The
atoms are trapped in a regular array of triangular unit cells with spac-
ing s, where each unit cell is composed of three atoms with separation
a. (b) The light is transmitted perpendicular to the array, driving
al/=0,my =0)— |J =1, my = u) atomic transition with u =
+1 for y-polarized light or u = 0 for z-polarized light. The J' =1
manifold of atom j has controllable level shifts & .

s between unit cells. The array is illuminated by an incident
field which drives a |/ =0,m; =0) — |/ =1, my =)
atomic transition [Fig. 1(b)] and induces a dipole moment
d;=D} 8,6, onatom j, where D is the reduced dipole
matrix element, |g); is the ground state, |u); are the excited
states, and 6;, = [g);;(ul = (6;;)"'. For most of this paper,
we consider the atoms fixed at the coordinates defined by
the lattice. However, we also study position fluctuations in
some cases by stochastically sampling the atomic positions
{r1,...,ry} in the lattice sites [27]. By ignoring quantum
fluctuations between different atoms [60,79], the dynamical
evolution of the system for any particular position configura-
tion is determined by the following nonlinear equations:

) = 6 =) =y Yol + R~ RO
o

(1a)
4 = )~ ) 29100+ ) — ST
(1b)
where pi) =1—3Y, pii and y = D*3/(6meoh) is the
single-atom linewidth. The terms p,([;,) = (61’.”), where

6]’.‘” = |u);;{(v|, represent excited-state populations (u = v)
and coherences between different excited states (u # v),
while pfgﬁ = (6;,) are coherences between the ground and
excited states.

We introduce in Eqgs. (1a) and (1b) the effective Rabi fre-

quencies [26]

. ‘ 6wy ., a
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where RY) = De; - &*(r;)/h are the usual Rabi frequen-
cies of the incident field, and the corresponding intensities
are 1Y) /Iy = 23, |Rg2/y|2, where Iy = 4m2hicy /3)3 is
the saturation intensity. The second term in Eq. (2) gives
the scattered field from all other atoms at positions r; in
the ensemble which drives the atom at r;, and describes
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light-mediated dipole-dipole interactions via the dipole ra-
diation kernel G [80]. The dipole-dipole interactions result
in recurrent light scattering between the atoms and lead to
the formation of light-induced classical correlations when the
solutions to Eqgs. (la) and (1b) are stochastically averaged
over all realizations of fixed atomic positions [60,79,81] (see
Appendix A). Therefore Eqs. (1a) and (1b) go beyond the
standard mean-field equations as even though quantum cor-
relations factorize, classical correlations do not.

The incident field illuminating the atoms is near monochro-
matic and propagating in the x direction, with a positive
frequency component E*(r) = Ey(y, z)ée’**, where ke, is
the wave vector, w = ck is the frequency, and &y(y, z) is
the amplitude, which either is constant or has a Gaussian
profile. Observables are expressed in terms of slowly vary-
ing field amplitudes and atomic variables, &t — &' and
;. et — 6, The laser frequency detuning from the m; =
0 level with resonance frequency wg in Egs. (la) and (1b)
is given by A = w — wy, and 8,2” represent the shifts of the

my = wlevel on atom j, with 8(()j ) = 0. Varying level shifts are
used to break the isotropy of the / =0 — J' =1 transition
causing the dipoles to rotate in the xy plane [29]. A control-
lable Zeeman-level splitting to the J/ = 1 manifold could be
achieved either by using magnetic fields or by using ac Stark
shifts of lasers or microwaves [82].

B. Low light intensity

In the limit of LLI, the optical response of the system can
be described in terms of collective radiative excitation eigen-
modes [83-85]. We will show how the mode degeneracies
lead to SSB at higher intensities by first analyzing the LLI
limit, where atoms occupy the ground state, and changes to the
coherences pg',’t) are linearly proportional to the incident light
field amplitude, &'. The system then behaves as a linear set
of N coupled electric dipoles [27,79,81,86—88], with Eqgs. (1a)

and (1b) simplifying to
b =i(H + §H)b +f, 3)

where b3, 1 = ps) and 3,4, 1 = iRY). The matrix H
contains the light-induced dipole-dipole interactions between
the atoms, with diagonal elements iy and off-diagonal ele-
ments

Hajpp—1,3140—1 = 6;:—3)/@:1 -[G(rj —r1pe,], 4)
while the diagonal matrix §9{ contains the laser detuning
and level shifts of the atoms, with elements AY) — ,uch{).
The 3N eigenmodes v, of H, labeled by a single index n,
describe the collective radiative excitations of the system, with
complex eigenvalues A, = §, + iv,, where §, and v, are the
collective line shift (from the resonance of the isolated atom)
and linewidth, respectively [27,79,83-85]. In the presence of
nonuniform level shifts AV) — /L(S,(j ) SH generates a coupling
between the different eigenmodes v,, of H. The occupation of
an arbitrary eigenmode v,, for polarization amplitudes b can
be determined by [29]

Ly=—"_ . 5)

We also use Eq. (5) to determine the eigenmode occupation in
the full nonlinear dynamics described by Egs. (1a) and (1b).

To approximate the behavior of the lattice for large N
without boundary effects, we also consider the modes of an
infinite array of three-atom unit cells. In this limit,  reduces
to a 9x9 matrix H,, for each wave vector q, containing the
Fourier transform of the dipole kernel [34] and with eigenval-
ues Aqun = Sq;m + ivgum. The corresponding eigenmodes are
Bloch waves,

yeven (Rp) = ugy, cos(q - Ry), (62)

q;m
nglfi (Rp) = ug, sin(q - R,), (6b)

where R, gives the center of the pth unit cell. The recipro-
cal vectors of R, are given by g = b g; + b,g, for integers
by, by, where g = 47 /(+/35)¥, 8 = (27 /s)§/~/3 + 2), and
g - R, = 27 ¢ for integer ¢, with modes invariant under trans-
lations q — q + g. For each q, the nine vectors ug,,, labeled
by the subscript m give the polarization amplitudes of one unit
cell. Three (six) have a polarization lying out of (in) the atomic
plane, and |ug,,| = +/2/P except for [ur sm| = +/1/P, with
I'=0, M =g;/2 being the high-symmetry points of the
Brillouin zone and P being the number of unit cells. The
atomic transition resonance wavelength defines the light cone
at |q| = k, where modes outside the light cone cannot couple
to free-space modes while conserving momentum and energy
as |q| > w/c. This results in eigenmodes that are completely
dark with vg,, = 0, e.g., modes at the corner of the Brillouin
zone, K = (g, + g»)/3, which lie outside the light cone for
s < 20/+/3.

