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Optical spin conductivity in ultracold quantum gases
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We show that the optical spin conductivity, which is a small ac response of a bulk spin current and elusive in
condensed matter systems, can be measured in ultracold atoms. We demonstrate that this conductivity contains
rich information on quantum states by analyzing experimentally achievable systems such as a spin- 1

2 superfluid
Fermi gas, a spin-1 Bose-Einstein condensate, and a Tomonaga-Luttinger liquid. The obtained conductivity
spectra, which are absent in the Drude conductivity, reflect quasiparticle excitations and non-Fermi-liquid
properties. Accessible physical quantities include the superfluid gap and the contact for the superfluid Fermi
gas, gapped and gapless spin excitations as well as quantum depletion for the Bose-Einstein condensate, and the
spin part of the Tomonaga-Luttinger liquid parameter elusive in cold-atom experiments. Unlike its mass transport
counterpart, the spin conductivity serves as a probe applicable to clean atomic gases without disorder or lattice
potentials. Our formalism can be generalized to various systems such as spin-orbit-coupled and nonequilibrium
systems.
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I. INTRODUCTION

Transport plays crucial roles in understanding states of
matter in and out of equilibrium and paves the way to
applications such as control of matter and device fabrica-
tion. In solid-state physics, the main bearer of transport is
an electron, and the properties of the electric current have
conventionally been investigated [1]. Subsequently, the spin
current, which is a flow of electric spin, has attracted atten-
tion since the discovery of giant magnetoresistance [2,3] and
tunneling magnetoresistance [4]. More recently, due to the
progress in nanofabrication technology of devices, research
into the physics of spin currents [5] has also been widespread
over materials with spin-Hall effects [6] and topological
insulators [7].

One of the hot topics in the rapid growth of spintronics is
how to measure ac spin currents in a direct manner [8–18].
Such ac currents are detected in junction systems, and the
determination of an ac conductivity of bulk spin transport is
difficult in solid-state systems. To address this spin transport
property, we shed light on ultracold atoms being an ideal
platform for quantum simulation of many-body systems [19].
Recently, the cold-atom analog of electronics referred to as
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atomtronics has attracted widespread attention [20], and trans-
port measurements with ultracold atoms have been done with
bulk [21–35] and mesoscopic setups [36]. One of the advan-
tages of ultracold atoms is that a spin-selective manipulation
and probe are allowed, which opens up the possibility of
precise measurements of spin transport [37].

In this paper, we propose that ultracold atoms provide us
with a simple way to measure an optical spin conductivity
σ

(S)
αβ (ω), which characterizes an ac response of bulk spin trans-

port. The spectrum of σ
(S)
αβ (ω) includes richer information

on bulk properties than its dc limit related to spin diffusion,
which has been actively studied [23–28,37,38]. This paper is
organized as follows: In Sec. II, we provide the formalism
of σ

(S)
αβ (ω) applicable to both continuum and optical lattice

systems. We then demonstrate the availability of σ
(S)
αβ (ω) by

investigating experimentally verifiable systems. Specifically,
a spin- 1

2 superfluid Fermi gas, a spin-1 Bose-Einstein con-
densate (BEC), and a Tomonaga-Luttinger (TL) liquid are
studied in Secs. III, IV, and V, respectively. Reflecting on
nontrivial spin excitations, these systems show interesting
transport properties that are absent in the conventional Drude
conductivity. Section VI is devoted to proposing a method to
measure σ

(S)
αβ (ω) from an oscillating behavior in spin dynam-

ics as shown in Fig. 1. Prospects towards spin-orbit-coupled
and nonequilibrium systems discussed in Sec. VII and other
promising applications discussed in Sec. VIII suggest that
σ

(S)
αβ (ω) may be the Rosetta stone to unravel spin dynamics of

various quantum many-body systems. We conclude in Sec. IX.
In what follows, we set h̄ = kB = 1.
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FIG. 1. (a) Schematic image for probing the optical spin con-
ductivity σ

(S)
αβ (ω) in ultracold atomic gases with spin S = 1

2 . The
ac spin current 〈JS,x (t )〉 is induced by spin-dependent driving forces
± fx (t ). (b) Time evolutions of fx (t ) = Fx cos(ω0t ) and the induced
spin current, which is related to σ (S)

xx (ω = ω0) by 〈JS,x (t )〉/Fx =
Re σ (S)

xx (ω0) cos(ω0t ) + Im σ (S)
xx (ω0) sin(ω0t ) resulting from Eq. (18).

II. OPTICAL SPIN CONDUCTIVITY

We consider a spin-conserved system with spin S =
1
2 , 1, 3

2 , . . ., to which a time-dependent perturbation gen-
erating a pure spin current is applied. Single-particle and
interaction potentials can take arbitrary forms as long as
spin is conserved (see Appendix A for details). The time-
dependent perturbation has the form

δHβ (t ) = −
∫

dr fβ (t )rβSz(r), (1)

where fβ (t ) provides a driving force in the direction β =
x, y, z coupled to the spin density Sz(r) = ∑

(sz,i) szδ(r − rsz,i )
(see Fig. 1). Here, rsz,i is the position of the ith particle in
the sz component with sz = −S,−S + 1, . . . , S. The spin cur-
rent operator in the Heisenberg picture is given by JS (t ) =∑

(sz,i) sz
drsz ,i (t )

dt . By the linear response theory, the optical spin

conductivity σ
(S)
αβ (ω) with α = x, y, z is defined by

〈J̃S,α (ω)〉 = σ
(S)
αβ (ω) f̃β (ω), (2)

where J̃S,α (ω) and f̃β (ω) are the Fourier transforms of JS,α (t )
and fβ (t ), respectively, and 〈· · · 〉 denotes the expectation
value with respect to the nonequilibrium state driven by fβ (t )
[39]. We note that σ

(S)
αβ (ω) is the response not of a spin current

density but of a total spin current.
We point out a difference from the mass current induced

by a spin-independent perturbation [40]. In clean cold atomic
gases trapped in a box or harmonic potential, the total center-
of-mass motion is independent of quantum states of matter
due to Kohn’s theorem [41–43]. Thus a system that breaks
prior conditions of Kohn’s theorem such as optical lattice or
disordered systems must be prepared to obtain a nontrivial
mass response, which has recently been confirmed [35]. In
contrast, the relative motion between spin components rel-
evant to the optical spin conductivity can show a nontrivial
response, once interatomic interactions are present.

We now provide two general properties of σ
(S)
αβ (ω) in a

similar way to that followed in the S = 1
2 case [44–46]. First,

the optical spin conductivity can be expressed in terms of a

current-current correlation function χαβ (ω):

σ
(S)
αβ (ω) = i

ω+

(
δαβ

∑
sz

s2
z Nsz

m
+ χαβ (ω)

)
, (3)

where ω+ = ω + i0+, m is the mass of a particle, Nsz

is the particle number in the sz component, χαβ (ω) =
−i

∫ ∞
−∞ dt eiω+tθ (t )〈[JS,α (t ), JS,β (0)]〉0 with the Heaviside

step function θ (t ), and 〈· · · 〉0 denotes the thermal average
without the driving term. Second, the frequency integral of the
real part with α = β is exactly related to Nsz by the following
f -sum rule [47]:∫ ∞

−∞

dω

π
Re σ (S)

αα (ω) =
∑

sz

s2
z Nsz

m
. (4)

Since this real part provides energy dissipation associated
with spin excitations, we will from now on mainly focus
on Re σ (S)

αα (ω) [48]. To demonstrate what information can be
captured by the spectrum of Re σ (S)

αα (ω), two homogeneous
superfluids and a TL liquid at zero temperature are specifically
addressed below.

III. SPIN- 1
2 SUPERFLUID FERMI GAS

First, we investigate spin transport for a superfluid Fermi
gas with S = 1

2 [50,51]. By employing the mean-field theory
[52,53], Re σ (S)

αα (ω) is examined from a weakly interacting
Bardeen-Cooper-Schrieffer (BCS) state to a Bose-Einstein
condensate (BEC) of tightly bound molecules. In particular,
we will show that the spin-singlet pairing results in the spec-
trum of Re σ (S)

αα (ω) being quite different from that above the
transition temperature, whose low-frequency behavior is well
described by the conventional Drude conductivity [44].

