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Symmetry protected exceptional points of interacting fermions
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Non-Hermitian quantum systems can exhibit spectral degeneracies known as exceptional points, where two
or more eigenvectors coalesce, leading to a nondiagonalizable Jordan block. It is known that symmetries can
enhance the abundance of exceptional points in noninteracting systems. Here we investigate the fate of such
symmetry protected exceptional points in the presence of a symmetry preserving interaction between fermions
and find that (i) exceptional points are stable in the presence of the interaction. Their propagation through
the parameter space leads to the formation of characteristic exceptional “fans.” In addition, (ii) we identify a
new source for exceptional points which are only present due to the interaction. These points emerge from
diagonalizable degeneracies in the noninteracting case. Beyond their creation and stability, (iii) we also find that
exceptional points can annihilate each other if they meet in parameter space with compatible many-body states
forming a third order exceptional point at the endpoint. These phenomena are well captured by an “exceptional
perturbation theory” starting from a noninteracting Hamiltonian.
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Dissipative phenomena in physics have been effectively
described by non-Hermitian Hamiltonians [1–8] in a wide
range of settings, including photonic systems [9–21] and cor-
related electron systems [22–38]. Several recent studies have
investigated properties of interacting non-Hermitian Hamilto-
nians [39–49], in particular critical fluctuations [50], coupled
quantum dots [35–38], the topology of many-body spectra
[51], or non-Hermitian many-body localization [52–55] but
also the appearance of non-Hermitian physics in phenomena
such as magnon decay [56].

There, exceptional points (EPs) [57–66], i.e., spectral de-
generacies at which also two (second order EPs) or more
(higher order EPs) eigenvectors coalesce so as to render the
Hamiltonian nondiagonalizable, represent the generic coun-
terpart of level crossings familiar from Hermitian systems.
EPs are more abundant than diagonalizable degeneracies, and
thus become the rule rather than the exception as soon as dissi-
pative sources of non-Hermiticity enter the stage. Specifically,
two real parameters need to be tuned to find a second order EP
(co-dimension two), while three real parameters in Hermitian
systems and even six in non-Hermitian systems are required to
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yield a diagonalizable degeneracy. Notably, symmetries such
as chiral and PT symmetry further reduce the co-dimension of
EPs by a factor of 2, rendering second order symmetry pro-
tected EPs topologically stable in one-dimensional systems
[64,65,67].

In this work we analyze the fate of PT symmetry protected
EPs in non-Hermitian Bloch bands in the presence of both re-
pulsive and attractive two-body interactions with strength U ,
cf. Fig. 1(a). To this end, the single particle lattice momentum,
acting as the tuning parameter for EPs in the noninteracting
limit, is generalized to a flux-variable ϕ in the framework
of twisted boundary conditions. Twisted boundary conditions
appear naturally in one-dimensional systems with periodic
boundaries (e.g., a closed ring) in the presence of a magnetic
field. In the resulting ϕ-U parameter plane, beams of EPs are
emanating from their noninteracting origin [see point (i) in
Fig. 1(b)], marking their stability under symmetry-preserving
correlations. Beyond this mere robustness, we exemplify and
explain theoretically how new EPs are induced by interactions
from accidental diagonalizable degeneracies [see point (ii) in
Fig. 1(b)]. Finally, we find that pairs of EPs in the same total
momentum sector can undergo a pairwise annihilation process
[see point (iii) in Fig. 1(b)]. Our numerical results are well
captured by a nonstandard perturbative expansion around the
degeneracies [41,68–74].

We expect these results to be of relevance for a broad class
of physical scenarios, where dissipative processes such as sin-
gle particle gain or loss give rise to an effective non-Hermitian
band structure, while many-body scattering processes are well
described by Hermitian density-density interactions.

We start by introducing the model in Sec. I and discuss
our results in a short summary in Sec. II which is organized
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FIG. 1. (a) Non-Hermitian Hamiltonian with hopping t =
ei3/4π/

√
2 and interaction U ∈ R. The hopping j → j + 1 picks up a

phase defined by the twist angle ϕ ∈ [0, 2π ). (b) and (c) Propagation
of EPs of two interacting fermions (dark lines) as a function of ϕ

(� = 0.02) and U for sizes L = 6 (b) and L = 18 (c). EPs forming
the fan feature (i) emanate from the same symmetry protected EP
for m = 0.7 at ϕe (cf. Fig. 2). EPs can emerge from diagonalizable
degeneracies (ii), and annihilate each other (iii). The color scale
indicates the minimal angle αi j = arccos(|〈�R

i |�R
j 〉|) between two

right eigenvectors.

in three subsections. A detailed mathematical derivation and
the perturbative approach can be found in the Appendixes.
Section III summarizes our work and points towards further
directions in the field.

I. MODEL

As illustrated in Fig. 1(a) we investigate a one-dimensional
fermionic two-band model with sublattices a and b and a com-
plex hopping amplitude. In the noninteracting limit, U = 0,
we can derive the non-Hermitian Bloch Hamiltonian

H0 =
L−1∑
k=0

(a†
k b†

k )

(
0 mk

pk 0

)(
ak

bk

)
, (1)

where mk, pk ∈ R are defined with m ∈ R by

mk = m − cos

(
2π

L
k + ϕ

L

)
− sin

(
2π

L
k + ϕ

L

)
,

pk = m − cos

(
2π

L
k + ϕ

L

)
+ sin

(
2π

L
k + ϕ

L

)
.

Since a finite system only has a discrete set of k points, we
use twisted boundary conditions with twist angle ϕ ∈ [0, 2π ),
which allows us to continuously tune the momentum grid of k
points, and defines a counterpart of single particle momentum
that generalizes to correlated many-body systems. This model
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FIG. 2. Complex eigenenergies E(k,±), Eq. (3), of the single par-
ticle Bloch Hamiltonian in Eq. (1) for m = 0.7. For simplicity we
show here continuous momenta of an infinite chain, so that we
do not need to rely on the twist angle ϕ here. ke = 2 arctan[(10 +√

151)/17] indicates the single particle EP shown in Fig. 1.

is time reversal and lattice inversion symmetric (k → −k and
a ↔ b), and preserves the particle number n = na + nb, thus
ensuring the existence of EPs in k space by symmetry [64].
The symmetry is given by H∗ = IqHq	I	, where q inverts
both orbitals and I inverts all sites in real space. The Bloch
matrix in Eq. (1) becomes nondiagonalizable if either mke = 0
or pke = 0. This happens at four points in the first Brillouin
zone

2πke + ϕe

L
= 2 arctan

(±√
2 − m2 ± 1

m + 1

)
mod 2π, (2)

yielding four solutions (the two sign choices are independent)
for EPs tunable by ϕe at a given momentum ke. For each
(shifted) momentum (2πk + ϕ)/L, H0 has two single particle
eigenvalues

E(k,±) = ±√
pk

√
mk ∈ C (3)

shown in Fig. 2. Since mk and pk switch signs at their zeros,
the eigenvalues of H0 are either real or imaginary and the
switch between these two cases occurs at the EPs.

