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Charge-dependent directed flows in heavy-ion collisions by Boltzmann-Maxwell equations
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We have calculated the directed flow v1 and charge-dependent directed flow �v1 of pions and protons in
Au+Au collisions at

√
sNN = 200 GeV by solving the coupled Boltzmann-Maxwell equations self-consistently.

Our numerical results show that v1 for pions and protons are all negative in the positive midrapidity region and
have similar behavior and magnitude. In contrast we find a quite different behavior in �v1 for pions and protons.
The difference lies in that �v1 for protons mainly comes from pressure gradients of the medium, while the
dominant contribution to �v1 for pions is from electromagnetic fields. Our results indicate that the effect of the
electric field will slightly exceed that of the magnetic field and lead to a small negative slope of �v1 for pions.
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I. INTRODUCTION

The quantum matter under strong electromagnetic (EM)
fields is an old, but still thriving, research area in many
disciplines of physics. Strongly coupled quark-gluon plasma
(QGP), a new state of matter governed by quantum chro-
modynamics, has been produced and extensively studied in
high-energy heavy-ion collisions for decades at the Relativis-
tic Heavy Ion Collider (RHIC) of Brookhaven National Lab
and at the Large Hadron Collider (LHC) of the European
Organization for Nuclear Research (CERN). In the early stage
of heavy-ion collisions, extremely strong EM fields of the
order of 1018–1019 gauss are generated [1–3], which leaves an
imprint on the subsequent evolution of the QGP (for recent re-
views of heavy-ion collisions and QGP, see, e.g., Refs. [4–6]).
Strong EM fields lead to many novel quantum phenomena
such as the chiral magnetic effect [7,8] and the chiral magnetic
wave [9,10] in heavy-ion collisions (for recent reviews of
these effects, see Refs. [11,12]).

Studying these effects requires a self-consistent description
of EM fields coupled to the medium. For example, precise
information about the evolution of EM fields is crucial to
extract the Chiral Magnetic Effect (CME) signals [12–15] and
has been searched for a decade. EM fields from spectators
were well described in previous studies [3,16–22] but not for
the parts from the medium produced in collisions because it is
difficult to describe the medium effects from first principles
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with unknown transport properties of the strongly coupled
medium and complicated interaction between EM fields and
medium particles. The fully self-consistent treatment of EM
fields and the interacting medium may help unveil the physics
and even puzzles behind these phenomena. As far as we know,
due to great numerical challenges, the exact space-time evo-
lution of EM fields has not been achieved.

One such example is the puzzle related to the directed
flow v1 and the charge-dependent directed flow �v1 [23]. The
directed flow [24,25] is defined as v1 ≡ 〈cos(φ − �RP)〉 and
reflects the collective sideward deflection of particles [26,27],
with φ and �RP denoting the azimuthal angle of an outgo-
ing particle and that of the reaction plane, respectively. The
charge-dependent directed flow is defined as �vh

1 ≡ v1(h+) −
v1(h−), which is the difference between the directed flows of
charged particles and their antiparticles, and is expected to
be sensitive to the EM field due to the opposite EM forces
exerted on particles with opposite charges. Currently, both the
hydrodynamical and transport models give a similar pattern
of v1 which agrees with the experiments. However, the re-
sults for �v1 from hydrodynamical models [28–33] disagree
with the measurement of �v1—the theoretical results show
that both the pion’s �vπ

1 and the proton’s �v
p
1 in Au+Au

collisions at
√

sNN = 200 GeV have negative slopes, while
the STAR data for �vπ

1 show an almost vanishing slope and
those for �v

p
1 have a positive slope [34]. The transport models

[35–39] also give consistent results for �v1 for hadrons [34]
at high energies, but it is challenging to include the EM effects
self-consistently in these models. Therefore, the influence of
the electromagnetic fields on the evolution of the system is
important [40].

To reconcile the disagreement, it is essential to perform a
fully self-consistent calculation of the QGP evolution coupled
to the Maxwell equations. Most previous studies either treat
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EM fields as background fields without back-reactions from
medium particles [28–30] or adopt a perturbation method with
simplified distributions of EM fields and QGP [41].

