
PHYSICAL REVIEW RESEARCH 4, 033056 (2022)

Core structure of static ferrodark solitons in a spin-1 Bose-Einstein condensate
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We develop an analytical description of static ferrodark solitons, the Z2 topological defects in the magnetic
order, in the easy-plane phase of ferromagnetic spin-1 Bose-Einstein condensates. We find that the type-I
ferrodark soliton has a single width while the type-II ferrodark soliton exhibits two characteristic length scales.
The proposed Ansätze show excellent agreement with numerical results. Spin-singlet amplitudes, nematic tensor
densities, and nematic currents of ferrodark solitons are also discussed. The Z2 topological defects in the
mass superfluid order, dark-dark-dark vector solitons, are obtained exactly in the parameter regime where exact
ferrodark solitons exist. The dark-dark-dark vector soliton has higher excitation energy than ferrodark solitons.
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I. INTRODUCTION

A spin-1 Bose-Einstein condensate (BEC) is a coherent
state constituted by atoms occupying hyperfine spin levels
|F = 1, m = +1, 0,−1〉 that interact via spin-mixing colli-
sions, exhibiting superfluidity and magnetic orders [1–6].
This spinor superfluid supports topological excitations that
are absent in scalar and two-component BECs, adding novel
features to phenomena such as the Berezinskii-Kosterlitz-
Thouless transitions [7,8] and out-of-equilibrium processes in
superfluids, including Kibble-Zurek mechanism [9,10], phase
ordering [11–17], and thermalization processes [18,19]. It
also provides additional to magnetic thin films, a prominent
platform for exploring quantum magnetism.

In the presence of a magnetic field along the z axis, the
ground state of a ferromagnetic spin-1 BEC can be in the
easy-axis or broken-axisymmetry ferromagnetic phases, or
the nonmagnetized polar phase, each separated by a quan-
tum phase transition [5,6]. The easy-plane phase, being the
broken-axisymmetry phase with the magnetization lying in
the xy plane, is particularly interesting as it describes XY
magnetism and supports various unique topological excita-
tions [20–23]. A substantial amount of work has been devoted
to studying quenches from the polar phase to the easy-plane
phase by a change in the magnetic field [4,10,11,13,24–27].
Here polar core vortices are the relevant topological defects
in two dimensions (2D) and determine the Kibble-Zurek scal-
ing and the universal dynamic scaling in phase ordering at
late times [13]. Domain wall structures also appear in the
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early stage of quenches due to the linear instability, but these
domain walls are transient and continually decay to polar core
vortices [24]. In one dimension (1D), domain walls/solitons
are relevant defects and contribute the Kibble-Zurek scalings
[9,10] and may play an important role in determining the
universal scaling behaviors at later times of the quench [26,27]
(i.e., the so-called nonthermal fixed point). However, little is
known on the properties of the relevant domain walls/solitons
in ferromagnetic spin-1 condensates.

An important question is what topological excitations are
supported in the easy-plane phase of ferromagnetic spin-1
BECs? Here the term “topological” refers to the winding
number (2D) or the topological charge (1D) of the order
parameter being nonzero. In a scalar BEC, vortices (2D) and
dark solitons (1D) are the relevant topological excitations.
In ferromagnetic spin-1 BECs, the magnetization serves as
the local order parameter and quantifies the magnetic order
associated with the SO(3) rotational symmetry breaking. In
the easy-plane phase, the spin vortices [defects associated
with the continuous SO(2) symmetry] are polar core vor-
tices and Mermin-Ho vortices [5,6,28,29], while kinks in the
transverse magnetization (defects associated with the discrete
Z2 symmetry) have been uncovered only recently thanks to
the discovery of ferrodark solitons (FDSs) (also referred to
as magnetic domain walls) [22,23]. The FDSs are magnetic
kinks that connect transverse magnetic domains with opposite
magnetizations, signified by the magnetization F vanishing at
the core and changing its sign across the core. The superfluid
density n has a dip but does vanish at the core. The FDSs
have two types and exhibit several distinct features, including
positive inertial mass, stability against snake deformations,
and oscillations in a linear potential due to the transition
between the two types at the maximum speed [22,23]. The
static profiles of FDSs have been studied in detail when q → 0
[22], where q is the quadratic Zeeman energy of the atom in
the magnetic field. However, at finite q, except for exactly
solvable cases [22,23], the core structure of FDSs remain
unexplored.
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In this paper we study the core structure of static FDSs for
finite quadratic Zeeman energies (q > 0) in the whole easy-
plane phase. Accurate Ansätze are proposed and show good
agreement with numerical results. In particular, we obtain the
characteristic length scales analytically via consistent asymp-
totic analysis, finding that type-I FDS has a single length scale
while type-II FDS requires two length scales to describe the
width near the core and the width away from the core, respec-
tively. Spin-singlet amplitudes, nematic tensor densities, and
nematic currents of FDSs exhibit rich structure and provide
a complete description of static FDSs. The dark-dark-dark
vector solitons, which are the Z2 topological defects in the
mass superfluid order, are also discussed.