We can represent the corresponding right eigenstates
|ER

(k,±)〉 and left eigenstates 〈EL
(k,±)| in the single particle basis

in momentum space spanned by 2L states:

∣∣ER
(k,±)

〉 = (±√
mka†

k + √
pkb†

k )|0〉/√2E(k,+), (4)〈
EL

(k,±)

∣∣ = 〈0|(±√
pkak + √

mkbk )/
√

2E(k,+). (5)

Away from EPs, the left and right eigenvectors satisfy the
orthogonality relation 〈EL

(k,ξk )|ER
(q,ξq )〉 = δkqδξkξq , ξk, ξq = ±.

The model is defective if E(ke,±) = 0 where both eigenvectors
align. We drop the specific distinction between left and right
eigenvectors and absorb it in the bra-ket notation.

In this paper we are interested in the fate of the symmetry
protected EPs defined by Eq. (2) in the presence of both
attractive (U < 0) and repulsive (U > 0) interactions. We
consider a simple density-density interaction, which preserves
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the symmetries of the system and is Hermitian:

Hint =
L−1∑
j=0

na
j n

b
j = 1

L

L−1∑
k,k′,q

a†
kak+qb†

k′bk′−q. (6)

We consider the Hamiltonian H = H0 + UHint in the sim-
plest nontrivial case of two interacting fermions with a Hilbert
space dimension D = L(2L − 1).

II. RESULTS

We start by a numerical characterization of EPs as a
function of the twist angle ϕ and interaction strength U for
two fermions in a finite system of length L. For each pa-
rameter set (ϕ,U ) we calculate all right eigenstates of the
two-particle Hamiltonian numerically. If we are close to an
EP, two eigenvectors will align, enclosing a very small angle.
We have found that a robust quantifier for the identification
of EPs is therefore to consider the smallest angle mini j αi j =
mini j arccos(|〈�R

i |�R
j 〉|) enclosed by any pair of right eigen-

vectors |�R
i 〉 and |�R

j 〉.
Figure 1 shows mini j αi j in the parameter plane, exhibiting

sharp lines of very small angles (dark lines), which we identify
as EPs. For U = 0 we recover the noninteracting model with
EPs at (2πke + ϕe)/L, where in a finite chain the EP is located
in the momentum sector ke and realized at twist angle ϕe. At
an EP, both aligned single particle states can be combined
with any nonexceptional state |E(q,±)〉 forming two identical
two-particle wave functions yielding 2L − 2 two-dimensional
Jordan blocks in the noninteracting case.

Figure 1 displays a rich phenomenology of EPs: (i) The
EPs from the noninteracting case extend into exceptional lines
in the form of a “fan” for finite interaction strength. (ii) At
special points, where the noninteracting model exhibits a di-
agonalizable degeneracy, EPs can emerge in the presence of
a Hermitian interaction (U �= 0), creating very sharp “lines.”
(iii) When two lines of EPs meet in the parameter space, they
can extinguish and form an endpoint in the case of a Hermitian
interaction U ∈ R.

In the following we will discuss these three phenomena in
detail using non-Hermitian degenerate perturbation theory for
a small interaction strength U . Starting from the noninteract-
ing limit, we identify all eigenstates which have degenerate
eigenenergies for U = 0 and create the effective Hamiltonian
in the space spanned by the corresponding generalized right
and left eigenvectors. Since the total Hamiltonian is transla-
tional invariant, the effective Hamiltonian can be reduced to
blocks with fixed total momentum. We then derive constrains
for U (ϕ) such that the effective Hamiltonian is nondiagonal-
izable.

A. (i) Robustness of EPs

Figure 1 illustrates that the EP stemming from a non-
diagonalizable Bloch Hamiltonian for momentum ke with
twist angle ϕe at U = 0 is robust if the interaction U is
turned on. We will therefore focus on eigenstates correspond-
ing to the defective blocks of the two-particle Hamiltonian
in the noninteracting limit. The eigenenergies of the two-
particle Hamiltonian are sums of one particle eigenenergies.

The energy at a single particle EP is zero, E(ke,±) = 0, and
both eigenvectors coalesce to |ake〉 = a†

ke
|0〉 (for pke = 0) and

|bke〉 = b†
ke
|0〉 (for mke = 0). The coalescing eigenvectors can

be combined with any nonexceptional state |E(q,±)〉 to form
two identical two-body wave functions exhibiting the same
eigenvalue E(q,±) (since E(ke,±) = 0).

Since at the EP the Hamiltonian is defective and the only
eigenvector does not span the full space corresponding to
the twofold degenerate eigenvalue, we need to represent the
effective Hamiltonian in the space spanned by the two gen-
eralized eigenvectors with eigenvalue E(q,±), |ake ; E(q,±)〉, and
|bke ; E(q,±)〉. The generalized eigenvectors span the space of
the Jordan block and satisfy (H − E(q,±) )2|ake ; E(q,±)〉 = 0
(and respectively for |bke ; E(q,±)〉). Additional accidental de-
generacies are practically impossible in the same momentum
sector for a system of finite size.

Calculating matrix elements between left and right gener-
alized eigenvectors we obtain the effective Hamiltonian

H (i) =
(

E(q,±) mke

pke E(q,±)

)
+ U

2L

(
1 ∓√

mq/pq

∓√
pq/mq 1

)
. (7)

We are now interested if and at which finite interaction
strength U and twist angle ϕ this matrix remains defective.
Since the diagonal entries of H (i) are equal this happens if and
only if H (i)

01 = 0 or H (i)
10 = 0 which yields the conditions

U m
(q,±) = ±2Lmke

√
pq√
mq

and U p
(q,±) = ±2Lpke

√
mq√
pq

. (8)

If the noninteracting Hamiltonian has an EP generated from
|E(q,±)〉 for mke = 0 (pke = 0) it propagates through the pa-
rameter space according to U m

(q,±) (U p
(q,±)). The EPs are only

preserved for a Hermitian interaction if U m
(q,±) (U p

(q,±)) is real
which is equivalent to E(q,±) being real. For imaginary E(q,±),
EPs instead survive only in the presence of an anti-Hermitian
interaction U ∈ iR (see Appendixes). This explains why the
number of exceptional lines visible in Fig. 1 is not 2L − 2 but
only roughly ≈ L. Our analytical prediction from Eq. (8) is
shown in comparison with the numerical result in Fig. 3(a)
with excellent agreement. Additionally, our perturbative treat-
ment allows us to determine the exceptional eigenvector
which remains in the state |ake ; E(q,±)〉 or |bke ; E(q,±)〉 for a
finite interaction strength.

B. (ii) Emergence of EPs

We identify a new source of EPs which is only present
in the case of an interacting many-body system. It has been
shown [51] that EPs can emerge from a non-Hermitian in-
teraction. Here we show that EPs can also emerge from a
diagonalizable degeneracy of our noninteracting model (U =
0) in the presence of a Hermitian interaction.