In this work, we carry out a fully self-consistent simulation
of the dynamical evolution of the QGP in EM fields by solving
the relativistic Boltzmann equations coupled to the Maxwell
equations on graphics processing units (GPUs) [42]. Our al-
gorithm naturally incorporates all the electromagnetic effects,
including the Lorentz, Coulomb, and Faraday effects. As a
first test of our algorithm, we study the directed flow v1 and
its charge-dependent component �vh

1 for pions and protons,
trying to unveil the physics behind the �v1 puzzles. With
the help of the state-of-the-art computing power of GPUs,
we are also able to calculate the evolution of the EM fields
in heavy-ion collisions in a more realistic and precise way,
providing a more reliable baseline for many effects related to
EM fields such as the CME effect.

II. METHODS

The dynamical evolution of the QGP in EM fields is de-
scribed by the relativistic Boltzmann equation,[

pμ∂μ + Qa pμFμν∂ p
ν

]
fa(t, x, p) = C[ fa], (1)

where fa is the spin- and color-averaged distribution function
of the parton a with a = q, q̄, g for the quark, antiquark, and
gluon, respectively, and Qa denotes its electric charge. The
strong interaction among partons is encoded in the collision
term C[ fa].1 In the calculation we consider all 2-to-2 scatter-
ings among u, d , and s quarks; their antiquarks; and gluons
[45], and the thermal masses of partons in the matrix elements
are chosen to be mu,d,ū,d̄ = 0.3 GeV, ms,s̄ = 0.5 GeV, and
mg = 0.5 GeV. The EM field tensor Fμν is determined by
solving the Maxwell equations,

∂μFαβ + ∂αFβμ + ∂βFμα = 0,

∂μFμν = jνext + jνmed, (2)

where the source of the EM field has two parts: the external
current jνext and the medium current jνmed. The external current
jνext is generated by fast-moving partons, including specta-
tors and quarks in the rapidity range |y| > 1. The dynamical
evolution of jνext is assumed to be decoupled from the EM
field because the trajectories of these fast-moving particles
are hardly influenced by the field. The medium current jνmed
is from quarks in the midrapidity region,

jνmed =
∑

a=q,q̄

QaNa

∫
d3p

(2π )3

pν

Ea
fa(t, x, p), (3)

where Ea ≡ √
p2 + m2

a is the energy of the parton with the
mass ma given above, Na is the degeneracy factor counting

1The collision term includes high-dimensional integrals which need
a more efficient algorithm to calculate. These high-dimensional in-
tegrals are calculated by using the powerful numerical integration
package ZMCintegral based on GPUs developed by some of us
[43,44]. For more details, we refer readers to a previous work [45]
by some of us. The EM field is also calculated on GPUs using
Jefimenko’s equations [46].

the degrees of freedom of the spin and color (Nq = Nq̄ = 6
for quarks and Ng = 16 for gluons), and the sum runs over all
quarks and antiquarks due to their nonzero electric charges.
We see that jνmed leads to a coupling between the Boltzmann
equation (1) and the Maxwell equations (2): the motion of
quarks and antiquarks is influenced by the Coulomb and
Lorentz forces from the EM field, while the EM field is
generated by the motion of charged quarks and antiquarks.

We consider Au+Au collisions at
√

sNN = 200 GeV. We
assume that one gold nucleus moves along the +z direction
with its center located at x = b/2 and the other nucleus moves
along the −z direction with its center located at x = −b/2.
We choose the Woods-Saxon distribution [47,48] as the initial
spatial distribution for partons in the nucleus. The impact
parameter is set to b = 8 fm, corresponding to 20%–30%
centrality approximately. The initial momentum distribution
at position x is inspired by the anisotropic distribution [49,50]
of the color glass condensate [51–53],

fa(t0, x, p) = f (0)
a rq θ

⎛
⎝1 −

√
ξ 2 p′2

z + p′2
⊥

Qs

⎞
⎠, (4)

