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Superposition of trajectories, which modify quantum evolutions by superposing paths through interferom-
etry, has been utilized to enhance various quantum communication tasks. However, little is known about its
impact from the viewpoint of open quantum systems. Thus we examine this subject from the perspective of
system-environment interactions. We show that the superposition of multiple trajectories can result in quantum
state freezing, suggesting a space-time dual to the quantum Zeno effect. Moreover, nontrivial Dicke-like
super(sub)radiance can be triggered without utilizing multiatom correlations.
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I. INTRODUCTION

Controlling quantum dynamics is an essential part of
quantum information science, which becomes richer and
more challenging when considering dissipative open systems.
In this regime, several unique control, or engineering, ap-
proaches are available. For example, (i) quantum reservoir
engineering, which steers open system dynamics by directly
manipulating an artificial environment [1-9]; (ii) feedback-
based control [10-15], where the dynamics is modified by
closed-loop controls; (iii) dynamical decoupling [16-24],
which is an open-loop design to counter the effect of system-
environment couplings; and (iv) the quantum Zeno effect
[25-38], where dissipation can be suppressed through fre-
quent measurements on the open system.

Recently, an interferometric scheme known as superposed
trajectories has drawn considerable research interest [39-51].
This approach utilizes a quantum control of evolution paths to
let the target system to go through different evolution paths
in a quantum superposition. In principle, the superposition
of paths can be implemented by a Mach-Zehnder type in-
terferometer [52-58], as illustrated in Fig. 1. The quantum
interference between different evolution paths can reduce the
noise effect. Thus it is beneficial for quantum communication
[39—-45], quantum metrology [59], and quantum thermody-
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namics [60]. Also, it has potential applications in relativistic
quantum theory [46—48]. The ability to mitigate quantum
decoherence has also stimulated the quantum open-system
community to investigate the concept of superposed trajec-
tories in more detail [49-51]; however, various questions
remain. For instance, in many previous works, only two paths
were considered, which may limit the utility of the quantum
interference effect. Further, these works only consider what
we call the independent-environments scenario, where the
environments inside the interferometer are considered to be
separated and independent from each other. This simplified
scenario may deviate from real-world considerations; for in-
stance, these environments could either be correlated or be
different regions of a single environment.

Here, we explore both open questions. First, we extend
the exploration of the independent-environments scenario to
multiple evolution paths. Our primary result here is revealing
an unexpected connection between superposed trajectories
and the quantum Zeno effect. For concreteness, we consider
the dissipative and the pure dephasing spin-boson models
[61]. We find that quantum state freezing occurs when the
number of superposed evolution paths reaches infinity. More-
over, we show that the effective decay can be, in general,
characterized by the overlap-integral expression, which serves
as a universal tool to study the quantum Zeno effect [27]
and noise spectroscopy [62—65]. Our result could also open a
novel alternative approach to investigate the space-time “dual”
quantum Zeno effect [66,67], because we replace the femporal
sequence of measurements performed at one location (of the
atom) with a single measurement done on the multiple paths
followed by the atom in the interferometer. In other words,
a temporal sequence of measurements in one location is re-
placed by a single measurement at one time, but over many
paths (i.e., many locations).

Published by the American Physical Society
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FIG. 1. Superposed quantum dynamics achieved by a multiarm interferometer. To produce superposition of paths, the qubit is first sent
into the multiport beam splitter (MBS1) such that the path of the qubit is prepared in | x¢c) = Zfl:, lic)/~/N. Thus the qubit can travel through
(a) different independent environments {&;} or (b), different positions {r;} of a single environment in a quantum superposition. One can further
manipulate the interference effect between the evolution paths by using the other beam splitter (MBS2) along with phase shifters labeled
by {¢;}. The modified dynamics can be obtained through a post-selection, as illustrated by the trash cans. For the independent-environments
scenario, one can obtain a space-time dual to (c), usual quantum Zeno effect induced by a temporal sequence of measurements. For the
indefinite-position scenario, one can obtain a collective decay akin to (d): the Dicke effect that can be observed by an ensemble of qubits

embedded in a common environment.

Second, we consider an indefinite-position scenario,
wherein an initially excited two-level atom is placed inside
a bosonic vacuum where its position is indefinite because of
the superposition of paths. The modified decay can exhibit
signatures of both the superradiant and subradiant emission
effects [68—76]. It is well known that Dicke first proposed the
idea of the superradiance effect induced by an ensemble of
correlated atoms [68], wherein the quantum correlations make
them behave like a giant dipole moment. Our result implies
that the formation of a giant dipole moment can be emulated
by only one atom with superposed trajectories. We expect that
this single-atom collective effect can be utilized to design new
Dicke quantum batteries [77,78] and heat engines [79].