A common source for degeneracies in the case of two
fermions is induced by degeneracies in the single particle
spectrum with different momenta (k �= q), E(k,+) = E(q,−ξ ),
ξ = ±, at ϕd for U = 0. Since each eigenvalue comes with
either sign, this produces pairs of two-particle states (|�+〉 =
|E(k,+); E(q,ξ )〉 and |�−〉 = |E(k,−); E(q,−ξ )〉) in the total
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FIG. 3. Comparison of our analytic predictions (dashed lines) of
EPs to the numerical simulation for L = 6 and m = 0.7. We identify
three different twist angles where (i) EPs are inherited from the single
particle spectrum at ϕe, (ii) emerge from a diagonalizable degeneracy
at ϕd, and (iii) annihilate each other at ϕa. Panel (a) and (b) show the
analytical predictions from Eqs. (8) and (12) and identify the states
forming the exceptional lines.

momentum sector k + q with eigenvalues

δ = E(k,+) + E(q,ξ ) and − δ = E(k,−) + E(q,−ξ ), (9)

which coalesce to zero at ϕd. A full perturbative description
needs to include all states exhibiting the same energy, here
zero, at ϕd. Depending on the length L and total momen-
tum k + q, additional states |	p〉 = |E(p,+); E(p,−)〉 = a†

pb†
p|0〉

with eigenvalue zero exist, which need to be included in the
perturbative subspace. Hence, we extend the effective Hamil-
tonian H (ii) with zero (even L, odd k + q), one (odd L), or two
(even L, even k + q) additional states. Similarly to the case
of EPs which are inherited from the single particle spectrum,
we can derive conditions for a nondiagonalizable effective
Hamiltonian depending on the size of the subspace:

U ±
2×2 = ±i

Lδ

a2
, (10)

U ±,±
3×3 = ±Lδ

√
ξ

a4 − ξ10a2 − 2 ± a
√

(a2 + 4ξ )3

2(2a2 − ξ )3
, (11)

U ±,±
4×4 = ±Lδ

√
ξ

a4 − ξ20a2 − 8 ± a
√

(a2 + 8ξ )3

32(a2 − ξ )3
, (12)

with a =
√

mk pq − ξ
√

pkmq

2
√

E(k,+)
√

E(q,+)
. (13)

Again, we find an excellent agreement of our prediction,
here Eq. (12), with the numerical simulation in Fig. 3(b). The
derived estimates can be used to evaluate the stability of EPs
for a finite Hermitian interaction. Besides the prediction of
a defective Hamiltonian in the parameter space, we are able
to assign states forming the emergent EPs. The color code
in Fig. 3(b) of the predicted paths refers to states {�α,�β}
forming the EPs that can be adiabatically connected to the
noninteracting limit. While |�a〉 refers to the additional state

(either pure or as a superposition of two), |�+〉 and |�−〉 refer
to |E(k,+); E(q,ξ )〉 and |E(k,−); E(q,−ξ )〉, respectively. A detailed
derivation and the effective Hamiltonians are given in the
Appendixes.

C. (iii) Annihilation

A careful inspection of the evolution of EPs at finite inter-
action strength reveals that certain pairs of EPs are annihilated
if two exceptional lines meet in the parameter space [indicated
by (iii) in Fig. 1]. A first indicator to identify these pairs is the
conserved total momentum which protects EPs by symmetry
if they are located in different momentum sectors. However,
a second mechanism allows some lines of EPs in the same
momentum sector to cross.

While both perturbative expansions, (i) and (ii), give a
precise estimate around the noninteracting limit, they fail
to resolve the annihilation process. Especially, EPs inherited
from (i) which are later annihilated deviate from their analytic
prediction suggesting that the perturbative subspace is insuf-
ficient. A complete description capturing all three phenomena
has to include all states forming the EPs emerging from (i) and
(ii) which can be extracted using the effective Hamiltonians
H (i) and H (ii). We observe that exceptional lines form an
endpoint if they are composed of the same single particle state
|E(q,ξ )〉, ξ = ± (|E(5,−)〉 in Fig. 3). The EP inherited from (i)
is generated by |ake ; E(q,ξ )〉 and |bke ; E(q,ξ )〉 and the EP emerg-
ing from (ii) is formed by |�a〉 and |�±〉 = |E(ke,±); E(q,±ξ )〉.
However, |�±〉 is a linear combination of the two states
included in (i) and the full perturbative description can be re-
duced to a three-dimensional subspace. Hence, extending the
effective description from (i) by the additional state |�a〉 from
(ii) is sufficient to capture all three phenomena: The heredity
of the EP (i), the emergence from a diagonalizable degeneracy
(ii), and their annihilation at (iii) (see the Appendixes). At
the endpoint, both EPs of order two coalesce and form a
third order EP such that the full effective Hamiltonian H (iii)

transforms into a Jordan block of size three.
Finally, even though the lines of EPs end in the case of a

Hermitian interaction (U ∈ R) at the annihilation point, we
show in the Appendixes that they survive for a non-Hermitian
interaction (U ∈ C).

III. CONCLUSION

We have shown that (i) symmetry protected EPs of a
non-Hermitian single particle Hamiltonian can persist in the
presence of Hermitian interactions between two fermions.
Their precise location in the parameter space depends on
the momenta of the involved particles. Furthermore, (ii) we
identified a second source of EPs emerging from diagonal-
izable degeneracies in the noninteracting limit. Besides the
creation and stability of EPs, we observe that exceptional lines
can annihilate each other, forming an endpoint (in the case
of a Hermitian interaction) if the involved many-body states
are compatible. This phenomenology is captured with very
high precision by non-Hermitian perturbation theory, which
predicts the location of EPs in the parameter space of two
fermions. Additionally, the perturbative treatment evaluates
not only the stability of EPs in the case of a Hermitian
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interaction but also suggests that EPs are restricted to their
perturbative subspace. We have focused on the simplest case
of two fermions here, but our findings can be generalized to
the many-fermion limit as shown in Appendix C. Experiments
suffer from disorder which break the translational invariance.
Therefore, we evaluated the stability of EPs in the presence of
disordered hopping amplitudes and found that EPs still exist,
but their behavior is more complex, Appendix D.
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APPENDIX A: MODEL

In the following we are interested in how the defective
structure of the noninteracting Hamiltonian influences a sys-
tem with two fermions. We can extend the two-band model to
two noninteracting fermions which is decomposed into 4 × 4
blocks referring to two momenta k �= q. These blocks inherit
the defective structure occurring in the Bloch Hamiltonian for
ke and ϕe. Each 4 × 4 block containing ke becomes nondiago-
nalizable for mke = 0 or pke = 0 and can be transformed into
two 2 × 2 Jordan blocks with eigenvalue E(q,±). Hence, the
single particle EP induces 2(L − 1) Jordan blocks in the case
of two fermions.