where p and p′ are the three-momenta in the laboratory
and local comoving frame, respectively, Qs is the saturation
scale [53,54], t0 � 1/Qs is the corresponding saturation time
[55–57], and ξ is the anisotropy parameter [58]. Their values
are chosen to be Qs = 1 GeV, t0 ≈ 0.2 fm/c, and ξ = 1.4.
In the overlap region of collisions only a fraction rq of the
participants are left in the midrapidity range [−1, 1]. We fix
rq � 0.1 by making a comparison of the net charge distribu-
tion obtained in our simulation with that in the A Multi-Phase
Transport model (AMPT) simulation. The coefficients f (0)

a
for each species of quarks are determined by the correspond-
ing quark number in the overlap region, i.e., f (0)

u = 0.996,
f (0)
d = 1.14, and fs = 0. Since there are no antiquarks ini-

tially, f (0)
ū,d̄,s̄

= 0. For gluons, we choose f (0)
g � α−1

s /rq, which
is inversely proportional to the coupling constant [59]. Note
that, in the kinetic approaches, the initial quarks and gluons
are treated as quasiparticles. The effect of the sea quarks is
included as the thermal masses of the quarks and gluons. Only
after about 0.2 fm/c, which is the reciprocal of the energy
scale about 1 GeV, do the soft gluons interact and convert
to quark antiquark pairs. The setup used in our paper is a
typical initial condition in heavy-ion collisions (e.g., also see
Refs. [41,55–57]).

We emphasize that only 10% of the initial partons in the
overlap region, quantified by rq � 0.1, contribute to fa and
jνmed in the midrapidity region [−1, 1]. The remaining 90%
of partons are assumed to follow the rapidity distribution
f ±(y) = e±y/2/[4 sinh(ybeam/2)], with 1 < |y| < ybeam, where
± correspond to the beam and target directions, respectively.
Here ybeam = 5.36 is the beam rapidity for collisions at 200
GeV. The motion of these partons and spectators generates
the external current jνext and thus provides a background EM
field for the dynamical evolution of fa.

In the hadronization stage, partons combine into hadrons in
each phase space grid, whose yields agree with experimental
data [60–62] for the rapidity density dN/dy for π±, K±, p,
and p̄ at the midrapidity y = 0.
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FIG. 1. (a) The directed flow v1 and (b) charge-dependent di-
rected flow �v1 as functions of the rapidity for protons/antiprotons
(red solid line) and π± (blue dashed line) in Au+Au collisions
at 200 GeV. The green and black stars are derived from STAR
measurements for the 10%–40% centrality at 200 GeV Au+Au col-
lisions [34]. Although our simulations correspond to the collisions
in 20%–30% centrality, it is still observed that �v1 agrees with
the data qualitatively. The values of the parameters are set to the
saturation time t = 0.2 fm/c, the impact parameter b = 8 fm, the
factor rq = 0.1 in Eq. (4), the strong coupling constant αs = 0.3,
and the range for transverse momenta pT ∈ [0.2, 1.5] GeV, and the
distribution functions at t = 5 fm/c are used.

III. RESULTS

A. Negative slope of v1

The calculated results for the directed flows as a function
of rapidity for pions and protons in the range pT ∈ [0.2, 1.5]
GeV are shown in Fig. 1(a). We see that v1 for pions and
protons have almost the same magnitude and are positive
or negative in the 0.4 > y > 0 or 0 > y > −0.4 region, re-
spectively. The evolution of the QGP governed by the strong
interaction forms a tilted fireball in the reaction plane, as
shown by the energy density and pressure of all particles in
the full range of y and pT in Figs. 2(a) and 2(b). The pres-
sure gradients lead to an antiflow corresponding to a negative
dv1/dy at midrapidity [63–65].

