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We show that the optical spin conductivity, which is a small ac response of a bulk spin current and elusive in
condensed matter systems, can be measured in ultracold atoms. We demonstrate that this conductivity contains
rich information on quantum states by analyzing experimentally achievable systems such as a spin-% superfluid
Fermi gas, a spin-1 Bose-Einstein condensate, and a Tomonaga-Luttinger liquid. The obtained conductivity
spectra, which are absent in the Drude conductivity, reflect quasiparticle excitations and non-Fermi-liquid
properties. Accessible physical quantities include the superfluid gap and the contact for the superfluid Fermi
gas, gapped and gapless spin excitations as well as quantum depletion for the Bose-Einstein condensate, and the
spin part of the Tomonaga-Luttinger liquid parameter elusive in cold-atom experiments. Unlike its mass transport
counterpart, the spin conductivity serves as a probe applicable to clean atomic gases without disorder or lattice
potentials. Our formalism can be generalized to various systems such as spin-orbit-coupled and nonequilibrium

systems.
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I. INTRODUCTION

Transport plays crucial roles in understanding states of
matter in and out of equilibrium and paves the way to
applications such as control of matter and device fabrica-
tion. In solid-state physics, the main bearer of transport is
an electron, and the properties of the electric current have
conventionally been investigated [1]. Subsequently, the spin
current, which is a flow of electric spin, has attracted atten-
tion since the discovery of giant magnetoresistance [2,3] and
tunneling magnetoresistance [4]. More recently, due to the
progress in nanofabrication technology of devices, research
into the physics of spin currents [5] has also been widespread
over materials with spin-Hall effects [6] and topological
insulators [7].

One of the hot topics in the rapid growth of spintronics is
how to measure ac spin currents in a direct manner [8—18].
Such ac currents are detected in junction systems, and the
determination of an ac conductivity of bulk spin transport is
difficult in solid-state systems. To address this spin transport
property, we shed light on ultracold atoms being an ideal
platform for quantum simulation of many-body systems [19].
Recently, the cold-atom analog of electronics referred to as
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atomtronics has attracted widespread attention [20], and trans-
port measurements with ultracold atoms have been done with
bulk [21-35] and mesoscopic setups [36]. One of the advan-
tages of ultracold atoms is that a spin-selective manipulation
and probe are allowed, which opens up the possibility of
precise measurements of spin transport [37].

In this paper, we propose that ultracold atoms provide us
with a simple way to measure an optical spin conductivity

ooffg)(w), which characterizes an ac response of bulk spin trans-

port. The spectrum of a;‘;,)(w) includes richer information
on bulk properties than its dc limit related to spin diffusion,
which has been actively studied [23-28,37,38]. This paper is
organized as follows: In Sec. II, we provide the formalism

of JOE/SS)(w) applicable to both continuum and optical lattice

systems. We then demonstrate the availability of ao(jg)(a)) by
investigating experimentally verifiable systems. Specifically,
a spin—% superfluid Fermi gas, a spin-1 Bose-Einstein con-
densate (BEC), and a Tomonaga-Luttinger (TL) liquid are
studied in Secs. III, IV, and V, respectively. Reflecting on
nontrivial spin excitations, these systems show interesting
transport properties that are absent in the conventional Drude
conductivity. Section VI is devoted to proposing a method to
measure a;;)(a)) from an oscillating behavior in spin dynam-
ics as shown in Fig. 1. Prospects towards spin-orbit-coupled
and nonequilibrium systems discussed in Sec. VII and other
promising applications discussed in Sec. VIII suggest that
0'0(53)(0)) may be the Rosetta stone to unravel spin dynamics of
various quantum many-body systems. We conclude in Sec. IX.
In what follows, we set i = kg = 1.
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FIG. 1. (a) Schematic image for probing the optical spin con-
ductivity oéfg)(a)) in ultracold atomic gases with spin § = % The
ac spin current (Js . (¢)) is induced by spin-dependent driving forces
£ f:(t). (b) Time evolutions of f,(t) = F, cos(wot) and the induced
spin current, which is related to 0 (w = wy) by (Js.(t))/F, =
Re 0% (wy) cos(wot) + Im 0¥ (w) sin(wot ) resulting from Eq. (18).

II. OPTICAL SPIN CONDUCTIVITY

We consider a spin-conserved system with spin § =
3 1, ;, ..., to which a time-dependent perturbation gen-
eratmg a pure spin current is applied. Single-particle and
interaction potentials can take arbitrary forms as long as
spin is conserved (see Appendix A for details). The time-

dependent perturbation has the form

8Hg(1) = —/drfﬂ(t)rﬁsz(r), ey

where f3(t) provides a driving force in the direction g =
X, y, z coupled to the spin density S,(r) = Z(w) 5:8(r —rs ;)
(see Fig. 1). Here, r,_; is the position of the ith particle in
the s, component with s, = —S, =S + 1, ..., S. The spin cur-
rent operator in the Heisenberg picture is given by Jg(¢) =

droei @), By the linear response theory, the optical spin

D5y S g

conductivity

o4y (@) with & = x, y, 7 is defined by

(Js.a(@)) = o5 (@) f3(), @

where Js , (@) and f,g(a)) are the Fourier transforms of Jg 4 ()
and fg(), respectively, and (---) denotes the expectation
value with respect to the nonequilibrium state driven by f3(t)
[39]. We note that 005/53) (w) is the response not of a spin current
density but of a total spin current.

We point out a difference from the mass current induced
by a spin-independent perturbation [40]. In clean cold atomic
gases trapped in a box or harmonic potential, the total center-
of-mass motion is independent of quantum states of matter
due to Kohn’s theorem [41-43]. Thus a system that breaks
prior conditions of Kohn’s theorem such as optical lattice or
disordered systems must be prepared to obtain a nontrivial
mass response, which has recently been confirmed [35]. In
contrast, the relative motion between spin components rel-
evant to the optical spin conductivity can show a nontrivial
response, once interatomic interactions are present.

We now provide two general properties of ao((fg)(a)) in a

similar way to that followed in the S = % case [44-46]. First,
the optical spin conductivity can be expressed in terms of a
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current-current correlation function x,g(w):

( up Z ) 3)

where w' = w+i0", m is the mass of a particle, N,
is the particle number in the s, component, x.g(w)=
—iffooo dr ¢"10(1)([Js.a (1), Jsp(0)])o with the Heaviside
step function 6(¢), and (---)o denotes the thermal average
without the driving term. Second, the frequency integral of the
real part with o = 8 is exactly related to Ny, by the following
f-sum rule [47]:

Fdon s - SN
/_ —Reog; (a))_z — )

[ee] s,

(S)(a))

Since this real part provides energy dissipation associated
with spin excitations, we will from now on mainly focus
on Re 05 (w) [48]. To demonstrate what information can be
captured by the spectrum of Re oS (w), two homogeneous
superfluids and a TL liquid at zero temperature are specifically
addressed below.

IIIL. SPIN-% SUPERFLUID FERMI GAS

First, we investigate spin transport for a superfluid Fermi
gas with § = % [50,51]. By employing the mean-field theory
[52,53], Re oS (w) is examined from a weakly interacting
Bardeen-Cooper-Schrieffer (BCS) state to a Bose-Einstein
condensate (BEC) of tightly bound molecules. In particular,
we will show that the spin-singlet pairing results in the spec-
trum of Re 65 (w) being quite different from that above the
transition temperature, whose low-frequency behavior is well
described by the conventional Drude conductivity [44].

In what follows, the s, = —l—% (s; = —%) component is re-
ferred to as 1 ({), and the spin-balanced case Ny = N is
considered. The ground canonical Hamiltonian of this system
is given by

K=" D (k= e ko

k o=t

8 f f
-9 D GpriptChpp i Ch2p 2y (5)
k.p.p'

where ¢ = 'S /(2m), w is the chemical potential, ¢, is the
annihilation operator of a Fermi atom with spin o, and
is the volume of the system. The coupling constant g > 0
is related to the scattering length a by 1/g = —m/(4ma) +
Q'Y ke m/k* with the momentum cutoff A.

The optical spin conductivity within the mean-field the-
ory can be analytically evaluated. The spin current operator
appearing in x.p(w) is given by Jg =), ﬁ(c;: N
c,t, \Cx,,)- From the rotational symmetry of the system, oS (w)
is independent of @ = x, y, z and found to be (see Appendix B
for details)

7 A%k?
Reo®(@) =Y = 20! = 2Ee). (6)
k
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FIG. 2. Spectra of the optical spin conductivity in a spin-% su-
perfluid Fermi gas at zero temperature. The conductivities vanish for
small w due to the spin-singlet pairing. At (kpa)™! = —1, 0, positive
chemical potentials result in coherence peaks near the thresholds.
Here, vp = kg/m is the Fermi velocity, and €2 is the volume.

where A > 0 is the superfluid order parameter and Eyp =
V (ex — p)? + A? is the quasiparticle energy with momentum
k. As the attraction becomes stronger, ; monotonically de-
creases from u >~ Eg = k%/(Zm) in the BCS limit [(kga)™! —
—oo] to u =~ —1/(2ma2) in the BEC limit [(kpa)™' — +o0],
where a dimensionless parameter (kra)~' given by a Fermi
momentum kg and the scattering length a characterizes the
strength of the attraction [54]. Performing the integration over
k in Eq. (6), we obtain

VAR [e4(@)]7 + 0(s_(0))e_()]?
127 0! —4A2
X 0(|w| — 2Egp), ()

Re o) (w) =

where Egup = ming(Egp) = AO(p) + /> + A260(—p) is
the energy gap and &i(w) =2u + +w? —4A2. Note that
&_(w) is relevant for 2A < |w| < 2/ u? + A? with u > 0.

Equation (6) clarifies that the structure of the quasipar-
ticle spectrum strongly affects Re ®)(w). It is notable that
Re o (w) vanishes for |®| < 2Eq, as shown by 6(lw| —
2Eg,,) in Eq. (7). This reflects the fact that spin excitations
are associated with the dissociation of spin-singlet Cooper
pairs or molecules and require the energy larger than 2Eg,.
Figure 2 shows the spectra of the optical spin conductivity
for different interaction strengths. The behavior of Re %) (w)
near the threshold (Jw| — 2Eg,, + 0) depends on the sign of
the chemical potential [54]:

Q 3
Tor\ 3850 (1> 0)

> > (3)
A°Q méw (M < 0)

487 /M2+A2|M|5

with dw = || — 2Eg, — +0. In the case of u >0
[(kea)™' = —1,0 in Fig. 2], the flat band at |k| = /2Zmu
results in the divergent behavior Re ®)(w) ~ 1/+/8w, which
is the so-called coherence peak [55]. On the other hand, Ey ¢
is a monotonically increasing function of |k| on the BEC
side with u < 0 [(kpa)~! = 1 in Fig. 2], and the optical spin

Re o) (w) =

conductivity decreases as Re a)gf)(w) ~ (8w)*/?. In this way,
the optical spin conductivity proves the excitation properties
and the aspects of a spin insulator in the superfluid Fermi gas.
We emphasize that these transport properties of the superfluid
cannot be captured by the conventional Drude conductivity,
whose real part takes a Lorentz distribution.

We mention the validity of the mean-field analysis. For
any (kpa)™", our result in Eq. (6) satisfies exact relations
such as the f-sum rule in Eq. (4) and the high-frequency tail
Re 09 (w) = CQ/[127 (m|w|)*/?] [44,46,56] with Tan’s con-
tact C [57]. Indeed, the high-frequency asymptotics of Eq. (7)
provides the mean-field value of the contact C = m*A2. In
addition, the mean-field theory employed in this paper gives
semiquantitative descriptions of physical quantities through-
out the BCS-BEC crossover at zero temperature regardless of
the presence of the strong interaction [58,59].