II. SPIN-1 BECs

The mean-field Hamiltonian density of a spin-1 condensate
reads

H = h̄2|∇ψ |2
2M

+ gn

2
|ψ†ψ |2 + gs

2
|ψ†Sψ |2 + qψ†S2

z ψ, (1)

where the three-component wave function ψ =
(ψ+1, ψ0, ψ−1)T describes the coherent atomic field in the
three atomic hyperfine states |F = 1, m = +1, 0,−1〉, M is
the atomic mass, gn > 0 is the density-dependent interaction
strength, gs is the spin-dependent interaction strength, and
S j=x,y,z are the spin-1 matrices [S = (Sx, Sy, Sz )] [5,6].
The spin-dependent interaction terms describe spin-mixing
collisions: |00〉 ↔ |+1〉 |−1〉, originating from the spin
dependence of the s-wave collisions [5]. The magnetic field is
along the z axis and q denotes the quadratic Zeeman energy.

At the mean-field level, the dynamics of the field ψ is
governed by the spin-1 Gross-Pitaevskii equations (GPEs)
which are obtained via the canonical equation ∂ψm/∂t =
δH/δ(ih̄ψ∗

m):

ih̄
∂ψ±1

∂t
= [H0 + gs(n0 + n±1 − n∓1) + q]ψ±1 + gsψ

2
0 ψ∗

∓1,

(2)

ih̄
∂ψ0

∂t
= [H0 + gs(n+1 + n−1)]ψ0 + 2gsψ

∗
0 ψ+1ψ−1, (3)

where H0 = −h̄2∇2/2M + gnn, n = ∑
nm is the total number

density and nm = |ψm|2 is the component density.
A distinguishing feature of spin-1 BECs is that the sys-

tem supports magnetic orders, with the magnetization F ≡
ψ†Sψ = (Fx, Fy, Fz ) serving as the local order parameter.
Here

Fx = ψ†Sxψ = 1√
2

[ψ∗
0 (ψ+1 + ψ−1) + H.c.], (4)

Fy = ψ†Syψ = i√
2

[ψ∗
0 (ψ+1 − ψ−1) − H.c.], (5)

Fz = ψ†Szψ = |ψ+1|2 − |ψ−1|2. (6)

It is convenient to introduce the transverse magnetization as
the complex density

F⊥ ≡ Fx + iFy =
√

2(ψ0ψ
∗
+1 + ψ∗

0 ψ−1). (7)

For ferromagnetic coupling gs < 0 (87Rb,7Li), |F| > 0 and for
antiferromagnetic coupling gs > 0 (23Na), F = 0. At q = 0,
the system processes SO(3) rotational symmetry and the total
magnetization M = ∫

dr F is conserved. In the presence of
a magnetic field (q �= 0), the remaining symmetry is SO(2)
rotational symmetry, and yields to the conservation of the total
magnetization along the z axis Mz = ∫

drFz. In contrast to
binary BECs, a spin-1 BEC is not an incoherent mixture of
condensates, i.e., the system does not process U(1) × U(1) ×
U(1) symmetry [5].

III. EASY-PLANE PHASE

For a uniform ferromagnetic system (gs < 0) with total
density nb, the energy density is

H = 1

2
gnn2

b + gs

2
|F|2 + q(nb − n0). (8)

The uniform ground state is found by minimizing the free
energy density F ≡ H − pFz [3,30], where p is the Lagrange
multiplier. In the following we only consider Fz = 0. Hence
for q > 0 the magnetization prefers to lie in the transverse
plane, realizing an easy-plane ferromagnetic phase [5,6].
Plugging the wave function

ψ = (√
n+1eiθ+1 ,

√
n0eiθ0 ,

√
n−1eiθ−1

)T
(9)

into the energy function Eq. (8), we obtain

E = 2gsn0(nb − n0) cos2

[
θ0 − θ+1 + θ−1

2

]
+ gn

2
n2

b

+ q(nb − n0). (10)

The energy E reaches the minimum when

2θ0 = θ+1 + θ−1, (11)

n0 = ng
0 = nb(1 + q̃)

2
, (12)

n±1 = ng
±1 = nb(1 − q̃)

4
, (13)

where q̃ ≡ −q/(2gsnb). The ground-state magnetization reads

F g
⊥(τ ) = nb

√
1 − q̃2eiτ , (14)

where τ = θ0 − θ+1 = θ−1 − θ0 describes the orientation of
the transverse magnetization [the SO(2) rotational angle about
the z axis (e−iτSz )], quantifying the magnetic order. The
ground wave function can be written as

ψg(θ, τ ) = √
nbeiθ e−iτSz

⎛⎝√ng
+1

nb
,

√
ng

0

nb
,

√
ng

−1

nb

⎞⎠T

, (15)

where θ describes the global U(1) phase and quantifies the
mass superfluid order. Note that the choice of the global
phase θ is not unique and depends on the realization of
the spin rotation in spin states. For instance, for the state
eiθ0 (

√
ng

+1e−iτ ,
√

ng
0 ,

√
ng

−1eiτ )T , θ0 can be regarded as the
global phase. Rearranging the phases in spin states, it becomes
eiθ+1 (

√
ng

+1 ,
√

ng
0eiτ ,

√
ng

−1e2τ i )T and then θ = θ+1.
The positiveness of component densities n±1 requires q <

−2gsnb which sets the parameter range of the easy-plane
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phase. Note that for q < 0, under the constraint Mz = 0, a
fragmented state of mixed Fz = nb and Fz = −nb domains has
lower energy than any uniform state [5,6].

