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We initiate a systematic study of fracton physics within the geometric framework of double field theory. We
ascribe the immobility and large degeneracy of the former to the non-Riemannian backgrounds of the latter,
in terms of generalized geodesics and infinite-dimensional isometries. A doubled pure Yang-Mills or Maxwell
theory reduces to an ordinary one coupled to a strain tensor of elasticity theory and thus rather remarkably
provides a unifying description of photons and phonons. Upon a general double field theory background, which
consists of Riemannian and non-Riemannian subspaces, the dual photon-phonon pair becomes fractonic over
the non-Riemannian subspace. When the elasticity displacement vector condenses, minimally coupled charged
particles acquire an effective mass even in the purely Riemannian case, yielding predictions for polaron physics
and time crystals. Furthermore, the immobility of neutral particles along the non-Riemannian directions is lifted
to a saturation velocity for charged particles. Utilizing the differential geometry of double field theory, we also
present curved spacetime extensions which exhibit general covariance.
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I. INTRODUCTION

Fractons are novel quasiparticles with properties that chal-
lenge the conventional understanding of topological phases
of matter [1-4]. In modern condensed matter physics, it is
generically expected that any lattice model with local inter-
actions admits a well-defined continuum field theory limit in
the far-infrared regime. However, fractons defy this doctrine
and appear to require ingenious or exotic field theories with
some manner of UV-IR mixing [5—12]. Fractons have further
characteristic properties such as immobility, infinite ground-
state degeneracy in the continuum limit, and higher-moment
conservation laws. We refer readers to Refs. [13,14] for re-
views and Refs. [15—48] for further significant developments.

Recent advances have shown further that the immobility
can be explained in terms of certain subsystem symmetries
or conserved higher multipole moments. As symmetry has
been a successful guiding principle in modern physics, the
characteristics of fracton physics can be grasped through the
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underlying (though rather exotic) symmetry laws. For ex-
ample, a charged particle with both monopole and dipole
conservation in specific directions explains the immobility of
the monopole in the corresponding subspace.

Parallel to the endeavors to find continuum field theory lim-
its of all known fracton lattice models, it may be worthwhile
to have a formalism which allows us to construct systemati-
cally and geometrically new types of quantum field theories
featuring fractons.

In this paper, we launch a systematic top-down approach
to fracton physics by employing the geometric framework
of double field theory (DFT), assuming the O(D, D) sym-
metry therein as the first principle. Historically, O(d, d;Z)
was an “emerging” discrete symmetry for string theory com-
pactified on a torus background T¢ [49]. However, from the
modern DFT point of view, string theory itself “knows” the
O(D, D) = O(D, D;R) symmetry regardless of the chosen
background, with D now denoting the full spacetime dimen-
sion. The theory is ab initio “covariant” (rather than invariant)
under O(D, D) symmetry rotations. Only a specific individual
background breaks it spontaneously, either fully or partially,
such as O(D, D;R) — O(d, d; Z) upon the aforementioned
toroidal compactification.

We shall demonstrate in this paper that fracton physics
may arise from such fully O(D, D)-symmetric theories when
the background is non-Riemannian, meaning that an invert-
ible metric g,, is not defined even locally. Analogous to
general relativity (GR), which describes physics on Rieman-
nian geometries, the (stringy) gravitational theory for more
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general geometries, including both Riemannian and non-
Riemannian ones, is DFT. By embedding fracton physics into
DFT, it becomes readily possible to further address fermionic
extensions, supersymmetrizations, and curved spacetime gen-
eralizations, while likely maintaining consistency with string
theory or quantum gravity.

DFT was originally conceived [50-55] to make manifest
the hidden symmetry of D-dimensional supergravity underly-
ing the so-called “Buscher rule” [56,57]. In order to do so,
the theory demands that the coordinates be formally doubled,
XA = (R, x"), 04 = (3", 9,), and redefines the notion of gen-
eral covariance: Under infinitesimal doubled diffeomorphisms
sx* = £4(x), a covariant tensor density of weight w trans-
forms through a generalized Lie derivative,

ﬁgTAl---A” = SBBBTA]...An + wagéB Ty,..a,

+ ) (048" — 06 ) Thyopon,. (D)

J=1

Here,A,B=1,2,...,D + D are O(D, D) indices which are
raised and lowered by an O(D, D) invariant metric,

Tnn = (‘1’ (1,) @

Closure of (1) requires imposing the so-called “section condi-
tion,”

9,04 =0, 3)

which enforces that the contraction between any pair of
derivatives should be trivial. Decomposing this as 9,0% =
90" + 0"9,,, the condition is conveniently solved by switch-
ing off any tilde-coordinate dependence, 3* = 0. In this way,
the theory is not truly doubled: Rather, it packages various
component fields into a unifying O(D, D) multiplet.

In DFT the “dilaton” d and the “generalized metric” Hap
are the two fundamental variables that constitute the gravita-
tional sector, in analogy with the Riemannian metric g,, in
GR. While the former exponentiates to a unit-weight scalar
density e~2¢, the latter satisfies its own defining properties,

Has = Hpa, Ha“Hs"Tep = T “

This implies that det Hsp = £1; hence the generalized met-
ric alone cannot produce any integral measure like /g in
GR. Instead, combined with the O(D, D) invariant metric,
it generates a pair of mutually orthogonal projectors, Py =
%(J + H)ap and Pyp = %(J — H)ap, satisfying

PBPC =P,C, PBPC =P,C, PPPC =0.

Parallel to general relativity (GR), DFT has its own Christoffel
symbols I"4pc, scalar, Ricci, and Einstein curvatures, etc., all
arising from {d, H4p} [58,59]. Moreover, when coupled to ex-
tra “matter” O(D, D) symmetrically, DFT satisfies “Einstein

equations” [60],
Gap = Ty, ®)]

which unifies the equations of motion of d and Hsp. The
left-hand side and right-hand side satisfy a Bianchi iden-
tity and on-shell conservation, respectively: V,G*8 =0 =
VATA8, with V4 = 94 + I'4. The extra matter can be quite

generic [61-69], such as point particles [70,71], strings
[72,73], and the standard model [74].
In the early days of the development of DFT, the general-
ized metric was simply assumed to be of the form
Yun = HY 1YY g —g"" B,
AB = He" Hir ) \Bep&”"  8er — Bipg Bor)’
(6)
In this case, the D-dimensional diagonal blocks roughly
correspond to the inverse metric g*” and metric g,,, with
additional components generated by a skew-symmetric ten-
sor “B field,” B,,,. Together with the decomposition of the
DFT volume element as e=>¢ = ¢72?/—g, the resulting fields
{guv, Buv, @) constitute the gravitational multiplet in the su-
pergravity theory which arises as the low-energy effective
description of the massless modes of the closed string prop-
agating in Minkowskian spacetime.