IV. SPIN-1 POLAR CONDENSATE

The optical spin conductivity can also be useful for bosonic
systems. To see this, we next investigate spin transport for a
spin-1 BEC within the Bogoliubov theory [63,64]. Focusing
on the polar phase realized with >*Na and 8’Rb [65], we will
show a nontrivial ac spin response, which is again different
from the Drude conductivity. In this phase, bosons condense
only in the s, = 0 channel, which is decoupled from the spin
channels (s, = £1) [66]. By definition of Js(¢), only quasi-
particles in the spin channels contribute to spin transport, and
the f sum of Re o)ff)(a)) in Eq. (4) is related to the particle
number N; + N_; in the spin channels arising from quantum
depletion [66].

The grand canonical Hamiltonian of the system is given by
[66]

K= Z Z (ex + qsf - M)a]t@:ak,sz

k s.=0,%1

<o T ¥
+ bYo) Z Zak/2+p,szak/27p.s£ak/Z—P/szak/z"FP/*s/z

k.p.p' s:.s.
C1
+ — E E Se. o - Sy g
29 2%z 2%z
k.p.p’ s:.5,,57 s
t T
X e poyp,s. Y j2—p,sy H/2—p 5. Fk/2+p s > ©

where g characterizes the quadratic Zeeman effect [65], w is
the chemical potential, ay s, is the annihilation operator of a
Bose atom with spin s,, and €2 is the volume of the system. In a
spin-1 BEC, the interatomic interactions can be characterized
by the spin-independent coupling constant ¢y > 0 and spin-
dependent coupling constant ¢; [67,68]. The spin-1 matrices
Ss.s. = (S} 4 S} 4> S ) are given by

S2,8%7 V82,8
1 (0 1 0 i (0 -1 0
S$=—[1 0 1], =—|1 0 -1}, o
v2\o 1 o V2o 1 o0
1 O 0
ss=|0 0 0 |. 11
0 0 -1

The optical spin conductivity within the Bogoliubov
theory can be analytically evaluated. The spin current
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FIG. 3. Optical spin conductivity spectra in a spin-1 BEC at zero
temperature. The solid line shows the result in the spin-gapped case
(g = npcy), where the conductivity becomes nonzero for @ > 2E,,,,
while the dashed line shows that in the gapless case (¢ + noc; =
nolci]). Note that vy = /nglc([/m is associated with spin excitations
and is different from the sound velocity.

operator appearing in xep(w) is given by Jg=
¥ %(az’la“ — a};flak__ 1). From the rotational symmetry
of the system, 03) () is independent of « = x, y, z and found
to be (see Appendix C for details)

4 ndctk?

Reo®(w) =Y —LL25(|lw| — 2E ), 12
ea (@) %:st“m ks). (12)

where Ey ; = «/(ex + q)(ex + g + 2noc) is the quasiparticle
energy in the spin channels and ny is the condensate fraction.
In the polar phase satisfying g + noc; > ngl|cy|, the spin exci-
tations are gapped with the spin gap Eg,, = +/q(g + 2nocy),
while the gap is closed on boundaries of the phase (g +
noc; = ngplcy|). From Eq. (12), the optical spin conductivity
is sensitive to whether spin excitations are gapped or gapless.
By performing the integration over k in Eq. (12), the analytical
form of Re 0% (w) is found to be

SRR [g(w)]?
3

T ? [@? + 4ndc?
with &,(w) = /@? 4+ 4n3c? — 2(q + nocy).

Figure 3 shows Re o) (w) of the polar BEC. Inside the
polar phase with the spin gap, Re 0®)(w) vanishes for || <
2Eg,p, and its decreasing behavior near the threshold (Jow| —
2Egp + 0) is similar to that of the superfluid Fermi gas on
the BEC side because of the similarity between Ej s and Ej .
On the other hand, Re 0¥ (w) on the phase boundaries with
gapless spin excitations behaves linearly, Re oS (w)/Q =
|w|/ (48 vy), in the low-frequency region (Jo| <K ng|cy|) with
the spin velocity v, = +/nglci|/m (see Fig. 3). We note that
this linear behavior is quite different from that of the Drude
conductivity for conventional spin-gapless systems. In ad-
dition, by taking w — £oo in Eq. (13), one can find the
power-law tail Re 0¥ (w) = /mn}ciQ/(Br|w]*?) in a sim-
ilar way to that followed for the superfluid Fermi gas. In

Reo®(w) = 0(|w| — 2Egap)

13)

this way, the obtained optical spin conductivity reflects the
properties of spin excitations inherent to the polar BEC.

V. TOMONAGA-LUTTINGER LIQUIDS

In the case of the charge response, the optical conductivity
is known to be a powerful tool for characterization of non-
Fermi liquids where there is no well-defined quasiparticle
[69,70]. To demonstrate the usefulness of the spin counterpart,
here we consider one-dimensional quantum critical states with
spin % where TL liquids, which are typical non-Fermi liquids,
are realized. In such states, the low-energy properties can be
explained by an effective Hamiltonian where charge and spin
degrees of freedom are separated, and therefore information
of the spin part is expected to be captured by spin transport.

The effective Hamiltonian H = H¢ + Hg of TL liquids is
bosonized as [71]

1
He = E/dx uc[Ke(we(x))* 4+ (Vo (x))*/Kel, (14a)
1
%=5/wwmmmwﬂumemg

(14b)

2
+(2ni)2 /dx cos («/§¢5(x)).

Here, Hc(s) is the Hamiltonian of the charge (spin) degree
of freedom that consists of bosonic fields Ilcsy and ¢cs)
satisfying the canonical commutation relation:

[dcs)(x1), sy (x2)] = i6(x1 — x2). (15)

Physically, ¢c(s) and I1¢(s) describe the charge (spin) density
fluctuations and their conjugate phase fluctuations, respec-
tively. In addition, uc() and Kc(s) represent the velocity
and the TL parameter in the charge (spin) component,
respectively, g is the coupling constant arising from the
backscattering process, and « is the cutoff of the low-energy
theory [72]. We note that the above Hamiltonian covers low-
energy behaviors of experimentally important systems such as
the Fermi-Hubbard model and Yang-Gaudin model.

To extract the essential feature, we perform bosoniza-
tion allowing us to express the spin current operator as
V2usKsTIg(x). In addition, cos (v/8¢s(x)) in He does not
commute with the spin current operator and generates non-
trivial conductivity spectra. The basic feature of the spin
conductivity is calculated with the memory function method
[73,74] (see Appendix D for details). At zero temperature, this
leads to

Re o0 (w) ox w*573. (16)

Thus we find that the optical spin response is powerful in
that K, which is essential to the critical properties yet elusive
in cold atoms, is determined by the frequency dependence.
We also note that the similar power-law dependence in the
spin conductivity shows up for a spin-insulating system where
the backscattering process is relevant. In this case, the spin
conductivity spectrum vanishes at frequencies below the spin
gap yet obeys the power-law behavior at frequencies above the

gap [71].
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VI. EXPERIMENTAL REALIZATION

We now discuss how to measure oo(tlsg)(w) in experiments.
For ultracold atomic gases, we have several ways to induce
the perturbation in Eq. (1). The most straightforward way
is to apply a time-dependent gradient of a magnetic field
B(r,t) o fg(t)rg along the z axis [75,76]. Such a gradient
potential can also be produced by the optical Stern-Gerlach
effect [77]. Furthermore, ultracold atoms allow us to directly

observe (Js(t)) = % because

(X)) = /drf<5z(r,t)) a7

is given in terms of the observable spin density (S,(r,t))
[75,78]. Hereinafter, we focus on (X g(¢)) rather than (Js(¢))
to measure aé?(a)).

In order to provide a concrete scheme of measurement,
we consider a case with a single-frequency driving f(t) =
Fg cos(wpt). In this case, (X5 (f)) shows an oscillating be-

havior, which is exactly related to O’(i?(w = wp) by

85X (1 Im a3 (o)
10X (t) = — g0 cos(wot )
Fﬂ w(
Re U(S)(a) )
b T (ot (18)
N

with (6Xs4(1)) = (Xs.4()) — (Xs.a)o (see Appendix E for de-
tails). Thus oo(ts)(a)o) can be extracted through the oscillation
analysis of (X5, (t)) [79]. We next discuss feasibility in re-
alistic experiments. An accessible region of wy depends on
the way to generate fg(¢). For a magnetic field gradient, it
is feasible up to frequencies of the order of kilohertz, while
noise coming from back-electromotive forces to coils and
metallic chambers would become significant at higher wq [88].
On the other hand, a higher-frequency region can easily be
accessed by an optical driving force. There, the lower bound
of wy would be determined so as to avoid heating coming
from photon scatterings [88]. In the case of the spin—% Fermi
superfluid, typical many-body energy scales such as A are
about 1 kHz, which can be accessible with both magnetic and
optical gradients (see, e.g., Ref. [89] and references therein).
In addition, noise in the magnitude of GOE/SS)(a)) would arise
from measurement of (S, (r, #)) and the accuracy of F,, in each
cycle.

VII. EXTENSIONS OF THE RESULTS
AND PROPOSED METHOD

We now discuss generalizations of our results [Egs. (3) and
(4)] and a proposal to measure aés) (w) based on Eq. (18).
First, we point out that Eqgs. (3) and (4) as well as the
measurement scheme for § = % are naturally extended to
two-component bosons [90-92] by regarding two species as
spin-up and spin-down states.

We next discuss an extension of the driving force to mea-
sure oéfg)(w). While generation of a pure spin current was
considered so far, a more general time-dependent potential
gradient inducing both mass and spin currents may be more
practical in some experimental setups. For example, such a
perturbation has been realized by applying a magnetic field

gradient to “°K atoms with two hyperfine states [76]. We
find that this kind of perturbation is also available to measure
00((/53)(0)) when investigating spin—% gases confined by har-
monic or box traps (see Appendix F for details). In particular,
in the spin-balanced case, cross correlations between mass and
spin vanish, so that Eq. (18) holds even when both mass and
spin currents are induced. The extension of our measurement
scheme to spin-imbalanced cases is also possible.

Our results can also be generalized to spin-orbit-coupled
systems without spin conservation. Spin transport in these
systems has been actively studied not only in spintronics
[6] but also in cold-atom experiments [93-95]. Even in such
systems, a(g) (w) satisfying Eqgs. (3) and (4) can be defined
and measured by simply generalizing our proposed method.
To see this, we consider two-component gases with spin-orbit
and Rabi couplings realized with ultracold atoms [96-98] (see
Appendix G for details). For convenience, we define X_éfa =

[ drrySa(r) and SH;,’(t) = —fé’(t )Xsb,ﬁ, where S;(r) is the spin
density operator along the direction a = x, y, z in spin space.
We emphasize that (ng »(t)) can be measured by observing
the spin density. In the spin-conserved case, Eq. (18) relates
GOE/SS)(a)) to the oscillating <X§,a(t)) under the perturbation
SHé(t) [Eq. (1)]. In the presence of the spin-orbit and Rabi

couplings, aog)(a)) is rewritten in terms of the thermal average

of S.(r) and four responses of (Xga(t)) under 8H/§(t) with

a, be {y, z} [see Eq. (G5)]. These responses can be measured
from oscillation analyses similar to Eq. (18).