IV. Z2 TOPOLOGICAL DEFECTS

In this section, we discuss Z2 topological defects in the
easy-plane phase of a ferromagnetic BEC. Hereafter we con-
sider 1D systems. It is useful to introduce the topological
charge to characterize Z2 defects in the magnetic order

QF⊥ = 1

2|F g
⊥|
∫ ∞

−∞
dx ∂xF⊥(x) (16)

and the topological charge to characterize Z2 defects in the
mass superfluid order

Qψ =
∏

m=−1,0,1

Qψm , (17)

where

Qψm = 1

2
∣∣ψg

m

∣∣
∫ ∞

−∞
dx ∂xψm(x). (18)

The topological charges can be also expressed in terms of
relevant phases:

QF⊥ = 1

π

∫ ∞

−∞
dx ∂xτ (x) (19)

and

Qψ = 1

π

∫ ∞

−∞
dx ∂xθ (x). (20)

It should be understood that here the results are modulo 2. The
SO(2) spin rotation e−iπSz and the U(1) gauge transformation
e−iπ play the role of charge conjugation operators and change
signs of QF⊥ and Qψ , respectively. Note that the spin rotation
e−iπSz does not change the sign of Qψ and the gauge transfor-
mation e−iπ keeps the sign of QF⊥ unchanged.

A. Z2 defects in the magnetic order: Ferrodark solitons

Let us consider two oppositely magnetized domains with
τ = 0 and τ = π , respectively, and search for a magnetic kink
F⊥(x) that interpolates the two domains, namely,

F⊥(−∞) = F g
⊥(π ) and F⊥(+∞) = F g

⊥(0) = −F⊥(−∞).

(21)

It was found that an Ising-type magnetic kink satisfies the
condition Eq. (21), signified by F⊥ vanishing at the core and
changing its sign across the core. This kink was referred to as
FDS [23]. Exact FDS solutions of Eqs. (2) and (3) were found
at gs = −gn/2 [22,23]:

F I,II
⊥ (x) = |F g

⊥| tanh

(
x

2�I,II
ex

)
, (22)

nI,II(x) = nb

[
1 − (1 ∓ q̃)

2
sech2

(
x

2�I,II
ex

)]
, (23)

where �I,II
ex = h̄/

√
2gnnbM(1 ∓ q̃), and the minus and plus

signs in front of q are referred to as type-I and type-II FDSs,

respectively. Note that �II
ex � �I

ex with the equality holding at
q = 0. The corresponding wave functions read

ψ I
±1(x) =

√
ng

±1 tanh

(
x

2�I
ex

)
, ψ I

0(x) =
√

ng
0 (24)

and

ψ II
±1(x) =

√
ng

±1, ψ II
0 (x) =

√
ng

0 tanh

(
x

2�II
ex

)
. (25)

At the core (x = 0), the magnetization vanishes [F I,II
⊥ (0) =

0] while the superfluid density n is finite [nI,II(0) �= 0]. FDSs
are topological defects in the magnetic order but not in the
superfluid order, namely, QF⊥ = ±1 [QF⊥ = −1 for anti-FDSs
e−iπSzψ I,II(x)] while Qψ = 0.

The wave functions of FDSs Eqs. (24) and (25) can be
written as follows:

ψ I(x) = [∣∣ψ I
+1

∣∣e−iτ (x),
∣∣ψ I

0

∣∣, ∣∣ψ I
−1

∣∣eiτ (x)
]T

, (26)

ψ II(x) = [∣∣ψ II
+1

∣∣, ∣∣ψ II
0

∣∣eiτ (x),
∣∣ψ II

−1

∣∣ei2τ (x)
]T

, (27)

where τ (x) is a step function: τ (x < 0) = −π and τ (x �
0) = 0. Hence type-I and type-II FDSs might be viewed as
1D analogies of polar core vortices and Mermin-Ho vortices,
respectively.

We consider stationary excitations which satisfy ψ+1 =
ψ−1 [upon a SO(2) spin rotation] and the stationary GPEs
become

0 =
[
− h̄2

2M

d2

dx2
− μ + 2gnn±1 + (gn + 2gs)n0 + q

]
ψ±1,

(28)

0 =
[
− h̄2

2M

d2

dx2
− μ + gnn0 + 2(gn + 2gs)n±1

]
ψ0 , (29)

where the chemical potential μ = (gn + gs)nb + q/2 and the
wave functions ψm are chosen to be real. Clearly U(1) gauge
transformations and SO(2) spin rotations keep Eqs. (28) and
(29) unchanged. At gs = −gn/2, Eqs. (28) and (29) become
decoupled and admit exact type-I [Eq. (24)] and type-II
[Eq. (25)] solutions. It is worth mentioning that the exactly
solvable point is within the scope of a 7Li spin-1 BEC which
has been prepared in a regime with a strong spin-dependent
interaction [31].