However, this is not the most general parametrization of the
generalized metric that satisfies the two defining conditions
(4). Surprisingly, it turns out that DFT describes not only the
Riemannian geometries given in (6) but also non-Riemannian
ones where an invertible Riemannian metric cannot be defined
even locally [72]. Namely, with respect to the section choice
0" = 0, the upper-indexed D x D block matrix H"" can be
degenerate. From the most general solutions to the condi-
tions (4), all possible DFT geometries have been classified
by two non-negative integers (n,#), with dim(ker H*") =
n+ 7 [75]. Only those of type (0,0) are Riemannian, while
others are intrinsically non-Riemannian. In particular, the
maximally non-Riemannian cases of (D, 0) or (0, D) corre-
spond to Hap = £Jap, and thus they are the two perfectly
symmetric vacua of DFT, preserving the entire O(D, D) sym-
metry with no moduli [76]. Intriguingly then, the Riemannian
spacetime (6) may arise after the spontaneous breaking of
O(D, D) symmetry, which identifies g,, and B, as the mass-
less Nambu-Goldstone bosons [77]. Some intermediate types
of non-Riemannian geometries, such as (1,1), (D—1, 0), etc.
[75,77-79], have also been identified as nonrelativistic or
ultrarelativistic gravities and/or strings [80-86].

Splitting the coordinates into three parts,

-xM = (xav yiv yi )7 a/}, = (aa’ ai? 57 )a (7)

where | <a<D—n—n, 1 <i<n 1 <1<, aflat (n,n)
background is given by constant d and, with a subdimensional
(Minkowskian) metric 7, [87],

HW=n"8ksy),  Huv= 8480w, H,"=88) — 8,57,

®)
while H*,= H,* and I'ygc = 0; hence V, = 94. Here, “flat”
means simply being constant: Unlike GR, it appears that
there is no four-indexed “Riemann curvature” in DFT [58,88].
Nevertheless, any constant background of {d, Hap} solves
the vacuum Einstein equations G4 = 0; hence in contrast to
GR the constant flat geometries are not unique in DFT. The
fact that H*” and H,, are degenerate D x D matrices with
n + i1 # 0 characterizes the non-Riemannianity.

In this paper, we will further establish connections between
double field theory and fracton physics, for generic (n, 1) #
(0, 0). We will identify two main points of contact with known
fracton models. The first is the key idea that mobility re-

strictions arise naturally from non-Riemannian geometry a la

033186-2



FRACTONS, NON-RIEMANNIAN GEOMETRY, AND DOUBLE ...

PHYSICAL REVIEW RESEARCH 4, 033186 (2022)

(generalized) geodesics, with infinite-dimensional isometries
playing the role of higher-multipole conservation laws, as
will be explained in detail in the next section. In addition,
we reveal that the DFT generalization of Yang-Mills theory,
to be discussed in Sec. IV, secretly contains an elasticity
theory. Theories of elasticity are known to be related to fracton
models via a duality transformation [26]. Since the elasticity
theory is present even for purely Riemannian geometries, this
represents a second, independent link to fractons.

The remainder of this paper is organized as follows. In
Sec. II, we present three key motivators for our proposal of
studying fractons via DFT. In Sec. III, as elementary warm-up
exercises, we consider a particle action and scalar field theory
on the non-Riemannian (7, 1) constant background and verify
their fractonic behaviors. We then turn to our main example,
doubled pure Yang-Mills theory, in Sec. IV. We show that
it reduces to ordinary Yang-Mills theory coupled to an elas-
ticity theory of a non-Abelian strain tensor, and we spell out
its infinite-dimensional Noether symmetries originating from
the non-Riemannian isometries. We subsequently couple its
Abelian version, i.e., doubled Maxwell theory, to charged par-
ticles in Sec. V and study the resulting dynamics. In particular,
we observe that the elasticity displacement vector, once con-
densed, changes the effective mass of the particle. In Sec. VI
we extend our results to curved (n, 1) backgrounds through
the DFT formalism. We conclude with comments including
a connection to polarons in Sec. VII, and we display some
technical formulas in the Appendix.

While our primary goal was to explore the fractonic nature
of field theories on non-Riemannian DFT backgrounds, dur-
ing the investigation of the doubled pure Yang-Mills theory,
as well as Maxwell theory and its coupling to point par-
ticles, we uncovered some remarkable properties genuinely
valid even for Riemannian backgrounds, or on Riemannian
subspaces. One is that the doubled pure Yang-Mills theory
(30) reduces to an ordinary (undoubled) Yang-Mills theory
coupled to a (non-Abelian) strain tensor theory (41), such
that its Abelian version provides a unifying description of
photons and phonons. Furthermore, when minimally coupled
to a point particle (53), the particle will acquire an effective
mass through the condensation of the displacement vector of
phonons (60), suggesting a potential application to polaron
physics.

II. THREE KEY MOTIVATORS

The three key motivators for our proposal of studying
fractons via DFT are (a) geodesic immobility, (b) infinite-
dimensional isometries, and (c) induced Noether currents. All
of these assume non-Riemannian constant backgrounds (8).

A. Geodesic immobility

The geometric meaning of the section condition (3)
advocated in Ref. [89] is that half of the doubled co-
ordinates, e.g., ¥,, are actually gauged as Dx* = (d%, —
a,, dx"). This enables us to define an O(D, D)-symmetric,
doubled-diffeomorphism-invariant, proper length [90] and

consequently a particle action [70,71],
1 1
Sparticle = / dt S DD Hay — Sem?, (9)

where e (einbein) and a, in D.x" are auxiliary variables.
After Gaussian integration of the a,’s along the Riemannian
directions, the above doubled particle action reduces upon the
constant (n, ) background (8) to an undoubled one [75] (cf.
Ref. [22]),

(n,it)
Sparticle

1 1 S
= /drie”xaxa — Eem2 + Ay + A, (10)
Here, A; and A; originate from the field redefinitions of the
gauge components a; and a;, respectively, and crucially play
the role of Lagrange multipliers, enforcing immobility along
the non-Riemannian directions,

y=0, y =0. an

Similarly, on a string worldsheet [72,73], ¥’ and 3 become
chiral and antichiral, respectively [75].

B. Infinite-dimensional isometries

Our second observation is that the isometry of the (n, 71) #
(0,0) non-Riemannian constant background (8) is infinite
dimensional [87]: The most general solution to the twofold
Killing equations,

ﬁg’HAB =0, [:;e‘_Zd =0, (12)
is, with £4 = Ay, €Y),

EC = wpx” + 20+ 20), ha = L) — L),

£ =owny +7'y), ki=pO),
E=—ony +(9), ki =p(). (13)
Here, w,, (Lorentz symmetry, w,, = —wp,) and w are con-

stants. All other parameters are arbitrary functions of the
non-Riemannian coordinates y' or 3, as displayed in (13).
Furthermore, ¢'(y) and ¢'(§) should be divergenceless,

%' =0, &G =0, (14)
which ensures that 9,£# = 0, a requirement following from

the Killing equation of the dilaton d (12).