H0 =
L−1∑
k=0

k−1∑
q=0

��†
k,q

⎛
⎜⎝

0 0 mq mk

0 0 pk pq

mq pk 0 0
mk pq 0 0

⎞
⎟⎠ ��k,q

+ 0
L−1∑
k=0

a†
kb†

kakbk, (A1)

with ��†
k,q = (a†

ka†
q b†

kb†
q a†

kb†
q b†

ka†
q). Note that the

Hamiltonian naturally exhibits trivial eigenstates with zero
energy created by a single momentum. One central question
of our work is the stability and behavior of the two-particle
EPs in the 4 × 4 block which are inherited from the defective
Bloch Hamiltonian in the case of interacting fermions.

APPENDIX B: EFFECTIVE HAMILTONIAN

We derive the effective description which captures the
exotic phenomenons shown in Fig. 4. The starting point of
our perturbative ansatz are eigenstates of the two-particle
Hamiltonian in the noninteracting limit, Eq. (A1). Similar to
perturbative treatments in the Hermitian case we generate an
effective Hamiltonian based on states which have the same
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FIG. 4. EPs generated by two interacting fermions in a system
of length L = 3 (left) and L = 6 (right). The color code in (a) and
(b) indicates the minimal angle enclosed by two eigenvectors for each
point in the parameter space spanned by the interaction strength U
and twist angle ϕ. Dark blue lines indicate the path of EPs which are
inherited from the single particle spectrum (i) ϕe, or emerge from a
diagonalizable degeneracy at U = 0 (ii) ϕd, and form an endpoint at
(iii) ϕa and Ua �= 0. We evaluate the minimal angle on the circles
(parametrized by θ ) drawn in (a) [(b)] and show the results on a
semilogarithmic scale in (c) [(d)] for m = 0.7. The point P refers
to Fig. 8.

eigenvalue for U = 0. The effective matrix is generated from
the corresponding right and left (generalized) eigenvectors.
By assuming the effective Hamiltonian to be defective, we can
determine conditions for U predicting the paths of EPs in the
parameter space

H eff =
∑

i j

hi j

∣∣�R
i

〉〈
�L

j

∣∣ with hi j = 〈
�L

i

∣∣H ∣∣�R
j

〉
. (B1)

First, we can identify trivial eigenstates from Eq. (A1) which
are defined for a single momentum in the second term of the
two-particle Hamiltonian exhibiting the eigenvalue zero:

|	k〉 =|E(k,+); E(k,−)〉 = a†
kb†

k|0〉
and 〈	k| =〈E(k,+); E(k,−)| = 〈0|bkak . (B2)

Second, away from an EP, the remaining states can be derived
from the 4 × 4 matrix and refer to the four possible eigenen-
ergies E(k,ξk ) + E(q,ξq ) with ξk, ξq = ±. They are constructed
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from Fourier states which are contained in ��†
k,q.

|E(k,ξk ); E(q,ξq )〉 =
⎛
⎝ ∏

d=k,q

(
ξd

√
md a†

d + √
pd b†

d

)
√

2E(d,+)

⎞
⎠|0〉, (B3)

〈E(k,ξk ); E(q,ξq )| =〈0|
⎛
⎝ ∏

d=q,k

(ξd
√

pd ad + √
md bd )√

2E(d,+)

⎞
⎠. (B4)

Note that the positions of k and q are swapped for the left and
right eigenvector. The eigenstates fulfill the orthogonality re-
lation such that 〈E(k,ξ̃k ); E(q,ξ̃q )|E(k,ξk ); E(q,ξq )〉 = δξ̃kξk

δξ̃qξq
. Two

states exhibiting two different momenta are orthogonal due to
the block structure of the Hamiltonian.

1. (i) Inherited EPs

As a first source of EPs in the many-body case, we find
that the defective structure is inherited from the single particle
spectrum which is located at ke and ϕe. The two-band Bloch
Hamiltonian becomes defective at ϕe if mke = 0 or pke = 0
and transforms into a 2 × 2 Jordan block. Since the Jordan
block is nondiagonalizable, we generate the effective Hamil-
tonian from the generalized eigenvectors a†

ke
|0〉 and b†

ke
|0〉 and

an additional single particle state |E(q,±)〉:

|cke ; E(q,±)〉 =
(±√

mqc†
ke

a†
q + √

pqc†
ke

b†
q√

2E(q,+)

)
|0〉, (B5)

〈cke ; E(q,±)| = 〈0|
(±√

pqaqcke + √
mqbqcke√

2E(q,+)

)
. (B6)

This choice of generalized left and right eigenvectors
obeys 〈cke ; E(q,±)|c̃ke ; E(q,±)〉 = δc,c̃. The matrix elements are
given by

〈cke ; E(q,±)|Hint|c̃ke ; E(q,±)〉 = 1

2L
δcc̃, (B7)

〈ake ; E(q,±)|Hint|bke ; E(q,±)〉 = ∓ 1

2L

√
mq√
pq

, (B8)

〈bke ; E(q,±)|Hint|ake ; E(q,±)〉 = ∓ 1

2L

√
pq√
mq

. (B9)

The full effective Hamiltonian of size 2 × 2 which is spanned
by |ake ; E(q,±)〉 and |bke ; E(q,±)〉 is

H (i) =
(

E(q,±) mke

pke E(q,±)

)
+ U

2L

(
1 ∓√

mq/pq

∓√
pq/mq 1

)
.

(B10)

Tuning the effective Hamiltonian to ϕ = ϕe and U = 0 reveals
the defective structure since mke = 0 or pke = 0. Now we can
derive conditions for U (ϕ) which preserves the Jordan block
of the effective matrix for ϕ �= ϕe. The diagonal elements
remain equal for finite U such that the matrix is defective if
and only if H (i)

01 = 0 or H (i)
10 = 0 which induces

U m
(q,±) = ±2Lmke

√
pq√
mq

and U p
(q,±) = ±2Lpke

√
mq√
pq

.

(B11)
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(2,−)
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(3,−)
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(4,+)
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(4,−)

ke = 6ke = 6

ϕe − Δ ϕe ϕe + Δ

ϕ
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Um
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(5,−)

ke = 6ke = 6
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FIG. 5. Spreading of exceptional lines for L = 7 and m = 0.6
with a Hermitian interaction (U ∈ R) in (a) and an anti-Hermitian
interaction (U ∈ iR) in (b). The EP located in the single parti-
cle spectrum is obtained for ke = 6 and ϕe = 2{π + arctan[(5 −√

41)/8]}L − 2πke, � = 0.05. The predicted trajectories of EPs
are plotted as dashed lines according to the interaction strength in
Eq. (B11).

The derived formulas predict the paths U (ϕ) of EPs emerging
from the Jordan block at ϕ = ϕe and U = 0. It can be used
to evaluate the existence of the EPs for a finite interaction
strength. As long as the system does not undergo another
transition via an EP in the single particle spectrum, the so-
lutions for U are either real or imaginary. If the energy E(q,±)

is real (imaginary), the prediction of U is real (imaginary).
Therefore, the EP which is formed in the noninteracting limit
will be either present for a Hermitian interaction U ∈ R, or
an anti-Hermitian interaction U ∈ iR. Figure 5 shows the
characteristic fan emerging from the same EP for a Hermi-
tian [Fig. 5(a)] and anti-Hermitian [Fig. 5(b)] interaction and
compares it to the prediction via Eq. (B11). Furthermore,
the effective Hamiltonian allows us to identify the eigenstate
which forms the EP. Starting from the noninteracting limit
and ϕ = ϕe the exceptional state will remain in |ake , E(q,±)〉 or
|bke , E(q,±)〉 and is stable as long as the perturbative approach
is valid.