B. Z2 defects in the mass superfluid order:
Dark-dark-dark vector solitons

There is another soliton solution ψ (x) to the Eqs. (28) and
(29) that satisfies

ψ (−∞) = ψg(π, τ ) and ψ (+∞) = ψg(0, τ ) = −ψ (−∞),

(30)
and at gs = −gn/2:

ψd
±1(x)=

√
ng

±1 tanh

(
x

2�I
ex

)
, ψd

0 (x) =
√

ng
0 tanh

(
x

2�II
ex

)
.

(31)
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FIG. 1. The transverse magnetization (a) and the density (b) of
FDSs and the DDD at gs = −0.3gn and q̃ = 0.2. Here ξn =
h̄/

√
nbgnM.

Here we have chosen that τ = 0. The corresponding trans-
verse magnetization and the total density read

F d
⊥ (x) = |F g

⊥| tanh

(
x

2�II
ex

)
tanh

(
x

2�I
ex

)
, (32)

nd (x) = nb

[
1 − 1 − q̃

2
sech

(
x

2�I
ex

)2

− 1 + q̃

2
sech

(
x

2�II
ex

)2]
. (33)

In the literature this soliton has been referred to as the
dark-dark-dark (DDD) vector soliton [32]. The DDD vector
soliton is the Z2 topological defect in the mass superfluid
order, characterized by changing sign of ψd (x) across the
core [accompanied by nd (0) = 0] and Qψ = 1 [Qψ = −1 for
the anti-DDD e−iπψd (x)]. The DDD vector soliton is not a
topological defect in the magnetic order as the transverse mag-
netization F d

⊥ does not change sign across the core [although
F d

⊥ (0) = 0] and QF⊥ = 0. Note that the spin rotation e−iπSz

does not change the sign of Qψ , i.e., Qψ = 1 for e−iπSzψd (x)
and Qψ = −1 for e−iπSz e−iπψd (x). Typical profiles of FDSs
and the DDD vector soliton are shown in Fig. 1.

The energy of a DDD vector soliton is higher than a FDS
in the parameter region where the DDD vector soliton is
supported [33] (see Fig. 2). Here the numerical solutions are
obtained using a gradient flow method [34,35]. We quantify
the soliton energy as the excess grand canonical energy over
that of the ground state, i.e., as δK ≡ K[ψ] − Kg, where

K[ψ] =
∫

dx(H[ψ] − μnb) (34)

and

Kg =
∫

dx(H[ψg] − μnb) = n2
b[gs(q̃2 − 1) − gn]

2
L. (35)

Here L is the system size. In the following, we focus on
analyzing the core structure of FDSs away from the exactly
solvable regime.

FIG. 2. Numerical results for the energies of type-II FDSs (red
triangles) and DDD solitons (black squares) at q̃ = 0.2. Here only
the type-II FDS energy curve is presented as the type-I FDS always
has lower energy (see Sec. V C).

V. CORE STRUCTURE FOR A FINITE QUADRATIC
ZEEMAN SHIFT

The fundamental properties of FDSs do not qualitatively
change away from the exactly solvable regime (gs/gn =
−1/2, 0 < q < −2gsnb). However, the characteristic length
scales do vary as gs changes and have been characterized in
the q → 0 limit in Ref. [22]. This limit allows us to connect,
through SO(3) spin rotations, various different degenerate
forms of the FDS. At q = 0, the core structure was conve-
niently analyzed using a particular rotated state referred to as
the sine-Gordon representation. For q > 0, the SO(3) symme-
try is broken by the magnetic field and the sine-Gordon-like
solitons are no longer stationary solutions [22]. A different
scheme is therefore required to obtain the widths of FDSs.

A. Type-I FDSs

Away from the exactly solvable regime, we propose the
following Ansatz for type-I FDSs:

ψ I
±1(x) =

√
ng

±1 tanh
( x

2�I

)
, (36)

ψ I
0(x) = cI

gI + cosh
(

x
�I

) +
√

ng
0, (37)

where �I is a length scale describing the core size and gI is
introduced to adjust the core structure. For x  �I, ψ±1(x) ∼√

ng
±1 (1 − 2e−x/�I

) and ψ I
0(x) ∼ 2cIe−x/�I +

√
ng

0 . This Ansatz
solves Eqs. (28) and (29) asymptotically (x  �I) if �I is a
physically acceptable (real and positive) root of the polyno-
mial equation

4M2(gn + gs)
(
4g2

snb − q2
)
y4 + 4gngsMnbh̄2y2 − gsh̄

4 = 0

(38)

and

cI = −
(gn + 2gs)(2gsnb + q)

√
2nb − q

gs

4
√

gs
[
gsn2

b(gn + 2gs)2 − q2(gn + gs)
]+ 2gnq

. (39)
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FIG. 3. Key parameters in the Ansatz of type-I FDSs given in
Eqs. (36) and (37) as functions of gs for q̃ = 0.1 and q̃ = 0.6.