II. INDEPENDENT-ENVIRONMENTS SCENARIO

We formalize the scenario depicted in Fig. 1(a). We
consider that the path of a traveling qubit Q inside the in-
terferometer is characterized by a quantum system C. More
specifically, we introduce N orthonormal states {|ic)}i=1.. .~
to describe N possible paths for the qubit. When C is prepared
in the state |ic), the qubit goes through the path labeled by i
and interacts with the environment &;. One can also prepare
C in a superposition state, i.e., a superposition of paths, by
sending the qubit into a multiport beam splitter [the MBS1
in Fig. 1(a)], such that Q interacts with all environments {&;}
as a coherent superposition. Therefore C acts as a quantum
control to determine which environment for Q to interact with.
Further, we assume that C does not directly interact with
these environments. Thus, inside the interferometer, the total
Hamiltonian of C, Q, and {&;};—; __y can be written as

.....

N
Heo =Y _ lic)ic| ® Hoe,,

i=1

ey

where Hy¢, represents the interaction Hamiltonian of the qubit
Q and the environment &;.

The initial states of Q and {&£;} are pp(0) and {pg,(0)},
respectively. Also, by using MBS1, C is prepared in

N
Ixc) =Y _lic)/v/N. )
i=1

Thus, after passing through these environments, the reduced
dynamics of CQ complex is

0 =L 5 ie)iel @ pos @) with
Pco =N Ic)\Jc PQ,i,j Wi

i,j=1

N
Po.ij(t) =trg,) [e’“@**’ po(0) ) oz, (0) e’”fo’} NG

=1

Terms with i = j describe the reduced dynamics obtained
from sending the qubit into a single path with the label i, i.e.,
the single-path dynamics; while, the terms with i # j (i.e., the
off-diagonal terms) capture the quantum interference between
the paths i and j.

Before discarding C, one should perform another selective
measurement on it to harness the quantum interference effect
[42,43]. As shown in Fig. 1(a), this can be achieved by ap-
plying the second multiport beam splitter (MBS2) with the
phase shifters {¢;} and selecting one of the output beams of
the qubit. To illustrate this idea, we consider that the selective
measurement is characterized by a projector

Pcy =|xce){xcel with

N
Ixc) =Y _ explign)lic)/VN. €
i=1
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The post-measurement state of Q then reads

Po.6(t) = (xc.¢lpco®lxc.e)

1 L
=3 ¢ i)
iJ

1 1 s
= yPoae)+ 45 D e pg i ] (5)
i#]

Here, pg avg(t) = > i P0.ii(t)/N denotes the incoherent mix-
ture of the single-path dynamics [80-84]. Note that the
normalized post-measured state is written as

00.6(t) = Pg.¢(t)/tr[P,¢(1)]. (6)

Equation (5) suggests that the interferometry-modification of
the qubit dynamics originates from both the incoherent mixing
of single-path dynamics and the interference effects, i.e., the
off diagonal terms pg; ;(t) with i # j and the phase shifts
{&:}.

To simplify the following discussions, we introduce two
additional assumptions. First, we assume that all single-path
dynamics are identical; that is, po(1) = py (t) = pg.i.i(t) Vi
and B(t) = pg,;,j(t) Vi # j. In this case, the incoherent mix-
ing does not yield a new dynamical process; thus, the
modification is totally determined by the interference effect.
This assumption holds when all of the environments are
prepared in the same state and all of the qubit-environment
interactions are identical. Second, we consider that each ¢;
is either O or 7r; and, hence, the projector associated with the
selective measurement can be written as Pc.g, = [Xc.¢,) (XC.0, |
with n being the number of phase shifts that take the value 7.
The post-measurement unnormalized state of Q can then be
simplified as

Po.6,(t) = po(t)/N + (Ry,, — 1/N)B(t) with
RN,n =N - I’l/N)2 @)

One can find that pgg, ok () = po.g, D () for k=
0,1,...,N/2 — 1. Note that at t = 0, we have

po(0) forn# 7%
0) = . 8
P04, (0) {0 forn = %] ®)

When n = N/2, one obtains a null result because of the
completely destructive interference, i.e., (xg,| X¢N/2) =0, and
thus, we naturally exclude this scenario from the rest of the
discussions.