2. (ii) Emergent EPs

While EPs are induced from a nondiagonalizable matrix in
the single particle spectrum in the previous section, we find
a second source which is limited to the case of interacting
particles U �= 0. The model is purely diagonalizable in the
noninteracting limit (for ϕ �= ϕe). However, we demonstrate
how EPs can emerge from a diagonalizable degeneracy for a
finite interaction strength. Two particle eigenstates are gen-
erated from two single particle states with energy E(k,ξk ) and
E(q,ξq ) where ξk, ξq = ±. Combining two different momenta
(k �= q) yields four different two-particle states exhibiting
the energies E(k,±) + E(q,±). The corresponding left and right
eigenstates are defined in Eqs. (B3) and (B4). We need to
evaluate the matrix elements of the density-density interaction
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to generate the effective Hamiltonian:〈
E(k0,ξ0 ); E(k1,ξ1 )

∣∣Hint

∣∣E(k2,ξ2 ); E(k3,ξ3 )
〉

= δk0+k1,k2+k3

1

4L
√

E(k0,+)E(k1,+)E(k2,+)E(k3,+)

× (
ξ1ξ3

√
mk0 pk1 pk2 mk3 − ξ1ξ2

√
mk0 pk1 mk2 pk3

× ξ0ξ2
√

pk0 mk1 mk2 pk3 − ξ0ξ3
√

pk0 mk1 pk2 mk3

)
. (B12)

The most common source for degeneracies in the two-particle
spectrum are induced from degeneracies in the single particle
spectrum for different momenta, E(k,+) = E(q,−ξ ) (k �= q and
ξ = ±) at ϕ = ϕd. Two eigenenergies of the two-body Hamil-
tonian

±δ = E(k,±) + E(q,±ξ ) (B13)

coalesce with ±δ = 0 at ϕ = ϕd. Even though the system has
degenerated eigenvalues, it exhibits distinct eigenvectors as
defined in Eqs. (B3) and (B4). We define the states referring
to the energy +δ with |�+〉 and −δ with |�−〉.

Again, we construct an effective model including all states
with the same eigenvalue, here zero, and the same total
momentum for U = 0. The noninteracting model naturally
exhibits states with eigenvalue zero: |	p〉 = |E(p,+); E(p,−)〉 =
a†

pb†
p|0〉. Therefore, we need to include the additional states

(or their superposition) in our effective description if the total
momentum agrees: k + q = 2p. Whether or not such a state
exists in the correct momentum sector depends on the system
size and total momentum. We obtain an effective Hamilto-
nian of size 2 × 2 (even L, odd k + q), 3 × 3 (odd L) or
4 × 4 (even L, even k + q). The 3 × 3 matrix is extended
by a single state |	p〉 and the 4 × 4 matrix is extended by
|	±〉 = |	p〉/

√
2 ± |	p′ 〉/√2 with 2p = 2p′ = k + q (|	−〉

is the first state in the 4 × 4 matrix):

H (ii)
2×2 =

(
δ 0

0 −δ

)
+ U

L

(−ξa2 ξa2

ξa2 −ξa2

)
, (B14)

H (ii)
3×3 =

⎛
⎜⎝

0 0 0

0 δ 0

0 0 −δ

⎞
⎟⎠ + U

L

⎛
⎜⎝

1 ξa −ξa

−a −ξa2 ξa2

a ξa2 −ξa2

⎞
⎟⎠,

H (ii)
4×4 =

⎛
⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 0

0 0 δ 0

0 0 0 −δ

⎞
⎟⎟⎟⎟⎠

+ U

L

⎛
⎜⎜⎜⎜⎝

0 0 0 0

0 2 ξ
√

2a −ξ
√

2a

0 −√
2a −ξa2 ξa2

0
√

2a ξa2 −ξa2

⎞
⎟⎟⎟⎟⎠,

with a =
√

mk pq − ξ
√

pkmq

2
√

E(k,+)
√

E(q,+)
. (B15)

Until the system undergoes a transition via an EP in the sin-
gle particle spectrum, both included single particle energies
(E(k,+) and E(q,+)) are either real or imaginary. This induces
δ to be purely real or imaginary. Also, a is either real or

imaginary yielding a2 ∈ R. We derive constraints for U such
that the effective Hamiltonian is defective. The case of the
2 × 2 matrix is particularly simple and yields

U ±
2×2 = ±i

Lδ

a2
. (B16)

The EP is only present in the U -ϕ plane for a Hermitian
interaction if δ ∈ iR and only exists for an anti-Hermitian
interaction if δ ∈ R.

The 3 × 3 and 4 × 4 is Hermitian for a ∈ iR, ξ = 1 and
a ∈ R, ξ = −1. Therefore, the effective Hamiltonian does
not exhibit EPs for U ∈ R in these cases. However, apart
from these cases, we can derive constraints for U such that
the effective matrix becomes defective. The eigenvalues are
given by

λn = − e−i2πn/3

3

x

3

√
2

√
y2

m×m − x3
m×m + ym×m

− ei2πn/3

3
3

√
2

√
y2

m×m − x3
m×m + ym×m + cm×m (B17)

for n = 0, 1, 2 and m = 3, 4. The forth eigenvalue λ3 = 0 of
H (ii)

4×4 is trivial and does not form an EP. A Hermitian interac-
tion U ∈ R induces cm×m, xm×m, and ym×m to be real numbers:

x3×3 = 3δ2 + U 2(2a2 − ξ )2

L2
,

x4×4 = 3δ2 + U 2(2a2 − 2ξ )2

L2
,

y3×3 = ξ
9δ2U (a2 + ξ )

L
+ ξ

U 3(2a2 − ξ )3

L3
,

y4×4 = ξ
9δ2U (a2 + 2ξ )

L
+ ξ

U 3(2a2 − ξ2)3

L3
,

c3×3 = ξU
2ξ − 2a2

3L
, c4×4 = ξU

2ξ − 2a2

3L
. (B18)

EPs are formed if two eigenvalues coincide. Setting the
difference of any two eigenvalues in Eq. (B17) to zero
yields x3

m×m = y2
m×m and induces four independent solutions

for U :

U ±,±
3×3 = ±Lδ

√
ξ

a4 − ξ10a2 − 2 ± a
√

(a2 + 4ξ )3

2(2a2 − ξ )3
, (B19)

U ±,±
4×4 = ±Lδ

√
ξ

a4 − ξ20a2 − 8 ± a
√

(a2 + 8ξ )3

32(a2 − ξ )3
. (B20)

Again, we can use the derived constrains for U in Eqs. (B19)
and (B20) to evaluate the stability for a finite Hermitian inter-
action. If any solution of U is purely real, it will spread within
for U -ϕ plane starting from ϕd. While earlier solutions for U
are either real or imaginary, U can be a complex number and
is not restricted to propagate within the purely Hermitian or
purely anti-Hermitian case.

