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Imaginary-time evolution using forward and backward real-time evolution with a single ancilla:
First-quantized eigensolver algorithm for quantum chemistry

Taichi Kosugi J" Yusuke Nishiya, Hirofumi Nishi ®, and Yu-ichiro Matsushita
Laboratory for Materials and Structures, Institute of Innovative Research, Tokyo Institute of Technology, Yokohama 226-8503, Japan
and Quemix Incorporated, Taiyo Life Nihombashi Building, 2-11-2, Nihombashi Chuo-ku, Tokyo 103-0027, Japan

® (Received 23 February 2022; accepted 7 July 2022; published 11 August 2022)

Imaginary-time evolution (ITE) on a quantum computer is a promising formalism for obtaining the ground
state of a quantum system. The probabilistic ITE (PITE) exploits measurements to implement nonunitary
operations, and it can avoid the restriction of dynamics to a low-dimensional subspace imposed by variational
parameters unlike other types of ITE. In this paper, we propose a PITE approach that uses only one ancillary
qubit. Unlike the existing PITE approaches, the one proposed here constructs, under a practical approximation,
the circuit from forward and backward real-time evolution (RTE) gates as black boxes for the original Hamil-
tonian. Thus all efficient unitary algorithms for RTE can be transferred to the ITE without any modifications.
Our approach can be used to obtain the Gibbs state at a finite temperature and partition function. We validate
the approach via several illustrative systems where the trial states are found to converge rapidly to the ground
states. In addition, we discuss its applicability to quantum chemistry by focusing on the scaling of computational
cost; this leads to the development of a framework referred to as a first-quantized eigensolver. The nonvariational
generic approach will expand the scope of practical quantum computation for versatile objectives.
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I. INTRODUCTION

When solving a practical computational problem for which
quantum parallelism can outperform classical algorithms, e.g.,
quantum chemistry [1] and combination optimization [2,3],
the problem is often rewritten according to the quantum
dynamics governed by an appropriately defined many-qubit
Hamiltonian. The problem is, at least computationally, re-
duced to finding the ground state of the target system.
Imaginary-time evolution (ITE) on classical computers is a
technique that is widely used to obtain the ground state
of a quantum system. It is based on the imaginary-time
Schrddinger equation [4], derived by replacing real time ¢ with
a purely imaginary value —it, wherein the real parameter ©
is called the imaginary time. A wave function governed by
this equation exhibits dynamics wherein excited states decay
rapidly as the imaginary time proceeds.

Recently, there has been growing interest in ITE for quan-
tum computation [5-16]. However, its implementation is not
as straightforward as that on a classical computer because ITE
operation is nonunitary, which makes its direct implementa-
tion as a sequence of elementary quantum gates impossible
[17]. There are three main types of indirect but practical
implementations of ITE on a quantum computer: variational
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ITE (VITE) [5-7], quantum ITE (QITE) [8,9,12,14,16], and
probabilistic ITE (PITE) [13,15].

The first type, VITE, solves the imaginary-time
Schrodinger equation on a classical computer for parameters
of unitary ansatz gates. The equation is derived based
on McLachlan’s variational principle [18]. Furthermore,
the ansatz circuit must be selected appropriately to attain
a converged state that is satisfactorily close to the true
ground state because VITE is a type of variational quantum
eigensolver (VQE) [19,20].

The second type, QITE, solves the linear equation on a
classical computer to determine the coefficients of Pauli ten-
sors for unitary evolution. The equation is derived such that
a unitarily evolved state approximates the exactly (nonuni-
tarily) evolved state in the sense of the squared norm; this
derivation is mathematically equivalent to McLachlan’s vari-
ational principle for VITE. The matrix dimension for the
linear equation tends to grow rapidly with an increase in the
problem size, i.e., the number n of qubits involved in a given
system and that of Pauli tensors for the approximate unitary
evolution. More precisely, when one decides to expand the
approximate unitary operator in terms of Pauli tensors of size
D, called the domain size, there exist 4° tensors (including
the identity) for each combination of D qubits picked from
n [8]. Naive adoption of such ,Cp combinations leads to a
linear equation of dimension d = 4”,Cp. Although solving
this equation by using conventional methods on a classical
computer requires polynomial computational time with re-
spect to d, the time grows rapidly as D and/or n increase.
Its scaling can be regularized if certain approximations that
consider the locality of partial Hamiltonians are adopted [21].
A QITE circuit can be compressed in several ways [21,22].
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The third type, PITE, exploits measurements to implement
nonunitary operations. An input state undergoes the unitary
operations, and the measurement is performed; then, the state
collapses to the desired state with a certain probability. Liu
et al. [15] analyzed their PITE circuit for Grover’s search
algorithm [23,24], in which they introduced an additional
qubit per pair of qubits for a nonunitary operation on the pair.
The measurement-based generation of desired states is used
for other purposes such as linear equations [25], Green’s func-
tions [26,27], linear-response functions [28], and ionization
energies [29]. The three types of ITE summarized above are
not necessarily exclusive of each other. In fact, a combination
of QITE and PITE was proposed recently [30].

Although the implementation of PITE by using only
one ancillary qubit is mathematically ensured to be possi-
ble [13,28,31], it requires classical computational resources
for the singular-value decomposition of the total many-qubit
Hamiltonian or those for other methods having the same cost,
which is typically estimated to be O((2")*) for an n-qubit
system. In this paper, we propose a generic nonvariational ap-
proach of PITE that uses only one ancillary qubit and that does
not demand explicitly large classical cost for linear algebra.
Within the first order of the time step, our approach enables
one to construct the circuit from forward and backward real-
time evolution (RTE) generated by the Hamiltonian without
knowing its eigenvalues and eigenvectors. Thus every unitary
quantum algorithm for real-time dynamics can be transferred
to the imaginary-time dynamics without modifications. Fur-
thermore, our approach can be used to obtain the Gibbs state
at a finite temperature and partition function. We apply the
approach to several systems to confirm its validity. In addition,
we discuss the overall PITE procedure of quantum chemistry
calculations for obtaining the ground states of molecules by
focusing on the scaling of computational cost, which leads to a
framework referred to as a first-quantized eigensolver (FQE).