III. SPACE-TIME DUAL QUANTUM ZENO EFFECT FOR
THE DISSIPATIVE AND THE PURE DEPHASING MODELS

We now focus on two different types of spin-boson interac-
tions, the dissipative and the pure dephasing models. Without
loss of generality, we work within the interaction picture; the
interaction Hamiltonians are

Hdlss(t) _ nget(wq “’k)ta+a . +g e —i(wy— wA)U aTk
k

Hyf (1) = 0. (gee M aix + gre'a) ). ©)
k

Here, w, denotes the energy gap between the excited state
le) and the ground state |g) of the qubit, o, = |e){e| — |g){gl,
oy = le) (gl (- =|g)(e]) relj)resents the qubit raising (low-
ering) operator, and a;; (a;,) stands for the annihilation
(creation) of the mode k for the environment &;. Let us assume
that the initial state of the total system is

Prot(0) = |xc) {xcl ® po(0) ® |vac)(vac|, (10)

where |vac) = ®f\':l [vac;), with a;i|vac;) = 0. The associ-
ated reduced dynamics can be obtained analytically; detailed
derivations can be found in Appendix A. As pointed out
in Refs. [49-51], superposed trajectories can modulate the
quantum non-Markovian effect. Tunability also holds in our
models; we discuss this in detail in Appendix B.

If we now prepare the qubit state in h//‘giss(())) = |e) and
|1//geph(0)) = (le) + |g))/+/2 for the dissipative and the pure
dephasing models, respectively, then

llm pdlss ([) — |,¢_d158(0)><l//

Jim o) = [V O)wg™ O Ve A

with n being a finite positive integer. That is, the quantum
states of the qubit are frozen when the number of paths goes
to infinity.

To gain a deeper insight, we introduce the survival proba-
bility defined as

p(t) = t[|¥0(0)) (Yo (0)] pg.g,1)]. (12)

We also consider the decay factor y(¢) associated with the
survival probability p(t) = exp[—y (¢)], or equivalently,

y () = —Inp(z). 13)

Within leading order in perturbation, the decay factor can be
described by an overlap integral in a similar manner with the
traditional quantum Zeno effect [27-32]; namely,

y(t) = /dw J(@)F(w,t,N,n). (14)

Here, J(w) denotes the system-environment coupling spec-
tral density, and the filter function F(w,t,N,n) can be
expressed as

; . (0 — wy)
iss _ 2 2 q
F (w,t,N,n) = —(N — 2n)2t sinc [—2 t],
1 N 1 — cos(wt)
FlPh(w, t,N,n) = = ) 15
@t Nm = N W (15)

Note that sinc(x) = sin(x)/x. Equations (14) and (15) show
that one can modify the decay by either introducing different
number of paths N or modulating the phase shifts, i.e., chang-
ing the value n.

We emphasize that this overlap-integral expression can be
derived for a more general class of open-system models with-
out imposing the two assumptions mentioned earlier, namely,
(1) all environments are identical, and (2) each ¢; is either
0 or w (see Appendix C for detailed derivations). The only
requirement for the validity of such an expression is the weak
system-environment couplings, such that the reduced dynam-
ics can be perturbatively approximated.
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FIG. 2. Effective decay within a given time 7 = w,/5 of the
dissipative model for superposed trajectories and the usual quantum
Zeno effect, which are described by a spectral density and the filter
functions. F95(N), given by Eq. (15), is the filter function with N
superposed trajectories with n = 0. F(IV) is the filter function for the
Zeno effect induced by N periodic measurements of the qubit energy;
it can be obtained by replacing N with N and sinc’[(w — wy)t /2]
with sinc’[(w — w,)t/2N] in F(N). J(w) = exp[—(o — wy)?/A]
represents a given spectral density with wy = 3w,/2 and A = w,/5.
The qualitative difference between the traditional Zeno effect and
the space-time dual Zeno effect induced by superposed trajectories
is that F(N) smears out, whereas F(N) remains localized when
increasing N and N, respectively.

One distinct feature of the traditional Zeno effect is that
frequent measurements broaden the filter functions, as shown
in Fig. 2. For dissipative processes, the broadening has been
interpreted as a consequence of energy-time uncertainty [27]
because the system energy is measured frequently. Super-
posed trajectories only modify the overall magnitude of the
filter function without broadening. This is physically reason-
able because the open system is not measured frequently in the
superposed trajectories scenario, and therefore, the energy-
time uncertainty does not occur.

IV. INDEFINITE-POSITION SCENARIO AND
SINGLE-ATOM DICKE-LIKE DECAY

We now consider a scenario that generates behavior nor-
mally observed under the Dicke effect. The simplest model
to illustrate the Dicke effect is that of two identical two-level
atoms, with an energy gap w,, embedded in a bosonic vac-
uum (see, e.g., Refs. [74,76] for instance). By utilizing either
Fermi’s golden rule or the master equation approach, one can
predict two split decay rates, 'y = ['g[1 % sinc(gd)], where
I'y represents the single-atom spontaneous decay rate, d is the
distance between two atoms and g = w,/c, with ¢ being the
speed of light in vacuum. The factor sinc(gd) can be inter-
preted as the collective effect for this two-atom model. Here,
'y > Ty ('~ < I'p), which is known as Dicke superradiance
(subradiance), if sinc(gd) > O.