Finally, as in the charge response [99], Egs. (3) and (4) can
be generalized to nonequilibrium systems with spin conser-
vation, whose optical spin conductivity is measurable from
spin dynamics in cold-atom experiments (see Appendix H
for details). Unlike in equilibrium, the nonequilibrium spin
conductivity can have a negative real part associated with
energy gain [100].

VIII. OTHER PROMISING APPLICATIONS

The optical spin conductivity has a variety of prospects.
The potential of Ué?(a)) to detect a topological phase transi-
tion has been recently pointed out [101]. Our formalism and
proposal are applicable to optical lattice systems. For instance,
it is important to confirm an anomalous frequency dependence
in 0™ (w) of spin chains [102], whose spin superdiffusion has
attracted attention [38,103]. As the optical charge conductiv-
ity measurement has already served as a valuable probe for
pseudogap phenomena [104], non-Fermi liquids [69,70], and
photoinduced insulator-metal transitions [105-107], Ué‘;)(w)
is expected to be a key quantity to understand spin dy-
namics of strongly correlated and nonequilibrium systems.
For instance, unlike photoemission spectroscopy convention-
ally used to study pseudogaps of ultracold atoms [108-110],
005 ﬂ)(a)) involves both upper and lower branches of single-

particle excitations, so that measurement of crof‘;)(w) would
deepen our understanding of the pseudogap phenomenon
[111]. In terms of unconventional quantum liquids, it is
also interesting to investigate a spin liquid [112], which has
recently been realized with cold atoms [113]. Finally, appli-
cations to nonequilibrium states such as Floquet time crystals
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[114] and nonlinear responses such as shift spin currents [115]
are also promising routes for the spin conductivity.

IX. CONCLUSION

In this paper, we discussed the optical spin conductivity
00(53)(0)), which serves as a valuable probe to examine many-
body interacting systems with spin degrees of freedom and
can be measured with existing methods in cold-atom exper-
iments. First, the formalism of O’OE;)(Q)) applicable to both
continuum and optical lattice systems was provided. We then
theoretically investigated three systems to show the availabil-
ity of the optical spin conductivity. For the superfluid Fermi
gas, the gapped single-particle excitations result in the gap of
the spectrum Re 0% (), and the flat band for © > 0 leads to
the coherence peak. For the spinor BEC, Re 0% (w) detects
gapped spin excitations in the polar phase as well as gapless
spin excitations on the phase boundaries, and its f sum is
related to quantum depletion. In addition, from Eq. (16), the
optical spin conductivity is found to be related to the spin part
of the TL liquid parameter Ky elusive in cold-atom experi-
ments. We also proposed that the optical spin conductivity can
be measured from the oscillation in spin dynamics [Eq. (18)].
This proposal can be extended to various cases including spin-
orbit-coupled and nonequilibrium systems. As mentioned in
Sec. VIII, various applications of the optical spin conductivity
as a probe for exotic spin dynamics are promising.

Note added. Recently, a paper has appeared [116] in which
a spin drag effect and related f-sum rules due to a spin-
dependent perturbation are discussed.
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APPENDIX A: FORMALISM WITH SPIN CONSERVATION

We consider spin transport in a system with spin § =
1 , 1, 2, . ... Here, we employ the first-quantization formalism
to clarify the connection between the spin current and the
spin-resolved center-of-mass motion. The Hamiltonian of the
system is given by H(t) = H + 6Hpg(t). The nonperturbative

term H is given by

H = Z ( Py N Asz(rs:,i)]z + V&('E},i)) + I-Iintv (Al)

(s7,1)

where m is the mass of a particle and labels of particles take
s;=—=8-S+1,...,Sandi=1,2,..., N, with N; being
the particle number in the s, component. The operators r;_;
and p, ; denote the coordinate and momentum operators of

the particle with a label (s, i), and they satisfy the following
canonical commutation relations:

(A2a)
(A2b)

[(7s..0)as (rs.i)p] = [(Ps..i)as (Ps.i)p] = 0,
[(rsf,i)av (ps;.i’)ﬁ] = ias,s’zaii/aaﬁa

where o and B denote Cartesian components x,y, z in the
coordinate space. The functions A (r) and V; (r) are spin-
dependent vector and scalar potentials, respectively, and the
interaction term H;,, is assumed to be described by pairwise
potentials and commute with the z component of the spin den-
sity operator S, (r) = Z(% ) 5:8(r — ry, ;). The time-dependent
perturbation term is given by

Stp(0) =~ [ dr y(OrsS.0) = ~fOXge (A
where fg(#) provides a driving force in the direction 8 coupled
to the spin density S, (r). The operator Xy = f drrS,(r) mea-
sures the coordinate characterizing spin dynamics driven by
f(t). In terms of the spin-resolved center-of-mass coordinate
R, = Zf\i] 1y i/Ns., Xs is rewritten as Xg =) _ s.N.R,..
The perturbation generates a spin current, whose correspond-
ing operator in the Heisenberg picture is given by Jg(¢) =

Do) 52 % This operator can be rewritten as

dXs(1) 52
JS()_ dt _(YZZ) s z

— A (rsi@))]. (A

Optical spin conductivity

We now derive the expression of the optical spin conductiv-
ity o(s)(w) [Eqg. (3)] in terms of a retarded response function

for a spin current. The optical spin conductivity cro([ ﬁ)(w) is
given as the linear response of the spin current to the driving
force:

(Js.a(@)) = o) (@) (), (AS)
where Js . (@) and fu(®) are the Fourier transforms of Js.a(t)
and f,(t), respectively, and (---) denotes the expectation
value with respect to a nonequilibrium state driven by the
external force. The Kubo formula provides

o (@) =i / dt é“"0(1){[Js.q (1), Xs.5(0)])o,  (A6)

o0

where @t = w +i0", 0(¢t) is the Heaviside step func-
tion, and (---)o denotes the thermal average without the
external force. From Eq. (A4) and ([Jsq(?), X5,4(0)])o =
([J5,«(0), X5 g(—1)])o resulting from time translation invari-
ance, performing the integration by parts yields

Oup (@) = —— L ([5.0(0), X5 5 O)1)o + —Xaﬁ (@), (A7)
where
Xap(@) = —i / dt &0 ([Jsa (1), Jsp(O)])o  (A8)
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is the retarded response function for the spin current. Using
Egs. (A2a), (A2b), and (A4), we obtain

[Js.2(0), X5,4(0)] = —id

(A9)

Substituting this into Eq. (A7), we finally find Eq. (3):

( aﬂz ) (A10)

We next turn to the f-sum rule [Eq (4)], which is the
exact constraint on the integral of o p (a)) over w. The causal-
ity condition in the retarded function x,g(w) leads to the
Kramers-Kronig relation:

(S)(w)

da) Im xop(e )

/

Re xqp(w) = 73/ (A11)

w —w

where P denotes the Cauchy principal value. Using this rela-
tion, we can obtain the f-sum rule [Eq. (4)]:

[ —Rea(s)(a))_(saﬂz N

(A12)

APPENDIX B: SPIN-% SUPERFLUID FERMI GAS

Here, we compute the optical spin conductivity for a spin-%
Fermi superfluid at zero temperature within the BCS-Leggett
mean-field theory [52,53]. In the mean-field theory, Eq. (5)
reduces to

= Ecs + ) Ex¥Vy o Vo (BI)
k,o

where Epr = /(ex — p)* + A? is the quasiparticle energy
with the superfluid order parameter A. Since the ground-state
energy Egs does not contribute to spin transport, we do not
provide its explicit form. The creation and annihilation oper-
ators y,: -+ Yk,o Of quasiparticles are given by the Bogoliubov
transformation:

V;: + Y _ (UF —UkF C};T (B2)
Y—k,| Uk,F Uk F Ck,|
with
/1 &k — [ /1 &k — [
= /=1 , = [-{1-——).
e 2( * Exp ) er 2( Eyr

(B3)

Kgcs

The operators ykT o+ Vo satisfy the following anticommuta-
tion relations:
(B4a)

Whor veod = oo v 1 =0,

Weo Ve o} = Suaboor. (B4b)

In the mean-field approximation, A and u for given a and
N = N; + N, are determined by self-consistently solving the
following gap and particle number equations:

m 1 1 1
L) @
k

dra Q

X

1. Current correlation function

Here, we calculate the correlation function xug(w) in
Eq. (A8) for the superfluid Fermi gas. In the second-
quantization formalism, Js in Eq. (A4) is rewritten as

k
Js = 5 (cscut = G e)- (B7)
k
Substituting the inverse of the Bogoliubov transformation in
Eq. (B2) into this yields

k
Js= Z m [(MI%F - UI%,F)(VIiTyk,T + ij7¢7/fk,¢)
k

+2v,f,p + 2uk,ka.F(J/,iT)/jk¢ + Yk )] (BY)

In the Heisenberg picture, Js(t) =
Upcs(t) = exp(—iKpcs t) reads

BCS (t)J sUpcs(t) with

k .
Jst) = Z %[(uip - Uf,p)(VQ,TVm + V_Tk,ﬂ/fm)
k

ZiEkal —2iEy gt

+ 2uy ok p (e )/,:‘,¢ij,¢ +e Y-k Vi)

+ 2u¢ ), (B9)

where Yy, (1) = Ug g (1)Vk.o Upcs(t) = yioe e was used.

Let us now evaluate the correlation function in Eq. (A8) at
zero temperature. Using Egs. (B3), (B4a), (B4b), and (B9) as
well as (y,i - Yoo = 0 at zero temperature, the expectation
value in Eq. (A8) is

A?kgkg

(6721'Ek,]:1‘
252
4m*Ep ¢

_ eziEk.Ff )

(Usa @), Jsg@ONo =
k
(B10)

Therefore the correlation function for the superfluid Fermi gas
is found to be

=5 Z A2 1 1

ws(w) = 8, - .

Xop P L amEE \ob —2Eir o' + 2Ekr
B11)

2. Spin conductivity

Let us evaluate the real part of the optical spin conductivity.
Equation (3) provides

1
Reo Y (w) = Dsd(w) — —Im (o), (B12)

w

where Dy = w[N/4m + Re x,,(0)] is the spin Drude weight.
Using Eqgs. (B6) and (B11), replacing ) , — Q f d3k/(271)3,
and performing the integration over k = |k| by parts, we can
find Dg = 0 in this case. By substituting Eq. (B11) into the
second term in Eq. (B12), the real part of o5 (w) is given by

7 Ak
Reo)ﬁ?(w)zz T |33(|w|
k

2EL p). (B13)
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Using Eq. (B6), we can straightforwardly confirm that this
spin conductivity satisfies the f-sum rule in Eq. (4).