Furthermore, the analytic approach allows us to assign
the corresponding eigenstates to the eigenvalues which form
the EP. Starting from the noninteracting limit, we can asso-
ciate the eigenvalues λa = 0, λ1 = δ, and λ2 = −δ to |�a〉,
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FIG. 6. We are analyzing the nontrivial eigenvalues of the ef-
fective Hamiltonian H (ii)

3×3 (left panels) and H (ii)
4×4 (right panels). The

lines of emergent EPs (dashed blue/red) are predicted via Eqs. (B19)
and (B20). The left (right) panels are showing a system with L = 3
(L = 6) sites for m = 0.7 and are modeled by an effective Hamilto-
nian of size 3 × 3 (4 × 4). We can identify the analytical eigenvalues
[Eq. (B17)] with λa = 0, λ+ = δ, and λ− = −δ and the correspond-
ing eigenstates |�a〉, |�+〉, and |�−〉. Starting from U = 0, we can
track the eigenvalues continuously using Riemann surfaces as shown
in the lower panels. We track the eigenvalues from P0 at ϕp and U = 0
to a finite U at P1. The initial eigenvalues are marked by crosses
and the color shading from light to dark indicates the transition
from P0 → P1 in (c) and (d). We find that the EP (red dashed line)
is formed by states which are initially associated with λa = 0 and
λ− = −δ. While the left panel reveals only one intersection of the
eigenvalues, the right panel shows two intersections. The second
solution of Eq. (B19) is imaginary and therefore, only one is present
in the case of a Hermitian interaction. The gray dots in the lower
panels are showing the eigenvalues of the full Hamiltonian evalu-
ated from P0 → P1 which agree remarkable well with the effective
description.

|�+〉 = |E(k,+); E(q,ξ )〉, and |�−〉 = |E(k,−); E(q,−ξ )〉, respec-
tively. Here |�a〉 refers to a†

pb†
p|0〉 in the case of the 3 × 3

matrix and (a†
pb†

p + a†
p′b

†
p′ )/

√
2|0〉 in the case of the 4 × 4

matrix. First, we identify the correct eigenvalues away from
the degeneracy in the noninteracting limit at U = 0 and ϕp �=
ϕd. Second, we adiabatically track the eigenvalues from the
noninteracting limit to the EP, (ϕp, 0) → (ϕp,U ±,±

m×m), using
Riemann surfaces which is necessary since the roots appear-
ing in the expressions for the eigenvalues are not defined
uniquely. The procedure is illustrated in Fig. 6. The different
colors indicate the two states which form the EP in Figs. 6(a)
and 6(b).

ϕa ϕe ϕd

ϕ

−0.1

0.0

0.1

0.2

U

(a) Um
(1,+)

Um
(1,−)

Um
(2,+)

Um
(2,−)

ke = 0ke = 0

ϕa ϕe ϕd

ϕ

(b) U{Ψa,Ψ+}
U{Ψa,Ψ−}

δ = E(0,+) + E(2,+)

10−4 10−3 10−2 10−1 100
minijαij

FIG. 7. Comparison of our analytic predictions (dashed lines) of
EPs to the numerical simulation for L = 3 and m = 0.7. We identify
three different twist angles where (i) EPs are inherited from the single
particle spectrum at ϕe, (ii) emerge from a diagonalizable degeneracy
at ϕd; and (iii) annihilate each other at ϕa. Panel (a) and (b) show the
analytical predictions from Eqs. (B11) and (B19) and identify the
states forming the exceptional lines.

More generally, nonzero degeneracies can occur in the case
of two fermions. Two states given by |�0,+〉 = |E(k,ξk ); E(q,ξq )〉
and |�1,+〉 = |E(p,ξp); E(n,ξn )〉 can have the same energy
δ = E(k,ξk ) + E(q,ξq ) = E(p,ξp) + E(n,ξn ) for ϕ = ϕd and form
an EP in the interacting case if k + q = p + n. This in-
duces that the states |�0,−〉 = |E(k,−ξk ); E(q,−ξq )〉 and |�1,−〉 =
|E(p,−ξp); E(n,−ξn )〉 are degenerated with the energy −δ. Again,
we can construct an effective Hamiltonian of size 2 × 2 and
derive constraints for U . Also, it should be mentioned that the
system incorporates high symmetry points at ϕ = 0, π where
degeneracies occur naturally and EPs are emerging.

Figure 7 compares the prediction of our perturbative treat-
ment for a system of L = 3 sites with numerical simulations
and finds an excellent agreement.

3. (iii) Annihilation

Besides the emergence of exceptional lines, we also find
their annihilation at finite interaction strength. Some lines
of EPs are forming an endpoint while others simply cross
in the parameter space. A first indicator is the conserved
total momentum which protects exceptional lines emerging in
different momentum sectors. However, a second mechanism
must be present to allow some EPs in the same momentum
sector to interact and essentially form an endpoint while others
do not.

To better understand this phenomenon we can evaluate
the aligned eigenvector forming the characteristic exceptional
fans. The excellent agreement of our perturbative treatment
with the numerical simulation suggests that our approach
describes not only the paths but also the corresponding eigen-
vectors. EPs inherited from the single particle spectrum (i)
are described by the effective Hamiltonian in Eq. (B10).
The defective structure of the matrix is realized if one off-
diagonal element is zero yielding to Eq. (B11). Starting from
the noninteracting limit and keeping the corresponding off-
diagonal matrix zero yields the same eigenvector |ake , E(q,±)〉
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FIG. 8. Robustness of the eigenvector associated with the lines
of EPs for a system of L = 6 sites and m = 0.7 (cf. Fig. 4). Each
reference point (P, A0, A1, and B0) refers to an EP which can be
found in Fig. 4. We determine the eigenvector |�R

EP〉 for the refer-
ence point and calculate the minimal angle between all eigenstates
for each point in the parameter space spanned by the twist angle
ϕ and interaction strength U . The quantifier is given by miniβi =
mini arccos(|〈�R

i |�R
EP〉|).

or |bke , E(q,±)〉 for different twist angles ϕ and interaction
strengths U �= 0 away from the critical point (i).

Figure 8 is evaluating the robustness of the eigenvector
forming the lines of EPs starting from a reference point [P, A0,
A1, and B0 in Fig. 4(b)]. While EPs emerging from diagonal-
izable degeneracies (ii) are robust and the eigenvector remains
in the same state [as long as it is not annihilated, cf. Fig. 8(d)],
EPs inherited from the single particle spectrum (i) exhibit two
scenarios. First, eigenvectors which are not annihilated remain
in the same state [cf. Fig. 8(a)] throughout the parameter
space. Second, exceptional states which form an endpoint
with another EP continuously transforms themselves into their
annihilation partner [cf. Fig. 8(b)]. Initially, the state emerging
from the single particle spectrum (i) is given by |ake E(q,±)〉 (or
|bke E(q,±)〉). However, as indicted in Fig. 8(c), the exceptional
state at A1 [which is connected to (i), cf. Fig. 4(b)] is given by
the exceptional state emerging from (ii).