Inspired by this model, we consider that a single qubit O
interacts with a single bosonic vacuum, where the location of
Q is coherently controlled by C, as depicted by Fig. 1(b). We

model the total Hamiltonian as
N

Ho =) lic)lic| ® H(r;) with
i=1

H(r) =w,0,/2 + Z a)kalak
k
+ 00 ) glae™™ + afe ™). (16)
k

Here, {r;} denotes the possible positions of Q that are
controlled by C. By taking Born—-Markov and secular approx-
imations, the time evolution of the CQ complex is governed
by the following master equation:

dpco(t)

N
P
o =To X Lirco®L] = S{L{Li, pco(®)}

i=1

+ To ) _sine(qlr; — x;DLipco(L].  (17)
i#]
Here, L; = |i)(i| ® o_. The evolution governed by the Lamb-
shifted Hamiltonian is neglected for simplicity. In Eq. (17), we
observe the emergence of the factor sinc(g|r; — r;|), which is
present in the above two-atom example, and this suggests that
a Dicke-like collective effect also plays a nontrivial role.

We initialize the state of systems C and Q as pco(0) =
Ixc){xcl ® |e){e] to investigate the effective population decay
of Q modified by the superposed trajectories. For simplicity,
we consider |r; —r;| =d, Vi # j. That is, the position vec-
tors {r;} form an equilateral triangle for N = 3 or a regular
tetrahedron for N = 4 with the edge length d. Following the
procedure described in the previous sections, we perform the
projective measurement Py, on C so that the effective dynam-
ics of the excited state population after the post-selection can
be expressed as

(x,|(eloco®)|xg,)le)

P.(t,N,n) =
"= g, [eloco®) g, J1e)]
_ RN,neirot
- ﬁ + (Ry.n — %)[e*“ﬂ + sinc(gd)(1 — e~Tor)]’

(18)

Therefore the effective decay of Q depends on the factors
(N, n), which are determined by the superposed trajectories
setup, and most importantly, the collective factor sinc(gd).
In Fig. 3, we present a comparison between the two-atom
super(sub)radiant decay with distance d such that sinc(gd),
and a single-atom effective decay from three superposed
trajectories. We consider that the position vectors form an
equilateral triangle with edge length d. We set the spontaneous
emission rate I'g/w, as 0.01. The single-atom effective decay
can either be greater than the two-qubit superradiance, i.e.,
(N =3, n=1), or less than the two-atom subradiance, i.c.,
(N=3,n=0).

For the experimental realization, a Young’s experiment
(as illustrated in Fig. 3), which has been applied to large
molecules [55], can be considered as a natural test-bed for
such superposed trajectories. A beam of atoms passes through
a plate pierced by two or three slits, and therefore, the atom
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FIG. 3. Comparison of the two-atom super(sub)radiance, with
qubits’ distance d, with the single-atom decay modified by three
superposed trajectories, where the position vectors form an equi-
lateral triangle with edge length d. This can be implemented by a
Young’s type triple-slit experiment. One can place the atom detectors
at certain positions and perform quantum state tomography to verify
the super(sub)radiant dynamics. Here, we set the collective factor
sinc(qgd) = 1/6 and the spontaneous emission rate I'y/w, = 0.01.

may interact with the environment at different locations. Atom
detectors can be placed at different positions (on the right-
hand side) to verify the super(sub)radiant effective dynamics.
This is equivalent to performing a measurement on the path
degrees of freedom and selecting the associated atoms. The
modified dynamics can then be obtained by performing quan-
tum state tomography on the selected atoms.

Although the effective decay can be modified similarly
with the traditional Dicke effect, there exist nontrivial dif-
ferences between these two distinct results. First, quantum
correlations between multiple atoms, which is the most im-
portant ingredient for the traditional Dicke effect, are not
present in the superposed trajectories because there is only
one atom in the system. Second, it is known that the strongest
superradiant effect for the traditional Dicke effect occurs in
the so-called small sample limit, i.e., glr; — r;| < 1, Vi, j.
However, this is not the case for superposed trajectories. The
equation for Hy, indicates that the superposition of paths
cannot create the indefiniteness of the qubit position when
all position vectors are identical, i.e., |[r; —r;| =0, Vi, j;
therefore, limygr,—r; |0}, ; Pe(t, N, n) = exp(=Tot), VN, n.

