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Sloppy gear mechanism for coupled stochastic transportation:
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Nonequilibrium transportation of particles through a restricted space (such as porous media or narrow

channels) significantly differs from free space. With a simple model of two types of particles competing to
transport via a passive single-lane channel connecting two chemical baths, we find two dynamical modes of
transportation—the dud mode and the ratchet mode. At the ratchet mode, the gradient flow of one type of
particle forces the other into a transient antiequilibrium flow against its gradient. At the dud mode, the two types

of particles both flow according to their gradients. This counterintuitive nonequilibrium effect can be explained
by a sloppy gear mechanism. In addition to the antigradient flow observed in the ratchet mode, we find that the
nonequilibrium sloppy gear mechanism suppresses the flow of one particle while allowing the flow for the other.
This mechanism provides a general theoretical framework to explain and design the selective transportation of

particles via passive channels.
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I. INTRODUCTION

Systems far from equilibrium are ubiquitous in chemistry,
physics, and living systems. Their dynamics are typically
too far from equilibrium and cannot be described by linear
response theory or mean-field approaches. Intuitions from
near-equilibrium processes can be misleading when directly
applied to such nonequilibrium processes. Examples of sur-
prising and even sometimes counterintuitive nonequilibrium
phenomena include stochastic pumps [1], kinetic proofread-
ing [2], chemical reaction oscillations (Belousov-Zhabotinsky
reactions) [3], self-organized Rayleigh-Benard patterns [4,5],
and the Mpemba effect [6,7]. The development of stochastic
thermodynamics [8] provides us with a powerful set of tools
to study dissipative processes far from equilibrium. Here,
using a simple kinetic model, we present a counterintuitive
antiequilibrium phenomenon in the passive transportation of
particles through a narrow tube.

Stochastic transportation of particles via a narrow tube can
be well described by the famous set of simple models of
exclusion processes [9]. These models consider a narrow tube
as an array of one-dimensional lattice sites in which each site
can only be occupied by up to one particle. Particles exclude
each other via hard-sphere repulsion and transport through the
tube via stochastic hopping between neighboring sites. If the
hopping is biased towards one direction, the model becomes
the asymmetric exclusion process (or totally asymmetric
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exclusion process when hopping is only allowed for one
direction) [10-14]. These models successfully captured the
essential physical nature of a single type of particle trans-
porting via a restricted space and demonstrated interesting
dynamical phase transitions: when the density of particles in
a lattice increase above a threshold, kinetic jamming takes
place, resulting in a sharp decrease in the transportation rate
[10,11,15-26].

Nonequilibrium transportation can be more complicated if
two or more types of particles compete to transport via the
same narrow tube. In this situation, the flows of different
types of particles can be strongly coupled to each other due
to the confinement and demonstrate various counterintuitive
transportation properties. In this work, we report two types
of unexpected transportation effects: antiequilibrium flow and
coupling-induced selective transportation.

We build upon existing single-species exclusion process
models to study the competitive/cooperative transportation
of two types of particles (A and B) across a narrow tube.
We model the tube as a symmetric exclusion lattice array of
sites coupled to two chemical baths consisting of mixtures of
particles A and B. The tube itself is passive, as the internal
transportation of particles satisfies detailed balance conditions
without an active source of energy, but is driven away from
equilibrium by the concentration gradients between the two
chemical baths. We find that under certain conditions (i.e.,
varying energy landscapes and concentration gradients for
A and B) the tube can generate a counterequilibrium flow,
i.e., one type of particle is temporarily transported from a
low concentration bath to a high concentration bath. This
counterintuitive process does not violate the second law of
thermodynamics since it is achieved at the cost of entropy
production of the other type of particle. This interesting
phenomenon indicates that, when two types of particles are
present, a simple tube acts like a chemical engine (entropy
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rectifier) and its thermodynamics efficiency analysis resem-
bles those found in the modern models of Maxwell’s demons
[27-30]. This counterintuitive effect can be explained by the
strong coupling between the flows of two types of particles,
intuitively presented in this work as a sloppy gear mecha-
nism. Moreover, this sloppy gear mechanism demonstrates
a surprising selective transportation in tubes. The coupling
between the flows of the two species itself could generate a
bias, allowing only one type of particle to transport via the
tube while blocking the flow of the other, even when the
two types of particles are indistinguishable in terms of their
interaction with the tube.