APPENDIX C: SPIN-1 POLAR BOSE-EINSTEIN
CONDENSATE

Here, we compute the optical spin conductivity for a spin-1
Bose-Einstein condensate (BEC) at zero temperature within
the Bogoliubov theory [63]. In the polar phase, the condensate
is characterized by (ax—o,) = /n0ds,0 With the condensate
fraction ng and is stabilized in the plane of (g, nygc;) satisfying
q + nocy > nglc1|. By using the Bogoliubov theory, where the
effect of ag.o on K [Eq. (9)] is incorporated up to quadratic
order, K reduces to [66]

Kpog = Egs + Z[Ek,dﬁ;dﬂk,d
K20

+ Eis (B, Brs. + By Brs)l- (Cl)

Since the ground-state energy Egs does not contribute to spin
transport as in the case of the spin-% superfluid Fermi gas,
we do not show its explicit form. The quasiparticle energies
in the density (d) and spin (s) channels are given by Ey s =
Veér(er +2noco) and Ey ; = /(ex + q)(ek + g + 2nocy), re-
spectively. The operators By 4, Bis., and Bi, denote the
annihilation operators of quasiparticles, which are related to

bk.a = aro, (C2a)
1
brs, = ﬁ(ak,l +ag,-1), (C2b)
i
bis, = E(ak,l — Qk,—1) (C2c)
by the Bogoliubov transformations:
br,a = ug.aPr.a — Uk,dﬁikﬁd, (C3a)
bis, = ks Brs, — VisBly . - (C3b)
brs, = Uk ,sPrs, = VksBly . (C3c)
with
&k +noco + Exa
= | ——, C4
Uk,d ey (C4a)
— E
Ved = W—Ok"” (C4b)
2Ek’d
Ep.s

s = & + g+ nocy + ks (Cde)

’ 2E ¢

&r +q+nocy — Egs

= . C4d
Uk, s \/ 2Ek,s ( )

Since the density channel does not contribute to spin transport,
we below consider the spin channels. The annihilation and
creation operators of quasiparticles in the spin channels satisfy
the following commutation relations:

Brs, Brs, ) = B Bl 1=0. (C5a)

[Br.s; ﬂlj’,s,/] = OBy,

with j, j € {x, y}.

(C5b)

1. Current correlation function

Here, we calculate the correlation function x.g(@) in
Eq. (A8) for the spinor BEC in the polar phase. In the second-
quantization formalism, Js in Eq. (A4) is rewritten as

k ¥
Js=> a(a,ilak,l —ay _ ak—1)
k

. k
=—iy — by b, = b g i), (C6)
k

where Egs. (C2a)—(C2c) were used. Substituting Eqgs. (C3a)—
(C3c) into this and using Egs. (C5a) and (C5b), we obtain

k
s =iy~ [, + 0B P, = By Brs)
k

= 2up v (B By, — BrsBorkis,)]. (C7)

In the Heisenberg picture, Js(¢) = Ugog(t).] sUsog(?) with
Upog(t) = exp(—iKpog t) reads

k
Js)=Y_ ~[- iz, + Vi ) BL, Prs,

k
+ 2i Mk,sUk,seziEk"stﬂlj,sx:Bik,Sy + H'C']’ (C8)

where Br.s, (1) = Ug, (1)Br.s, Usog (1) = Prs e~ 5" was used.

Let us now evaluate the correlation function in Eq. (AS8)
at zero temperature. Using Egs. (C4a)-(C4d), (C5a), (C5b),
and (C8) as well as (ﬂ,:gj Br.s;)o = 0 at zero temperature, the

expectation value in Eq. (A8) is
n%c%kakﬁ

—2iEy, ¢t
(e
szkz

.8

_ e2iEkat )

<[JS,ot(t)’ JS,/S (O)]>O = Z
k
(€9

Therefore the correlation function for the polar BEC is found
to be

22 k2 1 1
o = (Sa oo - .
Xep(®) B Xk: m2E/§,x <w+ —2E, ot+ 2Ek,s>

(C10)

2. Spin conductivity

Let us now evaluate the real part of the optical spin conduc-
tivity. The real part is given as the form of Eq. (B12), where
the spin Drude weight Dg = w[(N; + N_1)/m + Re x,(0)] in
this case involves the quantum depletion Ny + N_; in the spin
channels. Using Ny + N_; = Y, 2v¢ ; [66] and Eq. (C10),
we can see Dy = 0 in a similar way to that followed for the
superfluid Fermi gas. The real part thus reads

Re Gg)(w) _ Z 47m(2)cfk2

L 8(|lw| — 2B ). (C11)
k

m2|w|3

We can straightforwardly confirm that this spin conductivity
satisfies the f-sum rule in Eq. (4). We note that the f sum
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in this case is equivalent to the quantum depletion in the spin
channel [66] while that in the S = % case provides the total
particle number.

APPENDIX D: TOMONAGA-LUTTINGER LIQUID

Here, we consider spin-% one-dimensional quantum fluids
where the low-energy description based on Tomonaga-
Luttinger (TL) liquids is reasonable. In addition to the
Hamiltonian H = H¢ + Hy [see Eqgs. (14a) and (14b)], one
can bosonize physical quantities in this case. For instance, the
local current operator is expressed as

Jes)(x, 1) = V2ucs)Kees) Tegs)(x, 1). (D1)

Owing to the spin-charge separation and the formal similarity
of the Hamiltonian between charge and spin sectors, as in the
case of the charge conductivity [71], one can obtain the spin
conductivity expression as
i 2u SKSQ
o P(w) = ;(— + x(@) ), (D2)
where 2 is the one-dimensional volume and the retarded
current-current correlation function x (w) is given by Eq. (A8)
with Jg(t) = f dx js(x,t). In order to obtain the finite fre-
quency dependence, we rewrite the conductivity as

2iusK5§2 1
T w+Muow)

o P (w) = (D3)
where M (w) is called the memory function. One can perturba-
tively calculate M (w), provided that g is small. By performing
a similar calculation with charge transport [73,74], we obtain

—inr(2Ks—1)

K
Ks sin2 Ks)T2(1 — 2Ks)

w302
oW\ 4Ks—2

“(5)
2us

where I'(z) is the gamma function and we assumed the

zero temperature. For Ky > 1, which corresponds to cases

of repulsive interactions, cos(+/8¢s) becomes irrelevant, and

therefore the TL liquid is realized. In this case, M(w) is

negligible compared with w at low frequencies. Thus, by using
Eq. (D3), we find Re[o®(w)] ~ o*573.

M(w) =

(D4)

APPENDIX E: SPIN DYNAMICS UNDER
SINGLE-FREQUENCY DRIVING

Here, we derive Eq. (18), which allows us to exper-
imentally extract ooglsg)(w) from spin dynamics driven by
the perturbation [Eq. (1)]. We consider one of the sim-
plest perturbations, i.e., the single-frequency driving fg(t) =
Fg cos(wpt ). In this case, substituting the Fourier transform of
fg(t) into Eq. (2) and performing the inverse Fourier trans-
form of (Js o (w)) yields

(Js,a(2))
Fg

= Re .} () cos(wot) + Im 0,3 (wp) sin(wot ),

(ED)

where ao(t‘;)(—a)o) = [O’O(t%)(a)o )]*, resulting from the Hermitic-
ity of Jg , and Xg g in Eq. (A6), was used. Because of Jg (1) =

%Xsya(t), (6Xs5,4(t)) = (X5,4(t)) — (Xs5.0)0 shows an oscillat-
ing behavior [Eq. (18)]:

(8Xsq(t))  Tmogy (o)
. =— cos(wpt)
Fﬁ (O)
Re o (wp)
— B Sin(wot ). (E2)
o

Therefore Ué‘;)(w = wp) can be experimentally determined by
measuring the oscillation of (Js4(¢)) or (Xs,(¢)) under the
perturbation fg(t) = Fg cos(wot).

APPENDIX F: MEASUREMENT SCHEME
IN THE PRESENCE OF A MASS CURRENT

In this Appendix, we extend our proposal to the cases
where both mass and spin currents are induced by a time-
dependent force. Such a situation is realized when a magnetic
field gradient is applied to “°K atoms [76]. We show that
this type of perturbation is also available to experimentally
extract the optical spin conductivity of harmonically trapped
or homogeneous gases with two internal degrees of freedom.
For these systems the center-of-mass motion is not affected
by the interparticle interactions [41-43]. We note that the
discussion below is not limited to spin—% Fermi gases and
holds for two-component Bose gases if the two species are
referred to as spin-up and spin-down states.

We start with the following Hamiltonian in the presence of
a harmonic trapping potential: H(t) = H 4+ §H f/, (), where the
nonperturbative and perturbative terms are given by

2
H = Z /dr (%4_ Z %mwirina(r)>

o=1.{ a=x,y,z
+> HSY (F1)
SHy(t) = — Y Yofp(t)Xap, (F2)
o=t

respectively, and X;p = f drrgn,(r). Here, ¥,(r) and
ne(r) = 1//5 (r)Y, (r) are the field and particle number oper-
ators of spin-o particles, respectively, and w, is a trapping
frequency. The interaction terms Hiy = Y, . H7/ " have the
form

o1 +
Hif' =3 / drdr Y O Wi (= 1 ) (1 ()
(F3)

with the interaction potentials Uy, (r — ') and thus satisfy
[Hini, S:(r)] = 0 with S,(r) = [n4(r) — n, (r)]/2. The param-
eter Y, characterizes the strength of the external force to kick
spin-o particles. The perturbative term can be separated into
mass and spin components as

SHy (1) = —f(t)(ymXm g + vsXs.p)» (F4)

where yy = (3 +v1)/2, vs = vy — vy, Xup = X4 + Xy,
and Xg g = (X4 — X 8)/2. This definition of X5 is consistent
with Eq. (A3) in the first quantization, while Xy, describes the
center-of-mass coordinate [117]. For y4 = y, (ys = 0), a pure
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mass current is driven, while for y4 = —y, (yy = 0) a pure
spin current is driven. Hereinafter, we focus on y; # |y, |,
where both mass and spin currents flow. By taking the limit
of w, — 0 below, we can also obtain results for the homoge-
neous case.

The responses of the mass current Jy,(¢) = dXu ()

dr
current Jg(t) = dXS @ to the perturbation have the following
forms in frequency space

and spin

)
j?ﬂ oy = Mo @)+ ysoug S(w), (FS)
(j ,a(a)»
]iﬂ ) = yuosh (@) + ys055 (@), (F6)

where Jy.o (@), J5.q (@), and f,g(a)) are Fourier transforms of
Ju (1), Jso(t), and fg(t), respectively, and

o) =i / dt 6" ([Joa(®), Xo 500 (F7)
0

with a, b € {M, S} is the generalized optlcal conduct1v1ty The
mass and spin conductivities are given by o (a)) = % 4 M(w)

and J(S)(w) = O‘SS (w), respectively. In Eq. (F7) the nonper-
turbatlve Hamlltoman [Eq. (F1)] governs the time evolution
of operators. In the case of the harmonic trap, the equa-
tion of motion of X y;(¢) is independent of the interaction term

[‘12_’;1‘;»;(’ ) — —w2X)4(1)] and can be easily solved:
sin(wgt)
Xm.o(1) = cos(@al )Xp1,0 + w—JM,a‘ (F8)

o

By substituting this into Eq. (F7) and using canonical anti-
commutation (or commutation) relations of field operators,
we can see that the conductivities including mass degrees of
freedom have the following trivial forms:

ol (@) = 8,4pNo (o), (F9)
Ny — N
0uf (@) = 054 (@) = by 50 )(@),  (F10)
where N, = [ dr (Y} (r)¥,(r))o, N = Ny + N, and
@)= ——(—L 41 (F11)
o \w)=— .
“« 2m\ot —w, o+ o,

This explicit form of o}/ (w) allows us to experimentally
extract the optical spin conductivity by measuring (Xs(#))
or (Js(t)) even in the presence of the mass current. In-
deed, we can find in a similar way to that followed in
Appendix E that (Xs,(¢)) under the single-frequency driving
fp(t) = Fg cos(wpt ) shows an oscillating behavior:

(0Xsa(®)  Im[ys0,(@0) + yuogy!(wo)]
- = - cos(wot)
Fg wo
Re Ga () + oS (wy)
+ [rsug' ) + ozl (n)] sin(wor ).
o
(F12)
For y)y = 0 and ys = 1, this is consistent with Eq. (18). We

can experimentally determine o( )(w) from the oscillation of
(Xs5.4(t)) in a similar way to that followed in the case where a

pure spin current is generated. In particular, when spin is bal-
anced (Ny = N}), the cross conductivity o3¢/ (w) in Eq. (F10)
vanishes, so that Eq. (F12) becomes equivalent to Eq. (18) in
the case where a pure spin current is induced. We note that
the above discussion relies on the separation of the driving
force into mass and spin sectors [Eq. (F4)], which is specific to
two-component systems, as well as the trivial motion of center
of mass [Eq. (F8)] in the cases of a harmonically trapped gas
without an optical lattice or of a homogeneous gas.