V. SUMMARY AND OUTLOOK

We studied the effects of superposed trajectories from
the perspective of open quantum systems. We demonstrate
a space-time dual Zeno effect when introducing multiple su-
perposed trajectories for independent-environments scenario.
More specifically, we find that it is possible to express the

effective decay in terms of an overlap integral. This result pro-
vides a novel physical intuition to the problem, and we expect
that it could be applicable to dynamical control [85] and noise
spectroscopy [62—65], which is also based on overlap inte-
grals. Moreover, it would be interesting to investigate whether
the proposed interferometric setup can trigger a space-time
dual of measurement-induced phase transitions [66,67], which
is an application of the quantum Zeno effect to many-body
physics. We leave this as a promising future work.

We also considered an indefinite-position scenario and
demonstrated that the Dicke-like superradiant (subradiant)
decay, usually observed by an ensemble of atoms, can be
generated by only one atom with multiple superposed trajecto-
ries. One can naturally ask whether it is possible to induce an
effective superabsorption [86,87], which could then open new
possibilities to design quantum batteries [77,78] or quantum
heat engines [79].

On the other hand, there exists another type of quantum-
controlled evolution that induces indefinite causal order
[88-91] of quantum processes. The investigation of this ap-
proach from the perspective of open systems is still an open
question.
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APPENDIX A: DERIVATIONS OF THE SPIN-BOSON
MODELS

1. The dissipative model

The Hamiltonian of the dissipative spin-boson model is
described by

Hgigis(t) = ngei(w‘f“"')’a_s_a,-.k + gieii(“’f’”k)o_a;ﬁk. (A1)
k

Here, w, denotes the energy gap between the excited state
le) and the ground state |g) for the qubit Q, oy = |e)(g]
(0— = |g){(e|) represents the qubit raising (lowering) operator,
and a; (aI ) stands for the annihilation (creation) of the mode
k for the environment &;.
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This model can be solved analytically in the single-
excitation subspace spanned by the following basis states:

{IVig) = lic) ® 1) ® Ivac), |¥ie) = lic) ® le) ® |vac)

[Vin,) = lic) ® 18) ® |k} }, iy (A2)
where |vac) = ®f\’=1 [vac;) with a;|vac;) =0 and |k;) =
a;, (Ivac). Whenever the initial state of the total system is

expanded by the aforementioned bases, the quantum state at
time ¢ can be written as

(WS 0) =D | igOlWig) + Cie)Wie)

i

+)cin, O (A3)

Jk

Further, the amplitudes satisfy the following coupled differen-
tial equations:

cigt)=0
Cio(t) = —i Y gue™ @™V ¢; (1)
Ci, (1) = —i8; jgre e (1)

fori,j=1,...,N.
(A4)

Assuming that the environments are initially prepared in the
vacuum state, i.e., ¢; x;(0) = 0, Vi, j, Eq. (A4) can be analyt-
ically solved by Laplace transformation as

Ci,g(t) = Ci,g(o)
Cie(t) = ci o (0)G(1)
Ciy (1) = =iy g} [y dt'e™ @ ¢ ()

with G(t):ﬁ-l[ lA ]
s+ f(s)

and  f(s) = ﬁ[ / ” dw j(a))ei(""f“’)’]. (A5)
0

Here, G(t) = [s+f< 5
function for the single-path dynamics, wherein J(w) =
Dk lgk|?8(w — wy) represents the spectral density function,
and £ and £~ denote the Laplace and inverse Laplace trans-
formations, respectively.

Assuming that the initial state of the total system is written
as

] coincides with the dissipation

[WE=(0)) = xc) ® (cg(0)]g) + co(0)]e)) ® |vac)

=

1
=> ﬁ(cg(0)|wi,g> +c(0)Vie)),  (A6)

where |xc) = Zf\’: lic)/ VN. The reduced dynamics of sys-
tems C and Q can then be written as

dlSS ([)

=y Z lic) (el ® (Ieg(0)*[8) (gl + co(0)ce ()" 1) (el

ij
+ co(t)cg(0)*le) (gl + leo ()P le) fel)

+ 3 lie)icl ® lea (0P 18) (], (A7)

with ¢, (t) = ¢.(0)G(t). Consequently, the unnormalized post-
measurement state will be
Pdm ®)|xc.,)

~diss

0o, () —(XC b,

= [RN,,Acg(on2 - N|ce<0)|2<1 - |G<t)|2)}|g><g|
+ Ry .2G*(t)cg(0)ck(0)]g) (el
+ Ry.2G(t)c.(0)cg(0)* |e) (gl
+ Ry alG(0)P|c.(0)]*]e) (e
with Ry, = (N — 2n)?/N2.