In what follows, the sz = + 1
2 (sz = − 1

2 ) component is re-
ferred to as ↑ (↓), and the spin-balanced case N↑ = N↓ is
considered. The ground canonical Hamiltonian of this system
is given by

K =
∑

k

∑
σ=↑,↓

(εk − μ)c†
k,σ

ck,σ

− g

�

∑
k,p,p′

c†
k/2+p,↑c†

k/2−p,↓ck/2−p′,↓ck/2+p′,↑, (5)

where εk = k2/(2m), μ is the chemical potential, ck,σ is the
annihilation operator of a Fermi atom with spin σ , and �

is the volume of the system. The coupling constant g > 0
is related to the scattering length a by 1/g = −m/(4πa) +
�−1 ∑

|k|<� m/k2 with the momentum cutoff �.
The optical spin conductivity within the mean-field the-

ory can be analytically evaluated. The spin current operator
appearing in χαβ (ω) is given by JS = ∑

k
k

2m (c†
k,↑ck,↑ −

c†
k,↓ck,↓). From the rotational symmetry of the system, σ (S)

αα (ω)
is independent of α = x, y, z and found to be (see Appendix B
for details)

Re σ (S)
xx (ω) =

∑
k

π
2k2
x

m2|ω|3 δ(|ω| − 2Ek,F), (6)
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FIG. 2. Spectra of the optical spin conductivity in a spin- 1
2 su-

perfluid Fermi gas at zero temperature. The conductivities vanish for
small ω due to the spin-singlet pairing. At (kFa)−1 = −1, 0, positive
chemical potentials result in coherence peaks near the thresholds.
Here, vF = kF/m is the Fermi velocity, and � is the volume.

where 
 > 0 is the superfluid order parameter and Ek,F =√
(εk − μ)2 + 
2 is the quasiparticle energy with momentum

k. As the attraction becomes stronger, μ monotonically de-
creases from μ � EF = k2

F/(2m) in the BCS limit [(kFa)−1 →
−∞] to μ � −1/(2ma2) in the BEC limit [(kFa)−1 → +∞],
where a dimensionless parameter (kFa)−1 given by a Fermi
momentum kF and the scattering length a characterizes the
strength of the attraction [54]. Performing the integration over
k in Eq. (6), we obtain

Re σ (S)
xx (ω) =

√
m
2�

12π

[ε+(ω)]
3
2 + θ (ε−(ω))[ε−(ω)]

3
2

ω2
√

ω2 − 4
2

× θ (|ω| − 2Egap), (7)

where Egap ≡ mink(Ek,F) = 
θ (μ) +
√

μ2 + 
2 θ (−μ) is
the energy gap and ε±(ω) ≡ 2μ ± √

ω2 − 4
2. Note that
ε−(ω) is relevant for 2
 < |ω| < 2

√
μ2 + 
2 with μ > 0.

Equation (6) clarifies that the structure of the quasipar-
ticle spectrum strongly affects Re σ (S)

xx (ω). It is notable that
Re σ (S)

xx (ω) vanishes for |ω| < 2Egap as shown by θ (|ω| −
2Egap) in Eq. (7). This reflects the fact that spin excitations
are associated with the dissociation of spin-singlet Cooper
pairs or molecules and require the energy larger than 2Egap.
Figure 2 shows the spectra of the optical spin conductivity
for different interaction strengths. The behavior of Re σ (S)

xx (ω)
near the threshold (|ω| → 2Egap + 0) depends on the sign of
the chemical potential [54]:

Re σ (S)
xx (ω) =

⎧⎪⎨
⎪⎩

�
12π

√
mμ3

2
δω
(μ > 0)


2�
48π

√
mδω3√

μ2+
2|μ|5 (μ < 0)
(8)

with δω = |ω| − 2Egap → +0. In the case of μ > 0
[(kFa)−1 = −1, 0 in Fig. 2], the flat band at |k| = √

2mμ

results in the divergent behavior Re σ (S)
xx (ω) ∼ 1/

√
δω, which

is the so-called coherence peak [55]. On the other hand, Ek,F

is a monotonically increasing function of |k| on the BEC
side with μ < 0 [(kFa)−1 = 1 in Fig. 2], and the optical spin

conductivity decreases as Re σ (S)
xx (ω) ∼ (δω)3/2. In this way,

the optical spin conductivity proves the excitation properties
and the aspects of a spin insulator in the superfluid Fermi gas.
We emphasize that these transport properties of the superfluid
cannot be captured by the conventional Drude conductivity,
whose real part takes a Lorentz distribution.

We mention the validity of the mean-field analysis. For
any (kFa)−1, our result in Eq. (6) satisfies exact relations
such as the f -sum rule in Eq. (4) and the high-frequency tail
Re σ (S)

xx (ω) = C�/[12π (m|ω|)3/2] [44,46,56] with Tan’s con-
tact C [57]. Indeed, the high-frequency asymptotics of Eq. (7)
provides the mean-field value of the contact C = m2
2. In
addition, the mean-field theory employed in this paper gives
semiquantitative descriptions of physical quantities through-
out the BCS-BEC crossover at zero temperature regardless of
the presence of the strong interaction [58,59].

IV. SPIN-1 POLAR CONDENSATE

The optical spin conductivity can also be useful for bosonic
systems. To see this, we next investigate spin transport for a
spin-1 BEC within the Bogoliubov theory [63,64]. Focusing
on the polar phase realized with 23Na and 87Rb [65], we will
show a nontrivial ac spin response, which is again different
from the Drude conductivity. In this phase, bosons condense
only in the sz = 0 channel, which is decoupled from the spin
channels (sz = ±1) [66]. By definition of JS (t ), only quasi-
particles in the spin channels contribute to spin transport, and
the f sum of Re σ (S)

xx (ω) in Eq. (4) is related to the particle
number N1 + N−1 in the spin channels arising from quantum
depletion [66].

The grand canonical Hamiltonian of the system is given by
[66]

K =
∑

k

∑
sz=0,±1

(
εk + qs2

z − μ
)
a†

k,sz
ak,sz

+ c0

2�

∑
k,p,p′

∑
sz,s′

z

a†
k/2+p,sz

a†
k/2−p,s′

z
ak/2−p′,sz ak/2+p′,s′

z

+ c1

2�

∑
k,p,p′

∑
sz,s′

z,s
′′
z ,s′′′

z

Ssz,s′
z
· Ss′′

z ,s′′′
z

× a†
k/2+p,sz

a†
k/2−p,s′′

z
ak/2−p′,s′

z
ak/2+p′,s′′′

z
, (9)

where q characterizes the quadratic Zeeman effect [65], μ is
the chemical potential, ak,sz is the annihilation operator of a
Bose atom with spin sz, and � is the volume of the system. In a
spin-1 BEC, the interatomic interactions can be characterized
by the spin-independent coupling constant c0 > 0 and spin-
dependent coupling constant c1 [67,68]. The spin-1 matrices
Ssz,s′

z
= (Sx

sz,s′
z
, Sy

sz,s′
z
, Sz

sz,s′
z
) are given by

Sx = 1√
2

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠, Sy = i√

2

⎛
⎝0 −1 0

1 0 −1
0 1 0

⎞
⎠, (10)

Sz =
⎛
⎝1 0 0

0 0 0
0 0 −1

⎞
⎠. (11)

The optical spin conductivity within the Bogoliubov
theory can be analytically evaluated. The spin current
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FIG. 3. Optical spin conductivity spectra in a spin-1 BEC at zero
temperature. The solid line shows the result in the spin-gapped case
(q = n0c1), where the conductivity becomes nonzero for ω > 2Egap,
while the dashed line shows that in the gapless case (q + n0c1 =
n0|c1|). Note that vs = √

n0|c1|/m is associated with spin excitations
and is different from the sound velocity.

operator appearing in χαβ (ω) is given by JS =∑
k

k
m (a†

k,1ak,1 − a†
k,−1ak,−1). From the rotational symmetry

of the system, σ (S)
αα (ω) is independent of α = x, y, z and found

to be (see Appendix C for details)

Re σ (S)
xx (ω) =

∑
k

4πn2
0c2

1k2
x

m2|ω|3 δ(|ω| − 2Ek,s), (12)

where Ek,s = √
(εk + q)(εk + q + 2n0c1) is the quasiparticle

energy in the spin channels and n0 is the condensate fraction.
In the polar phase satisfying q + n0c1 > n0|c1|, the spin exci-
tations are gapped with the spin gap Egap = √

q(q + 2n0c1),
while the gap is closed on boundaries of the phase (q +
n0c1 = n0|c1|). From Eq. (12), the optical spin conductivity
is sensitive to whether spin excitations are gapped or gapless.
By performing the integration over k in Eq. (12), the analytical
form of Re σ (S)

xx (ω) is found to be

Re σ (S)
xx (ω) =

√
mn2

0c2
1�

3π

[εs(ω)]
3
2

ω2
√

ω2 + 4n2
0c2

1

θ (|ω| − 2Egap)

(13)

with εs(ω) ≡
√

ω2 + 4n2
0c2

1 − 2(q + n0c1).