III. LOW LIGHT INTENSITY MODES
AND BAND STRUCTURE

We now describe the LLI eigenmodes of a single iso-
lated triangle, V,, and the infinite lattice, vg,,. We write
the nine-component single-triangle eigenmodes using three-
component vectors v~ for each polarization wu, with vector
components labeled by the site index, i.e., ¥ ‘) The
Jj =2 component represents the top atom of the triangle.
When describing the polarization, we use radial, tangential,
and out-of-plane components v/, V', and V!, respectively
(see Appendix B).

A. Single-triangle eigenmodes

There are nine eigenmodes of an isolated single triangle
(Fig. 2). Three modes have ¥/' = 0 and a nonvanishing polar-
ization perpendicular to the atomic plane, and we call these
modes the out-of-plane modes. One of these, v, [Fig. 2(a)],
has a uniform phase profile, and two of them, v, » [Fig. 2(b)],
form a degenerate pair,

wot (1), we
un_ﬁl’l_

There are six eigenmodes with v; = 0 and a nonvanishing
polarization in the atomic plane, which we call the in-
plane modes. Two eigenmodes [Figs. 2(c) and 2(d)] have
uniform radial (tangential) components, v, = (1, 1, DTy V3

1], i=—[+1]. @
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FIG. 2. Radiative excitation eigenmodes of an isolated single
triangle of atoms with spacing @ = 0.1A in the limit of low light
intensity. The real part of the polarization is shown for (a) the
out-of-plane uniform mode v,, and (b) one of the two out-of-plane
degenerate modes, V;, and for (c) the in-plane tangential mode Vi,
(d) the in-plane radial mode V,,4, and (e) and (f) one of the two in-
plane degenerate modes, V, and V., respectively. Equivalent doubly
degenerate modes to those shown in (b), (e), and (f) are formed by
permuting the atomic polarization, with the third permutation being a
linear combination of the other two, and (e) and (f) have an unshown
16% imaginary polarization component.

v, =(,1,17/ V3], and no tangential (radial) compo-
nents, v/, =0 [V}, = 0]. The remaining modes form two
degenerate pairs, v, , and V. 4 [Figs. 2(e) and 2(f)], with radial
and tangential components

Cx Fl

Vie=Nl ¢ |, Ve =N|EL], (8a)
—2¢4 0
—2¢4 0

‘_’Z/d =N Cx ’ V;,/d =N :Fl s (8b)
Cx +1

where N = (2 + 6¢3)~"/? and the parameter ¢4 is a function
of the spacing a (see Appendix B).

The eigenmode degeneracies are caused by the geometry,
which leads to a frustration-like effect. This is most easily
explained by considering the out-of-plane modes [Eqs. (7)],
where three distinct polarization configurations can form on
the triangle. The first is the fully symmetric mode with all
the dipoles aligned, v,,. The other two configurations have
to be an antisymmetric combination of the dipole moments,
which can easily be formed for two dipoles by antialigning the
moments. However, a third dipole cannot antialign with the
first two because of the geometry and therefore must instead
vanish. Because it can vanish from any of the three sites in
the triangle, this results in a degeneracy as each configuration
is equivalent with the same line shift and linewidth, e.g., the
v, and ¥, modes. The degeneracy is only twofold rather than
threefold as any one configuration can be formed by a linear
combination of the other two.
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FIG. 3. Collective line shifts §, and linewidths vq of low light
intensity eigenmodes in an infinite triangular array of three-atom
unit cells with the intra- and inter-unit-cell spacings a = 0.1A and
s = 2a, respectively. The band structure is shown for the (a) three
out-of-plane and (b) six in-plane modes at wave vectors q along
the high-symmetry directions (inset). All the modes have a van-
ishing linewidth outside the light cone (gray dot-dashed line) and
also inside the light cone at q = I" for the out-of-plane, tangential,
and radial modes. Both the out-of-plane modes, v4,;; and vq,, and
in-plane modes, Vq.4, Vg, Vqic» and Vg4, become degenerate with
their respective partner at I' and K.

B. Infinite-lattice eigenmodes

We now analyze the eigenmodes of the infinite lattice,
given by Bloch waves [Egs. (6a) and (6b)]. We first study
lattices with s notably larger than +/3a, where interactions
within a unit cell are stronger than those between neighboring
unit cells. In this limit, the infinite-lattice modes can be con-
structed from the single-triangle eigenmodes with ug,, ~ V.
Note that for the degenerate modes, V,, may instead be a
(q-dependent) linear combination of the modes defined in
Egs. (7) and Eqgs. (8a) and (8b). The corresponding eigenmode
band structure A is shown in Fig. 3. The bands formed from
the degenerate single-triangle modes, Vi 2, V45, and V. 4 re-
main distinct from their respective pair, except at the I and K
points, where they become degenerate. The degeneracy at the
I" point is expected as the infinite-lattice eigenmode is simply
a uniform repetition of the single-triangle modes. However, at
the K point, the reasoning is more subtle, with the degeneracy
arising because swapping the eigenmode with its pair, e.g.,
swapping vk.; and vg.,, is equivalent to a reflection y — —y
under which the lattice, and hence also the eigenmodes, is
invariant. Notably, several of the bands in Fig. 3 are relatively
flat, especially close to the I" point, leading to a high density
of modes with similar resonance frequencies. Such flat bands
could have interesting optical applications, and they are also
specific for the triangular lattice geometry; for example, for
square unit cells we do not find similar flat bands.