Two positive roots of Eq. (38) are

y± =
√√√√ gsh̄

2

2M
(
gngsnb ±

√
gs
[
gsn2

b(gn + 2gs)2 − q2(gn + gs)
]) .

(40)

It is easy to check that y+|gs=−gn/2 = �I
ex [where �I

ex was intro-
duced after Eq. (23)], hence we identify

�I = y+. (41)

As gs → −gn/2, cI → 0. Moreover cI changes the sign when
gs crosses the exactly solvable point −gn/2 [Fig. 3(b)], induc-
ing a hump or dip in ψ0 [Figs. 4(d) and 4(d′)].

Near the core x ∼ 0, solving Eqs. (28) and (29) to leading
order, we obtain

gn

(
cI

gI+1
+d

)3

− μ

(
cI

gI+1
+d

)
+ 2cI h̄2

4(gI+1)2(�I )2M
= 0,

(42)

which determines the value of gI. Neglecting the last term of
Eq. (42), we obtain

gI = cI

√
μ/gn −

√
ng

0

− 1. (43)

Evaluating the last term in Eq. (42) using the result in Eq. (43)
verifies that it is small, justifying the approximation used here.

The results in Fig. 4 compare the Ansatz in Eqs. (36) and
(37) against numerical solution of the GPEs. This comparison
shows that the Ansatz we have developed provides a very good
description of the core structure of the soliton over a wide
range of parameters.

B. Type-II FDSs

At the exactly solvable point Eqs. (28) and (29) admit
another exact solution—the type-II soliton given in Eq. (25).
Away from the exactly solvable point, the core structure of
type-II FDSs exhibits additional complexity which requires

FIG. 4. A comparison between analytical predictions of type-I
FDSs (solid lines) and numerical results (markers) at q̃ = 0.1 and
q̃ = 0.6. (a), (b), (c), and (d) are for gs/gn = −0.1; (a′), (b′), (c′), and
(d′) are for gs/gn = −0.7.

two length scales to describe the core widths near and away
from the center. We hence propose the following Ansatz:

ψ II
0 (x) =

√
ng

0 tanh

(
x

2�II
a

)(
cII/κ

cosh
(

x
�II

b

) + 1

)
, (44)

ψ II
±1(x) = cII

cosh
(

x
�II

b

) +
√

ng
±1, (45)

where we assume �II
b > �II

a . For x  �I
b, ψ II

0 (x) ∼
√

ng
0 [1 +

2(cII/κ )e−x/�II
b ] and ψ II

±1(x) ∼
√

ng
±1 + 2cIIe−x/�II

b . Solving
Eqs. (28) and (29) asymptotically, we obtain that �II

b has to
be a root of Eq. (38) and

κ =
gnq − 2gs

√
n2

b(gn + 2gs)2 − q2(gn+gs )
gs

2gs(gn + 2gs)
√

2q
gs

+ 4nb

. (46)

If the core was characterized by a single length scale, the value
of �II

b could be easily set to be y+, as it gives rise to the right
value at the exactly solvable point, namely, y+|gs=−gn/2 = �II

ex.
However, when the other length scale �II

a is introduced, a
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FIG. 5. Key parameters in the Ansatz of type-II FDSs [Eqs. (44)
and (45)] as functions of gs for q̃ = 0.1 (solid lines) and q̃ = 0.6
(dash-dotted lines).

different scenario becomes possible to connect to the ex-
actly solvable point, i.e., cII → 0 and �II

a → �II
ex as gs →

−gn/2. The appropriate choice for �II
b to provide a consistent

solution is

�II
b = y− = �I. (47)

Near the core x ∼ 0, solving Eqs. (28) and (29) to leading
order, we obtain

�II
a =

√
h̄2

2M(2μ −D)
(48)

with

D = 4(gn + 2gs)(cII + √
n±1)2 + 3cII h̄2

(�I )2M(cII + κ )
, (49)

where cII is determined by the real solution of

2gn(cII + √
n±1)3 + cII h̄2

2M(�I )2
+ (q − μ)(cII + √

n±1) = 0.

(50)

It is easy to check that as gs → −gn/2, cII → 0, D→ 0, and
�II

a → �II
ex. Consistently, the two scales we obtained indeed

satisfy the working assumption �II
b > �II

a [Fig. 5(a)]. The sign
change of cII across gs = −gn/2 (Fig. 5), yields a hump or
a dip in ψ±1 (Fig. 6). Note that the other working assump-
tion (i.e., �II

b < �II
a ) does not lead to a consistent solution.

A comparison of the two-scale Ansatz Eqs. (44) and (45)
to numerical solutions of the GPEs is presented in Fig. 6.
These results validate that this Ansatz effectively captures
the core structure of type-II FDSs over a wide parameter
regime. It is worthwhile to mention that at q �= 0 stationary
type-I and type-II FDSs are orthogonal, namely, the overlap∫

dx(ψ I )†ψ II = 0. For propagating FDSs, the overlap be-
tween the two types does not vanish and reaches the maximum
value at the speed limit [23].