Figure 3 shows Re σ (S)
xx (ω) of the polar BEC. Inside the

polar phase with the spin gap, Re σ (S)
xx (ω) vanishes for |ω| <

2Egap, and its decreasing behavior near the threshold (|ω| →
2Egap + 0) is similar to that of the superfluid Fermi gas on
the BEC side because of the similarity between Ek,s and Ek,F.
On the other hand, Re σ (S)

xx (ω) on the phase boundaries with
gapless spin excitations behaves linearly, Re σ (S)

xx (ω)/� =
|ω|/(48πvs), in the low-frequency region (|ω| 
 n0|c1|) with
the spin velocity vs = √

n0|c1|/m (see Fig. 3). We note that
this linear behavior is quite different from that of the Drude
conductivity for conventional spin-gapless systems. In ad-
dition, by taking ω → ±∞ in Eq. (13), one can find the
power-law tail Re σ (S)

xx (ω) = √
mn2

0c2
1�/(3π |ω|3/2) in a sim-

ilar way to that followed for the superfluid Fermi gas. In

this way, the obtained optical spin conductivity reflects the
properties of spin excitations inherent to the polar BEC.

V. TOMONAGA-LUTTINGER LIQUIDS

In the case of the charge response, the optical conductivity
is known to be a powerful tool for characterization of non-
Fermi liquids where there is no well-defined quasiparticle
[69,70]. To demonstrate the usefulness of the spin counterpart,
here we consider one-dimensional quantum critical states with
spin 1

2 where TL liquids, which are typical non-Fermi liquids,
are realized. In such states, the low-energy properties can be
explained by an effective Hamiltonian where charge and spin
degrees of freedom are separated, and therefore information
of the spin part is expected to be captured by spin transport.

The effective Hamiltonian H = HC + HS of TL liquids is
bosonized as [71]

HC = 1

2π

∫
dx uC[KC (π�C (x))2 + (∇φC (x))2/KC], (14a)

HS = 1

2π

∫
dx uS[KS (π�S (x))2 + (∇φS (x))2/KS]

+ 2g

(2πα)2

∫
dx cos (

√
8φS (x)). (14b)

Here, HC(S) is the Hamiltonian of the charge (spin) degree
of freedom that consists of bosonic fields �C(S) and φC(S)

satisfying the canonical commutation relation:

[φC(S)(x1),�C(S)(x2)] = iδ(x1 − x2). (15)

Physically, φC(S) and �C(S) describe the charge (spin) density
fluctuations and their conjugate phase fluctuations, respec-
tively. In addition, uC(S) and KC(S) represent the velocity
and the TL parameter in the charge (spin) component,
respectively, g is the coupling constant arising from the
backscattering process, and α is the cutoff of the low-energy
theory [72]. We note that the above Hamiltonian covers low-
energy behaviors of experimentally important systems such as
the Fermi-Hubbard model and Yang-Gaudin model.

To extract the essential feature, we perform bosoniza-
tion allowing us to express the spin current operator as√

2uSKS�S (x). In addition, cos (
√

8φS (x)) in HC does not
commute with the spin current operator and generates non-
trivial conductivity spectra. The basic feature of the spin
conductivity is calculated with the memory function method
[73,74] (see Appendix D for details). At zero temperature, this
leads to

Re σ (S)(ω) ∝ ω4KS−5. (16)

Thus we find that the optical spin response is powerful in
that KS , which is essential to the critical properties yet elusive
in cold atoms, is determined by the frequency dependence.
We also note that the similar power-law dependence in the
spin conductivity shows up for a spin-insulating system where
the backscattering process is relevant. In this case, the spin
conductivity spectrum vanishes at frequencies below the spin
gap yet obeys the power-law behavior at frequencies above the
gap [71].
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VI. EXPERIMENTAL REALIZATION

We now discuss how to measure σ
(S)
αβ (ω) in experiments.

For ultracold atomic gases, we have several ways to induce
the perturbation in Eq. (1). The most straightforward way
is to apply a time-dependent gradient of a magnetic field
B(r, t ) ∝ fβ (t )rβ along the z axis [75,76]. Such a gradient
potential can also be produced by the optical Stern-Gerlach
effect [77]. Furthermore, ultracold atoms allow us to directly
observe 〈JS (t )〉 = d〈X S (t )〉

dt because

〈X S (t )〉 ≡
∫

dr r〈Sz(r, t )〉 (17)

is given in terms of the observable spin density 〈Sz(r, t )〉
[75,78]. Hereinafter, we focus on 〈X S (t )〉 rather than 〈JS (t )〉
to measure σ

(S)
αβ (ω).

In order to provide a concrete scheme of measurement,
we consider a case with a single-frequency driving fβ (t ) =
Fβ cos(ω0t ). In this case, 〈XS,α (t )〉 shows an oscillating be-
havior, which is exactly related to σ

(S)
αβ (ω = ω0) by

〈δXS,α (t )〉
Fβ

= − Im σ
(S)
αβ (ω0)

ω0
cos(ω0t )

+ Re σ
(S)
αβ (ω0)

ω0
sin(ω0t ) (18)

with 〈δXS,α (t )〉 ≡ 〈XS,α (t )〉 − 〈XS,α〉0 (see Appendix E for de-
tails). Thus σ

(S)
αβ (ω0) can be extracted through the oscillation

analysis of 〈XS,α (t )〉 [79]. We next discuss feasibility in re-
alistic experiments. An accessible region of ω0 depends on
the way to generate fβ (t ). For a magnetic field gradient, it
is feasible up to frequencies of the order of kilohertz, while
noise coming from back-electromotive forces to coils and
metallic chambers would become significant at higher ω0 [88].
On the other hand, a higher-frequency region can easily be
accessed by an optical driving force. There, the lower bound
of ω0 would be determined so as to avoid heating coming
from photon scatterings [88]. In the case of the spin- 1

2 Fermi
superfluid, typical many-body energy scales such as 
 are
about 1 kHz, which can be accessible with both magnetic and
optical gradients (see, e.g., Ref. [89] and references therein).
In addition, noise in the magnitude of σ

(S)
αβ (ω) would arise

from measurement of 〈Sz(r, t )〉 and the accuracy of Fα in each
cycle.

VII. EXTENSIONS OF THE RESULTS
AND PROPOSED METHOD

We now discuss generalizations of our results [Eqs. (3) and
(4)] and a proposal to measure σ

(S)
αβ (ω) based on Eq. (18).

First, we point out that Eqs. (3) and (4) as well as the
measurement scheme for S = 1

2 are naturally extended to
two-component bosons [90–92] by regarding two species as
spin-up and spin-down states.

We next discuss an extension of the driving force to mea-
sure σ

(S)
αβ (ω). While generation of a pure spin current was

considered so far, a more general time-dependent potential
gradient inducing both mass and spin currents may be more
practical in some experimental setups. For example, such a
perturbation has been realized by applying a magnetic field

gradient to 40K atoms with two hyperfine states [76]. We
find that this kind of perturbation is also available to measure
σ

(S)
αβ (ω) when investigating spin- 1

2 gases confined by har-
monic or box traps (see Appendix F for details). In particular,
in the spin-balanced case, cross correlations between mass and
spin vanish, so that Eq. (18) holds even when both mass and
spin currents are induced. The extension of our measurement
scheme to spin-imbalanced cases is also possible.

Our results can also be generalized to spin-orbit-coupled
systems without spin conservation. Spin transport in these
systems has been actively studied not only in spintronics
[6] but also in cold-atom experiments [93–95]. Even in such
systems, σ

(S)
αβ (ω) satisfying Eqs. (3) and (4) can be defined

and measured by simply generalizing our proposed method.
To see this, we consider two-component gases with spin-orbit
and Rabi couplings realized with ultracold atoms [96–98] (see
Appendix G for details). For convenience, we define X â

S,α ≡∫
dr rαSâ(r) and δHb̂

β (t ) ≡ − f b̂
β (t )X b̂

S,β , where Sâ(r) is the spin
density operator along the direction â = x, y, z in spin space.
We emphasize that 〈X â

S,α (t )〉 can be measured by observing
the spin density. In the spin-conserved case, Eq. (18) relates
σ

(S)
αβ (ω) to the oscillating 〈X z

S,α (t )〉 under the perturbation
δHz

β (t ) [Eq. (1)]. In the presence of the spin-orbit and Rabi

couplings, σ (S)
αβ (ω) is rewritten in terms of the thermal average

of Sx(r) and four responses of 〈X â
S,α (t )〉 under δHb̂

β (t ) with

â, b̂ ∈ {y, z} [see Eq. (G5)]. These responses can be measured
from oscillation analyses similar to Eq. (18).

Finally, as in the charge response [99], Eqs. (3) and (4) can
be generalized to nonequilibrium systems with spin conser-
vation, whose optical spin conductivity is measurable from
spin dynamics in cold-atom experiments (see Appendix H
for details). Unlike in equilibrium, the nonequilibrium spin
conductivity can have a negative real part associated with
energy gain [100].