Modes outside the light cone are completely dark, but the
out-of-plane modes, and the radial and tangential in-plane
modes, also have vanishing linewidth inside the light cone
at the I' point. This is because, for s < X, light can only
be emitted into the zeroth-order Bragg peak perpendicular
to the array [29,41,89], but for vr.;, vro, and vy, the
out-of-plane electric-dipole moments do not radiate in this
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FIG. 4. Collective eigenmodes and band structures of an infinite
triangular array of three-atom unit cells with the intra-unit-cell spac-
ing a = 0.1X and varying the inter-unit-cell spacing s. The real part
of the atomic polarization is shown for (a) vr.. and vr.,, with s =
24/3a (top, lattice compressed for space) and V/3a (bottom), where
the dipoles align to form a uniform mode, and (b) and (c) Vr.,, Vru,
Vriads Viaan (left to right) for s = 2+/3a (b) and +/3a (c), where the
modes become degenerate. Red dashed triangles illustrate equivalent
choices of unit cells. For the degenerate pairs, one linear combination
is shown, with unshown imaginary components comparable to or
smaller than in Fig. 2. Corresponding collective (d) line shifts and
(e) linewidths of the modes in (a)—(c) as a function of s, showing the
degeneracy at s = V3a (gray vertical line). Note that vr,;, Ur;2, Uruun,
Ulans Uriaa Vanish for s < A. (f) Out-of-plane mode band structure
for the standard triangular lattice, s = +/3a. The " point of the Vgl
and v, bands corresponds to the K point of the larger Bravais lattice
Brillouin zone with spacing a (inset).

direction. While the radial and tangential modes feature in-
plane electric-dipole moments, the polarization averages to
zero on each unit cell, and they form effective out-of-plane
electric quadrupoles and magnetic dipoles, respectively (simi-
larly found in a regular array of square unit cells [43]), which,
again do not radiate along their axis.

We now study the eigenmodes in the limit s ~ +/3a, when
the spacing between nearest-neighbor atoms on different unit
cells becomes equal to that within a unit cell, and the array is
equivalent to a standard Bravais triangular lattice with spacing
a. The approximation ug,, ~ V,, breaks down for some of the
modes as interactions between atoms in different unit cells
become important. This is demonstrated in Fig. 4(a) for the
degenerate mode pair vr.. and vr.s, where upon reducing s,
the dipole moments in each unit cell start to align with one
another, with the two smaller moments increasing in magni-
tude. Ats = +/3a, each mode ends up with a spatially uniform

polarization, where the dipoles all have the same magnitude
and direction in a given mode. The modes remain degenerate,
and therefore we can choose a linear combination where the
dipoles point along the y or z direction of the lattice, vr,, and
vr.., respectively.

The polarization of the vr., and vr.;, pair also changes with
s. We find that the vr.;, Vr, Vriad, and vr.,, modes, which
are distinct for s > +/3a [Fig. 4(b)], become degenerate when
s = +/3a. This occurs because the decision to associate an
atom with any particular two of its nearest neighbors becomes
arbitrary. Then, for an alternative choice of unit cell, one linear
combination of vr., and vr,, has an equivalent polarization to
Vriad [as shown in Fig. 4(c)], and the other has an equivalent
polarization to vr.,,. The degeneracy is also shown in the line
shifts [Fig. 4(d)] and linewidths [Fig. 4(e)].

The polarization of the out-of-plane modes vr.;, vr.», and
Vr.n is unaffected by changes in s. For s = +/3a, the band
structure of the triangular array of unit cells can be mapped
to the band structure of a standard triangular (Bravais) lattice
with spacing a. In Fig. 4(f), we show the unfolding of the
band structure for the out-of-plane modes, where the vr.; and
vr, modes map to the K point in the larger Brillouin zone
of the standard lattice, which is outside the light cone, and
so these modes are completely dark. The standard triangular
atomic lattice has previously been studied for transmission
[28] and topological edge modes under an applied magnetic
field [34]. As we will see in Sec. IV A, the out-of-plane modes
of the standard triangle lattice can also be identified as optical
analogs for spin configurations found in frustrated magnetic
systems.

IV. SPONTANEOUS SYMMETRY BREAKING

In the previous section, we saw how the geometry of the
lattice resulted in degeneracies of the single-triangle and lat-
tice eigenmodes. We now show that increasing the incident
light intensity results in a phase transition where SSB is
caused by frustration and the population of one of the modes
that are degenerate in the LLI limit becomes dominant.

A. Out-of-plane spontaneous symmetry breaking

We demonstrate SSB in the mode occupation by exciting
the out-of-plane degenerate eigenmode pair v; and v,. These
modes are the corresponding finite-lattice versions of vr.; and
vr, and have a uniform repetition of the single-triangle modes
[Eqgs. (7)] with the same phase profile, but with a decreasing
amplitude close to the lattice edge. We consider a triangu-
lar array (s = +/3a) with spacing @ = 0.1A. Small spacings
are achievable using, e.g., the J =0— J =1 A~ 2.6 um
transition in Sr, with a >~ 0.08% [90,91]. The array hosts an
in-plane LLI excitation eigenmode v,, with all the atomic
dipoles in phase pointing in the y direction (Sec. III). The
mode is driven with a y-polarized Gaussian beam, achieving a
closer overlap in a finite-sized array than a plane wave [29].

The out-of-plane modes vy, v, are very subradiant and do
not directly couple to the incident field. They can instead be
populated by applying appropriate level shifts 85{ ) (see Fig. 1
and Appendix C) with strength « that break the symmetry
such that v,, v;, and v, are no longer eigenmodes of the
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FIG. 5. Spontaneous symmetry breaking shown by the atomic
out-of-plane polarization density and mode occupation spectrum in
a standard triangular array of N = 273 atoms with spacing a = 0.1A
driven by a y-polarized Gaussian beam with width wy = 0.8X. Level
shifts [Eq. (C3) with a/y = —0.17] couple the light to out-of-plane
excitations. (a) and (c) Occupations L, [Eq. (5)] of v; (blue line),
v, (red dashed line), and v, (green dot-dashed line), and sum of
other eigenmode occupations (black dotted line) as a function of
the laser frequency detuning from the atomic resonance A. There
is unbroken symmetry with equal occupations in the LLI limit (a),
while at the intensity ) 1) /NIy = 0.37 the mode symmetry is
broken (c). (b) and (d) Correspondmg change in the polarization x
component [length (angle) corresponds to dipole magnitude (phase)]
shown for A/y = —12.1 [red vertical line in (a) and (c)], which
vanishes on the top atom of each unit cell for unbroken symmetry
(b) but is nonvanishing for the broken symmetry (d).

collective light-matter system. The level shifts couple v,,
driven by a y-polarized incident field, to the out-of-plane
modes by transferring the population to vy, v,. The result
is an equal occupation L; = L, [Eq. (5)] of v; and v,, as
demonstrated in Fig. 5(a) and maximal values L;, >~ 0.5 at
the eigenmode resonance, A/y ~ —12.3. The corresponding
final steady-state collective excitation [Fig. 5(b)] has a vanish-
ing x-polarization component on the top atom in each unit cell
due to the equal superposition of v; and v,.