To understand the generation of the antiflow, we plot in
Figs. 2(c) and 2(d) the contours of the number density for pro-
tons and pions in the ranges y ∈ [−1, 1] and pT ∈ [0.2, 1.5]
GeV, which are mainly located in the central region. Due to
pressure gradients, the protons at forward rapidity, which are
mainly located in the x � 0, z > 0 region, receive a force

FIG. 2. Contour plots for (a) the energy density and (b) the pres-
sure of all particles in the full rapidity and pT range in the x-z plane.
Contour plots for the number density of (c) protons (without antipro-
tons) and (d) pions in the ranges y ∈ [−1, 1] and pT ∈ [0.2, 1.5]
GeV in the x-z plane. The arrows stand for the directions of the
pressure gradients formed by all particles (the same for all plots), and
the distribution functions at t =2.5 fm/c are used. Other parameters
are the same as in Fig. 1.

pointing in the bottom right direction and leading to a negative
v1. Similarly, protons at backward rapidity have a positive v1.

We also notice the difference between our results and the
STAR data in Fig. 1(a). First, our result for v1 is more than
10 times larger than the experimental data, indicating a larger
pressure gradient than in the experiments. We have studied
the parameter dependence for v1, such as the initial parton
numbers f (0)

u , f (0)
d , and f (0)

g ; the coupling constant αs; the size
of the spatial grids; and the evolution time of the snapshot. We
find that if more particles are involved in the initial condition
(hence larger values for f (0)

u , f (0)
d , or f (0)

g ), a larger pressure
gradient can be induced, leading to a larger magnitude of v1.
If we increase the coupling constant αs, the system will evolve
more like a fluid with stronger collective motions, which nar-
row the difference between px and py, thus leading to a smaller
magnitude of v1. The value of v1 is not sensitive to the size of
the spatial grids and the evolution time after 5 fm/c. Second,
we observe that |v1(p) + v1( p̄)| < |v1(π+) + v1(π−)| in our
result, while the opposite behavior is found in the data. Such
a difference may come mainly from the hadronization model
since in the current study, we consider a simple coalescence
hadronization model. To get a better understanding of v1, a
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FIG. 3. Charge-dependent directed flow �v1 for (a)–(c) u and (d)–(f) d quarks at time t = 0.25, 2.5, 5.0 fm/c (left column, middle
column, and right column). The green dotted, magenta dot-dashed, red dashed, and blue solid curves correspond to cases of only collision,
collision with electric fields, collision with magnetic fields, and collision with both electric and magnetic fields, respectively. Other parameters
are the same as in Fig. 1.

systematic study of the hadronization model in the current
framework is required and will be presented elsewhere. Fur-
ther discussion on the hadronization model at the quark level
can be found in Sec. III D.

B. Different behaviors of �v1 for pions and protons

The results for charge-dependent directed flows �v1 for
pions and protons are presented in Fig. 1(b). Since the dy-
namics of all charged quarks are governed by the same EM
fields, a natural expectation is that �v1 for pions and protons
as a function of rapidity should be similar, which has been
observed in studies of hydrodynamics incorporating the EM
fields [28–30]. However, we find in our study that �v

p
1 has

a positive slope, while �vπ
1 has a very small negative slope.

The reason why we observe a little negative slope of �v
p
1 in

the rapidity range [−0.2, 0.2] might due to the oversimplified
model of the hadronization process. In Fig. 3, we do not
observe such a phenomenon at the quark level.

How do we understand such counterintuitive results for
�v1 for pions and protons? In fact, the different behaviors of
�vπ

1 and �v
p
1 come from an interplay of pressure gradients

and EM fields.
The positive slope for �v

p
1 is mainly attributed to pressure

gradients, similar to the difference between v1(π+) + v1(π−)
and v1(p) + v1( p̄), as shown in Fig. 1. Antiprotons as newly
produced particles are more likely to appear in the region with
higher energy densities and therefore larger pressure gradients
as observed in Fig. 2. Therefore, the negativity for v1( p̄) is
enhanced relative to v1(p). Such an effect exists even when
the EM fields are switched off. In Fig. 4, we turn off the EM
fields and plot �v1 caused by only collisions. We observe that
�vπ