VIII. OTHER PROMISING APPLICATIONS

The optical spin conductivity has a variety of prospects.
The potential of σ

(S)
αβ (ω) to detect a topological phase transi-

tion has been recently pointed out [101]. Our formalism and
proposal are applicable to optical lattice systems. For instance,
it is important to confirm an anomalous frequency dependence
in σ (S)(ω) of spin chains [102], whose spin superdiffusion has
attracted attention [38,103]. As the optical charge conductiv-
ity measurement has already served as a valuable probe for
pseudogap phenomena [104], non-Fermi liquids [69,70], and
photoinduced insulator-metal transitions [105–107], σ

(S)
αβ (ω)

is expected to be a key quantity to understand spin dy-
namics of strongly correlated and nonequilibrium systems.
For instance, unlike photoemission spectroscopy convention-
ally used to study pseudogaps of ultracold atoms [108–110],
σ

(S)
αβ (ω) involves both upper and lower branches of single-

particle excitations, so that measurement of σ
(S)
αβ (ω) would

deepen our understanding of the pseudogap phenomenon
[111]. In terms of unconventional quantum liquids, it is
also interesting to investigate a spin liquid [112], which has
recently been realized with cold atoms [113]. Finally, appli-
cations to nonequilibrium states such as Floquet time crystals
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[114] and nonlinear responses such as shift spin currents [115]
are also promising routes for the spin conductivity.

IX. CONCLUSION

In this paper, we discussed the optical spin conductivity
σ

(S)
αβ (ω), which serves as a valuable probe to examine many-

body interacting systems with spin degrees of freedom and
can be measured with existing methods in cold-atom exper-
iments. First, the formalism of σ

(S)
αβ (ω) applicable to both

continuum and optical lattice systems was provided. We then
theoretically investigated three systems to show the availabil-
ity of the optical spin conductivity. For the superfluid Fermi
gas, the gapped single-particle excitations result in the gap of
the spectrum Re σ (S)

xx (ω), and the flat band for μ > 0 leads to
the coherence peak. For the spinor BEC, Re σ (S)

xx (ω) detects
gapped spin excitations in the polar phase as well as gapless
spin excitations on the phase boundaries, and its f sum is
related to quantum depletion. In addition, from Eq. (16), the
optical spin conductivity is found to be related to the spin part
of the TL liquid parameter KS elusive in cold-atom experi-
ments. We also proposed that the optical spin conductivity can
be measured from the oscillation in spin dynamics [Eq. (18)].
This proposal can be extended to various cases including spin-
orbit-coupled and nonequilibrium systems. As mentioned in
Sec. VIII, various applications of the optical spin conductivity
as a probe for exotic spin dynamics are promising.

Note added. Recently, a paper has appeared [116] in which
a spin drag effect and related f -sum rules due to a spin-
dependent perturbation are discussed.
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APPENDIX A: FORMALISM WITH SPIN CONSERVATION

We consider spin transport in a system with spin S =
1
2 , 1, 3

2 , . . .. Here, we employ the first-quantization formalism
to clarify the connection between the spin current and the
spin-resolved center-of-mass motion. The Hamiltonian of the
system is given by H(t ) = H + δHβ (t ). The nonperturbative
term H is given by

H =
∑
(sz,i)

(
1

2m
[psz,i − Asz (rsz,i )]

2 + Vsz (rsz,i )

)
+ Hint, (A1)

where m is the mass of a particle and labels of particles take
sz = −S,−S + 1, . . . , S and i = 1, 2, . . . , Nsz with Nsz being
the particle number in the sz component. The operators rsz,i

and psz,i denote the coordinate and momentum operators of

the particle with a label (sz, i), and they satisfy the following
canonical commutation relations:

[(rsz,i )α, (rs′
z,i

′ )β] = [(psz,i )α, (ps′
z,i

′ )β] = 0, (A2a)

[(rsz,i )α, (ps′
z,i

′ )β] = iδszs′
z
δii′δαβ, (A2b)

where α and β denote Cartesian components x, y, z in the
coordinate space. The functions Asz (r) and Vsz (r) are spin-
dependent vector and scalar potentials, respectively, and the
interaction term Hint is assumed to be described by pairwise
potentials and commute with the z component of the spin den-
sity operator Sz(r) = ∑

(sz,i) szδ(r − rsz,i ). The time-dependent
perturbation term is given by

δHβ (t ) = −
∫

dr fβ (t )rβSz(r) = − fβ (t )XS,β , (A3)

where fβ (t ) provides a driving force in the direction β coupled
to the spin density Sz(r). The operator X S ≡ ∫

dr rSz(r) mea-
sures the coordinate characterizing spin dynamics driven by
fβ (t ). In terms of the spin-resolved center-of-mass coordinate

Rsz = ∑Nsz
i=1 rsz,i/Nsz , X S is rewritten as X S = ∑

sz
szNsz Rsz .

The perturbation generates a spin current, whose correspond-
ing operator in the Heisenberg picture is given by JS (t ) =∑

(sz,i) sz
drsz ,i (t )

dt . This operator can be rewritten as

JS (t ) = dX S (t )

dt
=

∑
(sz,i)

sz

m
[psz,i(t ) − Asz (rsz,i(t ))]. (A4)

Optical spin conductivity

We now derive the expression of the optical spin conductiv-
ity σ

(S)
αβ (ω) [Eq. (3)] in terms of a retarded response function

for a spin current. The optical spin conductivity σ
(S)
αβ (ω) is

given as the linear response of the spin current to the driving
force:

〈J̃S,α (ω)〉 = σ
(S)
αβ (ω) f̃β (ω), (A5)

where J̃S,α (ω) and f̃α (ω) are the Fourier transforms of JS,α (t )
and fα (t ), respectively, and 〈· · · 〉 denotes the expectation
value with respect to a nonequilibrium state driven by the
external force. The Kubo formula provides

σ
(S)
αβ (ω) = i

∫ ∞

−∞
dt eiω+tθ (t )〈[JS,α (t ), XS,β (0)]〉0, (A6)

where ω+ ≡ ω + i0+, θ (t ) is the Heaviside step func-
tion, and 〈· · · 〉0 denotes the thermal average without the
external force. From Eq. (A4) and 〈[JS,α (t ), XS,β (0)]〉0 =
〈[JS,α (0), XS,β (−t )]〉0 resulting from time translation invari-
ance, performing the integration by parts yields

σ
(S)
αβ (ω) = − 1

ω+ 〈[JS,α (0), XS,β (0)]〉0 + i

ω+ χαβ (ω), (A7)

where

χαβ (ω) = −i
∫ ∞

−∞
dt eiω+tθ (t )〈[JS,α (t ), JS,β (0)]〉0 (A8)
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is the retarded response function for the spin current. Using
Eqs. (A2a), (A2b), and (A4), we obtain

[JS,α (0), XS,β (0)] = −iδαβ

∑
sz

s2
z Nsz

m
. (A9)

Substituting this into Eq. (A7), we finally find Eq. (3):

σ
(S)
αβ (ω) = i

ω+

(
δαβ

∑
sz

s2
z Nsz

m
+ χαβ (ω)

)
. (A10)

We next turn to the f -sum rule [Eq. (4)], which is the
exact constraint on the integral of σ

(S)
αβ (ω) over ω. The causal-

ity condition in the retarded function χαβ (ω) leads to the
Kramers-Kronig relation:

Re χαβ (ω) = P
∫ ∞

−∞

dω′

π

Im χαβ (ω′)
ω′ − ω

, (A11)

where P denotes the Cauchy principal value. Using this rela-
tion, we can obtain the f -sum rule [Eq. (4)]:∫ ∞

−∞

dω

π
Re σ

(S)
αβ (ω) = δαβ

∑
sz

s2
z Nsz

m
. (A12)

APPENDIX B: SPIN- 1
2 SUPERFLUID FERMI GAS

Here, we compute the optical spin conductivity for a spin- 1
2

Fermi superfluid at zero temperature within the BCS-Leggett
mean-field theory [52,53]. In the mean-field theory, Eq. (5)
reduces to

KBCS = EGS +
∑
k,σ

Ek,Fγ
†
k,σ

γk,σ , (B1)

where Ek,F =
√

(εk − μ)2 + 
2 is the quasiparticle energy
with the superfluid order parameter 
. Since the ground-state
energy EGS does not contribute to spin transport, we do not
provide its explicit form. The creation and annihilation oper-
ators γ

†
k,σ

, γk,σ of quasiparticles are given by the Bogoliubov
transformation:(

γ
†
k,↑

γ−k,↓

)
=

(
uk,F −vk,F

vk,F uk,F

)(
c†

k,↑
c−k,↓

)
(B2)

with

uk,F =
√

1

2

(
1 + εk − μ

Ek,F

)
, vk,F =

√
1

2

(
1 − εk − μ

Ek,F

)
.