(A8)

2. The pure dephasing model

Let us now consider the pure dephasing model, for which
the interaction Hamiltonian is described as

deph(t) -0, ® Z(gke zwkta ) +g* iwit Ik)’
k

(A9)

where o, = |e)(e| — |g)(g|. For this model, the unitary opera-
tor of the total system can be analytically derived as

Us? (1) = T exp [—l / HaP (@' )dt/}

N
=Y 1)l ® Uge"(t). (A10)
i=1
Here,
Upd"(t) = explif ()] 1"[ le) (el ® Di(eu)
+ 18)(g] ® Di(—e)], (A11)

where D;(ay) = exp(aka;}' ¢ — @ja;r) denotes the bosonic

displacement op(?rator with oy = g;(1 — ey /wy, and
f@) == [ydi] [ di) >, |gcl? sinlewx (1
an unimportant global phase.

In the main text, we stated that the environments are pre-
pared in the vacuum states. However, this model can be solved
when the environments are prepared in thermal equilibrium
states as well. Therefore we now consider the initial state of
the total system as

— t;)] characterizes

N
P (0) = [xc)(xcl ® po(0) ) pe,.r with

i=1
pe.T = H[l

7(1)1{/kBT 7wka:ka,-,k/kBT
5

(A12)
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where kg and T denote the Boltzmann constant and the tem-
perature of the environments, respectively.

After tracing out the environments, the reduced state of the
systems C and Q can be obtained as

1 N
peg () =~ [Z lic)ic| ® po(t)
i=1

+ > lic) el ® \/¢T<t)pg<0>], (A13)
i#j
where
(eloo(t)le) = (elpo(0)le).
(glpo()lg) = (glpo(0)]g),
(eloo(1)]g) = (elpo(0)|g)dr(t) = ({glpo(t)le))*.

Here, ¢r(1) =4 [;° dw% coth(w/2kgT)[1 — cos(wt )] rep-
resents the dephasing factor for the single-path dynamics. The
unnormalized post-measurement state can be written as

(A14)

~deph
A0 = (xco,

1 1
= NpQ(t) + <RN.n - N)\/d)T(t)pQ(O)- (A15)

The normalized state retains a pure dephasing dynamics for
the pure dephasing model with a dephasing function modified
as

ped" | xc.,)

pr )+ [(N — 1) — BN —n)]V/or (@)

L+ =1 = FWN =m]V/or)
(A16)

O(t, N, n) =

APPENDIX B: FULL-TIME DYNAMICS AND QUANTUM
NON-MARKOVIAN EFFECTS

We now discuss the full-time dynamics and associated
non-Markovian effects. A well-known indicator of quan-
tum non-Markovianty is the nonmonotonic behavior of the
trace distance [92,93], which quantifies the distinguishability
between quantum states. We consider an initial state pair
[00.+(0), pg.—(0)], where

po.+(0) = 1(le) + 1g))((el + (gI).
po.—(0) = 3(le) — Ig))((el — (g]). (B1)

The time evolutions of the trace distances for the dissipative
and pure dephasing models can be derived as

D[pgy, + 0, pg5, 0]
B 2(N —2n)*|G(@))?
TN =2n)2 = N1GO|>+ (N —2n)2 + N

(B2)

and
Doy .. pg, O] =10C, N, (B3)

where D(A, B) denotes the trace distance between A and B.
Taking the time derivative shows that the trace distances
monotonically decrease whenever |G(¢)|> and |®(t, N, n)|?
are also monotonic decreasing functions. For the dissipative
model, the criterion of the monotonically decrease for the
superposed trajectories coincides with that of the single-path

=
T

Trace distance

Trace distance

Trace distance

FIG. 4. Time evolutions of the trace distance for different factors
(N, n). (a) For the dissipative model, we consider the Lorentzian
spectral density given by Eq. (B4) with A/yy = 0.1. For the pure
dephasing model, we consider a family of Ohmic spectral densities
given by Eq. (BS) with n =1/3 and w. = 1. (b) We present re-
sult for s = 1 (Ohmic), where the single-path evolution experiences
Markovian monotonic dephasing. (c) Further, we present result for
s = 4 (super-Ohmic), where nonmonotonic behavior and coherence
trapping can be observed for single-path dynamics.

dynamics (i.e., d|G(t)|?/dt < 0). Therefore nonmonotonic
behavior cannot be activated by superposed dynamics when-
ever the single-path dynamics are monotonic decreasing.