FIG. 6. A comparison between analytical predictions of type-II
FDSs (solid lines) and numerical results (markers) at q̃ = 0.1 and
q̃ = 0.6. (a), (b), (c), and (d) are for gs/gn = −0.1; (a′), (b′), (c′), and
(d′) are for gs/gn = −0.7.

C. Excitation energies

At q = 0, type-I and type-II FDSs are degenerate and
are connected by a SO(3) spin rotation [22]. At finite q the
magnetic field breaks the SO(3) rotational symmetry and
the degeneracy is lifted. We can characterize the degeneracy
breaking using the soliton energy [see Eq. (34)] δK I,II =
K I,II − Kg, where K I,II = K[ψ I,II]. We find that δK I � δK II

and the equality is reached only when q = 0 (see Fig. 7).

D. Spin-singlet amplitudes

So far we have been focused on analyzing the structure
of the order parameter F and the mass superfluid density n
which are the most relevant quantities to characterize FDSs.
However, a complete description requires additional informa-
tion. In general, the set {n, F, α, δF 2

z } provides a complete
description of a spin-1 BEC, where

α ≡ ψ2
0 − 2ψ+1ψ−1 (51)

is the spin-singlet amplitude and δF 2
z ≡ ψ†S2

z ψ = n+1 + n−1

couples to the quadratic Zeeman energy q [see Eq. (1)]. The
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FIG. 7. Numerical results of grand canonical energies for type-I
and type-II FDSs at q̃ = 0, q̃ = 0.1, and q̃ = 0.6 (markers). Solid
lines are guides to the eye. The soliton energy exhibits a nonmono-
tonic behavior as a function of gs/gn and the turning point occurs at
the exactly solvable point gs/gn = −0.5. At q = 0 (black squares),
type-I and type-II FDSs are degenerate as for this case their states
only differ by a SO(3) spin rotation and a U(1) gauge transformation
[22].

spin-singlet amplitude α is SO(2) invariant and satisfies

|F|2 + |α|2 = n2. (52)

Let us consider variations that keep F, n, and δF 2
z un-

changed. Such variations appear in the phase of α. In the
following we show that this particular phase change is nothing
but the U(1) phase variation which is directly related to the
mass current

J = h̄

2Mi
(ψ† · ∇ψ − H.c.) (53)

satisfying the continuity equation

∂n

∂t
+ ∇ · J = 0. (54)

For such variations, the deformed wave functions must have
the form ψ̃i = ψieiδθi (r) and the corresponding transverse
magnetization reads

F̃⊥ =
√

2
(
ψ0ψ

∗
+1ei[δθ0(r)−δθ+1(r)] + ψ∗

0 ψ−1ei[δθ−1(r)−δθ0(r)]
)
.

(55)

In order to keep invariant upon a global SO(2) spin rotation,
namely, F̃⊥ = eiφF⊥, the condition

δθ0(r) − δθ+1(r) = δθ−1(r) − δθ0(r) = φ (56)

must be satisfied, where φ is an arbitrary constant phase.
Phase fluctuations satisfying Eq. (56) are captured by the spin
singlet, as α̃ = e2iδθ0 (r)α = e2i[δθ+1(r)+φ]α = e2i[δθ−1(r)−φ]α. It
is also easy to see that δθ0(r) or δθ±1(r) is an overall U(1)
phase variation and J̃ = J + n∇δθ0(r) = J + n∇δθ±1(r). It is
clear that a general phase variation of α does not necessarily
have to be an overall U(1) phase change.

FIG. 8. Analytical predictions (solid lines) and numerical results
(markers) of the spin-singlet amplitude α for type-I [(a),(b)] and
type-II [(a′),(b′)] FDSs at q̃ = 0.1 and q̃ = 0.6. (a) and (a′) are for
gs/gn = −0.1; (b) and (b′) are for gs/gn = −0.7.

For FDSs, comparing to n, F, and δF 2
z , the spin-singlet

amplitude α is a more appealing quantity to distinguish type-I
from type-II FDSs as it shows a hump or a dip depending on
the type (Fig. 8). The measurement of α is in the scope of the
current spin-1 BECs experiments [36].

VI. NEMATIC STRUCTURE

It is sometimes useful to formulate the spin-1 BEC dy-
namics in terms of physical observables. The hydrodynamic
formulation of the GPEs Eqs. (2) and (3) serves this purpose
and provides a complete description of the condensate dynam-
ics [37]. Such a description naturally involves nematic tensors
and the corresponding currents. Although n, F, α, and δF 2

z
together also fully describe a spin-1 BEC, it is not anticipated
that the construction of self-contained closed dynamical equa-
tions with these variables is achievable. In this section, we
explore the nematic structure of FDSs.