(B3)

The operators γ
†
k,σ

, γk,σ satisfy the following anticommuta-
tion relations:

{γk,σ , γk′,σ ′ } = {γ †
k,σ

, γ
†
k′,σ ′ } = 0, (B4a)

{γk,σ , γ
†
k′,σ ′ } = δkk′δσσ ′ . (B4b)

In the mean-field approximation, 
 and μ for given a and
N = N↑ + N↓ are determined by self-consistently solving the
following gap and particle number equations:

− m

4πa
= 1

�

∑
k

(
1

2Ek,F
− 1

2εk

)
, (B5)

N =
∑

k

(
1 − εk − μ

Ek,F

)
. (B6)

1. Current correlation function

Here, we calculate the correlation function χαβ (ω) in
Eq. (A8) for the superfluid Fermi gas. In the second-
quantization formalism, JS in Eq. (A4) is rewritten as

JS =
∑

k

k
2m

(c†
k,↑ck,↑ − c†

k,↓ck,↓). (B7)

Substituting the inverse of the Bogoliubov transformation in
Eq. (B2) into this yields

JS =
∑

k

k
2m

[(
u2

k,F − v2
k,F

)
(γ †

k,↑γk,↑ + γ
†
−k,↓γ−k,↓)

+2v2
k,F + 2uk,Fvk,F(γ †

k,↑γ
†
−k,↓ + γ−k,↓γk,↑)

]
. (B8)

In the Heisenberg picture, JS (t ) = U †
BCS(t )JSUBCS(t ) with

UBCS(t ) = exp(−iKBCS t ) reads

JS (t ) =
∑

k

k
2m

[(
u2

k,F − v2
k,F

)
(γ †

k,↑γk,↑ + γ
†
−k,↓γ−k,↓)

+ 2uk,Fvk,F(e2iEk,Ftγ
†
k,↑γ

†
−k,↓ + e−2iEk,Ftγ−k,↓γk,↑)

+ 2v2
k,F

]
, (B9)

where γk,σ (t ) = U †
BCS(t )γk,σUBCS(t ) = γk,σ e−iEk,Ft was used.

Let us now evaluate the correlation function in Eq. (A8) at
zero temperature. Using Eqs. (B3), (B4a), (B4b), and (B9) as
well as 〈γ †

k,σ
γk,σ 〉0 = 0 at zero temperature, the expectation

value in Eq. (A8) is

〈[JS,α (t ), JS,β (0)]〉0 =
∑

k


2kαkβ

4m2E2
k,F

(e−2iEk,Ft − e2iEk,Ft ).

(B10)

Therefore the correlation function for the superfluid Fermi gas
is found to be

χαβ (ω) = δαβ

∑
k


2k2
α

4m2E2
k,F

(
1

ω+ − 2Ek,F
− 1

ω+ + 2Ek,F

)
.

(B11)

2. Spin conductivity

Let us evaluate the real part of the optical spin conductivity.
Equation (3) provides

Re σ (S)
xx (ω) = DSδ(ω) − 1

ω
Im χxx(ω), (B12)

where DS = π [N/4m + Re χxx(0)] is the spin Drude weight.
Using Eqs. (B6) and (B11), replacing

∑
k → �

∫
d3k/(2π )3,

and performing the integration over k = |k| by parts, we can
find DS = 0 in this case. By substituting Eq. (B11) into the
second term in Eq. (B12), the real part of σ (S)

xx (ω) is given by

Re σ (S)
xx (ω) =

∑
k

π
2k2
x

m2|ω|3 δ(|ω| − 2Ek,F). (B13)
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Using Eq. (B6), we can straightforwardly confirm that this
spin conductivity satisfies the f -sum rule in Eq. (4).

APPENDIX C: SPIN-1 POLAR BOSE-EINSTEIN
CONDENSATE

Here, we compute the optical spin conductivity for a spin-1
Bose-Einstein condensate (BEC) at zero temperature within
the Bogoliubov theory [63]. In the polar phase, the condensate
is characterized by 〈ak=0,sz 〉 = √

n0δsz0 with the condensate
fraction n0 and is stabilized in the plane of (q, n0c1) satisfying
q + n0c1 > n0|c1|. By using the Bogoliubov theory, where the
effect of ak �=0 on K [Eq. (9)] is incorporated up to quadratic
order, K reduces to [66]

KBog = EGS +
∑
k �=0

[Ek,dβ
†
k,dβk,d

+ Ek,s(β
†
k,sx

βk,sx + β
†
k,sy

βk,sy )]. (C1)

Since the ground-state energy EGS does not contribute to spin
transport as in the case of the spin- 1

2 superfluid Fermi gas,
we do not show its explicit form. The quasiparticle energies
in the density (d) and spin (s) channels are given by Ek,d =√

εk(εk + 2n0c0) and Ek,s = √
(εk + q)(εk + q + 2n0c1), re-

spectively. The operators βk,d , βk,sx , and βk,sy denote the
annihilation operators of quasiparticles, which are related to

bk,d = ak,0, (C2a)

bk,sx = 1√
2

(ak,1 + ak,−1), (C2b)

bk,sy = i√
2

(ak,1 − ak,−1) (C2c)

by the Bogoliubov transformations:

bk,d = uk,dβk,d − vk,dβ
†
−k,d , (C3a)

bk,sx = uk,sβk,sx − vk,sβ
†
−k,sx

, (C3b)

bk,sy = uk,sβk,sy − vk,sβ
†
−k,sy

(C3c)

with

uk,d =
√

εk + n0c0 + Ek,d

2Ek,d
, (C4a)

vk,d =
√

εk + n0c0 − Ek,d

2Ek,d
, (C4b)

uk,s =
√

εk + q + n0c1 + Ek,s

2Ek,s
, (C4c)

vk,s =
√

εk + q + n0c1 − Ek,s

2Ek,s
. (C4d)

Since the density channel does not contribute to spin transport,
we below consider the spin channels. The annihilation and
creation operators of quasiparticles in the spin channels satisfy
the following commutation relations:

[βk,s j , βk′,s j′ ] = [β†
k,s j

, β
†
k′,s j′

] = 0, (C5a)

[βk,s j , β
†
k′,s j′

] = δkk′δs j s j′ (C5b)

with j, j′ ∈ {x, y}.

1. Current correlation function

Here, we calculate the correlation function χαβ (ω) in
Eq. (A8) for the spinor BEC in the polar phase. In the second-
quantization formalism, JS in Eq. (A4) is rewritten as

JS =
∑

k

k
m

(a†
k,1ak,1 − a†

k,−1ak,−1)

= −i
∑

k

k
m

(b†
k,sx

bk,sy − b†
k,sy

bk,sx ), (C6)

where Eqs. (C2a)–(C2c) were used. Substituting Eqs. (C3a)–
(C3c) into this and using Eqs. (C5a) and (C5b), we obtain

JS = −i
∑

k

k
m

[(
u2

k,s + v2
k,s

)
(β†

k,sx
βk,sy − β

†
k,sy

βk,sx )

− 2uk,svk,s(β
†
k,sx

β
†
−k,sy

− βk,sx β−k,sy )
]
. (C7)

In the Heisenberg picture, JS (t ) = U †
Bog(t )JSUBog(t ) with

UBog(t ) = exp(−iKBog t ) reads

JS (t ) =
∑

k

k
m

[ − i
(
u2

k,s + v2
k,s

)
β

†
k,sx

βk,sy

+ 2i uk,svk,se
2iEk,stβ

†
k,sx

β
†
−k,sy

+ H.c.
]
, (C8)

where βk,s j (t ) = U †
Bog(t )βk,s jUBog(t ) = βk,s j e

−iEk,st was used.
Let us now evaluate the correlation function in Eq. (A8)

at zero temperature. Using Eqs. (C4a)–(C4d), (C5a), (C5b),
and (C8) as well as 〈β†

k,s j
βk,s j 〉0 = 0 at zero temperature, the

expectation value in Eq. (A8) is

〈[JS,α (t ), JS,β (0)]〉0 =
∑

k

n2
0c2

1kαkβ

m2E2
k,s

(e−2iEk,st − e2iEk,st ).

(C9)

Therefore the correlation function for the polar BEC is found
to be

χαβ (ω) = δαβ

∑
k

n2
0c2

1k2
α

m2E2
k,s

(
1

ω+ − 2Ek,s
− 1

ω+ + 2Ek,s

)
.