APPENDIX G: EXTENSION TO SYSTEMS WITHOUT
SPIN CONSERVATION

This Appendix is devoted to extending our scheme of the
detection of the optical spin conductivity to systems without
spin conservation. In particular, we focus on two-component
gases in the presence of spin-orbit and Rabi couplings, which
are realized with ultracold atoms [96-98]. The Hamiltonian in
the second quantization is given by

Hsoc = / dr W (PRE)Y() + Ha, 1)
1, 8, | Sk,
hr)=——D"+V@®)ls+ -6, + — 6., (G2)
2m 2 2
where V() = (Y (), ¥y (r))T, D =Vlig— ik,
1g = diag(1,1), and 6,,, are Pauli matrices. The

spin-orbit coupling characterized by k, can be interpreted
as an equal-weight combination of Rashba-type and
Dresselhaus-type spin-orbit couplings [96-98], § is a
Zeeman detuning, Qg is a Rabi coupling, and V(r) is a
trapping potential. The interaction term Hin =) . Hgt"
given by Eq. (F3) satisfies [S,(r), Hint] = 0, where the spin
density operators are defined as S;(r) = V' (r)é,¥(r)/2
with @ = x, y, z. In the presence of the spin-orbit coupling,
the operator of the spin current density involves D as
in the case of the mass current with a vector potential:
Js(r) = ﬁ[\DT(r){—iDéz\I/(r)} + {=iD6, W (r)} W (r)].
Therefore the spin current operator reads
Js = f drjg(r) = / dr ﬁ\w(r)Dﬁz\I/(r). (G3)
We now turn to how to experimentally extract the optical
spin conductivity defined by [118]

N
oS = (et @), (G

where N = f dr (VT (r)W(r))y and the correlation function
Xap(@) = —ifooodt e"“’+’([Js$a(t), Js,5(0)])o now involves Jg
in Eq. (G3). Using the Kramers-Kronig relation of yqg(w),
we can straightforwardly show that this a(s)(a)) satisfies the
same form of the f-sum rule as that with the spin conservation
[Eq. (4)]. In the spin-conserved case, O' (w) can be deter-
mined by measuring the response of Xs,a(t) = f drr,S;(r,t)
to the external force coupled to S,(r). In the presence of the
spin-orbit and Rabi couplings, aj?(w) can be extracted by
generalizing the directions a, b € {x, ¥, z} in the spin space
of the measured quantity Xg, () — XS“a(t) = fdr reSa(r, t)

and the perturbation §Hg(t) — 8Hb(t) = fﬂ (t)XSb/3 This
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comes from the fact that, in this case, the equation of continu-
ity of S,(r, t) has source terms but still gives the expression of
V . jg(r, t) in terms of measurable spin densities S,(r, 1) [see
Eq. (G8)]. The relation of Ué;)(w) to measurable quantities is
given by

o) = i 55 0) — O Ty(e)
lQR — = X
F —iw uiyﬂ (w) — u?ﬁ(“)) <YS,aﬂ>o)’
(G5)

where ’:‘“” (a)) describes the linear response of X“ L(t) to
fg(z‘) in the frequency space and the last term, (Yg 4)0 =
f drrarg{Sc(r))o, can be determined by measuring the spin
density S,(r) at thermal equilibrium. The quantity E "‘“” (@)
can be extracted by measuring the response of Xs‘fa(t) under
the single-frequency driving fé; ) = Fﬁ” cos(wot ). Indeed, the
response takes the form
(8X5a ()

_ = Re % " (o) cos(wot )
Fy

+1Im Ef ﬂ (a)o) sin(wot ), (G6)

so that & "“’b 4 (w =wo) can be determined by observing the os-
cillation of X “ﬂ (t). The first and second terms in Eq. (G5)
can be obtained by measuring X[’:
force f b= (1), while the third and fourth terms can be obtained

"“(t) under the external

by measuring Xs,; "*(t) under f}3 b=y (t). Detailed derivations of
Egs. (G5) and (G6) are presented below.

Derivations of Equations (G5) and (G6)

We start with the total Hamiltonian #(7) which includes
the external force fé’ (t) along the B direction of the coordinate
space coupled to Sj(r). In the Schrédinger picture, we have

H(1) = Hsoc + SH(1) (b=z.y).

By evaluating the Heisenberg equation of S, (r), it is found that
the equation of continuity of spin has source terms:

(G

aS,(r, t) X
= V. J
o + V. jsr.1)
3 {QRS),(r, ) (b=zor fi(t) = 0)
QrSy(r, 1) + rpfr(OSc(r, 1) (b=y).
(G8)
By multiplying r,, and integrating over r, we obtain
X5 (1) = Js.a(t) + QrXZ (1) (G9)
forb = zor fé;(t) =0and
XS, (1) = Js.o(t) + QXS (1) + Y5 (O f3()  (G10)

for b=y, where X&,1)=50 ana v ()=

[drryrgSy(r,t) were defined. These equations show that
the time evolution of the spin current can be expressed in
terms of measurable S, , .(r, 7).

To derive Eq. (G5), we evaluate spin dynamics with the
linear response theory. In general, the linear response of an
operator O(t) to the external force fé’(t) in the frequency
space is given by

<5O(w)>f£ <0(w))féa — (O(@))o
HON Fh@)
= i/o dt & ([0(), X2 40)])y.  (G1D)
where (---) £ and (---)o denote the expectation values with

and without the perturbation fg (¢), respectively, and O(w) =
[7.dt e'O(t) and fg(a}) = [ dt ei“”fg(t). Substituting
0=Jsy and b = z into Eq. (G11), performing the integration
by parts, and using Egs. (G4) and (G9), we obtain

Glsa@)y o i
Ji(@

x i /0 dt € ([Us.a (), X3 (O)])o. (G12)

The last term in Eq. (G12) is related to Eq. (G11) with O =
Js.« and b =y, leading to

_ Blsa@)y i Bsa(@)y

o f5() ot fl(w)
From Eqgs. (G9) and (G10), the responses of the spin current
are given in terms of those of measurable quantities as

(G13)

(8Jsa(®))s; = ((3)'(§ﬂ(t))fg — Qr(8Xg, (1)) o (G14)
(8Jsa(®) gy = [8X5, (1)), — Qr{8X5, (),
(a3 0 (@G15)

By using these equations and )}Sz’a(a)) = —iw)?éa(w) and
defining B2 (w) = (8%, (@) i/ f2(w), Eq. (G13) is found
to become Eq. (G5). In the case of the single-frequency
driving fé’(t) = Fy cos(wot ), we can find the expression of
(83X, (1) s 2

8X{, (1) g gab (_
(85 : b _ Bl + B (—an) costonn)
F} 2

B2 () — BY (—awo)
2i

sin(wpt). (G16)

g ", (w0)]* resulting from the Hermitic-
we ﬁnally obtain Eq. (G6).

Using "‘“”( —wy) =

ity of XS“ and Xs e

APPENDIX H: GENERALIZATION
TO NONEQUILIBRIUM STATES

In solid-state physics, the optical charge conductivity
measured in pump-probe experiments has provided valu-
able information on nonequilibrium phenomena such as the
photoinduced insulator-metal transition [105-107]. Here, we
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discuss the generalization of the optical spin conductivity
as a probe for nonequilibrium phenomena and the method
of measurement. As in the case of a charge response in
nonequilibrium electron systems [99], we can see that the
nonequilibrium optical spin conductivity aé;?(a); t) generally
depends on time ¢ but has properties similar to Egs. (3) and (4)
in equilibrium. In addition, aoi?(a); t) can be experimentally
extracted by measuring the spin density profiles.

For simplicity, we here focus on the following experimen-
tal situation with the spin conservation: A nonequilibrium
state we are interested in is driven by time-dependent vec-
tor and scalar potentials A (r;¢) and V;_(r;t), which we call
pump fields. The pump fields can be so strong that the sys-
tem can be driven far from equilibrium. To investigate the
spin current response of this nonequilibrium state, a weak
spin-dependent force fg(¢), which we call a probe field, is
applied to the system in addition to the pump fields. Specif-
ically, the Hamiltonian in this setup consists of two terms:
H(t) = H(t) + 6Hg(t). The nonperturbative part H (¢) has the
form of Eq. (A1) with the replacement A, (r) — A, (r;t) and
Vi, (r) — Vi (r;t), while §Hg(t) is given by Eq. (1) with fg(z).
Performing perturbative expansion in fg(¢) in the Keldysh
formalism, we can obtain the response of Js(z) = ax 5(’ ) in the
presence of the pump fields to fg(z). The nonequlhbrlum op-
tical spin conductivity is given as the corresponding response
function:

(8J5.4(1)) = (s, (1)) — (s, (D)o
= f_:g_n ao((;)(w;t)fﬁ(w)e_i‘”t, (Hla)

O / “dr ¢ T () ([Jsa(t), Xs.5( — T)])o,
(H1b)

where fﬂ(a}) is the Fourier transform of fz(¢). In this Ap-
pendix, (---) denotes the expectation values with respect to
a nonequilibrium state under both pump and probe fields,
while (---)o denotes those with respect to a nonequilibrium
state under the pump fields in the absence of fz(t). We note

that, as clarified in Ref. [99], Eqs. (Hla) and (H1b) never
mean the existence of the fluctuation-dissipation relation in
nonequilibrium systems. By performing integration by parts
in Eq. (HIb) and using Eqgs. (A2a) and (A2b) as well as

aXs(t—7) resulting from the spin conservation,

Js(t —1) = -4
) (H2)

we obtain

(S)(a) £) = _( aﬂz
where xap(w;1)=—i[" dt ei“’” O(T)([s,a (1), Js,p(t=T)])o.
The causality condition in xqpg(w;?) leads to the Kramers-
Kronig relation as in Eq. (A11) [99]. As a result, we obtain
the following f-sum rule [119]:

/ Reo(s)(w 1)=34
—OO

(H3)

Equations (H2) and (H3) are s1m1lar to Eqs. (3) and (4) except
for the time dependence of a (a) 1).

The optical spin conduct1v1ty for the nonequilibrium
state can be experimentally extracted by applying a single-
frequency probe field fg(t) = Fg cos(wot + ¢) with a phase ¢
[99]. Because of the time dependence of o;?(a); t), a simple

relation of 0.} (0:1) to (8Xs.4(t)) [Eq. (18)] is lost unless
the state driven by the pump fields can be regarded as a
nonequilibrium steady state. On the other hand, a relation to
the spin current similar to Eq. (E1) generally holds:

S8Js o (1
—< SF @) =Re oo([;)(wo;t)cos(wot +¢)
B
+Im o) (wo; 1) sin(wot + ¢). (H4)
From this relation, oé?(wo; t) can be rewritten as [99]
8Jg o (1 — (05, (t)) | p=r
( ) = (85,0 () p=0 — i{8J5,0 (1)) |p= 2 (Hs)

Fﬁe—lwot

Because (8J54(t)) = dwij—t“(”, the nonequilibrium optical

spin conductivity can be experimentally determined by mea-
suring two kinds of responses (8Xsq(?))[p=0,/2 With fixed
pump fields.