At increasing incident light intensities, we find that the
symmetry between mode populations spontaneously breaks.
This is illustrated in Fig. 5(c) for L, > L; where a nonzero
x component of atomic polarization emerges on the top atom
of each unit cell [Fig. 5(d)]. The presence of this symmetry
breaking is surprising because there are no terms in the dy-
namics [Eqgs. (1a) and (1b)] that favor one mode occupation
over the other. Instead, a nonzero population of the J' = 1
excited-state angular momentum x component (out of plane),

U SRR
)

emerges beyond the LLI limit [with o}, , etc., defined below
Egs. (1a) and (1b)], resulting in nonlinear mode interactions
and frustration which breaks the symmetry.

In addition to the numerical simulations of the cooper-
ative response of all the atoms, we analyze the system by
developing a few-mode effective model that is valid in the

large-lattice limit when only a selective number of modes
play a relevant role due to the phase matching (Appendix D).
The effective model illustrates the emergence of SSB and pro-
vides the description of the N — oo phase transition, the SSB
threshold behavior, and the light transmission signal through
the array. The array polarization in the large-lattice limit is
b= \/IV[clvr;l + ¢2Vr2 + ¢y vr,, ], and the steady-state mode
amplitudes are given by (Appendix D)

(P — DIZ_ £23P,(hg — iy)]

2 0 — 2, 2,1 + 4P2(hg — iy)Zng'V’ (102)
— D[4P2(hg — iy)? — Z4Z_
&= é_[ozz —)[Z+Z§]i4pgzxd — jy)z]y%’ (10b)
where
Z:(A) = A +384(1 —2P1) + i[ug(1 — 2Py ) + 2y Py],
(11a)
Zy(A) = A +8,(1 = P) +ilv,(1 = P)+ yPl.  (11b)

The eigenstate projections P, = (Py + P_)/2,
P, = Z vx Dy (J)p(j)’ Py = Z[vi(l)]zp(/)’ (12)
J

with v = Ni[vl-;l =+ vr.], expressed in Eq. (12) using the
notation from the start of Sec. IIIl, and N, = 1, N_ =1/ V3.
The vr.; and vr., mode eigenvalue A; = &4 + vy, with §; =
81 = 8, and v; = v; = vy, is very subradiant in our system
(e.g., vi/y =~ 3x107*, for N = 273) with limy_, o vg = 0,
as discussed in Sec. III. The main focus of Egs. (10a) and
(10b) is P,,. Py shift the eigenmode resonances and broaden
the linewidths [see Egs. (11a) and (11b)], but it is when P,, # 0
that ¢; # ¢, therefore demonstrating that nonlinearity is es-
sential for the SSB. When the symmetry is unbroken (P,, = 0),
Egs. (10a) and (10b) are reminiscent of a three-level atom,
with vr,, and the equal superposition of vr;; and vr;, analogs
of the bright and dark states in electromagnetically induced
transparency (EIT) [92], respectively (see Appendixes C and
D). The level shifts couple these two states together, and
a large transfer of the population from in-plane modes to
out-of-plane modes is achieved when o > v, for both the
symmetry-broken and symmetry-unbroken cases.

The dynamics in the large-lattice limit confirm that the
frustration breaks the symmetry spontaneously. P,, obeys

Pu(As + APr +APy) =0 (13)

(see Appendix D for coefficients), which always has a solution
preserving the symmetry, P, = 0, while nonzero values of
P,, are roots of the quartic in brackets. Real-valued solutions
P,, > 0 can exist at sufficiently high intensities, as explained
later on and in Appendix D. The signs of the nonzero solutions
to Eq. (13) can be arbitrary, reflecting how either mode can be
spontaneously favored when the symmetry breaks. This can
be seen from Eq. (10a), where P,, introduces opposite shifts
in ¢; and ¢, and therefore the sign of P, results in either
|ci| > |ca] or |cq| < |ca|. Itis also observable in the finite-size
dynamics, where altering the initial conditions from b = 0 to
b = 0.01v; (b = 0.01v;) results in the dominantly occupied
mode completely switching with L; > L, (L, > L;) in the
steady state.
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FIG. 6. Individual stochastic realizations of atomic positions re-
sulting in (a) and (b) spontaneous symmetry breaking in the atomic
out-of-plane polarization density due to light scattering, (c) restored
symmetry of the unbroken state in ensemble averaging, and (d) do-
main formation of two coexisting phases. Length (angle) corresponds
to dipole magnitude (phase). (a) and (b) Small position uncertainty
(0 /a = 0.005) randomly selects one of the modes in SSB. (c) The
restored symmetry after the ensemble average of 1600 realizations.
(d) Large uncertainty (o /a = 0.03) results in the coexistence of
both phases in different spatial regions and the formation of do-
mains. The parameters are as in Fig. 5, with the laser frequency
detuning from the atomic resonance A/y = —12.1 and intensity
Z,- 1D /NI, = 0.37.

This seeding of the final steady state also occurs due to
fluctuations in the atom positions, which can be incorporated
by accounting for the root-mean-square width o of the lattice
site wave function (see Appendix A). In a Mott-insulator state,
each lattice site can contain a single atom that is confined in
a vibrational ground state, with the position determined by
zero-point quantum fluctuations. Light transmission experi-
ments in such a system demonstrated considerable resonance
narrowing [70] due to cooperativity.

In Figs. 6(a) and 6(b), we show how weak position fluctu-
ations (o /a < 0.01) act as a noise that randomly determines
the dominantly occupied mode when the symmetry breaks.
While any particular configuration of atom positions breaks
the symmetry, we find that ensemble-averaging the response
over many stochastic realizations restores the symmetry of the
system, returning it to the unbroken state [17], as shown in
Fig. 6(c). The out-of-plane polarization for the central unit
cell of the array takes the value (b*) = (5 + 8i, —0.024 +
0.012i, —5 — 8i)T x 1072, with almost a complete loss of the
polarization of the top atom, and equal magnitude polarization
in opposite directions for the remaining two atoms, indicat-
ing the restored symmetry. The average response is therefore
markedly different from the response for any realization, e.g.,
Figs. 6(a) and 6(b), where the polarization of the top atom of
each unit cell is comparable to one of its neighbors. For large
fluctuations (o /a 2 0.01), the symmetry breaks differently
across the lattice, leading to the formation of domains in the
collective excitation. This is shown in Fig. 6(d) for a particular
realization of atom positions where b* & v, for each unit cell
at y 50, while b* &~ v; for unit cells with y > 0. Around

y >~ 0, the two domains smoothly connect, with an almost
equal superposition of v; and v, and the symmetry unbroken.
Other realizations of the atom positions result in regions with
almost no out-of-plane excitation mixed with regions where
the symmetry is broken or unbroken. In all cases, domains
smoothly connect, while domain size can vary from around
ten unit cells to over half the lattice. There is also a decrease
in the magnitude of the out-of-plane polarization, e.g., the
average dipole x component in Fig. 6(d) is approximately
three times smaller than when the atoms are fixed at the lattice
points, further decreasing for stronger fluctuations.