II. METHODS

A. PITE for generic cases
1. Exact circuit

Let ‘H be the Hamiltonian for an n-qubit system. The ITE
operator for an imaginary-time step At is e~ "7, For an
input state |), we want to get the evolved state e~ 7tA7|r)
up to a normalization constant. From the evolution operator
and an adjustable real parameter m,, we define a nonunitary
Hermitian operator M = mge~ 727, for which we impose
conditions 0 < mg < 1 and mgy # 1/+/2. These conditions al-
low us to perform Taylor expansion safely to obtain Eq. (4)
later. To establish the exact PITE, we define the following
Hermitian operator formally for the n-qubit system:

M+ V1= M?2
—5

This definition with x = sgn(my — 1/ ﬁ) leads to cos ® =
(M + V1T —=M?)/\/2and sin ® = k(M — /1 — M2)//2.
The operators e**® are unitary, and hence they can be imple-
mented as quantum gates for the n qubits.

We introduce an ancillary qubit to construct the circuit
Cpr1g for the (n 4 1)-qubit system, as shown in Fig. 1(a). The

® = arccos

ey

(2)

Ancilla |0)
tnput 1)

(b)

Ancilla |0)

Input )

FIG. 1. (a) Circuit Cpirg for probabilistic preparation of the exact
imaginary-time-evolved state of an input n-qubit state |¢). H is
the Hadamard gate. The yellow boxes represent the gates involving
the Hamiltonian. If the measurement outcome is |0), the input state
has collapsed to the desired state. (b) Approximate circuit Copl,
equivalent to Cprrg Within the first order of At. Urrg = Urte(s1AT)
and R, = R,(—26y) are used in this figure.

circuit uses the single-qubit gate

w L L= )
V2\t i)
The composite system undergoes the unitary operations as

[¥) ®10) —> MIy) ® [0) + V1 - MY) @ 1),  (3)

which is the state immediately before the measurement on the
ancilla. (See also Appendix A.) We denote the n-qubit state
M) oc e A7 |yr), coupled to the ancillary state |0) in the
entangled state on the right-hand side of Eq. (3), as the success
state in what follows. This state is nothing but the desired
imaginary-time-evolved state. We denote, on the other hand,
the state ~/1 — M2|y/), coupled to the ancillary state |1), as
the failure state in what follows. Born’s rule tells us that we
will get the success state if the measurement outcome is |0),
with the probability Py = (| M?|y). The PITE is thus writ-
ten symbolically as |) — if success M) /+/Po, where
the normalization constant is correctly taken into account.

2. Approximate circuit

It is known [31] that an arbitrary diagonalizable complex
matrix can be written as a linear combination of at most two
unitary matrices provided that the resources of classical com-
putation for its singular-value decomposition are available.
The probabilistic implementation of a linear combination of
unitaries [28] together with this fact ensures mathematically
the possibility of probabilistic imaginary-time dynamics with
a single ancillary qubit (see also Ref. [13]). Since the exact
PITE described above involves no approximation and is ap-
plicable to an arbitrary A7, it is mathematically desirable.
The adoption of it, however, is hardly of practical use due
to the operator ®. Specifically, it is formidable to implement
the exponentiated ® as a sequence of elementary quantum
gates for the multiple qubits without knowing its eigenvalues
and eigenvectors. Therefore we have to circumvent such a
difficulty.

As usual, we assume that the imaginary-time step is small.
We can Taylor-expand ©, defined by Eq. (1), in At for
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such a case as k© = 6y — Hs; At + O(At?), where 6 =
i arccos[(my + /1 —mZ )/~/2] and s; = mo/~/1 — m} . We
can rewrite the anticontrolled ¢® and the subsequent con-
trolled e~® in the exact circuit in Fig. 1(a) as

eiK(") ® |0> <0| + e—il((") ® |1><1|
= (Ion @ R,(—26p))(Urte(s1AT) ® |0)(0]
+ Urte(s1AT)' @ [1)(1]) + O(AT?), )

where I« is the identity for an n-qubit state and R,(6) is the
single-qubit z rotation. Urtg(At) = e~4! is the usual RTE
operator with respect to the original Hamiltonian for a real-
time step At. By using Eq. (4), we can construct the circuit
C](,}%E as shown in Fig. 1(b), which implements approximately
the exact one, Cprrg, within the first order of At. In fact, it
is easily confirmed that the state of the (n + 1)-qubit system
immediately before the measurement is

my(1 — HAT)[Y) ® |0)

2
[ 1= m + At |y) ® 1) + O(ATD),
J1—m

&)

consistent with the right-hand side of Eq. (3) within the
first order of At. The forward Ugrrg(siAt) and backward
Urte(s; A7) RTE operators for the rescaled time step in the
circuit are responsible for the imaginary-time dynamics. The
approximate circuit found here is the main result of this paper.

The circuit Cl()i%E is suggestive of sophisticated develop-
ment of quantum algorithms for ground states of quantum
systems. The direct operations on the input register come
solely as the RTE generated by the Hamiltonian, which means
that we have pushed the intricacy about the nonunitary opera-
tion e~ *A7 into the two black boxes, or equivalently an oracle,
in which the tractable unitary operations of the form e*"*14/
are implemented. Every efficient unitary algorithm for the
real-time dynamics can thus be transferred to the imaginary-
time dynamics exactly as it is. This availability is favorable
since the real-time dynamics in quantum computation is much
more tractable than the imaginary-time dynamics in general.

Since the accuracy of evolution is worse for a larger Art,
we need to apply the approximate circuit for a small At as
a Trotter step and perform the measurements repeatedly. We
have to get the success states for all the measurements to reach
the final state where all the excited states have diminished suf-
ficiently. It is easily understood for an ngps-step evolution that
the probability of obtaining the success state having survived
all the ngyeps measurements is (Y| M?nsens|r), exponentially
decaying as the measurement number increases.