[1] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Cen-
gage Learning India, New Delhi, 2003).

[2] G. Binasch, P. Grunberg, F. Saurenbach, and W. Zinn,
Enhanced magnetoresistance in layered magnetic structures
with antiferromagnetic interlayer exchange, Phys. Rev. B 39,
4828(R) (1989).

[3] M. N. Baibich, J. M. Broto, A. Fert, F. Nguyen Van Dau,
F. Petroff, P. Etienne, G. Creuzet, A. Friederich, and J.

Chazelas, Giant Magnetoresistance of (001)Fe/(001)Cr
Magnetic  Superlattices, Phys. Rev. Lett. 61, 2472
(1988).

[4] T. Miyazaki and N. Tezuka, Giant magnetic tunneling effect
in Fe/Al,03/Fe junction, J. Magn. Magn. Mater. 139, L.231
(1995).

[5] S. Maekawa, S. O. Valenzuela, E. Saitoh, and T. Kimura, Spin
Current (Oxford University Press, Oxford, 2012).

[6] J. Sinova, S. O. Valenzuela, J. Wunderlich, C. H. Back, and T.
Jungwirth, Spin Hall effects, Rev. Mod. Phys. 87, 1213 (2015).

[7] X.-L. Qi and S.-C. Zhang, Topological insulators and super-
conductors, Rev. Mod. Phys. 83, 1057 (2011).

[8] B. Heinrich, Y. Tserkovnyak, G. Woltersdorf, A. Brataas, R.
Urban, and G. E. M. Bauer, Dynamic Exchange Coupling in
Magnetic Bilayers, Phys. Rev. Lett. 90, 187601 (2003).

[9] G. Woltersdorf, O. Mosendz, B. Heinrich, and C. H. Back,
Magnetization Dynamics Due to Pure Spin Currents in Mag-
netic Double Layers, Phys. Rev. Lett. 99, 246603 (2007).

[10] M. Matsuo, J. Ieda, K. Harii, E. Saitoh, and S. Maekawa, Me-
chanical generation of spin current by spin-rotation coupling,
Phys. Rev. B 87, 180402(R) (2013).

[11] H. J. Jiao and G. E. W. Bauer, Spin Backflow and ac Voltage
Generation by Spin Pumping and the Inverse Spin Hall Effect,
Phys. Rev. Lett. 110, 217602 (2013).

043014-12


https://doi.org/10.1103/PhysRevB.39.4828
https://doi.org/10.1103/PhysRevLett.61.2472
https://doi.org/10.1016/0304-8853(95)90001-2
https://doi.org/10.1103/RevModPhys.87.1213
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/PhysRevLett.90.187601
https://doi.org/10.1103/PhysRevLett.99.246603
https://doi.org/10.1103/PhysRevB.87.180402
https://doi.org/10.1103/PhysRevLett.110.217602

OPTICAL SPIN CONDUCTIVITY IN ULTRACOLD ...

PHYSICAL REVIEW RESEARCH 4, 043014 (2022)

[12] Y. Sun, H. Chang, M. Kabatek, Y.-Y. Song, Z. Wang, M. Jantz,
W. Schneider, M. Wu, E. Montoya, B. Kardasz, B. Heinrich,
S. G. E. te Velthuis, H. Schultheiss, and A. Hoffmann,
Damping in Yttrium Iron Garnet Nanoscale Films Capped by
Platinum, Phys. Rev. Lett. 111, 106601 (2013).

[13] C. Hahn, G. de Loubens, M. Viret, O. Klein, V. V. Naletov, and
J. Ben Youssef, Detection of Microwave Spin Pumping Using
the Inverse Spin Hall Effect, Phys. Rev. Lett. 111, 217204
(2013).

[14] D. Wei, M. Obstbaum, M. Ribow, C. H. Back, and G.
Woltersdorf, Spin Hall voltages from a.c. and d.c. spin cur-
rents, Nat. Commun. 5, 3768 (2014).

[15] M. Weiler, J. M. Shaw, H. T. Nembach, and T. J. Silva, Phase-
Sensitive Detection of Spin Pumping via the ac Inverse Spin
Hall Effect, Phys. Rev. Lett. 113, 157204 (2014).

[16] J. Li, L. R. Shelford, P. Shafer, A. Tan, J. X. Deng, P. S.
Keatley, C. Hwang, E. Arenholz, G. van der Laan, R. J.
Hicken, and Z. Q. Qiu, Direct Detection of Pure ac Spin Cur-
rent by X-Ray Pump-Probe Measurements, Phys. Rev. Lett.
117, 076602 (2016).

[17] D. Kobayashi, T. Yoshikawa, M. Matsuo, R. Iguchi, S.
Maekawa, E. Saitoh, and Y. Nozaki, Spin Current Generation
Using a Surface Acoustic Wave Generated via Spin-Rotation
Coupling, Phys. Rev. Lett. 119, 077202 (2017).

[18] Y. Kurimune, M. Matsuo, S. Maekawa, and Y. Nozaki, Highly
nonlinear frequency-dependent spin-wave resonance excited
via spin-vorticity coupling, Phys. Rev. B 102, 174413 (2020).

[19] F. Schifer, T. Fukuhara, S. Sugawa, Y. Takasu, and Y.
Takahashi, Tools for quantum simulation with ultracold atoms
in optical lattices, Nat. Rev. Phys. 2, 411 (2020).

[20] L. Amico, M. Boshier, G. Birkl, A. Minguzzi, C. Miniatura,
L.-C. Kwek, D. Aghamalyan, V. Ahufinger, D. Anderson, N.
Andrei, A. S. Arnold, M. Baker, T. A. Bell, T. Bland, J. P.
Brantut, D. Cassettari, W. J. Chetcuti, F. Chevy, R. Citro, S.
De Palo et al., Roadmap on Atomtronics: State of the art and
perspective, AVS Quantum Sci. 3, 039201 (2021).

[21] H. Ott, E. de Mirandes, F. Ferlaino, G. Roati, G. Modugno,
and M. Inguscio, Collisionally Induced Transport in Periodic
Potentials, Phys. Rev. Lett. 92, 160601 (2004).

[22] N. Strohmaier, Y. Takasu, K. Gunter, R. Jordens, M. Kohl, H.
Moritz, and T. Esslinger, Interaction-Controlled Transport of
an Ultracold Fermi Gas, Phys. Rev. Lett. 99, 220601 (2007).

[23] A. Sommer, M. Ku, G. Roati, and M. W. Zwierlein, Univer-
sal spin transport in a strongly interacting Fermi gas, Nature
(London) 472, 201 (2011).

[24] A. Sommer, M. Ku, and M. W. Zwierlein, Spin transport in
polaronic and superfluid Fermi gases, New J. Phys. 13, 055009
(2011).

[25] M. Koschorreck, D. Pertot, E. Vogt, and M. Kohl, Universal
spin dynamics in two-dimensional Fermi gases, Nat. Phys. 9,
405 (2013).

[26] S. Hild, T. Fukuhara, P. Schau}, J. Zeiher, M. Knap, E.
Demler, 1. Bloch, and C. Gross, Far-from-Equilibrium Spin
Transport in Heisenberg Quantum Magnets, Phys. Rev. Lett.
113, 147205 (2014).

[27] A. B. Bardon, S. Beattie, C. Luciuk, W. Cairncross, D. Fine,
N. S. Cheng, G. J. A. Edge, E. Taylor, S. Zhang, S. Trotzky,
and J. H. Thywissen, Transverse demagnetization dynamics of
a unitary Fermi gas, Science 344, 722 (2014).

[28] P. N. Jepsen, J. Amato-Grill, I. Dimitrova, W. W. Ho, E.

Demler, and W. Ketterle, Spin transport in a tunable Heisen-
berg model realized with ultracold atoms, Nature (London)
588, 403 (2020).

[29] U. Schneider, L. Hackermuller, J. P. Ronzheimer, S. Will, S.
Braun, T. Best, 1. Bloch, E. Demler, S. Mandt, D. Rasch, and
A. Rosch, Fermionic transport and out-of-equilibrium dynam-
ics in a homogeneous Hubbard model with ultracold atoms,
Nat. Phys. 8, 213 (2012).

[30] J. P. Ronzheimer, M. Schreiber, S. Braun, S. S. Hodgman, S.
Langer, I. P. McCulloch, F. Heidrich-Meisner, 1. Bloch, and
U. Schneider, Expansion Dynamics of Interacting Bosons in
Homogeneous Lattices in One and Two Dimensions, Phys.
Rev. Lett. 110, 205301 (2013).

[31] J. Heinze, J. S. Krauser, N. Fldschner, B. Hundt, S. Gotze,
A. P. Itin, L. Mathey, K. Sengstock, and C. Becker, Intrinsic
Photoconductivity of Ultracold Fermions in Optical Lattices,
Phys. Rev. Lett. 110, 085302 (2013).

[32] S. Scherg, T. Kohlert, J. Herbrych, J. Stolpp, P. Bordia,
U. Schneider, F. Heidrich-Meisner, 1. Bloch, and M.
Aidelsburger, Nonequilibrium Mass Transport in the 1D
Fermi-Hubbard Model, Phys. Rev. Lett. 121, 130402 (2018).

[33] P. T. Brown, D. Mitra, E. Guardado-Sanchez, R. Nourafkan,
A. Reymbaut, C.-D. Hébert, S. Bergeron, A.-M. S. Tremblay,
J. Kokalj, D. A. Huse, P. Schauf}, and W. S. Bakr, Bad metallic
transport in a cold atom Fermi-Hubbard system, Science 363,
379 (2019).

[34] M. A. Nichols, L. W. Cheuk, M. Okan, T. R. Hartke, E.
Mendez, T. Senthil, E. Khatami, H. Zhang, and M. W.
Zwierlein, Spin transport in a Mott insulator of ultracold
fermions, Science 363, 383 (2019).

[35] R. Anderson, F. Wang, P. Xu, V. Venu, S. Trotzky, F. Chevy,
and J. H. Thywissen, Conductivity Spectrum of Ultracold
Atoms in an Optical Lattice, Phys. Rev. Lett. 122, 153602
(2019).

[36] S. Krinner, T. Esslinger, and J.-P. Brantut, Two-terminal trans-
port measurements with cold atoms, J. Phys.: Condens. Matter
29, 343003 (2017).

[37] T. Enss and J. H. Thywissen, Universal spin transport and
quantum bounds for unitary fermions, Annu. Rev. Condens.
Matter Phys. 10, 85 (2019).

[38] V. B. Bulchandani, S. Gopalakrishnan, and E. Ilievski, Su-
perdiffusion in spin chains, J. Stat. Mech. (2021) 084001.

[39] For systems with inversion invariance including superfluids
examined later, the second-order term exactly vanishes, and
thus the correction to Eq. (2) is of third order in fz(z).

[40] Z. Wu, E. Taylor, and E. Zaremba, Probing the optical con-
ductivity of trapped charge-neutral quantum gases, Europhys.
Lett. 110, 26002 (2015).

[41] W. Kohn, Cyclotron resonance and de Haas-van Alphen os-
cillations of an interacting electron gas, Phys. Rev. 123, 1242
(1961).