It is interesting to compare our stochastic electrodynam-
ics simulations with standard quantum trajectories [93-95]
of continuously monitored open quantum systems. While a
quantum master equation may describe an ensemble-averaged
outcome of quantum measurement processes, quantum tra-
jectories can reveal a possible measurement record of an
individual experimental run. The detection record determines
each quantum trajectory evolution where dynamics are con-
ditioned on the previous measurement outcomes. Although
the stochastic electrodynamics simulations do not concern
the dynamical measurement process, the initially uncertain
atomic positions are localized by the scattered light in each
realization, representing one possible position configuration
according to the quantum distribution. The atom array and
light form an open dissipative system, where the position fluc-
tuations result in both coherent and incoherent scattering [60].
Consequently, there exists a nontrivial relationship between
the geometry of the system and how accurately a scattered
light measurement can localize the atomic positions. How-
ever, due to the strong nonlinearity, we find that even weak
information about the atomic positions is sufficient to break
the symmetry, resulting in measurement-induced symmetry
breaking and phase transitions where each configuration is
stochastically selected from the distribution given by the
quantum wave function of the atoms (compare with the cavity
case of Ref. [17]).

The SSB and dynamics we find here are very similar to
those that occur in magnetic systems, and also in simulations
of magnetism realized using superfluids in a standard trian-
gular lattice [9]. The out-of-plane modes can be considered
optical analogs of the phases in a classical XY model, with
vy identified as a ferromagnetic state, while the linear com-
binations Vchi ch2 & —(1 F i)vr.; + (1 £ i)vr, correspond to
the degenerate configurations of the spiral state with uniform
repetitions of the single unit cell

—1—1
Vel X 2 ,
-1+

When the real and imaginary parts of the polariza-
tion x component are mapped to spin vectors qu)l oy =

-1+
Ve O 2
—1—1

(14)

(Re[v;’l(lj; )chg]’ Im[vé’l(l{ th]’ 0).T, t'he degenerate configurations
can be distinguished by a chirality order parameter [9]

k = sgn[S; xS, + S»xS3 + S3%x84], (15)
defined for the three atoms of a unit cell, where v¢n; (Veno)
has ¥ = 4+1 (k = —1). The fact that similar dynamics and

excitations can be observed in magnetic systems, superfluids,
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FIG. 7. Diagram of spontaneously broken phases with light in-
tensity and frequency thresholds in a driven atomic array, obtained
from Egs. (D1a)-(D1d). Within certain ranges of the laser frequency
detuning from the atomic resonance A and the intensity, I/, SSB
occurs in an array with N = 273 (blue solid line), N = 507 (orange
dot-dashed line), or N = 993 (green dashed line) atoms when A is
greater than the vr,; and vr, eigenmode resonance (corresponding
black line for each V). The parameters are as in Fig. 5.

and dipole-coupled atoms in triangular geometries is surpris-
ing given the substantial difference in the underlying physics
of these systems. In Ref. [9], the effective spin excitation
is formed from a superfluid of Bose-condensed atoms with
contact interactions, where the local superfluid phase at each
lattice site maps to a classical spin. SSB is then achieved by
tuning the nearest-neighbor hopping between sites via shaking
the lattice to induce a phase transition from the ferromagnetic
to the degenerate spiral state, where one of the chiral config-
urations is randomly chosen. In our system, however, trapped
atoms are coupled via light-induced long-range dipole-dipole
interactions, where the polarization density x component acts
as a classical spin, and all possible magnetic phases are ac-
cessible by appropriately exciting the corresponding modes.
SSB is triggered by equally exciting the v; and v, modes
instead of a ferromagnetic state, and then increasing the light
intensity. In the symmetry-broken state, one of the v, v,
mode populations, corresponding to one of the chiral states,
then randomly dominates over the other. Collective optical
excitations of atoms therefore offer a fascinating model for
frustrated magnetic systems and SSB, and possibly other mag-
netic phenomena.

Our system also shares many similarities with optically
induced self-organization [13-19,22-25], where small fluctu-
ations seed symmetry-broken states. In particular, atom clouds
in cavities or with optomechanical back action only undergo
self-organization and SSB for certain light frequencies and
intensities. In Fig. 7, we show analogous behavior by cal-
culating the phase diagram based on the few-mode effective
model, which demonstrates how SSB only occurs when the
intensity is greater than a detuning-dependent threshold. This
intensity threshold takes minimal values when A &~ —§,, but
for A < —§4, the symmetry cannot break for any incident
field intensity, as found in the finite-size system numerics
[Fig. 5(c)]. For increasing atom number, where the behavior
for different N is incorporated by using the finite-size system
values for v, and 8,4, the SSB region narrows and shifts as

84 changes, while for different lattice spacings, the symmetry
remains unbroken for any values of the detuning, intensity, or
level shift strength when a > 0.18\. The requirement of small
spacing is analogous to the emergence of other strong non-
linear effects in dipole-coupled atoms, e.g., optical bistability
and phase transitions [26,69,96], and dipole blockade [57,58].

The effective model allows for simple analytic expressions
for the detuning threshold of SSB in Fig. 7 according to the
coefficients of Eq. (13) (Appendix D), with the symmetry
unbroken at any incident field intensity when

va(y — Ud))

5, (16)

A>Ap=(1— 2P_)(—6d +

When A = —§,, low intensities are required for SSB, result-
ing in pﬂ) « 1 and the detuning threshold simplifying to
Ay ~ —68,4, which agrees with the finite-size lattice results
[Fig. 5(c)]. The SSB intensity threshold can also be obtained
in this limit by setting A = Ay, + €, where € > 0 and e,
vg L ¥y, a, with

1 vy’ +8] an

Lat y2836
The threshold scales with vj, demonstrating that small in-
tensities are needed to generate nonlinear effects in highly
subradiant modes [62], and also with o2 as the J' = +1
levels become shifted off-resonance for strong level shifts.
However, for « — 0, Eq. (17) is no longer valid, and the
threshold intensity instead scales with 1/a? [see Eq. (D4) in
Appendix D] as stronger intensities are required to generate
nonlinearities when the coupling between the in-plane and
out-of-plane modes decreases.