1 almost vanish but �v
p
1 still have positive slopes. On the

other hand, the EM fields will influence the evolution of the
QGP and therefore modify the pressure distribution as well
as the number density distribution of hadrons, which finally

results in an amplification of the �v
p
1 slope. Our results for

�v
p
1 qualitatively agree with the Ultra-relativistic Quantum

Molecular Dynamics model (UrQMD) simulation [66,67] and
the data for the STAR experiment at RHIC [34]. But our
results are quantitatively smaller than the data because the
pressure induced by jνext in Eq. (2) is neglected in this work.

The approximately vanishing �vπ
1 in Fig. 4(a) indicates

that the splitting between π+ and π− in the transverse plane
is a cumulative result of the EM fields. The small negative
slope of �vπ

1 in Fig. 1(b) is consistent with the results from
hydrodynamics incorporating the EM fields [28–30]. Unlike
the case of protons and antiprotons, π+ and π− receive similar
contributions from pressure gradients since they have almost
identical spatial distributions.

FIG. 4. Charge-dependent directed flow �vπ
1 and �v

p
1 as a

function of rapidity with only collisions (without EM fields). The
parameters are the same as in Fig. 1.
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FIG. 5. The time evolution of magnetic fields in the central re-
gion of the reaction plane, (x, y, z) = (0, 0, 0) fm. Other parameters
are the same as in Fig. 1.

C. �v1 dependence on the pT range

In Fig. 1(b), the transverse momentum is chosen in the
range pT ∈ [0.2, 1.5] GeV. If, as discussed above, the be-
haviors of pions and protons in �v1 are from different
mechanisms, the result should not be sensitive to the mo-
mentum range. To support this statement, we also calculate
the dependence of �v1 on transverse momentum ranges. A
parameter scan of the pT range in the range [x, 1.5] GeV,
where x ∈ {0.2, 0.4, 0.6, 0.8, 1.0, 1.2}, shows that �v1 is not
sensitive to the choice of transverse momentum range. We also
observe that particles with pT less than 1 GeV contribute little
to the �v1 difference between pions and protons.

D. �v1 for quarks

A widely discussed issue for �vπ
1 is whether the contribu-

tion from the electric field is more important than that from
the magnetic field [28–30]. To answer this question, we take a
closer look at �v1 for quarks. We show the results of �vu

1 and
�vd

1 as a function of rapidity in collisions with and without the
electric (E) and magnetic (B) fields in Fig. 3 at three different
times t = 0.25, 2.5, 5.0 fm/c.

For the case of only collision, different spatial distributions
of u (d) and ū (d̄) give positive slopes for both �vu

1 and �vd
1 ,

which leads to the positive slope of �v
p
1 via hadronization.

The contributions from electric and magnetic fields to �v1

are opposite but of the same magnitude, which agrees with the
theoretical result of Ref. [28]. Positively charged particles in
forward rapidity are mainly influenced by the EM field from
spectators with By < 0 and Ex < 0. Therefore, the magnetic
force points in the +x direction, while the electric force points
in the opposite direction, so two forces partially cancel and
lead to the net effect that is reflected in the difference of �v1

between the cases with and without the EM field, as shown
in Fig. 3. We emphasize that the directed flow is a result of
accumulation over time, so the balance of electric and mag-
netic contributions gradually changes with time. At an earlier
time, e.g., t = 0.25 fm/c, �v1 is almost vanishing, which
is the result of the cancelation of the electric and magnetic
contributions, while the contribution from the electric field
becomes larger at later time, e.g., t = 5 fm/c, and eventually,
�v1 slightly favors the electric contribution. In Fig. 5, we

present the evolution of the magnetic field in the central region
of the reaction plane, in which the effects form collisions and
medium partons can be clearly seen. Similar results can be
found in Refs. [41,68].