The construction of our single-ancilla PITE circuit is pos-
sible primarily due to the Hermiticity of the generator for
evolution. For the dynamics generated by a non-Hermitian
operator, the probabilistic evolution is also possible if two
ancillary qubits are available. For details, see Appendix B.

3. Comparison with other ITE approaches

An advantage and a disadvantage of PITE compared with
VITE and QITE have to be mentioned. First of all, PITE

does not involve arbitrariness for the implementation of state
evolution of qubits on a circuit. That is, PITE does not need
an ansatz circuit, unlike VITE, and it does not need selection
of Pauli tensors according to the locality of partial Hamiltoni-
ans, unlike QITE. The expected energy in a PITE calculation
is thus minimized in the full Hilbert space of qubits which
encode the state of the target system. On the other hand, the
exponential decrease in success probability during the PITE
steps is a deplorable drawback inherent to the PITE approach
as long as we are not interested in the normalization constant.
A promising alternative for alleviating this difficulty is the
quantum amplitude amplification (QAA) technique [32,33],
proposed by Brassard and co-workers, known as a generaliza-
tion of Grover’s search algorithm [23,24]. In the original QAA
[33], the rotation angle within the subspace is determined by
the quantum amplitude estimation (QAE), which is a kind of
quantum phase estimation (QPE) [17]. It is possible, however,
to perform QAA without QAE by employing the maximum
likelihood estimation, as demonstrated by Suzuki et al. [34].
The examinations of PITE in combination with QAA will
be interesting and important for practical applications of the
PITE approach where the input state has only a small overlap
with the ground state.

B. FQE framework for quantum chemistry

One of the most practical applications for finding the
ground states of quantum systems is quantum chemistry cal-
culations for molecules, where many electrons interact with
each other in three-dimensional space. As a promising appli-
cation of our PITE approach, we describe here the framework
for obtaining the ground-state wave function of a molecular
system. This framework, which we call FQE, is based on the
scheme proposed by Kassal ef al. [35] for efficient implemen-
tation of real-time dynamics for quantum chemistry.

1. Single particle in one-dimensional space

We begin with the consideration of a single particle in
one-dimensional space as the first step for establishing the
FQE framework. We assume that the particle with a mass
m moves within a range [0, L] on the x axis, whose first-
quantized Hamiltonian is H = T + V(8).T = p?/(2m) is the
kinetic-energy operator for the momentum operator p.V is the
external potential for the position operator X. We assume that
n qubits are provided us for representing the wave function in
real space.

We want to implement the RTE operator e =72’ for a real-
time step At that acts on the qubits whose state encodes the
wave function of the particle. We discretize the finite interval
to define N = 2" equidistant points; that is, x*) = kAx (k =
0,...,N —1) for the step Ax = L/N. We can thus assign
each computational basis |k), to each of the position eigen-
states: £|k), = x®|k),. The coefficient of each computational
basis in an n-qubit state thus represents the wave function
¥ (x) of the particle as |) = v/Ax Y p—g ¥ (x®)[k),, where
+/Ax is for normalization.

As the canonical counterpart of the discretized posi-
tions, we define the N discrete momenta p® =5Ap =
—N/2,—-N/241,...,N/2 — 1) for the step Ap=2n /L in
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reciprocal space. Recalling that the quantum field theory
[36,37] relates the creation and annihilation operators of
momentum eigenstates to those of position eigenstates via
Fourier transform, we should define in this case the momen-
tum eigenstate as

1
p®) = fZexp<zp ) [k) . (6)

We have to notice, however, that these eigenstates of posi-
tion and momentum do not transform between each other via
the ordinary quantum Fourier transform (QFT) [17]. That is,
the minimum of position is 0, while that of momentum is
—NAp/2. This discrepancy is taken into account appropri-
ately by employing the centered QFT (CQFT) [38,39], which
is defined as the application of QFT after o, on the qubit
corresponding to the highest bit for the index of an n-qubit
computational basis: CQFT = QFT (o, ® I:-1). One can eas-
ily confirm that CQFT transforms the position eigenstate
to the momentum eigenstate correctly: CQFT|k), = | p(k))
where k = k — N/2. The meaning of the tilde symbol for an
integer is the same as this in what follows.

|p®) is also the eigenstate of T' belonging to the discrete
kinetic energy E; = 5*(Ap)?/(2m). If we have a kinetic-phase
gate Uy, which acts on the computational basis diagonally

as Ugin(At)]j)n = exp(—iE;jAt)|j),, this becomes, under
CQFT,
CQFT - Uin(At) - CQFT
N-1 )
— e_lExAt |p®> <p®| — e—lTAt , (7)

Il
S

5

where we used the completeness of the momentum eigenstates
to get the last equality. Equation (7) means that the evolution
coming from the kinetic operator can be implemented by
using CQFT and the kinetic-phase gate [39]. For the details
of the action of the kinetic-evolution operator on the position
eigenstate, see Appendix C.

As for the potential-evolution operator e , we need a
potential-phase gate Uy, which acts on the position eigenstate
diagonally as Up(At)|k), = exp[—iV (x*))At]|k),. There
exist several alternatives for implementation of the kinetic-
and potential-phase gates. While Kassal et al. in their original
paper [35] adopted the phase kick-back technique [40], Olli-
trault et al. [39] adopted the technique proposed by Benenti
and Strini [41], which introduces to a computational basis the
phase factor given as a polynomial of position. The extension
of the latter technique for a piecewise defined polynomial is
possible [39] in combination with efficient comparators [42],
which decide the interval the index of an input computational
basis falls onto.