The paper is structured as follows. We first introduce a
minimal Markov model of two types of particles transporting
through a single-track tube whose nonequilibrium kinetics can
be exactly solved by the master equation. In a simple scenario
without tuning parameters, we demonstrate a generic antiequi-
librium flow effect where particles appear to spontaneously
travel against their gradient (illustrated by an exactly solved
phase diagram of ratchet-dud transitions). The phenomenon
is explained by an intuitive sloppy gear mechanism. Using the
sloppy gear mechanism, we discover that the kinetic coupling
between two types of particles (two gears) can be used to
predict and optimize the design of highly selective transporta-
tion in rather simple tubes. In the end, we treat the tube as a
chemical engine and analyze its thermodynamic efficiency.

II. GENERAL KINETIC MODEL

Let us describe a general regime of particle transportation
via a narrow tube. Consider a one-dimensional (1-D) tube
with n lattice sites connecting two large chemical baths. These
chemical baths consist of mixtures of two types of solute
particles (A and B). Both types of particles can enter and
exit the edge sites of the tube. We assume that the particles
interact with each other via hard-sphere repulsion. Similar to
a symmetric exclusion process model [31-33], each particle
can hop from one lattice site to an empty neighboring site,
and each site can hold up to one particle due to the hard-
sphere repulsion. The hopping rates of each particle obeys
the Arrhenius law [34], obtained from the energy landscape
shown in Fig. 1(b).

In the general model, we assume that the two types of
particles can have distinct binding affinities with the lattice
site (E; x), distinct energy barriers for hopping between sites
(Ep.x), and distinct solvation free energies (Fyo x) where “X”
refers to the particle type A or B. However, for simplicity, we
assume that the solvents in both baths are identical and that
the n sites of the tube are identical (homogeneous tube). The
two chemical baths with different concentrations of particles
(different chemical potentials) can lead to a net transportation
of particles through the tube. We denote the chemical potential
as Uxz = ,8’1 In [X]z, where 8 is the inverse temperature and
[X]z is the concentration of particle “X” (i.e., A or B) in bath
“Z”, where “Z” can represent either the left bath “L” or the
right bath “R”. The energy that a single particle A (or B)
experiences at different locations within or outside the channel
is plotted by the energy landscape in Fig. 1(b).

At any given concentrations (chemical potentials) the
nonequilibrium transportation rate of particles can be
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FIG. 1. (a) A five-site single-lane tube connecting two chemical
baths of particles A (red) and B (blue). (b) Energy landscape of a
single particle. The red dashed line represents the energy landscapes
that a particle A experiences at different locations. The five energy
wells describs the binding energy (affinity) between A and the tube’s
five binding sites E; 4. The energy hills E} 4 represent the activation
barrier for particle A to hop from one site to another, the solvation
free energy of a single particle A is represented by F, 4 reflecting
A’s binding affinity with the solvent. For particle B, the landscape is
shown as a blue solid line. In the simplest scenario (inert bare tube),
both A and B landscapes are totally flat.

calculated by solving for the probability of particle-occupancy
configurations (microstates) of the tube. There are three states
for each site: empty, occupied by an A, or occupied by a B.
Then, for a 1-D tube that has # sites, there are N = 3" possible
configurations (i.e., microstates) of the tube. For a five-site
tube, there are 3° = 243 possible microstates including, but
not limited to, AAAAA),(A_A_B),and (_ __ _ _ ), where
“_” denotes an empty site. The probability over N microstates
is denoted by a N-vector p(t), which evolves according to the
master equation

dp()
dt

=R p@t), (1)

where R is a N x N rate matrix whose off-diagonal element,
Rix, represents the probability transition rate from microstate
k to i. These transitions are among three different types listed
below. One particle X = A or B hops from one site to an
empty neighboring site with rate

Rir = exp[—B(Epx — Esx)] . 2)

One particle X enters an empty left/right edge-site from the
left/right chemical bath with rate

Rix = [X1r/r - expl—B(Epx — Fsorx)] - 3)

One particle of type X exits the tube from the left/right and
enters the left/right chemical bath with rate

Ri = exp[—B(Epx — Es x)]. 4

As illustrated in Fig. 1, E,x is the barrier energy for
the nearest-neighbor site hopping for particle X, which is
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assumed to be uniform throughout the entire tube. For con-
venience, we employ the unit system such that the inverse
temperature is unity, 8 = (KzgT)™! = 1.