A. General formulation

The magnetization continuity equation reads

∂Fi

∂t
+ ∇ · JF

i = Kiz, (57)

where the spin current density

JF
i = h̄

2Mi
(ψ†Si∇ψ − ∇ψ†Siψ ), (58)

and the source term (or the internal current density)

Kiz = 2q

h̄

∑
k

εizkNzk . (59)

Explicitly, the components are Kxz = −(2q/h̄)Nzy, Kyz =
(2q/h̄)Nzx, and Kzz = 0, where Ni j is the nematic (or
quadrupolar) tensor density

Ni j = ψ†N̂i jψ (60)
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with N̂i j = (SiS j + S jSi )/2 and i, j ∈ {x, y, z}. The nematic
tensor serves as an order parameter if Fi = 0 [15,38] and
describes spin fluctuations in the ferromagnetic phase. It is
easy to recognize that Nzz = δF 2

z .
The nematic continuity equation reads

∂Ni j

∂t
+ ∇ · JN

i j = Wi j + Qi jz, (61)

where the nematic current density

JN
i j = h̄

2Mi
(ψ†N̂i j∇ψ − ∇ψ†N̂i jψ ), (62)

and the source terms (or the internal current densities)

Wi j = gs

h̄

∑
l,k

Fl (εilkNk j + ε jlkNki ), (63)

Qi jz = q

2h̄

∑
k

Fk (εizkδz j + ε jzkδzi ). (64)

Since TrN = ∑
i Nii = n, the total density continuity equa-

tion (54) can be obtained by taking the trace of Eq. (61).
It is easy to see that TrW = 0 and Qiiz = 0. Also Qxzz =
Qzxz = −(q/2h̄)Fy and Qyzz = Qzyz = (q/2h̄)Fx, and all the
other components are zero. Hence Qi jz does not contain new
information. The continuity equations (54), (57), (61) and the
equation of motion of the mass current J (Euler equation)
together provide a complete description of spin-1 BECs dy-
namics [37].

Except the total number density n and the total number
current J, the expressions of other densities and currents vary
when applying spin rotations. Hence it is useful to construct
rotationally invariant quantities to reveal intrinsic currents.
Here we find that the densities

F ≡
[∑

i

(Fi )
2

]1/2

, N ≡
[∑

i j

(Ni j )
2

]1/2

(65)

and the current densities

JF ≡
[∑

i

(
JF

i

)2

]1/2

, JN ≡
[∑

i j

(
JN

i j

)2

]1/2

,

W ≡
[∑

i j

(Wi j )
2

]1/2

(66)

are invariant under SO(3) spin rotations. The source terms

Q ≡
[∑

i j

(Qi jz )2

]1/2

, K ≡
[∑

i

(Kiz )2

]1/2

(67)

only appear in the equation of motion when q �= 0, and are
SO(2) rotationally invariant.

B. Nematic structure of FDSs

At the exactly solvable point gs = −gn/2, the invariant
nematic densities read

FIG. 9. Analytical predictions (solid lines) and numerical results
(markers) of the rotationally invariant nematic density N for type-I
[(a),(b)] and type-II [(a′),(b′)] FDSs at q̃ = 0.1 and q̃ = 0.6. (a) and
(a′) are for gs/gn = −0.1; (b) and (b′) are for gs/gn = −0.7.

(N I,II )2 = 1

4

[
4

(
nb − gnnb ∓ q

gn cosh
(

x
�

I,II
q

)+ gn

)2

+
(

nb ∓ q

gn

)2

tanh4

(
x

2�I,II
q

)
+
(

nb ± q

gn

)2]
,

(68)

where the upper (lower) sign in front of q specifies the type-
I (type-II) FDS. Away from the exactly solvable point, the
Ansätzes also describe well the nematic densities in a wide
range parameter regime (Fig. 9).

FIG. 10. Profiles of invariant internal currents of FDSs. Ana-
lytical predictions (solid lines) and numerical results (markers) are
shown at q̃ = 0.1 (blue) and q̃ = 0.6 (red). (a), (b), (c), and (d) are
for gs/gn = −0.1; (a′), (b′), (c′), and (d′) are for gs/gn = −0.7. The
y-axis labels of (a′), (b′), (c′), and (d′) are the same as the y-axis labels
of (a), (b), (c), and (d).
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Figure 10 shows the profiles of the invariant internal cur-
rent densities. At the exactly solvable point,

(
J I,II

N

)2 = h̄2
(
g2

nn2
b − q2

)
32
(
�I,II

q
)2

M2g2
n

sech4

(
x

2�I,II
q

)
, (69)

(WI,II )2 = g2
nn2

b − q2

8g2
nh̄2 tanh2

(
x

2�I,II
q

)
× sech4

(
x

2�I,II
q

)[
gnnb ± q cosh

(
x

�I,II
q

)]2

, (70)

here the plus sign and minus sign in front of q specify type-I
and type-II FDSs, respectively.