The kinetic-energy and potential operators do not com-
mute with each other in most systems. Therefore we have
to consider application of them to the qubits sequentially by
employing the first-order Suzuki-Trotter formula as e~ "4 =
e TAre= VDAL 1 O(Ar?) for the RTE. Given this approxi-
mation, we adopt the circuit C}y in Fig. 1(b) for PITE.
Since the RTE operator in this case is Urrg(s1At) = CQFT -
Ukin(s1AT) - CQFTJr - Upot(s1A 1), the neighboring CQFT and

—iV(®)Ar

CQFT' in the forward and backward evolution fortunately
cancel each other, leading to the circuit C}(,?gé shown in
Fig. 2(a). The number of operations for each imaginary-time
step is cprre A 2(ccQrT + QCkin + &' Cpor), Where ccorr =
O(n?) is that of CQFT [17]. ¢k and Cpot are those of the
kinetic- and potential-phase gates, respectively. o and o’ are
constants independent of n, coming from the introduction of
control bits. If we adopt the implementation of phase gates
in Refs. [39,41], the operation number of the kinetic-phase
gate is ¢, = O(n?). Similarly, if the potential is given as
a single or a piecewise defined pth-order polynomial, the
operation number of the potential-phase gate is cpor = O(n?).
The operation number for the PITE step is thus cpirg =
O(max(n?, n?)).

The analyses of operation numbers in the circuits provided
in this paper should be mentioned here. If one aims to discuss
strictly the operation number of a given circuit, an elementary
gate set has to be defined so that each member is the unit for
counting the operations. A typical elementary gate set consists
of a small number of single-qubit gates and a controlled-NOT
(cNOT) gate [17]. In this paper, however, we do not need to
introduce any specific elementary gate set for discussing the
scaling of operation numbers with respect to the numbers of
grid points and particles. This is because every many-qubit
operation appearing in this paper is a controlled single-qubit
operation for which the number of control qubits is indepen-
dent of the numbers of grid points and particles. Specifically,
each QFT gate is implemented by using singly controlled
rotations, CNOT gates, and SWAP gates [17]. The depth of each
of these building blocks is independent of the grid points and
the particle number. This is similarly the case for the phase
gates comprising the entire PITE circuit since we implement
them with the techniques in Refs. [39,41].

2. Interacting electrons in three-dimensional space

Let us move on to establishing the FQE framework. We
discuss here the encoding of a many-electron wave function
and the construction of a PITE circuit for a quantum chemistry
problem, based on which we estimate the scaling of computa-
tional cost as a function of problem size. The discussion below
defines and characterizes the FQE framework. We ignore the
spin degree of freedom for simplicity in what follows.

The extension of the scheme for the case of a single particle
in one-dimensional space explained above to the case of inter-
acting electrons in three-dimensional space is straightforward.
Let us consider n electrons confined to a cube as a simulation
cell, each of whose edges has a length L. We assume that nqg
qubits are available for the degree of freedom in each direction
for each electron. We discretize the simulation cell to define
a regular mesh which has Ng = 2™ points in each direction.
The wave function for an electron can thus be encoded in 3n4
qubits, whose coefficients of computational basis represent
the wave function at Ngig = N; equidistant grid points. The
ne-electron wave function W(ry, ..., ry,) is thus encoded in
3ngng qubits as a linear combination of |ki, ki, ki;) @ -+ - ®
|kngxs Knays Knaz), where |k, k.y, kuz) is the position eigen-
state of the uth electron specified by the three integers. The
required memory for storing the wave function on a classical
computer i O((Ngiq)™), scaling exponentially with respect
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FIG. 2. (a) Circuit CS%? as a special case of C](,ITE in Fig. 1(b). This circuit implements PITE for a particle in one-dimensional real space
within the first-order Suzuki-Trotter formula. U, = U, (s; At) (A = Kin, pot), defined in the main text, is used in this figure. (b) FQE procedure
for interacting electrons in three-dimensional space. 3n4 qubits are used for each of the n,, electrons to encode the many-electron wave function.
U,r prepares the reference state in which the Fermi statistics of electrons is taken into account. The red dashed rectangles represent the PITE
steps. The operation numbers for the individual components in the PITE step are shown in dark blue.

to ng and ng. On the other hand, the required number of
qubits for the storage is O(neilog Ngria), exhibiting polyno-
mial scaling, which is the fundamental advantage of quantum
simulation discussed by Feynman [43]. The extension of our
formalism described below to a case in which the simulation
cell is spanned by three arbitrary independent vectors will
be straightforward. In addition, the numbers of qubits for
encoding the wave functions can differ from each other for
the three directions.

The first-quantized Hamiltonian for electrons involves
typically interactions of the form Vit = > i Ving P, Fro),
where vj, is a pairwise interaction such as the Coulomb
interaction. The implementation of RTE thus requires the
interaction-phase gate U, that acts diagonally on the po-
sition eigenstate for a pair of electrons as Uiy (A?)|r) ®
[y = exp[—ivinc(r, ¥')At]|r) & |r'). If vy is given as a simple
or a piecewise defined p'th-order polynomial, the evolution
operator exp(—iViAf) can be implemented with the op-
eration number ¢y = O(ngl
Refs. [39,41].

The whole FQE procedure for the interacting electrons is
shown in Fig. 2(b). U, prepares the reference state as the
input to the first PITE step. We have to keep in mind that
the reference state has to be generated carefully so that it
is antisymmetric under arbitrary exchange of the electrons
[44]. Berry et al. [42] proposed an efficient technique for
antisymmetrization of a many-electron wave function. Such
a process is needed in general when we work with the first-
quantized formalism, in contrast to the second-quantized one.
The kinetic-evolution operators for each electron can be im-

ng/) by using the techniques in

plemented for the three directions independently, as shown in
the figure. The operation numbers for the individual compo-
nents in the PITE step are also shown. With possibly p’ > 2
in practice, the largest number ci,, of operations comes from
Uint [see Fig. 2(b)], which dominates the overall scaling of the
computational cost cpirg of the whole PITE step for increase
in the electron number.

The accuracy of quantum dynamics depends on the resolu-
tion of the wave function, or equivalently the step Ax between
neighboring grid points in each direction. Since the number of
electrons is roughly proportional to the volume of the simula-
tion cell in a typical calculation, we have, for a fixed grid step,
ng o< log(L/Ax) log(nil/ 3 /Ax). The required number of
qubits for the many-electron wave function is thus estimated
to be O(ng log(nél/ 3 /Ax)). The operation number in the whole
PITE step in this case is cprrg = O(n2) [log(nil/ 31A01).