C. Induced Noether currents

The third point of interest relates to the energy-momentum
tensor in DFT [60],

_ o1 0Smg 1 8Sm:
TAB - _ 2d SP[A PB] matter ~ 7AB matter ) 15
¢ e 727 Tsa ()

By construction, for arbitrary £4, it satisfies the off-shell rela-
tion

1 o
aA(efszABgB) — e*ZdéBVATAB + ETAALé:eizd

1 s
- Ee’zd(PTP)ABEE’H,AB. (16)
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Thus, for the constant background (8) with the Killing vector
(13), we acquire an on-shell conserved current,

JH = THEN = THEV + TH A, 9,J* =0, (17)

where we have decomposed T+, = (T*",T*,). Note that
there is no special relation between the independent energy-
momentum tensor components 7#" and T#,: In particular,
THY £ T*,g"", not to mention the absence of an invertible
metric g, in non-Riemannian geometry. Explicitly, as a col-
lection of independent currents,

JH = (T 40T W) + (TH =1 TN ()
+ w(AT* )y —nT*5) + T (y) + T T (5)
+ T pi(y) + T B () + TH qwpx”. (18)

Evidently, power-series expansions of the local parame-
ters in the coordinates y' and j generate infinitely many
higher-multipole conservation laws. This includes dipole con-
servation laws generated by the parameter w and other linear
terms from {£“(y), £“(9), ¢'(v), £ (7)}, modulo so(n) & so(ii)
rotations. Among them, the (D — n — i1)(n + 7) linear terms
of ¢%(y) and Z%(¥) correspond to conventional dipole con-
servations in the non-Riemannian directions, arising from
isometries along the Riemannian subspace. Meanwhile,
the linear terms in ¢'(y) and Z'(¥) generate further non-
Riemannian dipole symmetries. In all, mobility is restricted
in the (n 4 71) non-Riemannian directions. In the special cases
where n = 1 or 7 = 1, the divergenceless condition (14) ac-
tually enforces ¢/ or 7 simply to be constant, which implies
the absence of all higher-multipole conservation laws along
the non-Riemannian directions. In particular, (1,1) allows only
dipole conservation, corresponding to the finite scale transfor-
mation

y—>e’y, ey, (19)

where the two non-Riemannian directions are inversely re-
lated. Note that the symmetry is still “supertranslational” in
the Riemannian directions for any (n, 1) # (0,0), as ¢*(y)
and £“(¥) appearing in (13) are arbitrary functions.
Meanwhile, for the global translational symmetries gener-
ated by the constant terms in £* and X, the conservation of the
current (17) reduces to that of the energy-momentum tensors,

9, T", =0, (20)
for the untilde x** directions, and further, inequivalently,
9,T"" =0, 21

for the tilde X, directions. The latter can be nontrivial even
after switching off the tilde coordinates, i.e., setting =0
as our choice of section: As we shall see later, a scalar field
theory has trivial T#" (27), whereas it is nontrivial for Yang-
Mills theory (50).

The three points, motivators (a), (b), and (c), imply that
any (double field theorizable) field theory should feature the
fractonic properties of higher-multipole conservation [18,91]
and a huge degeneracy of quantum states, as there are in-
finitely many conserved quantities. Intriguingly, the (1,1)
non-Riemannian background, corresponding to the nonrela-
tivistic string [80], allows only dipole conservation along the
pair of non-Riemannian directions y, y (19), which alludes to

UV-IR mixing of these two directions. This property is com-
parable to known fracton field theory models [6,7,15,16]. We
stress that all of these are direct consequences of the under-
lying constant non-Riemannian background. In the following
we verify these properties explicitly for several examples,
such as particles, scalar fields, doubled Yang-Mills theory, and
a strain-Maxwell theory minimally coupled to charged parti-
cles. The advantage of embedding fracton physics into DFT
is that generalizations to curved geometries, supersymmetry
a la Ref. [62], and consistent string backgrounds are readily
available, by setting D = 10 or 26 and n = 7 [92].

III. PARTICLE AND SCALAR FIELD

The doubled energy-momentum tensor of the point parti-
cle (10) was obtained in Ref. [60] from the variation of the
covariant particle action (9) following the prescription (15),

TW =0, TH,(x)= /dt)'c“(t)pUSD(x —x(1)), (22)

where the delta function is defined for the untilde coordi-
nates x* — x*(t) and p, = (e %4, A;, A7) is the conjugate
momentum of x*, of which all components are constant on
shell. Thus conservation indeed holds,

d
3, TH", = —/dr pvd—SD(x —x(t))=0.  (23)
T
Furthermore, from the on-shell relations
Tacncb — Tbcnca’ Tiv =0 = Tivv (24)

the conservation of the current (18) readily follows. The cor-
responding Noether symmetries of the reduced particle action
(10) inherited from the doubled particle action (9) read, with
(13),

Sxt =& Syl=¢l, 8§ =&, Se=0,
SA; = —ex“0i0,(y) — oA — Aj3:L7(y),
8Ar = —ex%;2,(9) + wnhA; — A;0:77(§). (25)

As a target-spacetime counterpart to the particle action, we
turn to a scalar field theory with Lagrangian (density) e ‘L,
(cf. Refs. [6,7]),

Lo = — 113,005 — V(@) = —1n™8,09,® — V(®).

The doubled energy-momentum tensor is, from Ref. [60],(26)
" =0, T*, =06L0999, P+ 8/'Lo, 27

which is conserved on shell as
9, T", =[0,0°®—V'(P)]9,P = 0. (28)

The infinite-dimensional Noether symmetries for the Killing
vector (13) are given simply by §® = £#9,®. In partic-
ular, when the scalar theory is free with a Lagrangian
Lo = $®(n*0,0,® — m*®) which vanishes on shell, its
energy-momentum tensor also satisfies (24). Thus the usual
agreement between a spinless particle and a scalar field
generalizes to generic (n, 71) constant non-Riemannian back-
grounds. It is also worthwhile to note that massless scalar
fields propagate through subdimensional Riemannian space-
time only: d,0°® = 0.
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IV. DOUBLED YANG-MILLS THEORY

Our next example is a doubled generalization of Yang-
Mills theory. This turns out to be a rich theory in its own right
(even for purely Riemannian geometries): In the Abelian case,
it reduces to a theory of photons and phonons and thus may
itself be applicable to systems of lattice vibrations interacting
with light. Moreover, this suggests a second pathway linking
DFT to fracton physics: Established fracton models such as
symmetric tensor gauge theories are known to be dual to
phonon systems via fracton-elasticity duality [26].