A. Separation of timescale

If one considers two well-mixed large baths connected by a
microscopic tube, we can separately treat the dynamics within
the tube and the dynamics of the baths. On the one hand,
the particles enter, leave, and hop within the tube erratically,
which occurs at a very fast timescale. On the other hand, the
concentrations of the baths are changed by the tube extremely
slowly due to the large size of the bath. As a consequence,
at any given time we can assume that the tube reaches a
nonequilibrium steady state (NESS) with stationary bath con-
centrations. As a result, if one obtains Jx ([Alg, [Blr), the
tube’s NESS transportation rate of particle X at the pseudo-
stationary concentrations of the baths ([A]g, [B]r), then one
can use such NESS rates to predict the slow change of baths
concentrations at the longer timescale. The slow dynamics
of the bath concentration follows the ordinary differential
equations (ODEs):

[X1z = Jx ([Alg, [Blr), ®)

where [X ]z is the time derivative of the concentration of X
(A or B) in the right bath, and Jx ([A]g, [B]r) is calculated in
Eq. (8). Notice that, due to the conservation of materials, we
only need to specify [A]g, [B]g to determine the concentration
of both particles in the left bath: [A]g + [A], = const. and
[Blg + [B]L = const. The ODEs are later illustrated by two-
dimensional (2-D) vector fields (normalized) in Fig. 2.

B. NESS transportation rates

To obtain the NESS transportation behavior of the tube we
solve for the NESS probability distribution p* of the tube’s
microstates, as the null-space of the rate matrix R, i.e.,

388
dp _B.
dt
Notice that the probability transition rate matrix R is parame-
terized by the pseudostationary concentrations of A and B in
both baths.

Using the NESS probability distribution, p**, solved for in
Eq. (6) with the pseudostationary bath concentrations, we can
compute the steady-state probability transition rates jj for the
tube’s configuration change from microstate & to i:

Jix = Rupy, )

where p;® is the steady-state probability of the tube at
microstate k. Thus, at the steady state of given bath con-
centrations, the tube is able to facilitate a net transportation
of particle type X through the tube. This transportation rate
can be computed by first selecting the microstate transitions
that correspond to a particle of type X entering the right bath
(positive event) and the microstate transitions that correspond
to a particle of type X entering the tube from the right bath
(negative event). Then by summing the detailed probability
currents for all of the events that contributed to the net trans-
portation of particle X, we can obtain the particle flow rate

p* =0. (6)
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FIG. 2. Concentrations’ relaxation for both A and B (J4 and J)
illustrated by normalized vector field f * for an inert tube (flat energy
landscapes). Each vector represents the normalized NESS flow (nor-
malized rate of concentration change of [B]z and [A]g) at the given
bath condition. (a) Two distinct modes of transportation can be found
in the system: a ratchet mode (yellow) and dud mode (blue). At the
ratchet mode, the rate vector points away from the final equilibrium
(500,500), indicating an antiequilibrium flow. As a consequence of
the ratchet mode, if the bath starts at (500,0), it follows the red line,
first increasing the concentration gradient for particle B before final
equilibrium is reached, contrary to equilibrium intuition where both
concentrations monotonically relax to (500,500). (b) On the same
vector field, we illustrate the contour lines for the tube’s selectivity
(£). Shaded regions indicate where the tube is highly selective & <
0.1. Arrows in both figures are colored according to the selectivity &.

(transportation rate) Jy for particles of type X at the NESS for
any given bath concentrations

Jx =" T, ®)
ik

where Y:kX is a current indicator, Tl,’f = 1 for positive events,
T¥ = —1 for negative events, and 7;} = 0 for transitions that
are not associated with particle X leaving/entering the right
bath.

C. Simplest model: Parameter-free inert bare-tube

The general model described above allows us to cal-
culate nonequilibrium coupled transportation of two types
of particles via a narrow n-site tube given parameters to
tune the interaction between the particle and sites and

023234-3



CHASE SLOWEY AND ZHIYUE LU

PHYSICAL REVIEW RESEARCH 4, 023234 (2022)

between particles and the solvent. We emphasize that the
novel transportation effects described in this paper can be
demonstrated by a simplest parameter-free scenario. In the
simplest parameter-free model, we set Fyoj 4 = Esa = Epa =
Fiop = Es p = Ep g = 0 to represent an inert bare-tube with
flat energy landscapes. In this case, both types of particles
are “indistinguishable” to the tube as they interact with the
tube’s sites identically. Also, since the hopping energy barriers
are set to 0, the whole tube can be considered as a smooth
bare tube. Also, due to Fy, x = 0, the two types of particles
are “indistinguishable” in terms of their interaction with the
solvent.