If we adopted a second-quantized formalism such as VQE
instead of a first-quantized one, we would have to work with
the creation and annihilation operators of electrons for the
molecular orbitals, and hence the circuit in Fig. 2(b) could not
be used. We have to instead construct the circuit in Fig. 1(b)
naively for the second-quantized Hamiltonian. For ny,s local-
ized orbitals at each atom in a target molecule, O(nywsel)
qubits are required for representing the many-electron state.
Due to the numerous two-electron integrals in the Hamilto-
nian [45], cprrp in this case is at least O(((Mogpsiie)*). The
first-quantized formalism is thus more favorable than the
second-quantized one in order for a real quantum computer
to conform to the coherence time. Furthermore, the classical
computation of the two-electron integrals between molecular
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FIG. 3. (a) 2n-qubit gate Uvg for generating the maximally en-
tangled state from [0)®" @ |0)®". (b) (2n + 1)-qubit circuit Cgipps for
probabilistic preparation of the Gibbs state of an n-qubit system. This
circuit consists of Cprrg in Fig. 1(a) for the target system and Uy If
the measurement outcome is |0), the target system has collapsed to
the Gibbs state. The success probability gives the partition function.

orbitals is needed with cost O((ngsttel)’) before the quantum
computation starts. The FQE framework is free from such an

J

overhead, and it is hence a promising candidate for quantum
chemistry calculation of the ground states of large molecules.

C. PITE for finite-temperature states

The thermodynamic property of a system subject to a heat
bath is described by the partition function Z(8) for an inverse
temperature 8. The thermal equilibrium is attained so that the
Helmbholtz free energy F is minimized. It is related to the
partition function as e #F®) = Z(B). Various approaches for
treating finite-temperature states on a quantum computer have
been proposed [7,8,12,46-53]. We demonstrate here that our
PITE approach can also generate the Gibbs state and calculate
the partition function.

The partition function is defined as Z(f)=
Treys exp(—BH), where the trace is for the n-qubit target
system having the Hamiltonian . We want to prepare the
Gibbs state e #* /Z(B). To this end, we use the maximally
entangled 2n-qubit state generated by the Uyg gate defined in
Fig. 3(a). This gate entangles the input n pairs of initialized
qubits to make them the Bell pairs [17]. We construct the
circuit Cgiphs for probabilistic preparation of the Gibbs state,
as shown in Fig. 3(b). This circuit contains Uyg as a part
of it to generate the maximally entangled state between the
target system and the environment composed of the same
number of qubits. We set the imaginary-time step for Cpirg
to At = B/2. The composite system undergoes the unitary
operations as

environment system ancilla | -1
— TN
0)*" ®]0)*"® 0) > NGl D i ® (M), ® [0) + V1 = M2|j), @ [1)) = W), ®)
Jj=0

which is the state immediately before the measurement on the
ancilla. |j), (j — 0, ...,2" — 1) is the computational basis of
an n-qubit system. The reduced density operator [17] of the
(n + 1)-qubit system consisting of the target system and the
ancilla is obtained by tracing out the environmental qubits as

1% =Trenv|\y><“y|
1
= 5(/\/12 ® [0)(0] + M1 — M2 ®(0)(1]

+V1= MM @ [1)(0] + (1 = M) @ [1)(1]). (9)
The probability for obtaining |0) from the measurement is thus

Py = Tr(Pyp) = mé@ (10)
where P, is the projection operator onto the subspace spanned
by the ancillary |0) state. The (n 4 1)-qubit state for this
outcome will be Pyp Py /Py = e M /Z(8) ® |0)(0]. This state
is nothing but the direct product of the normalized Gibbs
state and the ancillary |0) state. Since the partition function is
defined as the summation of the Boltzmann factors over all the
possible states of n qubits, the presence of 2" terms in it gives
Z(B) = 0(2"), leading to Py = O(1) [see Eq. (10)]. This fact
ensures that, for example, increasing n for the quantum sim-
ulation of a given real molecule to achieve higher resolution

(

of the spatial discretization will converge to some nonzero Py
unique to the molecule in the limit of n — oo.

It is clear that the partition function can be obtained simply
from the ratio of the number of outcomes for the success state
to the number of measurements, which immediately gives the
free energy via the relation e #¥®) = Z(B). In this sense,
losing in this lottery is not a waste of time. If we did not
have the partition function, the free energy would have to be
calculated in another way, e.g., the thermodynamic relation
F =FE — S/B, where E is the internal energy and S is the
von Neumann entropy. The calculation of § itself within the
framework of PITE seems difficult, similarly to the case of
VITE [53].

It is noted here that there exist quantum algorithms for
obtaining the complex partition functions for analyses of
quantum critical phenomena [54-56].

III. APPLICATIONS

A. Two-level system

Let us consider a two-level system for which we as-
sign its ground state and excited state to single-qubit states
|0) and |1), respectively. The Hamiltonian of this system is
H = £4|0)(0] + &ex|1) (1], where &4 and eex are the energy
eigenvalue of the ground state and that of the excited state,
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{[ri1)@[0) +

,(fallure state)®|1)

FIG. 4. (a) Exact Cpirg and (b) approximate C}(,i%E PITE circuits
for the two-level system, as special cases of those in Fig. 1. The
input register in each of them consists of a single qubit. RV =
R.(—s1AeA7) is used in this figure. The input state |y) to Cprrg
for the kth step undergoes the gate operations to form the state shown
near the dashed line, immediately before the measurement. This state
is entangled with the ancilla and contains the success state |1ﬁk+ 1) for
the next step. This is similarly the case with W/,ﬁl)) input to CPITE

respectively. We express the input state for the kth PITE
step (k=0,1,...) as [yy) = cos ¢|0) + sin ¢ |1) by using
a real mixing angle ¢. The operator M acts in this case as
M) = mo(e*=27 cos ¢ |0) + e~*47 sin gy | 1)).