For a doubled vector potential Vy, the fully covariant field
strength (PFP)ap = P4C PgP F¢p is projected from the “semi-
covariant” one [58,93],

Fap = VaVp — VgV — i[ V4, V. (29)

The doubled pure Yang-Mills Lagrangian e~ 2 [\ then takes
the form [64]

Lym = Tr[PY“PPP Fpp Fepl. (30)
With Dy = V4 — i[ V4, - ], the equations of motion are [59]
Dy(PFPYP = 1D, [(PFPY? + (PFPY*1 =0, (31)
while the energy-momentum tensor is [60]
Tap = —4P A Py" Tr[(FHF )ep + De(FepV*)]
+ JasLlym. (32)

We now compute the Lagrangian explicitly on the constant
(n, n) non-Riemannian background (8), which we denote us-
ing {H"", K., Z,,"} as

H" = n8t8) = H™,

K;,w = 5,‘15]}5%1; = Huv’
Z, =88] -85 =M,". (33)

Parametrizing the doubled vector as
Va = (¢, Ay), (34)
the projectors and the semicovariant Yang-Mills field strength

(29) read

1 1§k, +Z,H Hiro
PP = 5(3AB+HAB) = 5( + >,

Ko 8,7 +2,°
_ 1 L(sH, —2Z,H —H"
PP =@ -HS ) =5 T ;
A 2( A HA ) 2( _va 5pa _ Zpa)
. —i[p", "] —Dv(pu)
Fap = 20aVp —i[Va, Vgl = v ’
AB a Vs — i[Va, Vgl ( D,¢ foo
(35
respectively, where D, = 9, — i[A,, - ] and
S = 0,A, — A, —i[A,,A] (36)

is the field strength of ordinary undoubled Yang-Mills theory.
From these ingredients we obtain the fully covariant field
strength,

5 ((PFPy
(PFP)AB == <(pr)pv

(PFP = —LfoH5. 1 4+ 296" — Z,"),

(PFPY,
(PFP),s )’

(PFP)y = SH"™ (86" — Zs*) fer — To"1,
(PFP)," = —(8," + Z, YH " for — T,"1,
(PFP)po = 18, +2,)65" — Z" ) fr.  (3T)
Here, we have introduced the shorthand notation
Fi = 188" + ilg", 9"] = (3 D9" +8,"D "),
Fuv = Fuv 18,98, [0a, @3] — (8,°Dugp + 8,°Dyupa).
T, =26,°D, ¢'s;" + 48,/ D:¢'5;",
Y. =28,'D}¢'8;" +48,'Dig' 5", (38)
and defining AT = A, + ¢,, we further set
D =9, — i[AE, -],
fo = 0aA; — AT — i[A7. A) = fui F Digpa.
fa = 0aAr — BA; —ilA7, Al = fu T Diga. (39)
Substituting these expressions into the Lagrangian (30), after
expanding as
Lym = 2Tc[(PFP)"’ (PFP),, + (PFP)*,(PFP),"], (40)

one arrives at the undoubled Lagrangian,

— 3 fartil@a @oD(f+ile?, ¢"1)
L =Tr| —lugu® — foD~%' + fED*g" |, (41)
—2Di¢"Dig" = 2ifily’, ¢']
where we have defined a symmetric tensor
Uap = Dap + Dp@q. (42)

Identifying ¢* as the displacement vector in elasticity theory,
Uy, corresponds to a strain tensor which now interacts with
the undoubled Yang-Mills theory. The symmetric strain tensor
originates essentially from the projection

4(P~F15)ub = fab+i[(paa (Pb]—Mab = 3aA;_abA,-;_i[A;—v A[:]

(43)
Since A, and ¢* are dual to each other a la Buscher [56,57],
so are their (Abelian) elementary quanta, photon and phonon
(cf. Ref. [94]).

By construction from (30), the Lagrangian (41) enjoys
“supertranslational” Noether symmetries given a priori by
Vs = L V4 (1) with the Killing vector (13), which reduce
in terms of the ordinary Lie derivative to

8A, = LA, + 20,0 0°,  S¢* = Lep™. (44)
In particular, under the transformations (44) with the Killing
vector (13), (PFP),p transforms covariantly as
S(PFPY™ = Le(PFP)*,
S(PFPY, = Le(PFPY, + 20,1, (PFP)*,
8(PFP)," = Le(PFP)," + 20,7, (PFP)"",
S8(PFP)uy = Le(PFP)y + 201,4,(PFP),
+ 20p,A(PFP),”, (45)

from which the invariance of the action, or (40), follows
straightforwardly,

SLym = £70,Lym = 0, (" Lym). (46)
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Note that although (45) can be verified directly by brute force,
it can be understood simply as a natural consequence of the
O(D, D)-symmetric general covariance of the doubled Yang-
Mills field strength (37), encoded via (1).

The equations of motion D4(PFP)A5!
haustively,

0 = Dy(F’, + il¢", ¢a])
+ ilgp, uPa] + 2i[¢", f1—
0 =D, D "' +4il¢', D;¢']

=0 (31) are, ex-

— D, Di¢' + D Di¢'
2il", f51,
—2il¢', Dr¢'],
0= D;D*¢" —4ily', Dig'] +2il¢", Dig'],
0 = Dyu+D; D' +D} D' 2i(I¢', f1+ ¢, £51),
0=D""f +2D;D;¢" +4ilfi, ¢'],
0= D™ [ —2D:Dig’ + 4ilfz. ¢']. 47
We directly verified the conservation 9,J#* =0 (17) by
checking, first of all, the conservation of the doubled energy-

momentum tensor itself [up to the Bianchi identity, the
on-shell equations (31), and the section condition],

GBTBA = Tr[6(P.7-'f_’)BCD[AfBC] - 4fAcDB(PfP)[BC]]

+ 43cTr[dVE(PFP)pa) — VEDE(PFP)pay] = 0,
(48)

and, secondly, the vanishing of each of

{Tij7 TU, Tia + nahTib’ Tt’a _ nath’b’ Tii + Tii}

as consequences of the orthogonal projections performed in
(32), with T’j =6 Lym and T'; = 85 7Lym; cf. (24). Unlike
the previous partlcle and scalar field theory cases, both T#¥
and T*, turn out to be nontrivial in Yang-Mills theory: See
the Appendix for the full expression, or the upcoming equa-
tion (50) for the simple (0,0) Abelian case.

As already mentioned, it is a rather unexpected and re-
markable result of the DFT formalism that the doubled
Yang-Mills theory produces a unifying description (41) of
ordinary Yang-Mills theory and a non-Abelian elasticity the-
ory. We emphasize that this holds true even upon genuine
Riemannian backgrounds, i.e., (n,7) = (0, 0). The Abelian
reduction of (41) on a flat Minkowskian spacetime is simply
the sum of Maxwell and strain tensor theories describing free
photons and phonons, respectively,

Lvetisiain = — 4 fan S = ftapu®. (49)
The corresponding energy-momentum tensors are
T = 29,01 7 4 3,(f™¢°),
T% = f“ foe + 0“0 0ppc — 0:9"0°pp + 0c(@“u"p)
— 18 (feaf " + ucqu?). (50)

While clearly T = T%.n, these satisfy the off-shell rela-
tions

3T = 20.(3.f "9 ),

3T b = foadcf =2 O foar+ 059 Deut” a+34 (9 DU )
(51)

and thus become conserved on shell due to the equations of
motion, 3, f* = 0 = d,u®.