Furthermore, our perturbative treatment allows us to iden-
tify the single particle states which are forming the EPs using
Eq. (B11) and Eqs. (B16), (B19), and (B20). We observe
that two lines form an endpoint if they are initially generated
from the same single particle states. Figure 4 marks two lines
(A0 → A1 and B0 → B1) which form an endpoint for a system
of L = 3 and L = 6 sites. While the exceptional line A is
inherited from the single particle spectrum (i), line B emerges
from diagonalizable degeneracy (ii). The involved states are

TABLE I. The table lists the involved two-body states forming
the lines of EPs (A and B) in Fig. 4 for a system of L = 3 and
L = 6 sites which form an endpoint (iii). The involved states can be
extracted from Fig. 3 (main text) and Fig. 7.

L = 3, Fig. 7 L = 6, Fig. 3

(i) Line A |a0, E(2,−)〉 |a1, E(5,−)〉
(ii) Line B |E(0,−), E(2,−)〉 |E(1,−), E(5,−)〉

listed in Table I. Both lines include the single particle states
|E(2,−)〉 and |a0〉 (|E(5,−)〉 and |a1〉) in the case of L = 3
(L = 6) sites.

Our perturbative prediction from H (i), Eq. (B10), is more
robust for the inherited EPs that are not annihilated. This
suggests that the perturbative subspace is insufficient in this
case and needs to be extended to capture the whole phe-
nomenology including the annihilation process. A complete
perturbative description requires the two generalized eigen-
vectors forming the effective 2 × 2 Hamiltonian H (i) at ke and
both states which we identified in the EP emerging from (ii).
Both EPs include the same diagonalizable single particle state
|E(q,ξ )〉, ξ = ±, which is combined with the single particle
EP located at ke to form two-particle states |ake ; E(q,ξ )〉 and
|bke ; E(q,ξ )〉. Next to the additional state |�a〉, the second two-
particle state necessary for the emergence of the EP in (ii)
is |�±〉 = |E(ke,±); E(q,±ξ )〉. However, we can omit |�±〉 in
our perturbative subspace as it includes the single particle
states |E(q,±)〉 and |E(ke,±)〉 (due to the conservation of the
total momentum) and is linearly depending on |ake ; E(q,±)〉 and
|bke ; E(q,±)〉. Therefore, a complete perturbative description
can be obtained by extending the 2 × 2 effective Hamiltonian
H (i) by the additional state |�a〉. Depending on the additional
state which is given by a single trivial state (odd L) or a
superposition of two trivial states (even L and even ke + q)
we obtain two different effective Hamiltonians of size 3 × 3
labeled by H (iii)

odd and H (iii)
even:

H (iii)
odd =

⎛
⎝0 0 0

0 E(q,±) mke

0 pke E(q,±)

⎞
⎠ + U

2L

×

⎛
⎜⎝

2 4
√

4pq/mq ∓ 4
√

4mq/pq

4
√

4mq/pq 1 ∓√
mq/pq

∓ 4
√

4pq/mq ∓√
pq/mq 1

⎞
⎟⎠,

(B21)

H (iii)
even =

⎛
⎝0 0 0

0 E(q,±) mke

0 pke E(q,±)

⎞
⎠ + U

2L

×

⎛
⎜⎝

4 4
√

16pq/mq ∓ 4
√

16mq/pq

4
√

16mq/pq 1 ∓√
mq/pq

∓ 4
√

16pq/mq ∓√
pq/mq 1

⎞
⎟⎠.

(B22)

The matrices are derived from the left and right eigenvectors
associated with the states |�a〉, |ake ; E(q,±)〉, and |bke ; E(q,±)〉.
Figure 9 evaluates minimal angles between the three eigen-
vectors of the effective Hamiltonian for given ϕ and U and
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10−4 10−3 10−2 10−1 100
minijαij

FIG. 9. Numerical evaluation of the effective Hamiltonian H (iii)
even

in Eq. (B22) where we determine the minimal angle between its
eigenstates. The perturbative description captures all phenomena
including the heredity (i), emergence (ii), and annihilation (iii) of
EPs in a system with L = 6 sites and m = 0.7. The corresponding
analytical predictions U m

(q,±) in Eq. (B11) derived from H (i) and

U{�a,�−} in Eq. (B20) derived from H (ii)
4×4 agree with the numerical

calculation.

finds an excellent agreement between the effective and full
Hamiltonian. The extended description captures all phenom-
ena including the heredity (i), emergence (ii), and annihilation
(iii) of EPs. We carefully examined the annihilation point
(iii) numerically and find a third order EP matching with the
three-dimensional perturbative subspace.

Finally, we find that exceptional lines survive for a non-
Hermitian interaction (U ∈ C) after they are annihilated in the
case of a Hermitian interaction (U ∈ R). Figure 10 evaluates
the minimal angle between all eigenvectors on a sphere which
is parametrized using spherical coordinate (ν and η) around
the endpoints (iii) in Fig. 4. We extent the parameter space
to three dimensions by including a non-Hermitian density-
density interaction U ∈ C:

[ϕ, Re(U ), Im(U )]

= [rϕ cos(ν) sin(η) + ϕa, rU sin(ν) sin(η) +Ua, rU cos(η)].

(B23)

The endpoints (iii) in Fig. 4 are located at ϕa and Ua. Fig-
ures 10(a) and 10(b) are showing the minimal angle in the
ν-η plane for the system of L = 3 and L = 6 sites. The two
incoming EPs (A1 and B1) are highlighted in black and are
located at η = π/2 which corresponds to U ∈ R. However,
the two outgoing EPs which are marked in red have a finite
imaginary part U ∈ C. Hence, they are not longer present in

−π/2 0 π/2

ν

0

π/2

π

η

A1 B1

−π/2 0 π/2

ν

A1 B1

Re(U

Im(U)

ϕ

10−4 10−3 10−2 10−1 100
minijαij

(a) (b)

(c) (d)

FIG. 10. (a) (L = 3) and (b) (L = 6) are showing the mini-
mal angle enclosed by all eigenvectors of a system parametrized
on a sphere around the endpoints (iii) in Fig. 4 which is
extended to a non-Hermitian interaction, U ∈ C. The three-
dimensional sphere is described using spherical coordinates (ν and η)
via [ϕ, Re(U ), Im(U )] = [rϕ cos(ν ) sin(η) + ϕa, rU sin(ν ) sin(η) +
Ua, rU cos(η)] where the endpoint (iii) is located at ϕa and Ua. We
highlighted the incoming EPs in black which correspond to A1 and
B1 in Fig. 4 and the outgoing points in red. We used a different radius
compared to Fig. 4. η = π/2 corresponds to the Hermitian interac-
tion U ∈ R. We illustrated the two incoming (black) and the two
outgoing (red) EPs on the three-dimensional sphere in (c) (L = 3)
and (d) (L = 6).

the case of a Hermitian interaction as used in Fig. 4. Note that
the incoming and outgoing points are roughly separated by
�ν = π which means they propagate on a similar trajectory
but with a finite imaginary part. Also, it is worth to point
out that the outgoing EPs only differ by the imaginary part
of U , the twist angle ϕ and the real part of U are identical.
The dotted lines in the sphere are guiding the eye and do not
represent the real paths of the EPs in the three-dimensional
parameter space [ϕ, Re(U ), Im(U )].