D. General model and future extensions

The presented model is more general than a bare tube and
thus can be used to study transportation effects by tuning
the shape of the energy landscapes. In this case, the two
types of particles can assume different interaction intensity
with the tube: E; 4 # E; p, and Ej, 4 # E} p, the two types of
particles can also have distinct interactions with the solvent:
Fior.4 # Fio1,p- This general model allows us to design tubes
that can facilitate optimized selectivity into the transportation.
For future work, this model may be extended to account for
the presence of external fields by tilting the energy landscapes,
allowing for the examination of charged particles transporting
across the tube under an external electrical field. In the tilted
case, the model is akin to asymmetric exclusion processes
[35] with two competing types of particles. Such an extension
may be a step toward describing the transportation of charged
particles such as ions under external electrical field. However,
the tilted energy landscape and charge-charge interactions are
beyond the scope of this paper.

II1. DUD-RATCHET TRANSITION

A. Antiequilibrium flow via inert bare-tube

Here we demonstrate that an antiequilibrium flow can be
observed via narrow tubes. First let us examine the simplest
case—an inert five-site bare tube, where the two types of
particles, A and B, are equally inert to the tube’s binding sites
and inert to the solvents [36]. Notice that here we choose a
five-site tube for illustrative purposes. We demonstrate this
effect in a short tube to avoid confusing this novel effect with
the dynamical phase transitions discovered in the TASEP or
ASEP models where the transitions occurs at the long-tube
limit. In this case, the energy landscapes for both particle
A and particle B are perfectly flat horizontal lines (simpler
than that in Fig. 1). Specifically, in the simple model we set
Eyx = Fyox = E;x = 0 for both types of particles. Under
this assumption, by numerically solving for Eq. (8), the NESS
current of particle X, Jx([Alg, [B]g), of a five-site tube at
all possible combinations of concentrations under the restric-
tion that [A]z + [A]; = 1000 and [B]z + [B];, = 1000, we can
represent the concentration evolution by a normalized vector
field

_ (Blr.[AlR) _ (. Ja)
(Bl [AIR)— 1(g, Ja)l”

fo )

which is a function of the baths’ concentrations, illustrated as
unit arrows Fig. 2(a).

In this simplest parameter-free model, one can identify
a transient antiequilibrium transportation. Starting at an ini-
tial concentrations [B]z = [B], = 500, [A]g =0, and [A], =
1000, one can observe that its relaxation toward final equi-
librium is nonmonotonic. The combined relaxation of A and
B is illustrated in Fig. 2(a) by the red trajectory tracing the
vector field starting from (500,0) and ending at (500,500).
The antiequilibrium flow for B is found at the begining of
the relaxation: even though B particles are initiated at thermal
equilibrium ([B]g = [B], = 500), a spontaneous antiequilib-
rium flow of B toward the right bath is observed Fig. 2(a).
Following the trajectory in the concentration space, this
antiequilibrium flow of B starting at (500,0) temporarily in-
creases [B]g to around 570 before eventually relaxing to the
ultimate thermal equilibrium ([A]g = [A], = [Blz = [BlL =
500). This antiequilibrium flow of B appears to violate the
second law of thermodynamics, as the entropy of particle B
spontaneously decreases. However, this antiequilibrium trans-
portation is driven by the spontaneous process of the coupled
flow of particle A and the total entropy of the system remains
increasing in time. These counterintuitive dynamics indicate
that even a simple tube is able to function as a chemical
engine, rectifying the chemical potential gradient of particle
A to replenish the chemical potential gradient for particle B,
which will be discussed in detail in Sec. V. In this section, we
focus on two distinct operating modes of the tube. Notice that
the antiequilibrium flow, even though it is demonstrated first
by a simple bare tube, is a general effect for more complicated
energy landscapes. Below we provide a general description
and a kinetic physical explanation for this effect.