Intriguingly, with the decomposition of the displacement
vector into temporal and spatial components, ¢ = (¢', ¢?),
wherea = 1, 2, ..., D—1,if we truncate the temporal compo-
nent by setting ¢’ = 0, the strain tensor part in (49) becomes

_iuahu 2<Pa¢7 Mabu b (52)

where the dots denote time derivatives ;Lf. This is precisely
the elasticity theory considered in Ref. [26], shown therein to
be dual to a U(1)-symmetric tensor gauge theory. The topo-
logical defects of the former map onto charges of the latter,
with disclinations and dislocations corresponding to fractons
and dipoles, respectively. Our result is in some sense (orthog-
onally) complementary to Ref. [26], as we are principally
focusing on the fracton physics that arises geometrically from
non-Riemannian backgrounds. Nevertheless, we remark that
both non-Riemannian spaces and topological defects are, after
all, singular configurations from a conventional perspective.

V. DOUBLED MAXWELL THEORY COUPLED TO
CHARGED PARTICLES

We now consider the doubled Maxwell theory (30) mini-
mally coupled to particles (9) with charge g,

> / dtie ' DD xBHup — tem® — gD x2Vy,  (53)

where o denotes a (negligible) particle index. On the constant
(n, n) background (8), the single-particle Lagrangian becomes

L, = Le D, D XPH A — %em2 — qDTxAVA

2
— %eflxaxa _ %e(mZ +q2§0a(pa) _ CIJ.CHA;L

1 -1/ b
+3e7 (fa - ‘

a, — eqp.) (X — ap — eqp)n

Y — go") G —a) — (€715 + qo")(5r — ay).
(54)

+ (e”

The corresponding action generalizes (10) to

le‘lxx — ye(m” + g~ @) — gx*A ]
d a 1, (55
5= ’[+A(y—eq<p)+A(y +eqy) )

where we have integrated out the auxiliary variables a,
thereby setting the on-shell value D %, = eq¢g,, and we have
identified A; = ¢~'D.3; and A; = —e~'D.¥;. This action
then couples the particle to a strain-Maxwell theory, i.e., the
Abelian reduction of (41),

Ly = =3 fanf® — Juau®™ — f; 00" + 109" — 200" 90",
(56)
The Hamiltonian action for (55) is
SH = /drpﬂx" - EH,
1
H =2 (pa + 40" + gA") + 50m° + ¢ 0ap”)
+q(pi +qAD¢ — q(pr + gAY (57)
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Integrating out the p,’s from (57), one recovers (55) with the
identification p; = A; — qA;, pr = A; — gA;.

Clearly, from (55) or (57), the immobility is lifted by the
displacement vector to a “saturation velocity,”

= —eqq’. (58)

Furthermore, the Hamiltonian constraint H = 0 (57) leads to
a modified dispersion relation,

27

y =eqe, Y

kak® +m* + ¢*@ap® + 2qkip' — 2gk;¢" = 0, (39)

in which one may identify an effective mass (cf. Refs. [35,36]
for an interpretation in terms of a Higgs mechanism),

miy = m* + ¢ @, (60)

We stress that while (58) is a consequence of the non-
Riemannian geometry, (60) holds on the Riemannian sub-
space.

The equations of motion of the photon A, are the following
generalized Maxwell equations:

abfba _ aaai(pi + aaéfgoi — Ja7

it =TI, —8,9%" = J. S

Here, J* is the usual electric current,

Ty =Y / dt g (08P (x — x (1)), (62)

which is identically conserved in the manner of (23), ensuring
the consistency of (61) a la Maxwell in 1865.
Meanwhile, the phonon ¢* has equations of motion

abuba + 8a8i§0i + 3a5i¢i = jzu
30’ + 20,0;0" + i = i, (63)
& e’ + 28:0:¢" — Oy fbr = I,

for which we introduce a (by no means conserved) dual “pseu-
docurrent,”

L=y / AT D%y (1)8P (x — x4(1)). (64)

On shell, in terms of ¢, and the conjugate momenta p;, p; of
¥, ¥', we can express the dual pseudocurrent without explic-
itly invoking the tilde coordinates,

T =Y / dreq’ 9, 8° (x — xo(1)),
5 =Y. [ dreqtpa+ a0 - xo) (os)
5 = 3 [ dr(-ea)pr +aan) 8”6 — o).

Evidently, (61) and (63) generalize the usual Maxwell
equations. In particular, in the absence of sources, they
describe electromagnetic-strain waves that propagate ex-
clusively through the Riemannian subspace, and thus are
fractonic,

30 fun = 0:0°¢" = 3.0°¢" = 8,0°0,9" = 3.0°daqpp) = 0.
(66)
The first term vanishes on shell via the Bianchi identity as
0.0 fy = —20(,0° fi)c = 0, while the final equality, which

pertains to the “rotation tensor” i), follows from the more
general relation .9°¢, + 3,0,¢* = 0.

The consistent matching between the particle action, (9) or
(10), and the scalar field theory (26) generalizes to the inter-
acting theory of a charged particle (54) and a charged complex
scalar field. The Lagrangian of the complex scalar field in
the fundamental representation is, with ®,® = (94 + igV4)P
and ©, P = (9, +igA,)P,

Lyo=—1H"D, 000" —
= 19,0907 — L(m* + ¢’ p,p") P D'
— ilq¢' (@D, dT—0™D;P)
+i1q¢" (PD;dT—0"D; D). (67)

im*oof

Remarkably, the resulting equation of motion agrees with the
Hamiltonian constraint of the charged particle (57), including
the mass enhancement,

[~D.0 + m*+q*pu¢" — ig(Di. ¢'} +iq{Dr. ¢"}]@ = 0,
(68)
while it further produces a symmetric “prescription” for the
Hamiltonian constraint at the quantum level,

(i, @'y = pip' + @' pi,  {Pr, 0"} = pie’ + ¢ P,

after identifying —i®, = —id, + gA,, with p, + gA,,.

VI. ON CURVED NON-RIEMANNIAN BACKGROUNDS

Owing to the geometric O(D, D) formalism applicable to
non-Riemannian geometries that has been developed in the
literature [75,95], all results in the previous sections can be
readily generalized to curved backgrounds. In the context
of DFT this also includes the possibility of a nontrivial B
field and dilaton. Here, we present such curved results in
full generality: In doing so, it is necessary to define many
covariant quantities while carefully distinguishing upper and
lower D-dimensional curved indices, w, v. Though this may
at first glance seem overelaborate, we remind and warn the
reader that raising and lowering indices is generically not
possible in the absence of an invertible metric.