We present the numerical results for the non-Markovian
dynamics in Fig. 4. For the dissipative model, we consider the
Lorentzian spectral density expressed as

1 A2
I(w)=— i

27 (wg — w)? + A2 (B4)

with the width A and the coupling strength ). The dynam-
ics of the trace distance shows oscillating behavior when
Yo > A/2; this criterion also holds for superposed trajectories.
In Fig. 4(a), we consider A = 0.1y, for which oscillations
can be observed. The magnitude of the oscillations, i.e., the
strength of the non-Markovian effect, can either be enhanced

033143-7
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TABLE I. Comparison of usual quantum Zeno effect and the space-time dual Zeno effect proposed in this work.

Usual quantum Zeno effect

Space-time dual Zeno effect

Setup
on one atom.

A temporal sequence of measurements

Only one measurement on N paths
taken by the atom in an interferometer.

Behavior of the filter functions

The filter functions smear out
when increasing the measurement frequency.

The filter functions remain localized
when increasing the number of paths.

or suppressed based on the factors (N, n) in comparison with
the single-path dynamics, i.e., (N = 1, n = 0).

Let us now consider the pure dephasing model. Here, we
consider a family of Ohmic spectral density parameterized as

. . w
Tommic(s, @) = no'o~exp (=) (BS)

(o

with the coupling strength n = 1/3, Ohmicity s, and the cut-
off frequency w. = 1. We present the results for s = 1 and s =
4, which show single-path Markovian and non-Markovian
dephasing, respectively. In the single-path Markovian regime
(s =1), we find that the interferometric engineering miti-
gates the dephasing process for (N =3, n = 0). Further,
the nonmonotonic behavior for (N = 3, n = 1) implies that
superposed trajectories can lead to non-Markovian dynamics
even when single-path dynamics is Markovian (in contrast to
the dissipative case). The trace distance (or equivalently the
modified dephasing function) experiences a sudden death, and
a sudden revival during the dephasing process. For the case
s = 4, the dephasing process is mitigated when (N = 3, n =
0) and sudden death (revival) occurs when (N =3, n=1).In
addition, one can also find that the superposed trajectories can
enhance another signature of non-Markovian effect known as
coherence trapping [94], where the coherence saturates to a
finite value.

Quantum Markovianity is usually defined through the di-
visibility of dynamics characterized by a family of completely
positive and trace-preserving (CPTP) maps. For the pure de-
phasing model, the concept of (non-)Markovianity can be
applied directly because the effective dynamics of the post-
measurement state remains a pure dephasing process that can
be described by CPTP maps. However, for the dissipative
model, the dynamics cannot be characterized by CPTP maps,
because tr[,od“S (t)] is dependent on the initial state of the
qubit Q. Nevertﬁeless the dynamics of the unnormalized post-
measurement state ,odle (t) is characterized by a family of
completely positive and trace nomncreasmg (CPTNI) maps.
These maps are CP divisible when d|G(t)|?/dt < 0, which
coincides with the criterion for the monotonic decrease of
the trace distance. Therefore the trace distance is still a valid
indicator of quantum (non-)Markovianity in the general sense
of CPTNI maps. Similar discussions can also be found in
Ref. [51].

We now derive the divisible criterion for the dissipative
model in terms of completely-positive and trace nonincreasing
maps. A dynamical map is usually considered as a collections
of CPTP maps A(t;0), where A(z;0) is CP divisible if for all
t,7 > 0 when A(r + t;0) can be decomposed as

At +1;0)=

A(t +1;1)A(2;0), (B6)

where A(t 4 t;t) is also a CPTP map. We relax the trace-
preserving condition for this definition of CP divisibility
because the dynamics for the dissipative model is described by
CPTNI maps. According to Eq. (A8), the Choi representation
of map Agiﬂ“(t + 7;1) can be derived as

ngfS(t +1:1)

G(t+1)*
1 0 0 g
0 N[1-|%27] o 0
— ) , (B7
0 0 (B7)
Gt+1) G@+1) |2
(;(t)r 0 0 C;(t)r
where N = 2 N2n)2 Then, Adiss(t + 7;1) is CP if and only if

|Gt + 0)> < |G@)|2. Therefore Ad‘“(t + 7;0) is CP divisi-
ble (in a sense of CPTNI maps) if and only if

dIG@)|? <0 (BS)

di T

APPENDIX C: GENERAL EXPRESSION FOR THE
OVERLAP-INTEGRAL EXPRESSION

In the main text, we propose a space-time dual to quantum
Zeno effect (see in Table I) and show that the correspond-
ing decay factors for the dissipative and the pure dephasing
models can be characterized by an overlap integral. We now
provide a general expression of the decay factor.