B. Sloppy gear mechanism

Using the vector field in Fig. 2(a), we identify two dis-
tinct kinetic modes of transportation—the ratchet mode and
the dud mode. At a given concentration [i.e., one point in
Fig. 2(a)], if one type of particle is transported against its
own concentration gradient (i.e., f 9*s projection on that par-
ticle’s axis points away from the center), the tube facilitates
an antiequilibrium flow and the tube is in the ratchet mode
(yellow shade). If both types of particles are transported down
their concentration gradient (i.e., f 8*s projections to the both
axis both point toward the center), the tube is in the dud mode
(blue shade). The ratchet mode, where one type of particle
is transported against its own gradient can be explained by a
nonequilibrium kinetic mechanism—the sloppy gear mecha-
nism, illustrated in Fig. 3 and detailed below.

The sloppy gear mechanism explains the counterintuitive
ratchet mode by the stochastic coupling between the particle
flows of A and B. Figure 3 associates the transportation be-
havior with the stochastic dynamics of the multisite particle
occupancy configurations, e.g., (_ B A A B B A) sketched
for a seven-site tube in Fig. 3. The site number 7 is chosen
arbitrarily for illustrative purposes. Suppose the gradient-
driven-flows of particles A and B can be loosely visualized as
two imaginary sloppy gears. The imaginary teeth of each gear
represent the particles A or B within the tube. The two gears
are loosely coupled since both the number of gear teeth in the
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FIG. 3. Cartoon illustration of the proposed sloppy gear mech-
anism. Each particle, as it enters the tube, mimics a tooth of an
imagined gear (A in red or B in blue). The gear teeth are loose as their
relative positions can change due to allowed particle hopping. Both
A and B imaginary gears are driven by their concentration gradients
(Apa and Apg). Due to the stochastic nature of the particles in the
tube, the gear teeth are erratic and sloppy and gears may slip past
each other. The longer the tube, and the more particles in the tube,
the stronger the coupling between two imaginary gears. The strong
coupling between two gears results in the ratchet mode and can lead
to a highly selective transportation of particles.

tube and the positions of the teeth are stochastic. However,
due to the exclusion between particles, the teeth of the gear
(particles) cannot bypass each other, resulting in a gear-gear
coupling. Consider [A]; > [A]lg and [B]. < [Blg, then the
imaginary gear teeth of A (or B) favors motion to the right
(or left). Then, the two imaginary gears push against each
other via teeth-teeth exclusion interactions. When there are
enough teeth in the tube for both particles, the motion of the
two imaginary gears are strongly coupled (i.e., the motion of
two types of particles are strongly correlated), and the flow
is dominated by the gear with the “stronger” driving force.
In this scenario, the stronger gear drives the other against
gradient force, resulting in a ratchet mode of transportation,
where one type of particle flows against its own gradient.
However, when the number of teeth in the tube is low, the two
imaginary gears are too sloppy to catch each other, allowing
for both types of particles to transport down their gradients,
as seen in the dud mode. In the dud mode, the correlation
between the flow of the two types of particles is not strong
enough to invert the flow’s direction but is still present as
discussed in the section of selectivity.

The two kinetic modes of operations discussed above
are not restricted to inert bare tubes (flat energy land-
scapes). Let us consider a general case where the two
types of particles have different interaction affinities to
the tube’s sites and different solvation free energies
in the solvent: We arbitrarily choose the energy land-
scape such that E;p = Fyo 3 = —4.0, Epp = —1.2, Eps =
—2.2, while allowing for A’s interaction with the tube
and the bath to vary. Thus E;4 and Fia are the
only two free parameters from which we obtain a 2-D
phase diagram. We numerically solve for the NESS cur-
rents of the specified five-site tube connecting two baths

Ratchet

I:soI,A

FIG. 4. At a a static concentration [A]; =1, [A]lzr = [B]l. =
1000, and [B]z = 100, NESS behavior of a noninert tube with nonflat
energy landscape (E;p = Fiop = —4.0, Epp = —1.2, Ej 4 = —2.2.
(a) The ratchet and dud modes of transportation can be achievable by
tuning the interaction energy (E; 4) and solvation free energy (Fio1.4)
for A particle. In the ratchet mode B particles are forced to go against
their gradient due to the flow of A. (b) Illustration of tube’s selectivity
(&). The shaded regions (¢ < 0.1) indicate where the selective tube
strongly favors the current of A and suppresses the current of B.
Notice that selective transportation £ < 0.1 can be achieved beyond
the ratchet mode.

with fixed concentrations, [A], =1, [A]g = [B]. = 1000,
and [B]g = 100, and confirm that we can find both the ratchet
mode and the dud mode in the E; 4 — Fyo 4 diagram, illus-
trated in Fig. 4(a).