[42] L. Brey, N. F. Johnson, and B. I. Halperin, Optical and
magneto-optical absorption in parabolic quantum wells, Phys.
Rev. B 40, 10647(R) (1989).

[43] Q. P. Li, K. Karrat, S. K. Yip, S. Das Sarma, and H. D. Drew,
Electrodynamic response of a harmonic atom in an external
magnetic field, Phys. Rev. B 43, 5151 (1991).

[44] T. Enss and R. Haussmann, Quantum Mechanical Limitations
to Spin Diffusion in the Unitary Fermi Gas, Phys. Rev. Lett.
109, 195303 (2012).

043014-13


https://doi.org/10.1103/PhysRevLett.111.106601
https://doi.org/10.1103/PhysRevLett.111.217204
https://doi.org/10.1038/ncomms4768
https://doi.org/10.1103/PhysRevLett.113.157204
https://doi.org/10.1103/PhysRevLett.117.076602
https://doi.org/10.1103/PhysRevLett.119.077202
https://doi.org/10.1103/PhysRevB.102.174413
https://doi.org/10.1038/s42254-020-0195-3
https://doi.org/10.1116/5.0026178
https://doi.org/10.1103/PhysRevLett.92.160601
https://doi.org/10.1103/PhysRevLett.99.220601
https://doi.org/10.1038/nature09989
https://doi.org/10.1088/1367-2630/13/5/055009
https://doi.org/10.1038/nphys2637
https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1126/science.1247425
https://doi.org/10.1038/s41586-020-3033-y
https://doi.org/10.1038/nphys2205
https://doi.org/10.1103/PhysRevLett.110.205301
https://doi.org/10.1103/PhysRevLett.110.085302
https://doi.org/10.1103/PhysRevLett.121.130402
https://doi.org/10.1126/science.aat4134
https://doi.org/10.1126/science.aat4387
https://doi.org/10.1103/PhysRevLett.122.153602
https://doi.org/10.1088/1361-648X/aa74a1
https://doi.org/10.1146/annurev-conmatphys-031218-013732
https://doi.org/10.1088/1742-5468/ac12c7
https://doi.org/10.1209/0295-5075/110/26002
https://doi.org/10.1103/PhysRev.123.1242
https://doi.org/10.1103/PhysRevB.40.10647
https://doi.org/10.1103/PhysRevB.43.5151
https://doi.org/10.1103/PhysRevLett.109.195303

SEKINO, TAJIMA, AND UCHINO

PHYSICAL REVIEW RESEARCH 4, 043014 (2022)

[45] T. Enss, Shear viscosity and spin sum rules in strongly inter-
acting Fermi gases, Eur. Phys. J.: Spec. Top. 217, 169 (2013).

[46] Note that our definition of the optical spin conductivity with
S = 1 is different from that in Refs. [44,45] by a factor of 1.

[47] Within single-band models for optical lattice systems, the f
sum is related to the band mass [35].

[48] From the Kramers-Kronig relations, Imai/s;(a)) can be ob-
tained from Reaof‘;)(w) [49].

[49] A. Altland and B. Simons, Condensed Matter Field Theory
(Cambridge University Press, Cambridge, 2010).

[50] S. Giorgini, L. P. Pitaevskii, and S. Stringari, Theory of ultra-
cold atomic Fermi gases, Rev. Mod. Phys. 80, 1215 (2008).

[51] The BCS-BEC Crossover and the Unitary Fermi Gas, edited
by W. Zwerger, Lecture Notes in Physics Vol. 836 (Springer-
Verlag, Berlin, 2012).

[52] D. M. Eagles, Possible pairing without superconductivity at
low carrier concentrations in bulk and thin-film superconduct-
ing semiconductors, Phys. Rev. 186, 456 (1969).

[53] A. J. Leggett, Diatomic molecules and Cooper pairs, in Mod-
ern Trends in the Theory of Condensed Matter, edited by
A. Pekalski and J. Przystawa (Springer-Verlag, Berlin, 1980),
pp- 13-27.

[54] Within the mean-field theory at zero temperature, i changes
its sign at (kpa)™' = 41"2(%)/[7121"&)]2/3 = 0.5531, where
['(z) is the gamma function.

[55] J. R. Schrieffer, Theory of Superconductivity (Westview, Boul-
der, 1964).

[56] J. Hofmann, Current response, structure factor and hydrody-
namic quantities of a two- and three-dimensional Fermi gas
from the operator-product expansion, Phys. Rev. A 84, 043603
(2011).

[57] S. Tan, Energetics of a strongly correlated Fermi gas, Ann.
Phys. (Amsterdam) 323, 2952 (2008); Large momentum part
of a strongly correlated Fermi gas, 323, 2971 (2008); Gen-
eralized virial theorem and pressure relation for a strongly
correlated Fermi gas, 323, 2987 (2008).

[58] M. Horikoshi, M. Koashi, H. Tajima, Y. Ohashi, and M.
Kuwata-Gonokami, Ground-State Thermodynamic Quantities
of Homogeneous Spin-1/2 Fermions from the BCS Region to
the Unitarity Limit, Phys. Rev. X 7, 041004 (2017).

[59] For example, at zero temperature and unitarity, the contact
C/ké = 0.118 within the mean-field theory [60] is close to the
recent experimental results Ceyp /k‘F‘ ~0.1[58,61,62].

[60] Y. Ohashi, H. Tajima, and P. van Wyk, BCS-BEC crossover
in cold atomic and in nuclear systems, Prog. Part. Nucl. Phys.
111, 103739 (2020).

[61] C. Carcy, S. Hoinka, M. G. Lingham, P. Dyke, C. C. N.
Kuhn, H. Hu, and C. J. Vale, Contact and Sum Rules in a
Near-Uniform Fermi Gas at Unitarity, Phys. Rev. Lett. 122,
203401 (2019).

[62] B. Mukherjee, P. B. Patel, Z. Yan, R. J. Fletcher, J. Struck,
and M. W. Zwierlein, Spectral Response and Contact of the
Unitary Fermi Gas, Phys. Rev. Lett. 122, 203402 (2019).

[63] Y. Kawaguchi and M. Ueda, Spinor Bose-Einstein conden-
sates, Phys. Rep. 520, 253 (2012).

[64] This theory is available in a weakly interacting BEC near zero
temperature [63].

[65] D. M. Stamper-Kurn and M. Ueda, Spinor Bose gases: Sym-
metries, magnetism, and quantum dynamics, Rev. Mod. Phys.
85, 1191 (2013).

[66] S. Uchino, M. Kobayashi, and M. Ueda, Bogoliubov the-
ory and Lee-Huang-Yang corrections in spin-1 and spin-2
Bose-Einstein condensates in the presence of the quadratic
Zeeman effect, Phys. Rev. A 81, 063632 (2010).

[67] T.-L. Ho, Spinor Bose Condensates in Optical Traps, Phys.
Rev. Lett. 81, 742 (1998).

[68] T. Ohmi and K. Machida, Bose-Einstein condensation with
internal degrees of freedom in alkali atom gases, J. Phys. Soc.
Jpn. 67, 1822 (1998).

[69] S. Sachdev, Quantum Phase Transitions (Cambridge Univer-
sity Press, Cambridge, 2011).

[70] D. Chowdhury, A. Georges, O. Parcollet, and S. Sachdev,
Sachdev-Ye-Kitaev models and beyond: A window into non-
Fermi liquids, Rev. Mod. Phys. 94, 035004 (2022).

[71] T. Giamarchi, Quantum Physics in One Dimension (Oxford
University Press, Oxford, 2003).

[72] We implicitly assume that the umklapp process yielding a term
proportional to cos(+/8¢c¢) is absent, provided that the density
is away from half filling. However, it is irrelevant to this work.

[73] T. Giamarchi, Umklapp process and resistivity in one-
dimensional fermion systems, Phys. Rev. B 44, 2905
(1991).

[74] T. Giamarchi, Resistivity of a one-dimensional interacting
quantum fluid, Phys. Rev. B 46, 342 (1992).

[75] P. Medley, D. M. Weld, H. Miyake, D. E. Pritchard,
and W. Ketterle, Spin Gradient Demagnetization Cool-
ing of Ultracold Atoms, Phys. Rev. Lett. 106, 195301
(2011).

[76] G. Jotzu, M. Messer, F. Gorg, D. Greif, R. Desbuquois, and
T. Esslinger, Creating State-Dependent Lattices for Ultracold
Fermions by Magnetic Gradient Modulation, Phys. Rev. Lett.
115, 073002 (2015).

[77] S. Taie, Y. Takasu, S. Sugawa, R. Yamazaki, T. Tsujimoto, R.
Murakami, and Y. Takahashi, Realization of a SU(2) x SU(6)
System of Fermions in a Cold Atomic Gas, Phys. Rev. Lett.
105, 190401 (2010).

[78] G. Valtolina, F. Scazza, A. Amico, A. Burchianti, A. Recati, T.
Enss, M. Inguscio, M. Zaccanti, and G. Roati, Exploring the
ferromagnetic behaviour of a repulsive Fermi gas through spin
dynamics, Nat. Phys. 13, 704 (2017).

[79] From our proposal, a two-time correlation function of spin
currents x.p(w) can also be determined. In recent years,
there have been several theoretical proposals to measure
other two-time correlation functions in cold-atom experiments
[80-87].

[80] O. Romero-Isart, M. Rizzi, C. A. Muschik, E. S. Polzik,
M. Lewenstein, and A. Sanpera, Quantum Memory Assisted
Probing of Dynamical Spin Correlations, Phys. Rev. Lett. 108,
065302 (2012).

[81] M. Knap, A. Kantian, T. Giamarchi, I. Bloch, M. D. Lukin,
and E. Demler, Probing Real-Space and Time-Resolved Cor-
relation Functions with Many-Body Ramsey Interferometry,
Phys. Rev. Lett. 111, 147205 (2013).

[82] J. S. Pedernales, R. Di Candia, I. L. Egusquiza, J. Casanova,
and E. Solano, Efficient Quantum Algorithm for Computing
n-time Correlation Functions, Phys. Rev. Lett. 113, 020505
(2014).

[83] P. Uhrich, S. Castrignano, H. Uys, and M. Kastner, Noninva-
sive measurement of dynamic correlation functions, Phys. Rev.
A 96, 022127 (2017).

043014-14


https://doi.org/10.1140/epjst/e2013-01765-7
https://doi.org/10.1103/RevModPhys.80.1215
https://doi.org/10.1103/PhysRev.186.456
https://doi.org/10.1103/PhysRevA.84.043603
https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/10.1016/j.aop.2008.03.003
https://doi.org/10.1103/PhysRevX.7.041004
https://doi.org/10.1016/j.ppnp.2019.103739
https://doi.org/10.1103/PhysRevLett.122.203401
https://doi.org/10.1103/PhysRevLett.122.203402
https://doi.org/10.1016/j.physrep.2012.07.005
https://doi.org/10.1103/RevModPhys.85.1191
https://doi.org/10.1103/PhysRevA.81.063632
https://doi.org/10.1103/PhysRevLett.81.742
https://doi.org/10.1143/JPSJ.67.1822
https://doi.org/10.1103/RevModPhys.94.035004
https://doi.org/10.1103/PhysRevB.44.2905
https://doi.org/10.1103/PhysRevB.46.342
https://doi.org/10.1103/PhysRevLett.106.195301
https://doi.org/10.1103/PhysRevLett.115.073002
https://doi.org/10.1103/PhysRevLett.105.190401
https://doi.org/10.1038/nphys4108
https://doi.org/10.1103/PhysRevLett.108.065302
https://doi.org/10.1103/PhysRevLett.111.147205
https://doi.org/10.1103/PhysRevLett.113.020505
https://doi.org/10.1103/PhysRevA.96.022127

OPTICAL SPIN CONDUCTIVITY IN ULTRACOLD ...