Reference [17] and two recent works [96,97] already
considered fracton physics on curved backgrounds using sub-
Riemannian or Carrollian (or Aristotelian) geometries, which
in the present framework would correspond to the (1,0) or
(D—1,0) non-Riemannian geometries. Such scenarios, not
being organized under the generalized metric, break O(D, D)
symmetry. The consequences of this remain to be seen. Here,
we merely present our O(D, D)-symmetric, curved spacetime
extension of the previous particle, scalar field, and Yang-Mills
theories.

On general curved backgrounds, it is convenient to factor-
ize out the B-field contribution via an O(D, D) transformation,

SHo 0
B8 = <B 5 ,), Bs B Tcp = Tas. (69)
oo Op
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The O(D, D)-covariant generalized metric on a general
curved background then takes the form [75]

. . HK  z.1
Hap = BB Hep, Has=|,. 2 ). 0
ZK KK)L
where, with 1 <i < n,1 <7 < 7 as before,
Z, =Xy —X\Y". (71)

The vectors X Ii, X Ii and Y/, ¥/ belong to the kernels of H"”
and K, , respectively,

H"X! =0=H"X!, K,Y'=0=K,Y"', (72

and correspond to the n+ i non-Riemannian directions.
These objects satisfy a completeness relation,

H"K,, + Y'X! + VFX] = 5", (73)

From (72), (73), and the linear independence of the null eigen-
vectors, it follows that

iy _ ol vivMH _ ol ivh _ — VIVH
XIJ«Y] _81" X/LY] _8]’ XuYt‘ _O_Xx{Yj ’
(HKH)*' = H"", (KHK)uw =K. (74)

Further from (69) and (70), a similar factorization of the
projectors holds,
Pus = BACBsBep,  Pig = BACBs"Pep, (75)

where Py = 1(J + H)ap and Pyp = I - H)as.

Remarkably, the doubled metric H4p is invariant under
GL(n) x GL(72) local rotations, which act on the unbarred
i,j,... and barred 7, J, ... indices, and further under the
“Milne-shift” symmetry—generalizing the “Galilean boost”
in the Newtonian gravity literature [98,99]—which acts with
arbitrary local parameters, V,,; and VM;, as [75]

SuH™ =0, 8,X, =0, 8,X, =0,
SuY! = H"™V,:, 8,Y) = H"Vy,
8Ky = —2X[ K,),H"" Vo — 2X[ K, H" Vo7,
SuBuy = —2X Voyi + 2X[ Vi
+ 2X X5 (Y Vi + YV,0). (76)

In fact, both local symmetries are part of the local Lorentz
symmetries in DFT and should not be broken.

First let us briefly comment on the scalar field case. Upon
the generic (n, 1) curved background above, with the choice
of section 8* = 0, the scalar field kinetic term reduces to

—1e U, 00D = —Le M HM 0, D0, D, (77)

which obviously generalizes (26) into a covariant form.

Now we turn to the doubled Yang-Mills theory on curved
backgrounds. We first factorize the doubled gauge potential,
similarly to (70), as

_ BB _ @" S
Va=DBs"Vp = (AV-FBupQDp)’ Va = (Au>' (78)

Like the doubled metric, the doubled vector potential V4
should be invariant under the DFT local Lorentz symmetries,

and thus the Milne-shift transformations of the component
fields are

Supt =0,  SuA = —(8uBu)". (79)
The semicovariant Yang-Mills field strength is
Fap = VaVp — VgVa —i[V4, Vg]
= 204 Vi) + 20 am Ve — ilVa, Val, (80)

where ['cap are the the DFT Christoffel symbols [58]. From
the torsionless property I'iapc) = 0, it follows that I'iapic =
—%FCAB. Since the fully covariant field strength is (PFP)4p,
we only need the projection

Py Py"Tcap = (POcPP)yy = L(PIcHP)yy.  (81)

Using (69), (70), (75), and (81) in (80), the fully covariant
field strength is given by

(B~'P),“(B~'P)s" Fep
= ﬁACﬁBD(Za[Cf}D] —iVe, Vpl — %)O/E3E7'°lCD
+ 31°/E8[EBCD|). (82)

This is the curved generalization of (37). After a lengthy
calculation we may obtain the explicit components,

(BT'PFB'PY) = —Lfr s+ 26, — Z,"),

B PFBPY ) = LH"™ 6" — Zo") fur — Yo",

B'PFBPY)," = L[, +Z,H" [ — T,"],

(BT'PFB'PY),s = 15, + 2,6 — Z,") for, (83)

where the constituent tensors are now defined as

= HH" (fo5 + Hpoe ) + i[9, @1 — 0,

Fuv = Fuv + iKup Koo [0” . 071+ 0 Hppuy —

T, =2K,, (D¢ +ile’, 9" 1X))Y," + 4X! Drp XY,

T, =2K,,(D’¢" —ilg”. ¢"1X.)V} +4X| Dip’ X} Y.
(84)

Further explanation is in order. Every term in (84) is covariant
under (ordinary undoubled) diffeomorphisms and Yang-Mills
gauge symmetry, and also invariant under GL(n) x GL(#)
local rotations, but not under the Milne shift: Only the whole
set of components of (PFP),p is so. Specifically, f,, is the
usual Yang-Mills field strength (36), while @ = u"*, u,, =
u,, are the strain tensors for the vector field ¢*, carrying
upper or lower symmetric indices, which can be expressed as
symmetrizations of appropriate covariant derivatives,

ut = Dhe" + 09", uyy = Duey + Dy, (85)
where, with Q*¥, to be explained later (91),
D" = H" (3,9" — ilA,, "D + Q" 9",
Dupy = (0,9" — i[Aw, 9" DKy
+ 30Ky + 9Ky — 3,K,0)9”. (86)

Furthermore, we have defined various covariant derivatives
which are nontrivial only in genuine non-Riemannian cases,
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i.e., (n,n) # (0,0):

Do’ = H" ((8,9° — ilAy, 9" DX. + ¢° 0, X)),

Dto" = H* (3,97 — ilA,, " DXL + 9”0, X]),
Dip Xy, = (Y (Bp9" — ilA,, ¢"1) — 9”9, Y/ )X],
DiphX) = (Y (3,0" — ilA,. 1) — 9”9, 7/ )X]. (87

As alternatives to the latter two expressions in (87), we can
also write
Di‘PAKM = (Yip(ap‘ﬂ/\ —i[Ap, @A]) - w”apr)Km
Dip Ky = (Y (390" —ilA,, 1) — 97 3,V ) Ky (88)
All expressions for covariant derivatives given in (86)—(88)
are symmetric under diffeomorphisms, local GL(n) x GL(7)
rotations, and Yang-Mills gauge transformations. However,
without the contractions as in (87) and (88), the bare deriva-
tives
Dip" =Y/ (3,¢" —ilA,, ") — ¢”3,Y]",
Dig" =Y/ (0,0" — ilA,, "]) — 99,1} (39)
|

are anomalous under local GL(n) x GL(#) rotations due to
the final terms containing derivatives of ¥;* and ¥*. Among
these definitions, note that the upper indexed covariant deriva-
tive,

D" = H"3, — iH"[A,, 1+ Q", (90)

was proposed in Ref. [95]. It can act on an arbitrary (undou-
bled) tensor, as it is equipped with a generalized Christoffel
connection,

QY = =1, H" — HP9, Y] — HPW9, 7 X]
—HM3,H" Ky + (2H"Y 3. X
—2HWY o X1 (YT X] — VIR, ©n

Note that according to (85), only the symmetric part, Q"); =
—%BAH v contributes to the strain tensor 7*".