Notice that the ratchet mode where particle A inverts the
flow of particle B cannot be simply explained merely by the
particle-tube interaction (E; 4) nor the particle-solvent inter-
action (Fy 4). Otherwise, one should not observe this effect
in the inert bare tube. However, the sloppy gear mechanism
(Fig. 3) is a nonequilibrium kinetic theory, which explains the
antiequilibrium transportation based on the kinetic coupling
between the two types of particles within the narrow tube.
To correctly understand the roles played by the particle-tube
interaction (E; 4) and particle-solvent interaction (Fg 4) in the
transportation effect, one should focus on their impacts on
the stochastic occupancy configurations (microstates) of the
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tube. For example, altering the energy landscape nontrivially
changes the typical “teeth arrangements” of the two sloppy
gears, which results in a complex nonmonotonic phase bound-
ary between the ratchet mode and the dud mode shown in
Fig. 4(a).

IV. SELECTIVE TRANSPORTATION

A. Sloppy-gear-induced selectivity

The sloppy gear mechanism reveals that the nonequilib-
rium coupling between the flows of two types of particles can
result in selective transportation. Due to the sloppy gear teeth
coupling (particle-particle exclusion), one type of particle’s
flow (the dominant imaginary gear’s teeth) can suppress the
flow of the other, resulting in the tube strongly favoring the
transportation of one type of particle while blocking the flow
of the other. Here we name the type of particle whose trans-
portation current is suppressed the “unfavored” type, and the
other type “favored.” Then we can denote the selectivity of the
tube by the absolute value of the transportation current ratio
between the unfavored (uf) particle and the favored (f) particle

Juf

£ = 7

; (10)

where the current Jyr and Jr refers to the NESS currents of
the unfavored type of particle and favored type of particle, as
defined in Eq. (8). For illustrative purposes, let us define a
threshold for “high selectivity” as & < 0.1. This allows us to
illustrate the highly selective range of parameters as shaded
areas on the selectivity contour diagrams where we show the
contour plots of & in Figs. 2(b) and 4(b). Notice that the
tube can be infinitely selective (§ = 0) at the phase boundary
between the ratchet mode and the dud mode, as the NESS
current of the unfavored particle is totally stalled by the sloppy
gear interaction with the favored particle flow. Also notice that
the tube is highly selective not only in the ratchet phase [see
shaded area in Fig. 4(b)].

It is worth mentioning that the selective transportation is
a nonequilibrium effect caused by the coupling between the
two particle flows (sloppy gear mechanism). Thus it cannot
be explained by intuition from equilibrium thermodynamics.
Intuitively, the selectivity of transportation of particles can
be determined by the particles’ interaction with tube’s bind-
ing sites (E, x), particle-solvent interactions (Fyo x), and the
hopping barrier between neighboring sites (E, x). However,
as shown in Fig. 2(b), even when the two types of particles
are physically and chemically indistinguishable in terms of
their interactions with the tube and the solvents, the coupling
between their flows can result in an infinitely high selectivity,
where one type of particle with a stronger chemical potential
gradient can dominate the tube while suppressing the flow
of the other type to 0. In this example, the selectivity is
achieved purely by the coupling between the nonequilibrium
flows. Thus, in the simplest model, the equilibrium distinc-
tions between particles A and B are totally removed from
the discussion of selective transportation (e.g., at equilibrium,
particle A and B are indistinguishable to the tube and to the
baths, yet the tube can still demonstrate selective transporta-
tion).

This sloppy gear mechanism for tube selectivity provides a
novel nonequilibrium perspective to understand and optimize
selective transportation in narrow tubes. Rather than focusing
on the equilibrium distinctions between A and B (e.g., E; x,
Epx, and Fy, x), selective transportation can be understood
by flow coupling between the two species. The strength of
the flow for each species is impacted by the kinetic rates
of particle hopping, which are influenced by concentration
gradients, temperature, E;yx, Epx, Fiolx, and the kinetic
microstate of the tube. Below, we demonstrate that the sloppy
gear mechanism can be used to design highly selective
transportation tubes.