APPENDIX C: MULTIPLE FERMIONS

We briefly discuss the generalization of our perturbative
expansion to three fermions. Similar to the two-particle case,
we start from the noninteracting limit and derive an effective
Hamiltonian exhibiting similar physics. We restrict the discus-
sion to the case (i) where EPs are inherited in the same way as
in the case of two interacting fermions.
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0.1

0.0

U

ke = 0ke = 0 Um
(2,−);(1,−)

Um
(2,−);(1,+)

Um
(2,+);(1,−)

Um
(2,+);(1,+)

ϕe ϕd

0.1

0.0

U

|Φ2〉 = |E(2,+); E(2,−)〉

ϕe ϕd

|Φ1〉 = |E(1,+); E(1,−)〉

10−4 10−3 10−2 10−1 100
minijαij

(a) (b)

(c) (d)

FIG. 11. The figure is showing the minimal angle for a system
of L = 3 sites with m = 0.7 with three fermions. While panel (a)
evaluates the full Hamiltonian, panels (b), (c), and (d) is restricted
to the total conserved momentum ktot = 0, 1, 2 respectively. EPs are
inherited from the single particle spectrum at ke = 0 and ϕe. Panel
(b) includes the predicted paths of EPs using Eq. (C7) for a total
momentum of ktot = 0. Panels (c) and (d) reveal vertical lines of EPs
which originate from |	2〉 and |	1〉. As in Fig. 7, EPs emerge from
diagonalizable degeneracies at ϕd for U = 0.

The right and left eigenvector of two noninteracting par-
ticles with k �= q and ξk, ξq = ± are given in Eqs. (B3) and
(B4). Let an EP be located in the single particle spectrum at ke

and ϕe such that mke = 0 or pke = 0. Each two-particle state is
combined with the two exceptional generalized eigenvectors,
|ake〉 and |bke〉:

|�a〉 := |ake ; E(k,ξk ); E(q,ξq )〉 (C1)

|�b〉 := |bke ; E(k,ξk ); E(q,ξq )〉 (C2)

The noninteracting effective Hamiltonian at the EP is given
by:

H (i)
0 =

(
E(k,ξk ) + E(q,ξq ) mke

pke E(k,ξk ) + E(q,ξq )

)
(C3)

The perturbative contribution is derived from the interacting
part Hint similar to Eqs. (B7), (B8), (B9) and (B12) (c = a, b):

〈�c|Hint|�c〉 = 6E(k,+)E(q,+) − ξkξq(mk pq + pkmq)

4LE(k,+)E(q,+)
(C4)

〈�a|Hint|�b〉 = −ξkmkE(q,+) + ξqmqE(k,+)

2LE(k,+)E(q,+)
(C5)

〈�b|Hint|�a〉 = −ξk pkE(q,+) + ξq pqE(k,+)

2LE(k,+)E(q,+)
(C6)

As in the case for two fermions, the diagonal elements
remain identical such that the Hamiltonian becomes defective
if and only if H (i)

01 = 0 or H (i)
10 = 0 which yields

U m
(k,ξk );(q,ξq ) = 2mke LE(k,+)E(q,+)

ξkmkE(q,+) + ξqmqE(k,+)
(C7)

and U p
(k,ξk );(q,ξq ) = 2pke LE(k,+)E(q,+)

ξk pkE(q,+) + ξq pqE(k,+)
. (C8)

In addition to the two-particle states which are defined
for two different momenta (k �= q), we need to include states
which are defined for a single momentum: |	k̃〉 = a†

k̃
b†

k̃
|0〉 for

k̃ �= ke. The effective matrix is particularly simple in this case
as it does not depend on U :

H (i) =
(

0 mke

pke 0

)
(C9)

The effective Hamiltonian is defective if mke = 0 or pke = 0
which is only fulfilled for ϕ = ϕe. Therefore, L − 1 additional
lines of EPs run vertically for each state |	k̃〉 with k̃ �= k.

Figure 11 shows the system of L = 3 sites and m = 0.7
for three fermions (half filling) as in Fig. 7 for two fermions.
While panel (a) shows the minimal angle for the full Hamil-
tonian, panels (b), (c), and (d) show the conserved total
momentum ktot = 0, 1, 2 respectively. The exceptional mo-
mentum which hosts the EP in the single particle spectrum is
ke = 0. All two-particle states which are defined for two dif-
ferent momenta, k = 1 and q = 2, are found in panel (b) with
the total momentum ke + k + q = 0. The EPs are described by
Eq. (C7). Panel (c) [(d)] exhibits the total momentum ktot = 1
(ktot = 2) and highlights the vertical path of the EP which is
formed by |	2〉 (|	1〉).

0.2

0.1

0.0U

0.450 0.475 0.500 0.525

ϕ in π

0.2

0.1

0.0

−0.1

U

0.450 0.475 0.500 0.525

ϕ in π

10−4 10−3 10−2 10−1 100
minijαij

(a) (b)

(c) (d)

FIG. 12. The figure is showing different disorder realization for
L = 6 sites and m = 0.7. The disorder strength for panels (a), (b),
(c), and (d) is δ = 0.0, 0.01, 0.025, 0.05 respectively.
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Besides EPs which are inherited from the single particle
spectrum more lines emerge from the diagonalizable de-
generacy, ϕd, cf. Fig. 7. In the case of two fermions, the
states |E(0,+); E(2,+)〉 and |E(0,−); E(2,−)〉 are degenerated since
E(0,+) = E(2,−) at ϕd. This generates two degenerated eigen-
values with total momentum ktot = 1 and ktot = 2. The lower
panels exhibit the same lines of EPs. Hence, these EPs occur
twice as two Jordan blocks in the full Hamiltonian, panel (a).

APPENDIX D: DISORDER

Experiments suffer from various types of disorder. As the
existence of EPs is tied to symmetries, the effect of symme-

try breaking disorder is far from being obvious. The main
question is directed towards their stability and if EPs gen-
erated from interacting fermions survive in the presence of
disorder. We break translational invariance of the system by
adding noise to the hopping amplitudes. The noise is Gaussian
distributed with mean value 1 and standard deviation δ. It is
multiplied to the hopping amplitudes.

Figure 12 evaluates the response to different disorder
strengths for L = 6 sites. EPs generated from (i) are stable
but shift in momentum space. However, EPs generated from
(ii) seem to be present for small disorder strengths but show
more complex patterns and vanish for larger disorder. This is
not surprising since accidental degeneracies become rare.
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