(C10)

2. Spin conductivity

Let us now evaluate the real part of the optical spin conduc-
tivity. The real part is given as the form of Eq. (B12), where
the spin Drude weight DS = π [(N1 + N−1)/m + Re χxx(0)] in
this case involves the quantum depletion N1 + N−1 in the spin
channels. Using N1 + N−1 = ∑

k 2v2
k,s [66] and Eq. (C10),

we can see DS = 0 in a similar way to that followed for the
superfluid Fermi gas. The real part thus reads

Re σ (S)
xx (ω) =

∑
k

4πn2
0c2

1k2
x

m2|ω|3 δ(|ω| − 2Ek,s). (C11)

We can straightforwardly confirm that this spin conductivity
satisfies the f -sum rule in Eq. (4). We note that the f sum
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in this case is equivalent to the quantum depletion in the spin
channel [66] while that in the S = 1

2 case provides the total
particle number.

APPENDIX D: TOMONAGA-LUTTINGER LIQUID

Here, we consider spin- 1
2 one-dimensional quantum fluids

where the low-energy description based on Tomonaga-
Luttinger (TL) liquids is reasonable. In addition to the
Hamiltonian H = HC + HS [see Eqs. (14a) and (14b)], one
can bosonize physical quantities in this case. For instance, the
local current operator is expressed as

jC(S)(x, t ) =
√

2uC(S)KC(S)�C(S)(x, t ). (D1)

Owing to the spin-charge separation and the formal similarity
of the Hamiltonian between charge and spin sectors, as in the
case of the charge conductivity [71], one can obtain the spin
conductivity expression as

σ (S)(ω) = i

ω

(
2uSKS�

π
+ χ (ω)

)
, (D2)

where � is the one-dimensional volume and the retarded
current-current correlation function χ (ω) is given by Eq. (A8)
with JS (t ) = ∫

dx jS (x, t ). In order to obtain the finite fre-
quency dependence, we rewrite the conductivity as

σ (S)(ω) = 2iuSKS�

π

1

ω + M(ω)
, (D3)

where M(ω) is called the memory function. One can perturba-
tively calculate M(ω), provided that g is small. By performing
a similar calculation with charge transport [73,74], we obtain

M(ω) ≈ g2KS

π3α2
sin(2πKS )�2(1 − 2KS )

e−iπ (2KS−1)

ω

×
( αω

2uS

)4KS−2
, (D4)

where �(z) is the gamma function and we assumed the
zero temperature. For KS � 1, which corresponds to cases
of repulsive interactions, cos(

√
8φS ) becomes irrelevant, and

therefore the TL liquid is realized. In this case, M(ω) is
negligible compared with ω at low frequencies. Thus, by using
Eq. (D3), we find Re[σ (S)(ω)] ∼ ω4KS−5.

APPENDIX E: SPIN DYNAMICS UNDER
SINGLE-FREQUENCY DRIVING

Here, we derive Eq. (18), which allows us to exper-
imentally extract σ

(S)
αβ (ω) from spin dynamics driven by

the perturbation [Eq. (1)]. We consider one of the sim-
plest perturbations, i.e., the single-frequency driving fβ (t ) =
Fβ cos(ω0t ). In this case, substituting the Fourier transform of
fβ (t ) into Eq. (2) and performing the inverse Fourier trans-
form of 〈J̃S,α (ω)〉 yields

〈JS,α (t )〉
Fβ

= Re σ
(S)
αβ (ω0) cos(ω0t ) + Im σ

(S)
αβ (ω0) sin(ω0t ),

(E1)

where σ
(S)
αβ (−ω0) = [σ (S)

αβ (ω0)]∗, resulting from the Hermitic-
ity of JS,α and XS,β in Eq. (A6), was used. Because of JS,α (t ) =

d
dt XS,α (t ), 〈δXS,α (t )〉 ≡ 〈XS,α (t )〉 − 〈XS,α〉0 shows an oscillat-
ing behavior [Eq. (18)]:

〈δXS,α (t )〉
Fβ

= − Im σ
(S)
αβ (ω0)

ω0
cos(ω0t )

+ Re σ
(S)
αβ (ω0)

ω0
sin(ω0t ). (E2)

Therefore σ
(S)
αβ (ω = ω0) can be experimentally determined by

measuring the oscillation of 〈JS,α (t )〉 or 〈XS,α (t )〉 under the
perturbation fβ (t ) = Fβ cos(ω0t ).

APPENDIX F: MEASUREMENT SCHEME
IN THE PRESENCE OF A MASS CURRENT

In this Appendix, we extend our proposal to the cases
where both mass and spin currents are induced by a time-
dependent force. Such a situation is realized when a magnetic
field gradient is applied to 40K atoms [76]. We show that
this type of perturbation is also available to experimentally
extract the optical spin conductivity of harmonically trapped
or homogeneous gases with two internal degrees of freedom.
For these systems the center-of-mass motion is not affected
by the interparticle interactions [41–43]. We note that the
discussion below is not limited to spin- 1

2 Fermi gases and
holds for two-component Bose gases if the two species are
referred to as spin-up and spin-down states.

We start with the following Hamiltonian in the presence of
a harmonic trapping potential: H(t ) = H + δH ′

β (t ), where the
nonperturbative and perturbative terms are given by

H =
∑

σ=↑,↓

∫
dr

(
|∇ψσ (r)|2

2m
+

∑
α=x,y,z

1

2
mω2

αr2
αnσ (r)

)

+
∑
σ,σ ′

Hσσ ′
int , (F1)

δH ′
β (t ) = −

∑
σ=↑,↓

γσ fβ (t )Xσβ, (F2)

respectively, and Xσβ = ∫
dr rβnσ (r). Here, ψσ (r) and

nσ (r) = ψ†
σ (r)ψσ (r) are the field and particle number oper-

ators of spin-σ particles, respectively, and ωα is a trapping
frequency. The interaction terms Hint = ∑

σ,σ ′ Hσσ ′
int have the

form

Hσσ ′
int = 1

2

∫
drdr′ ψ†

σ (r)ψ†
σ ′ (r′)Uσσ ′ (r − r′)ψσ ′ (r′)ψσ (r)

(F3)

with the interaction potentials Uσσ ′ (r − r′) and thus satisfy
[Hint, Sz(r)] = 0 with Sz(r) = [n↑(r) − n↓(r)]/2. The param-
eter γσ characterizes the strength of the external force to kick
spin-σ particles. The perturbative term can be separated into
mass and spin components as

δH ′
β (t ) = − fβ (t )(γMXM,β + γSXS,β ), (F4)

where γM = (γ↑ + γ↓)/2, γS = γ↑ − γ↓, XM,β = X↑β + X↓β ,
and XS,β = (X↑β − X↓β )/2. This definition of X S is consistent
with Eq. (A3) in the first quantization, while X M describes the
center-of-mass coordinate [117]. For γ↑ = γ↓ (γS = 0), a pure
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mass current is driven, while for γ↑ = −γ↓ (γM = 0) a pure
spin current is driven. Hereinafter, we focus on γ↑ �= |γ↓|,
where both mass and spin currents flow. By taking the limit
of ωα → 0 below, we can also obtain results for the homoge-
neous case.

The responses of the mass current JM (t ) = dX M (t )
dt and spin

current JS (t ) = dX S (t )
dt to the perturbation have the following

forms in frequency space:

〈J̃M,α (ω)〉
f̃β (ω)

= γMσ MM
αβ (ω) + γSσ

MS
αβ (ω), (F5)

〈J̃S,α (ω)〉
f̃β (ω)

= γMσ SM
αβ (ω) + γSσ

SS
αβ (ω), (F6)

where J̃M,α (ω), J̃S,α (ω), and f̃β (ω) are Fourier transforms of
JM,α (t ), JS,α (t ), and fβ (t ), respectively, and

σ ab
αβ (ω) = i

∫ ∞

0
dt eiω+t 〈[Ja,α (t ), Xb,β (0)]〉0 (F7)

with a, b ∈ {M, S} is the generalized optical conductivity. The
mass and spin conductivities are given by σ

(M )
αβ (ω) = σ MM

αβ (ω)

and σ
(S)
αβ (ω) = σ SS

αβ (ω), respectively. In Eq. (F7), the nonper-
turbative Hamiltonian [Eq. (F1)] governs the time evolution
of operators. In the case of the harmonic trap, the equa-
tion of motion of X M (t ) is independent of the interaction term

[ d2XM,α (t )
dt2 = −ω2

αXM,α (t )] and can be easily solved:

XM,α (t ) = cos(ωαt )XM,α + sin(ωαt )

ωα

JM,α. (F8)

By substituting this into Eq. (F7) and using canonical anti-
commutation (or commutation) relations of field operators,
we can see that the conductivities including mass degrees of
freedom have the following trivial forms:

σ
(M )
αβ (ω) = δαβNσ 0

α (ω), (F9)

σ MS
αβ (ω) = σ SM

αβ (ω) = δαβ

N↑ − N↓
2

σ 0
α (ω), (F10)

where Nσ = ∫
dr 〈ψ†

σ (r)ψσ (r)〉0, N = N↑ + N↓, and

σ 0
α (ω) = i

2m

(
1

ω+ − ωα

+ 1

ω+ + ωα

)
. (F11)

This explicit form of σ SM
αβ (ω) allows us to experimentally

extract the optical spin conductivity by measuring 〈X S (t )〉
or 〈JS (t )〉 even in the presence of the mass current. In-
deed, we can find in a similar way to that followed in
Appendix E that 〈XS,α (t )〉 under the single-frequency driving
fβ (t ) = Fβ cos(ω0t ) shows an oscillating behavior:

〈δXS,α (t )〉
Fβ

= − Im
[
γSσ

(S)
αβ (ω0) + γMσ SM

αβ (ω0)
]

ω0
cos(ω0t )

+ Re
[
γSσ

(S)
αβ (ω0) + γMσ SM

αβ (ω0)
]

ω0
sin(ω0t ).