VII. CONCLUSION AND DISCUSSION

We have studied the Z2 topological defects in the easy-
plane phase of a ferromagnetic spin-1 BEC. We propose
analytical Ansätzes to describe FDSs which are the defects
in the magnetic order. The Ansätzes reduce to the exact solu-
tions at the exactly solvable point and show good agreement
with numerical results over the whole easy-plane phase. The
width of type-I FDSs is captured by a single scale while
the core structure of type-II FDSs require two scales. More-
over, exact DDD vector solitons, which are the Z2 defects
in the mass superfluid order, are also presented. FDSs are
expected to play an important role in late time dynamics
of 1D quenches [26,27] and equilibrium properties at finite
temperature [39].

Experimental advances now allow plane-confined BECs
with flat-bottom traps [40,41] and the measurement of trans-
verse magnetic structures by the nondestructive imaging
method [36,42], opening the possibility for detailed experi-
mental investigations of FDSs. The so-called magnetic phase
imprinting method, which has been used to experimentally
create pairs of magnetic solitons [43,44], could be a suitable
method to create FDSs in a ferromagnetic spin-1 BEC. Very
recently, the easy-plane phase of a homogeneous ferromag-
netic spin-1 BEC has been prepared in a flat-bottom trapped
quasi-one-dimensional system [39]. The magnetic phase im-
printing method applies circularly polarized light to imprint
a phase shift of ±π onto two m = ±1 hyperfine components
on half the system by using a magnetic shadow [43,44]. This
hence realizes a π spin rotation of the transverse magneti-
zation of half of the system, seeding the key ingredient of a
single FDS.

In this paper we focus on kinks/topological solitons in the
easy-plane phase of ferromagnetic spin-1 BECs. A FDS is a
Z2 topological defect which interpolates between oppositely
magnetized domains. From another perspective, it could be
useful to view FDSs as members of the soliton family in spin-
1 BECs and compare them with other nonlinear waves. Here
we give a brief summary of the main focus of recent soliton
studies in spin-1 BECs. The list is incomplete; for instance,
solitons in systems with optical lattices and dipole-dipole
interactions [45,46] are not included. Also we only consider
systems with the finite background density, i.e., the positive
density-dependent interaction strength. According to the ter-
minologies, there are mainly two varieties. (i) Vector solitons:
each component has either dark or bright soliton structure

[47–52] (Ref. [52] discusses two-dimensional extensions of
such excitations, i.e., vortex-bright structures). Various vector
solitons in a 1D harmonically trapped spin-1 system have been
recently summarized in Ref. [32]. Vector solitons may or may
not correspond to topological structures in the order parame-
ter. There are two interesting examples which are topological.
One is the dark-dark-dark vector soliton in ferromagnetic
BECs which is the topological defect in the mass superfluid
order as discussed in Sec. IV. Another one is the bright-
dark-bright vector soliton in an antiferromagnetic BEC which
manifests itself as a domain wall in the spin director field (the
order parameter) [53]. (ii) Magnetic solitons: this soliton was
initially introduced in miscible two-component BECs [54] and
can be embedded into an antiferromagnetic spin-1 BEC in
the absence of a magnetic field [43,44,55]. One important
aspect of this soliton is that it is an analytical solution which is
beyond the Manakov limit. The solution is obtained with the
constant density approximation which works well for weak
spin-dependent coupling gs. In the context of two-component
BECs, it emphasizes that there is no bright or dark soliton
structure in the components, while the pseudomagnetization
Fz shows a bright soliton structure. When embedding into
antiferromagnetic spin-1 BECs, its configuration varies under
SO(3) spin rotations [55] as what happens for FDSs at the
q → 0 limit [22]. The magnetic soliton is not a topological
soliton as there is no invariant topological charge associated
with it (neither in its original two-component formulation
nor in its realizations in an antiferromagnetic spin-1 BEC).
FDSs do not belong to vector solitons, as not all the com-
ponents of FDSs have bright or dark soliton structure. The
topological nature of FDSs also clearly distinguish themselves
from magnetic solitons. Moreover, exact solutions for FDSs
are available at a strong spin-dependent interaction coupling
(gs/gn = −1/2) [22,23] which is far beyond the Manakov
limit (gs = 0 in the context of spin-1 BECs).

FDSs are Ising-type magnetic domain walls. A natu-
ral question is whether Bloch-type and Néel-type magnetic
domain walls could exist in the easy-plane phase. A Néel-
type-like domain wall has been investigated numerically in
a trapped 1D ferromagnetic BEC at q = 0 [56], which might
be related to the wall defects appearing transiently in early
quench dynamics from unmagnetized or partially magnetized
states [25,57]. However it is not clear whether the trap po-
tential plays the key role to sustain this structure. Searching
for Bloch-type and Néel-type magnetic domain walls in the
easy-plane phase of ferromagnetic BECs deserves future in-
vestigations.

So far we only consider excitations from a uniform ground
state. In immiscible condensates, domain walls are also re-
ferred to as the interfaces between the spatially separated
components of the condensate; examples are density (or pseu-
domagnetization Fz) domain walls in immiscible binary BECs
[58–61], and magnetic domain walls in ferromagnetic spin-1
BECs for a negative quadratic Zeeman shift q < 0 [62].
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