PHYSICAL REVIEW RESEARCH 4, 043014 (2022)

[84] M. Kastner and P. Uhrich, Reducing backaction when measur-
ing temporal correlations in quantum systems, Eur. Phys. J.:
Spec. Top. 227, 365 (2018).

[85] P. Uhrich, C. Gross, and M. Kastner, Probing unitary two-time
correlations in a neutral atom quantum simulator, Quantum
Sci. Technol. 4, 024005 (2019).

[86] A. Schuckert and M. Knap, Probing eigenstate thermalization
in quantum simulators via fluctuation-dissipation relations,
Phys. Rev. Res. 2, 043315 (2020).

[87] K. T. Geier and P. Hauke, From non-hermitian linear response
to dynamical correlations and fluctuation-dissipation relations
in quantum many-body systems, PRX Quantum 3, 030308
(2022).

[88] S. Nakajima and H. Konishi (private communications).

[89] H. Biss, L. Sobirey, N. Luick, M. Bohlen, J. J. Kinnunen,
G. M. Bruun, T. Lompe, and H. Moritz, Excitation Spectrum
and Superfluid Gap of an Ultracold Fermi Gas, Phys. Rev. Lett.
128, 100401 (2022).

[90] C. J. Myatt, E. A. Burt, R. W. Ghrist, E. A. Cornell, and
C. E. Wieman, Production of Two Overlapping Bose-Einstein
Condensates by Sympathetic Cooling, Phys. Rev. Lett. 78, 586
(1997).

[91] D. S. Hall, M. R. Matthews, J. R. Ensher, C. E. Wieman, and
E. A. Cornell, Dynamics of Component Separation in a Binary
Mixture of Bose-Einstein Condensates, Phys. Rev. Lett. 81,
1539 (1998).

[92] D. S. Hall, M. R. Matthews, C. E. Wieman, and E. A. Cornell,
Measurements of Relative Phase in Two-Component Bose-
Einstein Condensates, Phys. Rev. Lett. 81, 1543 (1998).

[93] V. Galitski and I. B. Spielman, Spin-orbit coupling in quantum
gases, Nature (London) 494, 49 (2013).

[94] M. C. Beeler, R. A. Williams, K. Jimenez-Garcia, L. J.
LeBlanc, A. R. Perry, and L. B. Spielman, The spin-Hall effect
in a quantum gas, Nature (London) 498, 201 (2013).

[95] C.-H. Li, C. Qu, R. J. Niffenegger, S.-J. Wang, M. He, D. B.
Blasing, A. J. Olson, C. H. Greene, Y. Lyanda-Geller, Q.
Zhou, C. Zhang, and Y. P. Chen, Spin current generation
and relaxation in a quenched spin-orbit-coupled Bose-Einstein
condensate, Nat. Commun. 10, 375 (2019).

[96] Y.-J. Lin, K. Jiménez-Garcia, and 1. B. Spielman, Spin-orbit-
coupled Bose-Einstein condensates, Nature (London) 471, 83
(2011).

[97] P. Wang, Z.-Q. Yu, Z. Fu, J. Miao, L. Huang, S. Chai, H. Zhai,
and J. Zhang, Spin-Orbit Coupled Degenerate Fermi Gases,
Phys. Rev. Lett. 109, 095301 (2012).

[98] L. W. Cheuk, A. T. Sommer, Z. Hadzibabic, T. Yefsah, W. S.
Bakr, and M. W. Zwierlein, Spin-Injection Spectroscopy of a
Spin-Orbit Coupled Fermi Gas, Phys. Rev. Lett. 109, 095302
(2012).

[99] A. Shimizu and T. Yuge, General properties of response func-
tions of nonequilibrium steady states, J. Phys. Soc. Jpn. 79,
013002 (2010); Sum rules and asymptotic behaviors for opti-
cal conductivity of nonequilibrium many-electron systems, 80,
093706 (2011).

[100] N. Tsuji, T. Oka, and H. Aoki, Nonequilibrium Steady State of
Photoexcited Correlated Electrons in the Presence of Dissipa-
tion, Phys. Rev. Lett. 103, 047403 (2009).

[101] H. Tajima, Y. Sekino, and S. Uchino, Optical spin transport
theory of spin—% topological Fermi superfluids, Phys. Rev. B
105, 064508 (2022).

[102] U. Agrawal, S. Gopalakrishnan, R. Vasseur, and B. Ware,
Anomalous low-frequency conductivity in easy-plane XXZ
spin chains, Phys. Rev. B 101, 224415 (2020).

[103] D. Wei, A. Rubio-Abadal, B. Ye, F. Machado, J. Kemp,
K. Srakaew, S. Hollerith, J. Rui, S. Gopalakrishnan, N. Y.
Yao, I. Bloch, and J. Zeiher, Quantum gas microscopy
of Kardar-Parisi-Zhang superdiffusion, Science 376, 716
(2022).

[104] C. C. Homes, T. Timusk, R. Liang, D. A. Bonn, and
W. N. Hardy, Optical Conductivity of ¢ Axis Oriented
YBa,;Cu;0479: Evidence for a Pseudogap, Phys. Rev. Lett. 71,
1645 (1993).

[105] S. Iwai, M. Ono, A. Maeda, H. Matsuzaki, H. Kishida, H.
Okamoto, and Y. Tokura, Ultrafast Optical Switching to a
Metallic State by Photoinduced Mott Transition in a Halogen-
Bridged Nickel-Chain Compound, Phys. Rev. Lett. 91, 057401
(2003).

[106] A. Cavalleri, T. Dekorsy, H. H. W. Chong, J. C. Kieffer, and
R. W. Schoenlein, Evidence for a structurally-driven insulator-
to-metal transition in VO,: A view from the ultrafast timescale,
Phys. Rev. B 70, 161102(R) (2004).

[107] H. Okamoto, H. Matsuzaki, T. Wakabayashi, Y. Takahashi,
and T. Hasegawa, Photoinduced Metallic State Mediated by
Spin-Charge Separation in a One-Dimensional Organic Mott
Insulator, Phys. Rev. Lett. 98, 037401 (2007).

[108] J. T. Stewart, J. P. Gaebler, and D. S. Jin, Using photoemission
spectroscopy to probe a strongly interacting Fermi gas, Nature
(London) 454, 744 (2008).

[109] J. P. Gaebler, J. T. Stewart, T. E. Drake, D. S. Jin, A. Perali,
P. Pieri, and G. C. Strinati, Observation of pseudogap be-
haviour in a strongly interacting Fermi gas, Nat. Phys. 6, 569
(2010).

[110] Y. Sagi, T. E. Drake, R. Paudel, R. Chapurin, and
D. S. Jin, Breakdown of the Fermi Liquid Description for
Strongly Interacting Fermions, Phys. Rev. Lett. 114, 075301
(2015).

[111] E. J. Mueller, Review of pseudogaps in strongly interacting
Fermi gases, Rep. Prog. Phys. 80, 104401 (2017).

[112] L. Savary and L. Balents, Quantum spin liquids: a review, Rep.
Prog. Phys. 80, 016502 (2017).

[113] G. Semeghini, H. Levine, A. Keesling, S. Ebadi, T. T. Wang,
D. Bluvstein, R. Verresen, H. Pichler, M. Kalinowski, R.
Samajdar, A. Omran, S. Sachdev, A. Vishwanath, M. Greiner,
V. Vuleti¢, and M. D. Lukin, Probing topological spin liquids
on a programmable quantum simulator, Science 374, 1242
(2021).

[114] D. V. Else, B. Bauer, and C. Nayak, Floquet Time Crystals,
Phys. Rev. Lett. 117, 090402 (2016).

[115] K. W. Kim, T. Morimoto, and N. Nagaosa, Shift charge and
spin photocurrents in Dirac surface states of topological insu-
lator, Phys. Rev. B 95, 035134 (2017).

[116] F. Carlini and S. Stringari, Spin drag and fast response in a
quantum mixture of atomic gases, Phys. Rev. A 104, 023301
(2021).

[117] Strictly speaking, X, is related to the center-of-mass coordi-
nate Ry, as X, = NRy,.

[118] In Appendix G, Ué?(w) is defined by Eq. (G4) so as to include
information on spin current correlations x,s(w) and to satisfy
the same f-sum rule as that in spin-conserved cases. Due to the

source term in Eq. (G8), aé?(a)) is no longer equivalent to the

043014-15


https://doi.org/10.1140/epjst/e2018-00086-8
https://doi.org/10.1088/2058-9565/aaf6ce
https://doi.org/10.1103/PhysRevResearch.2.043315
https://doi.org/10.1103/PRXQuantum.3.030308
https://doi.org/10.1103/PhysRevLett.128.100401
https://doi.org/10.1103/PhysRevLett.78.586
https://doi.org/10.1103/PhysRevLett.81.1539
https://doi.org/10.1103/PhysRevLett.81.1543
https://doi.org/10.1038/nature11841
https://doi.org/10.1038/nature12185
https://doi.org/10.1038/s41467-018-08119-4
https://doi.org/10.1038/nature09887
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1143/JPSJ.79.013002
https://doi.org/10.1143/JPSJ.80.093706
https://doi.org/10.1103/PhysRevLett.103.047403
https://doi.org/10.1103/PhysRevB.105.064508
https://doi.org/10.1103/PhysRevB.101.224415
https://doi.org/10.1126/science.abk2397
https://doi.org/10.1103/PhysRevLett.71.1645
https://doi.org/10.1103/PhysRevLett.91.057401
https://doi.org/10.1103/PhysRevB.70.161102
https://doi.org/10.1103/PhysRevLett.98.037401
https://doi.org/10.1038/nature07172
https://doi.org/10.1038/nphys1709
https://doi.org/10.1103/PhysRevLett.114.075301
https://doi.org/10.1088/1361-6633/aa7e53
https://doi.org/10.1088/0034-4885/80/1/016502
https://doi.org/10.1126/science.abi8794
https://doi.org/10.1103/PhysRevLett.117.090402
https://doi.org/10.1103/PhysRevB.95.035134
https://doi.org/10.1103/PhysRevA.104.023301

SEKINO, TAJIMA, AND UCHINO

PHYSICAL REVIEW RESEARCH 4, 043014 (2022)

response Eésﬁ)(w) = (Bfgu(w)) 5 / fé(w), which corresponds

to the definition of the optical spin conductivity in spin-
conserved systems [recall Eq. (A5) as well as Js(t) = X ;(t)
in the presence of spin conservation]. As a result, the f-sum

rule of () is modified as [ “Re =) (@) = bup 1 —
Qr(¥§,p5)0- Because of E;f,)(w) = —iw Eifﬂ(a)), our proposed

scheme allows us to measure Z;sﬂ) (w). In addition, the f sum of

X&) (w) appears in the ultrafast response of X¢ , () as proposed
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in Ref. [116]. We note that our f-sum rule of Z)(w) is
consistent with that in Eq. (14) of Ref. [116], where the single
minimum phase with (n(r))o = (¥ (@)W(F))o = 2(S,())o is
focused on.

[119] Whereas Ref. [99] considers the response of a current density

whose f sum generally depends on time, we now consider the
response of the total spin current, and thus the f sum is related
to N, independent of time.