(F12)

For γM = 0 and γS = 1, this is consistent with Eq. (18). We
can experimentally determine σ

(S)
αβ (ω) from the oscillation of

〈XS,α (t )〉 in a similar way to that followed in the case where a

pure spin current is generated. In particular, when spin is bal-
anced (N↑ = N↓), the cross conductivity σ SM

αβ (ω) in Eq. (F10)
vanishes, so that Eq. (F12) becomes equivalent to Eq. (18) in
the case where a pure spin current is induced. We note that
the above discussion relies on the separation of the driving
force into mass and spin sectors [Eq. (F4)], which is specific to
two-component systems, as well as the trivial motion of center
of mass [Eq. (F8)] in the cases of a harmonically trapped gas
without an optical lattice or of a homogeneous gas.

APPENDIX G: EXTENSION TO SYSTEMS WITHOUT
SPIN CONSERVATION

This Appendix is devoted to extending our scheme of the
detection of the optical spin conductivity to systems without
spin conservation. In particular, we focus on two-component
gases in the presence of spin-orbit and Rabi couplings, which
are realized with ultracold atoms [96–98]. The Hamiltonian in
the second quantization is given by

HSOC =
∫

dr �†(r)h(r)�(r) + Hint, (G1)

h(r) = − 1

2m
D2 + V (r)1S + δ

2
σ̂z + �R

2
σ̂x, (G2)

where �(r) = (ψ↑(r), ψ↓(r))T, D = ∇1S − ikr σ̂z,
1S = diag(1, 1), and σ̂x,y,z are Pauli matrices. The
spin-orbit coupling characterized by kr can be interpreted
as an equal-weight combination of Rashba-type and
Dresselhaus-type spin-orbit couplings [96–98], δ is a
Zeeman detuning, �R is a Rabi coupling, and V (r) is a
trapping potential. The interaction term Hint = ∑

σσ ′ Hσσ ′
int

given by Eq. (F3) satisfies [Sz(r), Hint] = 0, where the spin
density operators are defined as Sâ(r) ≡ �†(r)σ̂â�(r)/2
with â = x, y, z. In the presence of the spin-orbit coupling,
the operator of the spin current density involves D as
in the case of the mass current with a vector potential:
jS (r) = 1

4m [�†(r){−iDσ̂z�(r)} + {−iDσ̂z�(r)}†�(r)].
Therefore the spin current operator reads

JS =
∫

dr jS (r) =
∫

dr
−i

2m
�†(r)Dσ̂z�(r). (G3)

We now turn to how to experimentally extract the optical
spin conductivity defined by [118]

σ
(S)
αβ (ω) ≡ i

ω+
(
δαβ

N

4m
+ χαβ (ω)

)
, (G4)

where N = ∫
dr 〈�†(r)�(r)〉0 and the correlation function

χαβ (ω) = −i
∫ ∞

0 dt eiω+t 〈[JS,α (t ), JS,β (0)]〉0 now involves JS

in Eq. (G3). Using the Kramers-Kronig relation of χαβ (ω),
we can straightforwardly show that this σ

(S)
αβ (ω) satisfies the

same form of the f -sum rule as that with the spin conservation
[Eq. (4)]. In the spin-conserved case, σ

(S)
αβ (ω) can be deter-

mined by measuring the response of XS,α (t ) = ∫
dr rαSz(r, t )

to the external force coupled to Sz(r). In the presence of the
spin-orbit and Rabi couplings, σ

(S)
αβ (ω) can be extracted by

generalizing the directions â, b̂ ∈ {x, y, z} in the spin space
of the measured quantity XS,α (t ) → X â

S,α (t ) ≡ ∫
dr rαSâ(r, t )

and the perturbation δHβ (t ) → δHb̂
β (t ) ≡ − f b̂

β (t )X b̂
S,β . This
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comes from the fact that, in this case, the equation of continu-
ity of Sz(r, t ) has source terms but still gives the expression of
∇ · jS (r, t ) in terms of measurable spin densities Sâ(r, t ) [see
Eq. (G8)]. The relation of σ

(S)
αβ (ω) to measurable quantities is

given by

σ
(S)
αβ (ω) = −iω �zz

αβ (ω) − �R �
yz
αβ (ω)

+ i�R

ω+
( − iω �

zy
αβ (ω) − �R �

yy
αβ (ω) − 〈

Y x
S,αβ

〉
0

)
,

(G5)

where �âb̂
αβ (ω) describes the linear response of X â

S,α (t ) to

f b̂
β (t ) in the frequency space and the last term, 〈Y x

S,αβ〉0 =∫
dr rαrβ〈Sx(r)〉0, can be determined by measuring the spin

density Sx(r) at thermal equilibrium. The quantity �âb̂
αβ (ω)

can be extracted by measuring the response of X â
S,α (t ) under

the single-frequency driving f b̂
β (t ) = F b̂

β cos(ω0t ). Indeed, the
response takes the form〈

δX â
S,α (t )

〉
f b̂
β

F b̂
β

= Re �âb̂
αβ (ω0) cos(ω0t )

+ Im �âb̂
αβ (ω0) sin(ω0t ), (G6)

so that �âb̂
αβ (ω =ω0) can be determined by observing the os-

cillation of X â
S,α (t ). The first and second terms in Eq. (G5)

can be obtained by measuring X â=y,z
S,α (t ) under the external

force f b̂=z
β (t ), while the third and fourth terms can be obtained

by measuring X â=y,z
S,α (t ) under f b̂=y

β (t ). Detailed derivations of
Eqs. (G5) and (G6) are presented below.

Derivations of Equations (G5) and (G6)

We start with the total Hamiltonian H(t ) which includes
the external force f b̂

β (t ) along the β direction of the coordinate
space coupled to Sb̂(r). In the Schrödinger picture, we have

H(t ) = HSOC + δHb̂
β (t ) (b̂ = z, y). (G7)

By evaluating the Heisenberg equation of Sz(r), it is found that
the equation of continuity of spin has source terms:

∂Sz(r, t )

∂t
+ ∇ · jS (r, t )

=
{
�RSy(r, t ) (b̂ = z or f b̂

β (t ) = 0)
�RSy(r, t ) + rβ f y

β (t )Sx(r, t ) (b̂ = y).
(G8)

By multiplying rα and integrating over r, we obtain

Ẋ z
S,α (t ) = JS,α (t ) + �RX y

S,α (t ) (G9)

for b̂ = z or f b̂
β (t ) = 0 and

Ẋ z
S,α (t ) = JS,α (t ) + �RX y

S,α (t ) + Y x
S,αβ (t ) f y

β (t ) (G10)

for b̂ = y, where Ẋ â
S,α (t ) = dX â

S,α (t )
dt and Y x

S,αβ (t ) =∫
dr rαrβSx(r, t ) were defined. These equations show that

the time evolution of the spin current can be expressed in
terms of measurable Sx,y,z(r, t ).