1. Exact circuit

We first examine the case where the exact circuit Cpirg in
Fig. 1(a) is used for the PITE steps. By using

moe AT 4 1 — m(z)e—ngAf

0, = arccos (11)
A 7
(A = gs, ex), the operator defined in Eq. (1) for the present
system is written as ® = 0y5|0) (0] + 0cx|1) (1]. The unitaries
generated by this Hermitian operator are thus

e:tik@ — eiikng(KAQ), (12)

where 8 = (fex + 6,5)/2 and A = Gex — O,5. They constitute
the circuit Cprrg, Which is specifically depicted in Fig. 4(a).
The normalized success state

|0) + e~ 2247 tan ¢ |1)

[Yit1) = (13)
ket \/1 + 672A8AT tan2 ¢k

is obtained with the probability

672ag5Ar + 672£€xAr Wi

pr=mj , (14)

1+ wyg

where Ae = gx — &g is the excitation energy and wy =
tan® ¢y is the relative weight of the excited state in the input
state. It is clear from Eq. (13) that the mixing angle and the
relative weight change as ¢ — ¢+ = arctan(o tan ¢ ) and
wy —> Wiy = a’wy, respectively, where a = e =297 is the
decay factor. We can then obtain w; = a*wy, indicating that
the relative weight decays exponentially as the PITE proce-

dure continues. The success probability in Eq. (14) is rewritten

as a closed form p; = m3(e 227 4 e 2687k yg) /(1 +

2kwo). Tt is easily proved that py, > p; for an arbitrary k
since « < 1. This means that the success probability at each
measurement increases monotonically as the PITE procedure
continues and it reaches the saturated value p,, = mle™ 247,
independent of the initial relative weight.

2. Approximate circuit

We next examine the case where the approximate circuit
C[(,I%E in Fig. 1(b) is used. The RTE operator for the present
system

Urre(At) = e " R.(—AeAt), (15)
where € = (gex + £45)/2, constitutes the circuit, as depicted

in Fig. 4(b). The success probability at the kth measurement
is calculated as

a_ + sin(26p — 264,51 AT) + sin(26p — 28exs1Ar)w(l)
P = )
kT2 2(1+wy)
(16)
where w( ) is the relative weight of excited state in this case.

The normahzed success state is

Ves COS @ |0) + Yex sin ¢y |1)

W) = ol .an
2p,
where  y, = cos(0y — €;51AT) 4 sin(6y — s,\slAr) A=

gs, ex). By introducing the decay factor o' = yex/)/gs for
the approximate circuit, we obtain w( ) = oy, for the
exponential decay of the relative welght similarly to the
case of the exact circuit. The number of steps necessary
for the relative weight to be § is thus estimated to be
Nsteps(8) ~ —(1 + tan By) In(8/wo)/ (251 Ac AT).

The success probabilities p; for the exact circuit and p(l)
for the approximate circuit at each step as functions of k for
ggs = 0 and mp = 0.8 are plotted in Fig. 5(a). Although those
probabilities at k = 0 are smaller for a larger At as expected,
the order is reversed beyond for k > 3, and they increase
monotonically toward the saturated value. Figure 5(b) is the
plot of the probability P, = ]_[i,:o pr that all the measure-
ments in the exact circuit by the end of the kth step are
successful. The probability Pk(l) for the approximate circuit
is also defined similarly. We can see that the differences
between the probabilities at each k in terms of the circuits
and At become smaller as the steps continue. Figure 5(c) is
the plot of the relative weights wy; and w,il). For both of the
circuits, the weights decay more rapidly for a larger Az, as
explained above. The approximate circuit exhibits a smaller
weight than the exact circuit does. Apart from this favorable
behavior, which might be accidental in the present case, the
asymptotic behavior found for this system can be qualitatively
true for generic systems. This is because any system whose
state is sufficiently close to the ground state can be treated
approximately as a two-level system if there is no degeneracy.
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Pk

ExAT=0.2
P

e Dy
pk(l)

}sexAr =04

FIG. 5. For g5 = 0, my = 0.8, and some values of Az, the suc-
cess probabilities for the exact Cprrg and approximate C;}%E circuits
at each step k are plotted in (a). The probability P, that all the
measurements in the exact circuit by the end of the kth step are
successful is plotted in (b). The similarly defined probability Pk“) for
the approximate circuit is also plotted. (c) is a plot of the relative
weights of excited states.

B. Wave functions for an asymmetric double-well potential

We consider here a quantum mechanical particle confined
to an asymmetric double-well potential in one-dimensional
space by using the approach described in Sec. II B.

The potential shape is drawn as the black curve in Fig. 6(a),
whose expression is provided in Appendix D. We encoded the
wave function of the particle of unit mass at the discretized
points by using six qubits. The energy eigenstates of this
system, also shown in the figure, are obtained by numerically
diagonalizing the Hamiltonian matrix of dimension 2° = 64.

Given the double-well structure, it is reasonable to adopt
an initial state for the PITE steps having two peaks at
the locations of minima. By using the normalized Gaus-
sian wave function |g(x., o)) centered at x. with width o,
we defined the initial state |¥\%) o |g(L/2 +d/2,d/3)) +

init

lg(L/2 —d/2,d/3))/2 with the length L of the simulation
cell and the distance d between the potential minima. We
simulated the PITE procedure using my = 0.9 and At = 0.1.
Some of the success states |i) during the steps are plotted
in Fig. 6(b), where the initial state converges correctly to the
ground state. The probability p; for obtaining the success
state at each step is plotted in Fig. 6(c), where it converges
to the saturated value close to m}. The weight of each energy
eigenstate in the input state at each step is plotted in the left
panel of Fig. 6(d). Since the weight of the ground state is
rather high already in the initial state, rapid convergence is
achieved.