Despite the hadronization model used in our simulation,
we can understand the results via a simple sum rule in a naive
picture of coalescence hadronization, i.e., a hadron’s v1 is ap-
proximately equal to the sum over v1 of its constituent quarks
[69–71]. To this end, we separate the contributions from EM
fields and pressure gradients as �vu

1 � 2�vEM
1 + �v

pressure
1

and �vd
1 � −�vEM

1 + �v
pressure
1 . The EM field contribution

�vEM
1 is proportional to the quark’s charge, while the pres-

sure contribution �v
pressure
1 is the same for all quarks, as

shown in Fig. 3. Then following the coalescence sum rule,
we have �vπ

1 � �vu
1 − �vd

1 � 3 �vEM
1 and �v

p
1 � 2�vu

1 +
�vd

1 � 3 �vEM
1 + 3�v

pressure
1 , with their slopes in agreement

with the results in Fig. 1. Meanwhile, we also find that the
slopes of �v1 are insensitive to the coupling constant αs.

E. Time variation of effective conductivity

An important quantity in the evolution of quark gluon
plasma is the Ohmic conductivity. Since the system has
not reached local thermal equilibrium, the conductivity is a

FIG. 6. (a) |σxx| at different time steps for two cases: one with
collision and one without. (b) Spatial distribution of Jx/Ex in the
reaction plane. Other parameters are the same as in Fig. 1.
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tensor rather than a scalar. To perceive the presence of the
conductivity, we define an effective conductivity σxx = Jx/Ex

which is a function of spatial positions. In Fig. 6(a), we
show the time evolution of the average absolute value |σxx| =
[
∑

i, j |σxx(xi, y j )|]/n, where n denotes the number of grids
in the reaction plane, which roughly reflects the amplitude
of the Ohmic conductivity. We can see that when particle
collisions are turned on, the conductivity is more stable with
lower magnitude than the collisionless case, consistent with
our expectation. In Fig. 6(b) we give the spatial distribution of
σxx in the reaction plane at time 2.5 fm/c, from which we can
see that σxx can be either positive or negative locally.

IV. DISCUSSION AND CONCLUSION

With the help of the state-of-the-art parallel computa-
tion algorithm, we are able to calculate the direct flow v1

and charge-dependent direct flow �v1 for pions and protons
in heavy-ion collisions by solving the coupled Boltzmann-
Maxwell equations for QGP self-consistently. The collision
configuration is set to Au+Au collisions at 200 GeV and
20%–30% centrality.

Our numerical results show that v1 for pions and pro-
tons are all negative or positive in the 0.4 > y > 0 or 0 >

y > −0.4 region, respectively, and have similar behaviors
and magnitudes. The magnitude and behavior of v1 for both
protons and pions are different for the experimental data,
suggesting that fine tuning of the parameters and a better
hadronization model are required.

Our results for the slopes of �v1 at midrapidity are in
qualitative agreement with the STAR data. We found that the
positive slope of �v1 for protons comes mainly from pressure

gradients in the fireball, while the small negative slope of
�v1 for pions reflects the contribution from EM fields over a
period of time. The electric and magnetic fields make opposite
contributions to v1 and �v1 but with the same magnitude. At a
relatively later time, the electric effects will slightly exceed the
magnetic effects, which gives rise to the small negative slope
of �v1 for pions. Our results are insensitive to the values of
the coupling constant and can be understood by a simple sum
rule in a naive coalescence picture of hadronization.

To see clear effects from the EM fields, �v1 for D0 and D̄0

mesons may be a better candidate, which requires increasing
the number of momentum grids for heavy quarks. However,
restricted by GPU resources, our current algorithm does not
allow such a simple extension.

Our calculation can also give a prediction for v1(π±)
in low-energy collisions. At the highest RHIC energy, no
significant difference between v1(π+) and v1(π−) has been
observed due to low statistical significance [34]. In lower-
energy collisions, the EM fields will have a longer lifetime
and therefore are expected to induce more sideward deflection
for charged particles, i.e., a more negative slope of �vπ

1 . This
qualitatively agrees with the experimental observation at 7.7,
11.5, and 19.6 GeV [34].
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