The Lagrangian for the doubled Yang-Mills theory on gen-
eral curved and non-Riemannian backgrounds,

Lym = 2Tt[(PFPY*(PFP),, + (PFPY,(PFP),"],
92)
can be obtained analogously to the flat case from the compo-
nents in (83). The full result is

_%HMPHUU (fuv+(pKHK;LU)(fpa +(p)\H)»pa) - }THMPHUUMMVM,OJ + %KupKva [‘Puy <Pv][§0p, 900]
Lym = Tr| —={Dte'Y — D'o'YY + it[e”, 9" 10142) " (1=Z)6 " }(fr+9  Hepur) . (93)
—KwDip" (D¢ +ilg". ¢*1X}) — K., Drgh (D¢ — ilg", ¢”1X]) — 2D;p" X! D" X

By construction, this action is invariant under diffeomor-
phisms, B-field and Yang-Mills gauge symmetries, GL(n) x
GL(7) local rotations, and Milne shifts (76) and (79). This fol-
lows naturally in the doubled formalism but appears nontrivial
from the undoubled perspective.

In deriving the action, it is worthwhile to note the following
relations among the derivatives D', D*¢’, and D" ¢”,

(D" X;Y! — (D'))Y
= H" 9, X}, (H " Ko, + 2V X)) oY,
(D "XYY — (D'e")T
= H" 3, X} (H* Ko + 2Y7 X))@'V, (94)
as well as some projection properties,
H"H" fhe = (HK)" ,(HK)" 5 f*°,
H*"H"u,, = (HK)",(HK)" ;u"°,
HupupaYia = (HK)MpDi(/)p,
H" u,, Y7 = (HK)" , D;¢” (95)
and
K, i’ X! = K,,D’¢',
Y,"Kyp =0="7,"K,,,

K, i’ X! = K,,D"¢',
Y u, ¥ =0=Xa"X].
(96)

Upon taking the flat-spacetime limit (33) with vanishing B
field, the connection 2 vanishes and the covariant derivatives

(

9, D all reduce to the Yang-Mills covariant derivative, D =
d — i[A, ]. Thus the field strength (83) and (84) and the strain
tensor (85) simplify to (37), (38), and (42), respectively, while
from the Lagrangian (93) we recover (41).

Finally, as a curved spacetime generalization of (54), we
present the full particle action minimally coupled to the dou-
bled Maxwell vector potential on a generic (n,7) curved
background,

1
L, = EeleTxADTxB'HAB — %em2 - qDTxAVA

1
= Ee’l)'c")'c”Kw — le(m® + 9" Kyu) — qiA,

1 .
+§e*‘(5cﬂ —a, — B, X" — eqK,,0" ) H""

X (%, — a, — Bt — eqKin¢”)
+X, (e — qp") (%, — a, — B,,x”)Y

—X (e ¥+ o) (R, —a, — B, Y. (97)
The first line on the right-hand side of the second equality is
essentially the usual (undoubled) action for a charged “rela-

tivistic” particle in the Riemannian subspace, with effective
mass generated by the displacement vector field,

mye =m* + g’ 9 K. (98)

The second and third lines are quadratic in the auxiliary
variable a, on the Riemannian subspace and hence are to be
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negligibly integrated out, resulting in
H" (%, —a, — B,,x” — eqK,,¢") = 0. (99)

The last two lines are linear in a, and hence impose con-
straints,

Xi(e™' i —qp") =0, Xi(e i +q¢") =0,  (100)
which can be unified into a single expression,
e %P2, = qp’(1 — KH),". (101)

It is worthwhile to note the conjugate momenta of x*,
Pu = e! (Kuv"'Buvap)xV —qAu—qBu (YivX;l;+YrUX£)§0p

+ e (BupH” +2,") (%) — 2y — Buoi” — eqKuo¢”),
(102)

and some on-shell values for the tilde coordinates,

e (D%, — Bui”) = Z,"(py + qA)) + qKuvp®,  (103)

where actually only the momenta along the non-Riemannian
directions, p;, p;, are relevant.

Clearly, (100) generalizes the saturation velocity (58) as
well as the immobility constraint (11) of the constant back-
ground (8) to the case of a curved background. Specifically,
for a neutral particle of ¢ =0, from (100) we obtain the
vanishing of the velocity along the (curved non-Riemannian)
X;i and X! directions,

Xliy'c“ =0,

X1t = 0. (104)

Taking the 7 derivative of these gives expressions that may be
viewed as “non-Riemannian geodesic equations,”’

X;x“ + B(MXJ)XMXV =0, X;)'é“ + 8(MX5)XMXV =0,

(105)
For genuine curved backgrounds where awxg) or 9, X)) are
nontrivial, this indicates that the immobility of a fracton is
rather nontrivial. Related to this, it is worthwhile to note that
the first curved non-Riemannian DFT background reported
in Ref. [72] was shown in Ref. [87] to admit only a finite
number of isometries, implying the absence of higher-moment
conservations. Further investigation with more examples is
desired.

VII. DISCUSSION

Existing field theoretical intuition on fractons is largely
based on dipole conservation for charged particles. Contradis-
tinctly, in our scheme the immobility is universal regardless
of charge, since it originates from the “geodesic” particle
action (9). Accordingly, our current (17) contains the energy-
momentum tensor rather than a charge density of any sort.

Analysis on a spinor field is also possible, following
Refs. [60,63]. We merely comment that, since DFT vielbeins
square to projectors like V4”Vp, = P4p, on the flat background
(8) the doubled Dirac equation

yv =V4iyroy =0 (106)
gives

0=y = PBasdpy = JH 0,05y = 19,0y

Thus the massless spinor is also fractonic, like (66). Du-
alization of the full strain-Maxwell model including the
non-Riemannian sector (56) and also the connection to
D-branes, following Refs. [26-34,91,100] and Ref. [23], re-
spectively, deserve further study.