To see the effects of the initial state on the success states
during the steps, we also defined the initial state |1/fi(rfi)l) =
lg(L/2+d/2,d/3)) having only a single peak at the lower
minimum and simulated the PITE procedure. The weight of
each energy eigenstate is plotted in the right panel of Fig. 6(d).
In contrast to the case of |1pi‘ndi2), the convergence is rather slow.
This result and that for a harmonic potential (see Appendix E)
tell us that the rapid convergence to the ground state in a PITE
calculation requires a good initial guess, which might also be
the case for VITE and QITE calculations. When a molecular
system is given and we try to decide upon an initial guess
for PITE steps, a typical way for finding a good guess is
to perform a cheap classical calculation such as that based
on the Hartree-Fock theory [45] or the density functional
theory [57,58]. The following two points should, however, be
kept in mind. First, such cheap calculations may not give a
good initial guess for a molecule where electronic correla-
tion is strong. Second, the state preparation for an adopted
initial guess via gate operations becomes more complicated in
general as the size of the molecule we treat becomes larger
and/or the spatial resolution for the guess becomes higher.
The second point will force us to find a compromise be-
tween the resolution and the operation number in the state
preparation.

IV. SUMMARY

In summary, we have proposed a generic approach of PITE
which constructs the circuit from the RTE gates as black
boxes within the first order of the imaginary-time step. We
discussed the overall PITE procedure of quantum chemistry
calculations and the scaling of computational cost to propose
the FQE framework. As demonstrated in simple examples,
the PITE approach suffers from an inherent drawback, i.e., its
probabilistic nature. If we overcome it to some extent with the
aid of the QAA techniques, we will be able to concentrate on
the development of efficient unitary algorithms for real-time
dynamics. Examinations of the quality of existing and new
QAA techniques adapted to PITE will thus be important in
the future in order for this nonvariational approach to be a
standard for practical quantum computation.
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FIG. 6. (a) Solid circles represent the exact ground state |¢g) and the three lowest excited states |¢ey,.) (4 = 1, 2, 3) at the discrete points
encoded by six qubits for the particle in the asymmetric double-well potential V (x), shown as the black curve. (b) Red and purple solid circles

(d)

init

represent |¢y,) and [,

), respectively. The other solid circles represent the success state |y) (k =0, 1, ... ) obtained immediately after the

measurement at the PITE step k. (c) Probability for obtaining the success state at each PITE step. (d) The left panel shows the weight of each

energy eigenstate in the input state at each step for the double-peak initial state |

(S))

initial state |y,
computation in this paper was done using supercomputer
Fugaku provided by the RIKEN Center for Computational
Science—Supercomputer Center at the Institute for Solid State
Physics at the University of Tokyo.

APPENDIX A: CHANGE IN AN INPUT STATE
UNDERGOING EXACT PITE CIRCUIT

We describe here the change in an input many-qubit state
|Yr) via the gate operations in the exact PITE circuit Cprrg in
Fig. 1(a).

Before examining the circuit, we provide an additional
explanation of the definition of ®. Since the inverse trigono-
metric function arccos for an operator is defined via a Taylor
series as usual and its value is within the range (0, 7), ®
defined in Eq. (1) falls into this range. We have then sin ® =
(M — 1T —= M?2)/4/2|, where M is understood as each of
its eigenvalues, and the issue is the sign of the right-hand
side. Considering the case of At =0, the sign of M —
~/1 — M2 changes across my = 1/ /2. We therefore defined
k as in the main text and found the expression sin ® =
k(M — /T — M?)/+/2 to give the correct (positive) sin ©. In
addition, by appropriately redefining m, we can set the origin
of energy in the ITE operator sufficiently close to the lowest-

(CY]

init

), while the right panel shows that for the single-peak

energy eigenvalue, so that the Taylor expansion in HAT is

justified and +/1 — M2 is real.
The composite state of the input register and the initialized
ancilla changes via the gate operations as

1—i

L
W) ®10) £ 1) © (T'(’) + %m)

o0 o—ik®

) e 1—i e
—— "Oly) ® — 10 +e “Oly)

1+
1
51D

'm (1_i)eil(®+(1+i)efik®
2V2
N (1 +l')€ik® +(1 _i)efi/((%
2V2
cos ® + k sin®
=" TP T ® 10
7 1¥) ®10)

cos® — k sin ®

/2

by

[¥) ®10)

V) @ [1)

1) @), (AD)

where the right-hand side of the equality gives the resultant
state in Eq. (3).
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u

FIG. 7. (n + 2)-qubit circuit C for the real-time dynamics generated by a non-Hermitian operator £. The yellow boxes represent the gates

involving L.

APPENDIX B: PROBABILISTIC EVOLUTION
FOR A NON-HERMITIAN GENERATOR

We describe here the algorithm for probabilistic evolution
of a quantum state |y (¢)) whose dynamics is governed by
a differential equation of the form d|y¥(¢))/dt = L|y(¢)).
The formal solution for a time step At is |Y(t + At)) =
e“A Y (r)). If the generator £ of the evolution is anti-
Hermitian, the dynamics is unitary and thus easy to implement
without any measurement. If the generator is Hermitian, the
CprTE circuit or its approximate version described above is ap-
plicable with an ancillary qubit. Therefore we assume it to be
non-Hermitian, for which we demonstrate that its probabilistic
evolution can be implemented by using two ancillary qubits.

Since £+ L' is Hermitian, we can define a nonunitary
Hermitian operator

M = moe(£+ﬁ)At’ (B1)

where my is a constant similar to the case for PITE. In addi-
tion, by using the fact that £ — L7 is anti-Hermitian, we define
a non-Hermitian unitary operator

U = LEDA (B2)

We define the operator ® and the constants « and 6, similarly
to the case of PITE. With them, we introduce two ancillary
qubits to construct the circuit C for the (n + 2)-qubit system,
as shown in Fig. 7. The composite system undergoes the
unitary operations as

[¥) ® |0) ® [0) —> 5(M + mold)|¥) ® |0) ® |0)
+ (other states), (B3)

which is the state immediately before the measurement on the
ancillae. The n-qubit state coupled to the ancillary state |0) ®
|0) in Eq. (B3) is

LM+ mlh)|y) = mo(1 + LAD|Y) + O(Ar?),  (B4)

which coincides with the correct evolved state ¢“!|v) within
the first order of At. If the measurement outcome is |0) & |0},
the success state ¢“2/|yy) with a normalization constant will
be obtained. It is easily understood that the success state via
the steps will eventually fall onto the subspace corresponding
to the Jordan block having the lowest real part of the eigen-
value among the blocks.