We find in Fig. 8 how SSB results in a clear change in
the coherent transmission 7' (Appendix E) as the uniform
in-plane mode population is changed in Eqs. (10a) and (10b).
However, ¢, depends only on P2, and hence the coherent
transmission is insensitive to which way the symmetry is
broken (unlike incoherently scattered light, which is sensitive
to how the symmetry is broken). This is shown in Fig. 8(b)
as a smooth transmission curve, while the mode occupations
in Fig. 8(a) exhibit random jumps due to noise changing the
dominant mode. The presence of different steady states in the
dynamics also leads to hysteresis of the transmission when
sweeping the laser frequency [inset of Fig. 8(b)]. Due to the
insensitivity of 7 to how the symmetry breaks, even though
there are three steady-state solutions, there is a coexistence of
only two transmission curves which depend on the starting
steady state before the sweep, similar to the behavior seen
for optical bistability. The spikes in the transmission indicate
the emergence of an additional symmetry-broken solution.
The transmission from the array also demonstrates EIT-like
behavior with a Fano resonance [Fig. 8(c)] that becomes par-
ticularly clear in the limit of LLI, where 7' >~ 1 when A =
—84 provided that o 3> vyu,. Unlike for the independent-
atom case, the Fano resonance width is not limited by the
single-atom linewidth y, but by the much narrower v,. At
stronger «, the width broadens to (wy + w_)/2, where wy =
(84 — 8y £ vy) F /(84 — 8, £ vy)* + 4a?. Increasing the in-
cident field intensity results in the resonance transforming
into a jump in transmission where the dynamics changes from
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FIG. 8. Coherent transmission and spontaneous Symmetry
breaking in the few-mode effective model [Egs. (D1la)-(D1d)] for
a large standard triangular array of atoms driven by light. (a) Oc-
cupations L, [Eq. (5)] of vr,; (blue line), vr, (red dashed line),
and vr., (green dot-dashed line) demonstrating SSB at an intensity
> IV /NI, = 3.3, with the dominant mode switching due to noise
as the laser frequency detuning from the atomic resonance A is
varied. (b) Coherent transmission 7' [Eq. (E1)] of the dynamics
in (a) (blue line) and the dynamics under initial conditions which
lead to the symmetry-unbroken steady state (red dashed line). When
this state is unstable, the steady state instead has broken symme-
try (red diamonds). Transmission hysteresis (inset) occurs under a
laser frequency sweep from A/y = —13 (purple right arrow) and
A/y = —10 (orange left arrow). (c) Change in 7 with intensity (the
inset shows a close-up near the vr,; and vr, resonance), where a
sharp Fano resonance in the LLI (blue line) becomes a transmission
jump (red dashed line and diamonds) at )/ D) /NIy = 0.6 due to
a steady-state change similar to that in (b). The parameters are as in
Fig. 5, excepta/y = —1.71 in (c).

a symmetry-broken steady state to an unbroken one. There
is also a loss of complete transmission because of linewidth
power broadening, which results in a reduction in the transfer
of the population from the in-plane modes to the out-of-plane
modes. However, for larger «, full transmission would be
recovered.

B. In-plane spontaneous symmetry breaking

SSB can also be observed for excitations for which the
dipole moments are oriented in the lattice plane. These modes

@ s |®

V%

Aly

FIG. 9. Spontaneous symmetry breaking shown by the atomic in-
plane polarization density and mode occupation spectrum in an array
of N = 273 atoms driven by a z-polarized plane wave, with intra- and
inter-unit-cell spacings a = 0.1 and s = 6+/3a, respectively. (a) and
(c) Occupations L, [Eq. (5)] of v, (blue line) and v, (red dashed
line) and the sum of other eigenmode occupations (black dotted
line) as a function of the laser frequency detuning from the atomic
resonance A. There is unbroken symmetry with equal populations
in the LLI limit (a), while for the intensity Y,/ () /NIy = 0.6 the
mode symmetry is broken (c); there is a corresponding change in the
polarization y and z components (component magnitudes projected
onto the y and z axes) [(b) and (d)] shown for A/y = 7.8 [red vertical
line in (a) and (¢)].

can be directly driven by the incident field without externally
imposed level shifts. We drive the array with a z-polarized
plane wave, equally populating the degenerate eigenmode pair
v, and v;, which are the corresponding finite-lattice versions
of vr,, and vr,;, discussed in Sec. III, and consider an array
with s notably larger than +/3a as the coupling between the
incident field and v,, v, vanishes for the standard triangular
lattice. In the LLI limit, the mode occupations are symmetric,
L, = L, [Fig. 9(a)], and in the vicinity of the eigenmode res-
onance, A/y =~ 9.1, the population of other modes is small,
with maximal values L, ;, >~ 0.45 at the resonance itself. Sim-
ilarly to the out-of-plane mode case, the mode symmetry can
be determined by the atomic polarization density. An equal
superposition of v, and v, results in a purely radial dipole
moment on the top atom in each unit cell in the steady-state
excitation [Fig. 9(b)].

Upon increasing the incident field intensity, SSB occurs
[Fig. 9(c)], signaled by the polarization of the top atom
in each unit cell obtaining a nonzero tangential component
[Fig. 9(d)], and a corresponding change in the mode occupa-
tions with L, # L;. The symmetry breaking is spontaneous as
also indicated by small changes to the initial conditions in the
dynamics switching the dominant mode [from b =0 to b ~
0.001v, (b = 0.001v,) resulting in L, > L, (L, > L,)]. While
changing the initial conditions seeds the final steady state,
fluctuations in the atom positions do not, and we find that even
small position changes (o /a 2 0.005) break the uniformity of
the collective excitation. Rather than leading to the formation
of different symmetry-broken domains, as was the case for the
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out-of-plane modes, the dipole orientations on different unit
cells instead vary rapidly and seemingly randomly across the
lattice. The in-plane SSB is therefore not similarly robust to
position fluctuations as the out-of-plane SSB.

V. CONCLUDING REMARKS

We analyzed the semiclassical behavior of densely packed
atoms on a triangular array of three-atom unit cells, where
frustration emerges due to competition of the dipolar interac-
tions and the lattice geometry. In the limit of LLI, we found
that the frustration leads to the formation of degenerate pairs
of the collective LLI eigenmodes for both a single isolated
triangle and arrays of triangles. The system exhibits many
close-to-degenerate eigenmodes that are reflected in a nearly
flat band structure.