To derive Eq. (G5), we evaluate spin dynamics with the
linear response theory. In general, the linear response of an
operator O(t ) to the external force f b̂

β (t ) in the frequency
space is given by

〈δÕ(ω)〉 f b̂
β

f̃ b̂
β (ω)

≡
〈Õ(ω)〉 f b̂

β

− 〈Õ(ω)〉0

f̃ b̂
β (ω)

= i
∫ ∞

0
dt eiω+t

〈[
O(t ), X b̂

S,β (0)
]〉

0, (G11)

where 〈· · · 〉 f b̂
β

and 〈· · · 〉0 denote the expectation values with

and without the perturbation f b̂
β (t ), respectively, and Õ(ω) =∫ ∞

−∞dt eiωt O(t ) and f̃ b̂
β (ω) = ∫ ∞

−∞dt eiωt f b̂
β (t ). Substituting

O = JS,α and b̂ = z into Eq. (G11), performing the integration
by parts, and using Eqs. (G4) and (G9), we obtain

〈δJ̃S,α (ω)〉 f z
β

f̃ z
β (ω)

= σ
(S)
αβ (ω) − i�R

ω+

× i
∫ ∞

0
dt eiω+t 〈[JS,α (t ), X y

S,β (0)]〉0. (G12)

The last term in Eq. (G12) is related to Eq. (G11) with O =
JS,α and b̂ = y, leading to

σ
(S)
αβ (ω) =

〈δJ̃S,α (ω)〉 f z
β

f̃ z
β (ω)

+ i�R

ω+
〈δJ̃S,α (ω)〉 f y

β

f̃ y
β (ω)

. (G13)

From Eqs. (G9) and (G10), the responses of the spin current
are given in terms of those of measurable quantities as

〈δJS,α (t )〉 f z
β

= 〈
δẊ z

S,α (t )
〉

f z
β

− �R
〈
δX y

S,α (t )
〉

f z
β

, (G14)

〈δJS,α (t )〉 f y
β

= 〈
δẊ z

S,α (t )
〉

f y
β

− �R
〈
δX y

S,α (t )
〉

f y
β

−〈
Y x

S,αβ

〉
0 f y

β (t ). (G15)

By using these equations and ˜̇X z
S,α (ω) = −iωX̃ z

S,α (ω) and

defining �âb̂
αβ (ω) ≡ 〈δX̃ â

S,α (ω)〉 f b̂
β

/ f̃ b̂
β (ω), Eq. (G13) is found

to become Eq. (G5). In the case of the single-frequency
driving f b̂

β (t ) = F b̂
β cos(ω0t ), we can find the expression of

〈δX â
S,α (t )〉 f b̂

β

as〈
δX â

S,α (t )
〉

f b̂
β

F b̂
β

= �âb̂
αβ (ω0) + �âb̂

αβ (−ω0)

2
cos(ω0t )

+ �âb̂
αβ (ω0) − �âb̂

αβ (−ω0)

2i
sin(ω0t ). (G16)

Using �âb̂
αβ (−ω0) = [�âb̂

αβ (ω0)]∗ resulting from the Hermitic-

ity of X â
S,α and X b̂

S,β , we finally obtain Eq. (G6).

APPENDIX H: GENERALIZATION
TO NONEQUILIBRIUM STATES

In solid-state physics, the optical charge conductivity
measured in pump-probe experiments has provided valu-
able information on nonequilibrium phenomena such as the
photoinduced insulator-metal transition [105–107]. Here, we
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discuss the generalization of the optical spin conductivity
as a probe for nonequilibrium phenomena and the method
of measurement. As in the case of a charge response in
nonequilibrium electron systems [99], we can see that the
nonequilibrium optical spin conductivity σ

(S)
αβ (ω; t ) generally

depends on time t but has properties similar to Eqs. (3) and (4)
in equilibrium. In addition, σ

(S)
αβ (ω; t ) can be experimentally

extracted by measuring the spin density profiles.
For simplicity, we here focus on the following experimen-

tal situation with the spin conservation: A nonequilibrium
state we are interested in is driven by time-dependent vec-
tor and scalar potentials Asz (r; t ) and Vsz (r; t ), which we call
pump fields. The pump fields can be so strong that the sys-
tem can be driven far from equilibrium. To investigate the
spin current response of this nonequilibrium state, a weak
spin-dependent force fβ (t ), which we call a probe field, is
applied to the system in addition to the pump fields. Specif-
ically, the Hamiltonian in this setup consists of two terms:
H(t ) = H (t ) + δHβ (t ). The nonperturbative part H (t ) has the
form of Eq. (A1) with the replacement Asz (r) → Asz (r; t ) and
Vsz (r) → Vsz (r; t ), while δHβ (t ) is given by Eq. (1) with fβ (t ).
Performing perturbative expansion in fβ (t ) in the Keldysh
formalism, we can obtain the response of JS (t ) = dXS (t )

dt in the
presence of the pump fields to fβ (t ). The nonequilibrium op-
tical spin conductivity is given as the corresponding response
function:

〈δJS,α (t )〉 = 〈JS,α (t )〉 − 〈JS,α (t )〉0

=
∫ ∞

−∞

dω

2π
σ

(S)
αβ (ω; t ) f̃β (ω)e−iωt , (H1a)

σ
(S)
αβ (ω; t ) = i

∫ ∞

−∞
dτ eiω+τ θ (τ )〈[JS,α (t ), XS,β (t − τ )]〉0,

(H1b)

where f̃β (ω) is the Fourier transform of fβ (t ). In this Ap-
pendix, 〈· · · 〉 denotes the expectation values with respect to
a nonequilibrium state under both pump and probe fields,
while 〈· · · 〉0 denotes those with respect to a nonequilibrium
state under the pump fields in the absence of fβ (t ). We note

that, as clarified in Ref. [99], Eqs. (H1a) and (H1b) never
mean the existence of the fluctuation-dissipation relation in
nonequilibrium systems. By performing integration by parts
in Eq. (H1b) and using Eqs. (A2a) and (A2b) as well as
JS (t − τ ) = − dX S (t−τ )

dτ
resulting from the spin conservation,

we obtain

σ
(S)
αβ (ω; t ) = i

ω+

(
δαβ

∑
sz

s2
z Nsz

m
+ χαβ (ω; t )

)
, (H2)

where χαβ (ω; t )=−i
∫ ∞
−∞dτ eiω+τ θ (τ )〈[JS,α (t ), JS,β (t−τ )]〉0.

The causality condition in χαβ (ω; t ) leads to the Kramers-
Kronig relation as in Eq. (A11) [99]. As a result, we obtain
the following f -sum rule [119]:∫ ∞

−∞

dω

π
Re σ

(S)
αβ (ω; t ) = δαβ

∑
sz

s2
z Nsz

m
. (H3)

Equations (H2) and (H3) are similar to Eqs. (3) and (4) except
for the time dependence of σ

(S)
αβ (ω; t ).

The optical spin conductivity for the nonequilibrium
state can be experimentally extracted by applying a single-
frequency probe field fβ (t ) = Fβ cos(ω0t + φ) with a phase φ

[99]. Because of the time dependence of σ
(S)
αβ (ω; t ), a simple

relation of σ
(S)
αβ (ω0; t ) to 〈δXS,α (t )〉 [Eq. (18)] is lost unless

the state driven by the pump fields can be regarded as a
nonequilibrium steady state. On the other hand, a relation to
the spin current similar to Eq. (E1) generally holds:

〈δJS,α (t )〉
Fβ

= Re σ
(S)
αβ (ω0; t ) cos(ω0t + φ)

+ Im σ
(S)
αβ (ω0; t ) sin(ω0t + φ). (H4)

From this relation, σ
(S)
αβ (ω0; t ) can be rewritten as [99]

σ
(S)
αβ (ω0; t ) = 〈δJS,α (t )〉|φ=0 − i〈δJS,α (t )〉|φ=π/2

Fβe−iω0t
. (H5)

Because 〈δJS,α (t )〉 = d〈δXS,α (t )〉
dt , the nonequilibrium optical

spin conductivity can be experimentally determined by mea-
suring two kinds of responses 〈δXS,α (t )〉|φ=0,π/2 with fixed
pump fields.
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response �
(S)
αβ (ω) ≡ 〈δ ˜̇X z

S,α (ω)〉 f z
β
/ f̃ z

β (ω), which corresponds
to the definition of the optical spin conductivity in spin-
conserved systems [recall Eq. (A5) as well as JS (t ) = Ẋ

z
S (t )

in the presence of spin conservation]. As a result, the f -sum
rule of �

(S)
αβ (ω) is modified as

∫ ∞
−∞

dω

π
Re �

(S)
αβ (ω) = δαβ

N
4m −

�R〈Y x
S,αβ〉0. Because of �

(S)
αβ (ω) = −iω �zz

αβ (ω), our proposed

scheme allows us to measure �
(S)
αβ (ω). In addition, the f sum of

� (S)
αα (ω) appears in the ultrafast response of X z

S,α (t ) as proposed

in Ref. [116]. We note that our f -sum rule of �(S)
αα (ω) is

consistent with that in Eq. (14) of Ref. [116], where the single
minimum phase with 〈n(r)〉0 ≡ 〈�†(r)�(r)〉0 = 2〈Sx (r)〉0 is
focused on.

[119] Whereas Ref. [99] considers the response of a current density
whose f sum generally depends on time, we now consider the
response of the total spin current, and thus the f sum is related
to Nsz independent of time.
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