It is noted here that there exists a quantum algorithm pro-
posed by Xin et al. [59] for solving an inhomogeneous linear
equation. They expand the formal solution in time up to a

finite order, for which the expansion coefficients are obtained
probabilistically by introducing ancillary bits.

APPENDIX C: KINETIC PROPAGATOR
FOR ONE-DIMENSIONAL DYNAMICS

From Egs. (6) and (7), the action of the kinetic-evolution
operator on the position eigenstate |k), (k=0,...,N —1)is
explicitly calculated as

=

-1

e T8k, = ) e A PO (pDlk),

M

5

= — Z exp (—zsz( Py >

L

® Re
XIm|?
-0.4F R
—06 | | 1 1 1
-30 20 -10 10 20 3
£
0.6 w
A=0.04
04+ B

-0.4+

30 20 -10 0 20 3
¢

FIG. 8. Kinetic propagator J(£; 1) forn =5 (N = 32). The up-
per and lower panels are for A = 0.01 and 0.04, respectively.
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N-1 R
) Z e—i?‘[(k/—k) exp 27Tls(k — k) |k/>n
k=0 N
N—1 2
A
— ZJ(k’ ) At>|k’)n, (1)
2m
k=0
where we have defined the kinetic propagator
N-1 ;
1 _, 2mil
I = e gexp (_m«z + = s) (€2)

for {=—-N+1,—N+2,...,N — 1. This satisfies clearly
the symmetry J(£;A) = J(—¥; 1) and the probability conser-
vation ZQ:OI J(€; 1) = 1. The propagator for five qubits is
plotted in Fig. 8 as an example. We can understand easily
that the periodic boundary condition for kinetic evolution
has entered our formulation naturally and that the evolution
operator affects the amplitude of the wave function mainly
around the point at which the particle is located.

The matrix element of the kinetic-energy operator is simi-
larly calculated as

L ek ) 27i(k — k')s
k|l T|k')y = ——— ) Esexp — N (C3)

s=0

(a)

Wave function

Potential

which is used in the numerical diagonalization of Hamiltoni-
ans in Sec. III B and Appendix E.

APPENDIX D: SHAPE OF DOUBLE-WELL POTENTIAL

We defined the potential for length L = 18 of the simula-
tion cell as

(x—%—i—%)z/Z—f-A, xSl
e AT e e
o (T+cos[F(x—5)]), 5F<x=5°
(x-5-972, x> B
(D1)

where d = 3 is the distance between the minima and A =
0.25 is the height of the higher minimum measured from
the lower minimum. Vj = 0.5 is the strength of the barrier
between the minima.

APPENDIX E: WAVE FUNCTIONS
FOR A PARABOLIC POTENTIAL

We consider here a quantum mechanical particle confined
to a parabolic potential in one-dimensional space by using the
approach described in Sec. I B.

(b)

0.8~ [Winit)

—o— 1))

—o—1h3)
[1h10)

—o—[4y)

0.4

Wave function

FIG. 9. (a) Solid circles represent the exact ground state |¢,;) and the three lowest excited states |¢ey,) (4 = 1, 2, 3) at the discrete points
encoded by six qubits for the particle in the harmonic potential V (x), shown as the black curve. (b) Red and purple solid circles represent |¢y)
and |, ), respectively. The other circles represent the success state |;) (k =0, 1, ...) obtained immediately after the measurement at the
PITE step k. (c) Probability of obtaining the success state at each PITE step. (d) The left panel shows the weight of each energy eigenstate
in the input state at each step for the asymmetric initial state |y, ), while the right panel shows that for the odd initial state |y

At =0.1.
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We defined the potential for length L = 10 of the sim-
ulation cell as V(x) = mw*(x — L/2)*/2 with 0 = 1. We
encoded the wave function of the particle of unit mass at the
discretized points by using six qubits. The energy eigenstates
of this system are obtained by numerically diagonalizing
the Hamiltonian matrix of dimension 2° = 64, as shown in
Fig. 9(a).

We simulated the PITE procedure for this system by adopt-
ing the circuit CSTT]? in Fig. 2(a). We set my = 0.85 and
the imaginary-time step At = 0.15 for the operator M with
the Hamiltonian shifted according to the ground-state energy.
We prepared the superposition of the ground state and the
three lowest excited states as the initial state [Viyi) = (|¢gs) +
|ex1) + |Pex2) + |Pex3))/2 for the PITE steps. Some of the
success states |Y) during the steps are plotted in Fig. 9(b),
where the initial double-peak shape of the wave function
has disappeared at the step k = 3 and the wave function at

k = 10 already has a large overlap with the ground state. The
probability p; for obtaining the success state at each step is
plotted in Fig. 9(c), where it converges to the saturated value
close to m(z). The weight of each energy eigenstate in the input
state at each step is plotted in the left panel of Fig. 9(d), where
the weight of the ground state increases monotonically while
those of the second and third excited states decay rapidly.

We also prepared the superposition of the excited states

with odd parity as the initial state anoifd)) = (|¢pex1) +

|Dex3) + |Pexs))/ /3 and simulated the PITE procedure with
At = 0.1. The weight of each energy eigenstate during the
steps is plotted in the right panel of Fig. 9(d), where only the
first excited state survives the steps and the other two states
decay to zero. This result indicates that the odd parity in the
initial state was preserved correctly during the steps and the
lowest-energy state |¢ex;) within the odd-parity subspace was
obtained since the initial state had an overlap with it.
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