We showed how to engineer steady-state collective radia-
tive excitations with an equal population of two degenerate
modes. Upon increasing the intensity of the incident field, we
found that this mode occupation symmetry is spontaneously
broken, with the system randomly choosing one mode over
the other. Fluctuations in the atomic position seed the SSB
and could be interpreted as a light-induced measurement of
atomic positions from a distribution that is determined by the
quantum wave function. The measurement-induced symmetry
breaking and corresponding phase transition lead to uniform
symmetry-broken phases for small position uncertainties. In
contrast, larger uncertainties lead to the formation of do-
mains where the symmetry is broken differently across the
lattice. Ensemble averaging over many stochastic realizations
restores the symmetry.

The SSB of the degenerate out-of-plane modes can be
considered an optical analog of frustrated magnetism. The
two degenerate modes correspond to the spiral ground-state
configurations in a closed magnetic system. The SSB we find
is also analogous to pattern formation and self-organization
in cold gas clouds, where fluctuations in the atomic positions
seed the symmetry-broken state and where SSB can only
occur above an intensity threshold. Therefore dipole-coupled
atoms could be utilized to simulate magnetic systems and
achieve optically controlled symmetry breaking. In the ab-
sence of decoherence, the cooperative interactions can reach
the strongly coupled quantum regime [57], providing a pos-
sibility to simulate quantum magnetism without the need to
reach ultralow temperatures [97].
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APPENDIX A: STOCHASTIC ELECTRODYNAMICS

To allow for position fluctuations of the atoms, a set of
fixed positions {ry, ..., ry} are sampled from a joint probabil-
ity distribution P(ry, ..., ry) for each stochastic realization.
The probability distribution is given by the absolute square of
the many-body wave function, and ensemble averaging over
many stochastic realizations yields the expectation values of

the observables [60,79,81]. We assume that the atoms are
trapped with one atom per lattice site in the vibrational ground
states of the individual sites, with root-mean-square width
o. The sampling of such a Mott-insulator ground state then
simplifies to the sampling of an independent atom in each
site [27].

Even though we factorize quantum correlations between
atoms to obtain Egs. (1a) and (1b), significant light-induced
classical correlations between atoms at positions r and r’ are
still present due to the dipole-dipole interactions. This means
in terms of correlation functions that, in general,

(W O ()P ) Fa(0) # (P (0P ) (] () (),
where a, b, ¢,d € g, i and the atomic field operators for the
ground and excited states are denoted by v, ,(r), such that
sl = (Ui (x)) and pf) = (F(x)P, (x;), ete. The
light-induced correlations can markedly change the optical
response in the presence of position fluctuations [98,99].

For any position configuration {ry, ..., ry}, we calculate

the total field at each atom E*(r) = &t (r) + Ef (r), where
the scattered light

&ES(r) =) G(r—r)d;.

J

(AD)

E*(r) satisfies Maxwell’s wave equation with an atomic po-
larization source [87], where the dipole radiation kernel acting
on a dipole located at the origin, with » = |r| and £ = r/r, is
given by the familiar formula [80,100]

ikr

() {(]Xd)x]
k’

Grd = ——= + —

DOH i 1 ikr

APPENDIX B: TRIANGLE EIGENMODES

For in-plane eigenmodes of an isolated single triangle,
it is convenient to work in a radial and tangential ba-
sis, &, = [cos(¢p)e, + sin(¢)é,]/v/2 and & = [— sin(¢)e, +
cos(¢)é,1/v/2, where ¢ is the polar angle defined with respect
to the y axis. The degenerate in-plane eigenmodes in Eqs. (8a)
and (8b) then depend on the triangle size via ¢y, where

—6 + 6ika + 2(ka)?
3V3[1 — ika + (ka)?]
V45 — 90ika — 51(ka)? + 6i(ka)3 + 13(ka)*
3V3[1 — ika + (ka)?] )

(= +£

+

B

APPENDIX C: COUPLING TO OUT-OF-PLANE MODES

The polarization of v; and v, [Eq. (7)] lies perpendicular
to the lattice plane, and so they do not couple to the incident
light directly. Instead, the incident light couples to the in-plane
mode v, which, when the m; = %1 levels are degenerate,
evolves independently with no coupling to other modes. When
the level shifts do not average to zero [81/) + 5 # 0], how-
ever, vy, v, and v, are no longer eigenmodes of the full LLI
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evolution matrix H + §H in Eq. (3) and are instead coupled
together (as, in general, are other modes). This is simplest
to illustrate by considering a single isolated atom in the LLI
limit. The m; = =£1, 0 levels all evolve independently in the
circularly polarized basis. However, in a Cartesian basis, the
my = =1 can be rewritten as [29,36]

pg() [iA(()j) — i3 _ ] 0 _ 8(1) (J) (Cla)
pg) — [iA(()j) — i3 J/]p(j) + 5(})}0()]{) + f, (Clb)

where 50 = (8 — §)/2, 80 = (8 +5)/2 and f rep-
resents the driving. The level shifts break the isotropy of the

=0 — J' =1 transition due to §") and couple the excita-
tion normal to the plane ,ogj ) to the driven o). ). Similarly, in the
present system it is possible to excite the out-of-plane modes
by first driving v, with the incident field and using the varying
level shifts to resonantly couple to v; and v,, transferring the
excitation [29,40].

To excite both out-of-plane modes equally, we target
a symmetric combination v, where we introduce the or-
thonormal symmetric and antisymmetric combinations vy =
Ni(vi £v,) with normalization constants N_ =1/ V3,
Ny = 1. In particular, v corresponds to an approximately
uniform repetition of the single-unit-cell combination

-1
X _ oX X
vi=vy+v=—| 0|,

Sr ot
v,,v, =0. (C2)
V2 \

The shifts on each atom couple the coherences ,o(’ ) and ,o(] ),

with 8(] ’ having the same sign resulting in an out-of-plane
polarization component with the same magnitude but a =
phase difference. We therefore choose shifts

~1
: 3
59 = a\/; 0 (C3)

+1

on each unit cell to couple the uniform v, to v, with tunable
strength .