The charged particle action (55) and (97) is of interest
even upon a genuine Riemannian or Minkowskian (0,0) flat
background,

1 1
Sy = /dr ¢ Kk = S’ + g°¢"9,) — q¥"Aq. (107)

Minimally coupled to the doubled vector potential V4, this
particle action naturally interacts with the Maxwell vector
potential of photons A,, and further with the elasticity dis-
placement vector of phonons <pb, satisfying, from (61), (63),
(62), and (65),

defer =0t T =Y / drqig(1)8%0x — x (7)),

Ocuy = fas ja(x) = Z/dtengoa 8D(-x — X (7).
o (108)

This set of equations may provide an effective description of
polarons [101-104]. Deformations of a periodic potential of a
crystal lattice are described by phonons, or the displacements
of atoms from their equilibrium positions. Electrons moving
inside the crystal interact with the displacements, which is
known as electron-phonon coupling. Such electrons with the
accompanying deformation are called polarons. They move
freely across the crystal, but with increased effective mass.
This polaron picture essentially agrees with (107) and (108)
above. The charged particles can correspond to both atomic
nuclei and electrons. From (108), the lattice structure of the
atomic nuclei naturally sets the dual pseudocurrent .J, and also
the strain tensor u®’ to be discretely crystallized on the lattice,
while the electrons acquire an effective mass (107) from the
condensation of the displacement vector ¢“. We recall the
effective mass formula (60) and expand the square root,

Mgt = v/m? + ¢>9@,

1 g2 1,g.4 2
—m[1 4+ (LYo, — ~ (L) (¢° ] 109
m[ +5 ) 00— 5 () (0'0a)” + (109)
We compare this with a well-known formula for the effective
mass of a polaron obtained from estimating its self-energy
[105,106],

Micown = M1 + §0leph + 0.0236(ctepn)?]. (110)

where . is a dimensionless electron-phonon coupling con-
stant. From the leading-order terms in the two formulas,
we identify (%)Zq)“% = %ae_ph, which in turn gives, from
(109), mege/m >~ 1 + g0eph — 75(Xepn)® and hence differs
from (110) at subleading order. We call for experimental ver-
ification.

For the Riemannian subspace we have mostly envisaged a
Minkowskian signature (8), such that time can flow without
suffering from immobility and that the effective mass (60) is
not necessarily bigger than the true mass. Intriguingly then, in
the case of time crystals [107], where ¢“¢, would be timelike
or negative, our formula seems to predict that the effective
mass of polarons in time crystals should become smaller. Note
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that a time crystal is a quantum system of particles for which
the ground state is characterized by repetitive periodic motion
of the particles.

On the other hand, if we were to choose the Euclidean sig-
nature 1., = 8, for the Riemannian subspace and let (n, 71) =
(1, 1), thereby including two non-Riemannian directions, one
temporal and the other spatial [73,75,77-79,87,95,108,109],
the corresponding fracton physics would match that of the
nonrelativistic string [80,81,110] and Newton-Cartan gravities
[86,111-117]. Equation (58) then further implies that time
therein can start to flow if the timelike displacement vector
condenses, setting

f=eqq'. (111)

It would be of utmost interest if any of the non-Riemannian
geometries underlying the modified Maxwell equations (61)
and (63) are realized in nature. Some well-known singularities
in GR [118-120] have recently been identified as regular non-

J

Riemannian geometries [121]. Approaching them, geodesics
indeed become immobile. Extra dimensions, if any, might be
non-Riemannian [75] and therefore fractonic.
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APPENDIX: DOUBLED YANG-MILLS ENERGY-MOMENTUM TENSOR ON A CONSTANT FLAT BACKGROUND

In this Appendix, we write down the explicit components of the energy-momentum tensor (32) for the doubled Yang-Mills
theory (30). In terms of undoubled spacetime indices, the relevant pieces appearing in the on-shell conserved current (17) are

TH = Te[(FHF) ,HP — H (FHF)," + (FHFY*Z," — Z, M FHF)] — 28, Te[* (PFP+PFP)"],
Th, = Te[(FHF K,y — H* (FHF )y + (FHFY 2,0 — Z,M(FHF),| — 20, Te[* (PFP+BFP)",] + 8", Lym.

To evaluate these, we need the explicit expressions

(FHFY" = —D,¢"H* D¢’ +iZ,° (Do@"[¢”, ¢"] — [¢"., 9°1Ds ") — [¢", 9" 1Ko 97, "],
(FHF), = =Do@"H" fo, + il9", 9" 1(Kpo Dv@” — Z,° f1) + Z,° Do 9" D,¢”

(FHF)," = fupoH Do¢” — i(Du9” Koo + fupZo”) 97, "1+ Du9?Z," Dy,

(FHF v = fupH’ for = D" Do’ Kpo +Z,° (D’ for — fuoDug”),

(AD)

(A2)
as well as
—2(PFP+PFP)"" = H"H" f,, + 2H""Z,"'D,¢" + i[p", ¢"1 — il¢’, ¢°1Z,"Z,",
—2(PFP+PFP)", = D,¢" + H""D,¢° Ky, — il9”, ¢°12," Koy + (H" fro — Z,*Ds9”)Z,° . (A3)
Substituting these into (A1), we acquire all the components of the doubled Yang-Mills energy-momentum tensor,

T = Te[f* foc + D¢ Dppe — D@D @y + [9°, 9115, 9] + 9. (0" u)

—22,°(f“D%” + iDe0“[¢?, 9”10t + 8“sLym,

T = Te[(f“4D¢0) fie + D9 Dige + 3. (¢* %) + Z,° (f “aDip” + D™“¢” fis) ],

T4, = Tr[(fac_Dcwa)ﬁc + DH(pcDﬂpc 9 (wkarai) (f+a D- (0 + Dte pfm)]

T's = Tt[ — D°¢'(Deat fuc) — il¢', 91D . + 3, (¢" D, so’) Z,° (De9'D; 9" +il¢', 9°1f,)].

T'q = Tr[ = D°¢' (De@a+tfra) + il@, 01D e + 01 (0" D7) + Z,° (Do @' D} 0" + ilg", 9" 115)].

T's = 2Ta[ D¢’ for — ilg', 9°1Di@c + 3, (9" Di¢') — Z,° (Do ¢’ Dig” +il9', 9"1f1) ],

T = 2Ti[ — D¢’ foi +il¢", ¢°1Dic + 8, (9" Dig") + 2,° (Do 9" Di” — ilg", 9" 1f0i) ], (A4)
T = Tr[2Dcp f7 = 2ilg¢, 91D . + 8, (¢ (f* + ilp*, 9"1)) + 22,7 (D ' D" 0 — il”, 9'“1"5)].
T =Ti[ — (f*“4+D9")D¢’ — ilg', 91D~ @c + 3, (¢"D™¢") — Z,7 (D9’ Dog’ — il9”, ¢'1f 5],
T =Tr[ — (f*“—D¢")Deg’ —il¢, 91D . — 0, (¢*D™¢") — 2, (D™ 9" Do’ — i[9”, ¢'1f5)],
TT = 2Tr[ D°9'Deg’ — [¢', ¢°11¢", @c] + it (¢ [¢", ¢'1) + 2iZ, D, 09", °1],

(A5)
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and, from the projection properties,

T — 0, T — 0,

Tia — _nabTib’ Tfa — nabTib’

T'; =8 Lywm,
Tii — _Tit"

Tij = (SY]LYM,

Tachb — Tbcnca' (A6)
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