In general, the Hamiltonian for the qubit Q and the envi-
ronment &; can be written as

Hpe, = Hp + Hg, + Hje with

1

Hpe =Y Aia ® Big. (@)
o

Here, Hp and Hg ; respectively represent the free Hamiltoni-
ans for the qubit and the environment &;, and Hé ¢ denotes the
interaction Hamiltonian, where A; , = Aj:a and B; o, = Bj'a are
the operators for Q and &;, respectively. Within the interaction
picture, the interaction Hamiltonian reads

Vie ) = 3 Aia(t) ® Bio(t) with

iHpt —iHpt
Ai,a(t) =e? Ai,ae ¢ 5

B, (t) = ' B; e Heil (C2)

The propagator that governs the single-path time evolution
can be written as

Upe,(t) = To exp |:—i f dr'vhe, (ﬂ)}. (C3)
0
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We now assume that the propagator can be approximated to the second-order perturbation such that
Uge, (1) = 1 + Ugeg, 1 (1) + Ugs, 2(2), (C4)

where

t
Uge, 1 (t) = —i/ dt\Vje (1) and
0

t t
Uge () = — / d, f A0V hs (0WVhs (1), (C5)
0 0
The time-dependent terms pg ; ;(t) described in Eq. (5) can then be expanded to the second order, i.e.,

£0.i,j(t) ~ pg(0) + pg.ij,1(t) + pg,i,j2). (C6)

Here, pg i jx(t) characterizes the k — th order correction, wherein

N N
Po.ija(t) =tre, [Ugsi,1<r)pg<0> &) 0£,0) + po(0) Q) e, (0>U55,,1(t>}

=1 =1

=trg,[Uge, 1(1)pe,(0)] po(0) + po(O)tre, [ pe, (O)UQ—‘Lg}A’] )]

= — 12/ dti{A; (1) pg(O)tr[B; o (11)0g,(0)] — po(0)A; g (11)tr[pg; (0)B; (1)1},
o,B 0

N N N
po.ija(t) =trg, [Uggi,za)pQ(m @ 0,0) + po(0) Q) e, (U se 5(1) + Uge, 1(1)po(0) (X) pe, (VU | (t)}
=1 =1 =1

t I3 N
= [an | dtz{Aw(n)A,-,,saz)pQ(oxr{gk}[B,»,o,m)B,;,s(tz)®pg,<0>}
@B 0 0

=1

N
+ po(0)A; g(t2)A; o (11 )ir(g, |:® pe (0)B; g(12)B; o (1 )i| }

=1
t t N
+3 [an | dzzA,-,a(tl)pQ(0>Aj,ﬂ<r2>tr{gi}[Bi,am)®pg,<0>B,-,ﬂ<zz>}. )
ap Y0 0 I=1

For a large class of open-system models, the terms tr[B; o ()¢, (0)] vanish, which implies pg; ;,1(t) = 0 and
t 151
po.ija(t) =87 ) / dn / d{[A; p(12)Po(0)Ai o (1) — Ao (t1)A; p(12)1Cia (11, 12) + Hec). (C8)
wp 0 0

Here, H.c. denotes the Hermitian conjugate, and C; o g(t1, t2) = tr[B; o (t1)B; g(t2) pe,(0)] represents the two-point correlation
function of the environment &;. Thus we have

. 1 i
P0,6() :mze i(¢; d)j)pQ,i,j(t)
iJ

1 . t n

~ N { Z e™"9790 p0(0) + Z /0 dty /0 dtr{[Ai g(12)po(0)A; o (t1) — Ai o (1A g(22) po(D]Ci o p(t1, 1) + H~C-}}
i,j i,a,f

(&)

We assume that the corrections are sufficiently small, i.e., |[pg.i;(t)llx < 1, so that tr[pg ¢(t)] % 3, ; e~"¢=%)) /N2, Further,

the correlation function usually takes the form C;, g(f1, 1) = f doJ(®)fi«p(w,t, ), where J;(w) denotes the coupling
spectral density between the qubit and the environment &;, and f; o g(w, t1, ;) summarizes the remaining information about
the correlation function. Suppose that the initial qubit state is pp(0) = [¥)(¥/|. One can then express the decay factor in terms
of averaging N overlap integrals, namely,

N
%}Z f doli()F(w,t,N, ¢), (C10)
i=1
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with the filter function

2N

t n
Fi(w,t,N,n) = WRG{;A dhy /(; dn f,-,a,,g(a), t, 1‘2)tI'[P,,,LAi'ﬁ(Iz)pQ(O)Ai,a(Z‘l)] .

(C1D)

Here, Py denotes a projector that projects onto the subspace orthogonal to [y) (y].
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