The desired spatial variation in the level shifts can be
achieved by using the ac Stark shift [82] of a standing wave
laser, with the intensity varying across the atoms in a unit cell
and periodic between different unit cells. For example, a con-
trol field &.(r) = E.€, cos (lA(C T+ ¢), with k., = 7/(3a),
ke. = m/(~/3a), and ¢ = 7 /4, and where r = 0 is the posi-
tion of an atom at the top of a unit cell, has periodic intensity
between different unit cells and an equal intensity gradient
between atoms one and two, and atoms two and three. The cir-
cular polarization induces a vector polarizability which splits
the m; = =£1 levels [101-103]. For appropriately chosen in-
tensity and detuning from an off-resonant transition, this leads
to level shifts of the form

(0
5§g>=a\/; 1], (C4)

2

up to an arbitrary overall shift depending on the details of
the transition. Then an overall linear Zeeman splitting from a
magnetic field or uniform-intensity laser or microwave chosen

to provide an atom-independent shift 8’ = —a/3/2 gives
the desired level shifts in Eq. (C3). Alternatively, atoms at
different lattice sites could be prepared in different hyperfine
states [104], with the atomic transitions blue-detuned, on res-
onance, or red-detuned across the three atoms of the unit cell.

The transfer of population from the directly driven in-plane
modes to the subradiant out-of-plane modes is reminiscent of
EIT in noninteracting atoms [92]. Here, v, plays the role of
a “bright” state, which couples directly to the incident field,
while the linear combination v, plays the role of a “dark”
state, which does not. It is the highly subradiant nature of the
out-of-plane modes (v;, v» K y; see Sec. III), which arises
due to collective many-atom effects, that allows the efficient
occupation of v, even for small «.

APPENDIX D: EFFECTIVE FEW-MODE MODEL

In the large-lattice limit, the population of eigenmodes not
targeted by the level shifts [Eqgs. (C3)] becomes negligible, as
too does any in-plane mode except vr,, due to phase match-
ing. The atomic polarization density is then approximately
b= «/ﬁ[clvr;l + ¢2vrp + ¢yvr,y ], and near the vr;; and vr;,
resonance, the occupation of vr,, will be small, such that only

pﬁfc) [Eq. (9)] will be nonzero. Using these approximations,

the dynamics [Eqs. (1a) and (1b)] simplify to

¢+ = i(Ag + A)cy — oLCy

=2i[(Ag — iy)cx]Py = 2i[(hg — iy )cx]Pn, (Dla)
¢y = i(Ay + A)ey +agcy
+i(1 = P)Rgy — il(Ay — iy)ey] P, (D1b)
= =2y Py + 3i[(Ag — iy)cslch +c.c.
+ 3il(kg — iy)eslct +cc., (Dlc)
Py = _ZVPm +i[(Aa — iV)CJr]Ct
+i[(Ag — iy)c_]1c} +cc., (D1d)
where ¢+ = (¢1 £ ¢3)/2N4+, oy = «, a_ = 0, and collective
terms in square brackets are obtained using
6 A
DD e (G — v = G — iy v,
voI#]
(D2a)
6 ‘
>0 2 (G — vy = (= iy)w
v I#]
(D2b)

but with the finite-size eigenmodes then approximated by their
corresponding infinite counterparts. Equations (D1a)-(D1d)
are reminiscent of the dynamics of optical Bloch equations of
an atom. The incident field R,, drives the transition from
the ground state to an intermediate state with coherence c,
and linewidth vy, while a1 represent coupling fields from
this intermediate state to the final states with populations Py,
coherences c, and linewidth v,. For the symmetry-unbroken
state where c_ = 0, there are, therefore, close similarities
with a three-level system and EIT. This analogy is even more
accurate in the LLI limit where Py = 0, and where o, acts as a
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coupling field and R, is the probe field. From the steady-state
mode coefficients of Eqs. (10a) and (10b), ¢4 /¢, = —o /T, at
A = —8,, where 8, (y) corresponds to the real (imaginary)
part of Eq. (11a). It is therefore easy to see in the LLI limit
how the population is transferred to the out-of-plane mode
when o > vy, resulting in a Fano resonance at A = —§y
where the transmission is enhanced. However, beyond the LLI
limit, this resonance is shifted, and transmission gets reduced
due to broadening from nonlinearity where U; ~ o, as shown
in Fig. 8(c).

There are symmetry-broken solutions to Egs. (D1a)—-(D1d)
only in a small window of frequencies. The frequencies where
P, # 0 can be determined by substituting the mode coeffi-
cients of Egs. (10a) and (10b) into Eq. (D1d), giving Eq. (13)
with coefficients,

Ay =16y |Z,*|ra — iy |*,
Ay = 8y Re[Z_Z} (W) + iy) (¢ — Z,Z))],

(D3a)
(D3b)
Ay =yIZ-Ple® - 2,7,

+ 2Im[y — iyIRe[(hg — iy)Z* ]’ R (P, — 1)
(D3c)

Equations (D3a)-(D3c) depend on Py [Eqgs. (11a) and (11b)],
and so Eq. (13) has to be solved with Eq. (DIc) [using
the mode coefficients of Eqgs. (10a) and (10b)] to obtain
an explicit solution for P,. However, analyzing Eq. (13)
using Descartes’ rule of signs gives the semianalytic detun-

ing threshold [Eq. (16)] for a single nonzero value of P2 to
exist and for the symmetry to break. Similarly, the intensity
threshold has a semianalytic form for A > Ay, for the case
that the (real) solution to P, > 0 exists at sufficiently small
lattice spacings,
21,2 2

RN ZPe-zaP o

Lo~ o2y (y — va)(P; — 1)?Re[(hg — iy)Z*]
which simplifies to Eq. (17) near Ay, as Py = 0.
Equation (D4) scales with &> when o > y and diverges in
the limit ¢ — 0 as discussed in Sec. IV A.

APPENDIX E: COHERENT TRANSMISSION

We calculate the coherent (power) transmission, T = |/,
for a large subwavelength 2D lattice where the amplitude

P [&-Ef(r)ds

- [e-&t(r)dsS’

Only the zeroth-order Bragg peak exists, such that the light
is scattered purely in the forward and backward directions.
Therefore, for an excitation with a spatially uniform phase

profile, the coherently transmitted light at a point (x, 0, 0) can
be approximated by [36,41,105,106]

(ED)

. ik . -
E*(0) = 8™ + - Y [ — & - de,le, (B2
(x) = Epee™ + 270ey 2 [d; — (& - d))é]e (E2)

when A < x < /A, where A is the total area of the array.
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