B. Optimal design of selectivity

The above discussion demonstrates that, even an inert bare
tube can selectively transport particles, which is illustrated by
Fig. 2(b), where Ep g = Fyo14 = Es o = 0and Epp = Fyo1,3 =
E; 5 = 0. However, the highly selective regions are relatively
small compared to the whole phase diagram, and it is obvi-
ously not optimized in terms of selectivity. Here we explore
the optimal design of selective transportation for the general
model of a narrow tube (i.e., with nonflat energy landscapes
caused by chemical decorations at each site). Specifically, let
us consider the particle-site interactions and particle-solvent
interactions and study their effect on both the current and the
selectivity. In contrast to Fig. 2(b) obtained for an inert bare
tube, we observe enhanced selectivity as we slightly alter the
bare tube into realistic tubes (see the larger area of highly
selective regions in Fig. 5). Here we numerically calculate
the selectivity contour for modified inert tubes (modifying
from Epx = Fyox = E;x = 0 for both X = A and B) with
the only modification that (1) E; 4 = —1, resulting in an en-
hanced selectivity favoring the flow of A shown in Fig. 5(a),
or the only modification that (2) Fy, 4 = —1, resulting in
an enhanced selectivity favoring the flow of B shown in
Fig. 5(b).

As a summary, the sloppy gear mechanism and the kinetic
analysis provides us with a guiding principle toward designing
selective transportation in rather simple models of narrow
tubes. We find that both E 4, the particle’s interaction with the
tube, and Fy 4, the particle’s interaction with the solvent, can
significantly and nonmonotonically impact the selectivity. By
comparing Figs. 5(a) and 5(b), we notice that altering Fy, 4,
the particle-bath interaction, can more prominently impact the
selectivity of the tube. Moreover, through a simple kinetic
argument, we expect that altering F, 4 is advantageous over
altering E; 4 toward designing a low-resistance selective tube:
reducing E; 4 can indeed make the sloppy gear A dominant
over the gear B, and favor the flow of particle A over B.
However, decreasing E; 4 can significantly reduce the stochas-
tic hopping rate of particle A [see Eq. (2)], and thus also
reduce the transportation current of particle A. In contrast,
via increasing Fy, 4 or decreasing Fgo 5, we can achieve the
same enhancement favoring the flow of particle A because it
increases the probability for particle A’s to occupy the tube,
thus making the “gear” A the dominant gear. Moreover, this
enhancement is not at the cost of slowing down the particle
hopping rates for either A or B because it does not impact
Eq. (2). Thus if one intends to enhance the selectivity without
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FIG. 5. Comparison of the selective transportation for two types
of landscapes. Shown side-by-side are normalized vector fields s
for modified inert tubes with two different alternations: (a) E; 4 = —1
and (b) F;,; 4 = —1. Shaded regions indicate high selectivity £ < 0.1.
Compared to a purely inert tube [Fig. 2(b)], both alternations result
in an increased selectivity. Notice that the high selectivity region is
larger in (b) than in (a), indicating the selectivity is more sensitive to
particles’ difference in solvation free energies.

impeding the flow rate of the favored particle, the design
should lean more toward altering Fy, 4 rather than altering
E; 4 [37].

V. ENTROPIC EFFICIENCY

At the ratchet mode, the tube can be considered as a
chemical engine, rectifying the chemical energy of one type
of particle and using it to increase the chemical potential
difference in another type of particle. Here let us examine
the thermodynamic entropy production. For simplicity, let us
consider a ratchet mode where A pushes B and thus forces
B to an antiequilibrium flow against its own gradient. As a
consequence, the total entropy of particle B decreases over
time. (Similar arguments can be made for the other ratchet
mode where particle B pushes A.) Thus, we have a mechanism
to harness the spontaneous increased entropy of particle A and
use it to reduce the entropy for particle B. At the NESS, the
rate of entropy decrease of the particle B can be computed as

. IBL
SB—JBIH@. (11)

@ 4000 0.01
750 0.008
0.006
c . I
£ 0 L — !
0.004
250
0.002
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0 250 500 750 1000
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0.02
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0.01
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FIG. 6. Ratchet efficiency n for inert tubes (flat energy land-
scapes) of different length: (a) three-site tube and (b) five-site tube. In
agreement with intuition from the sloppy gear mechanism, the longer
the tube, the larger the ratchet mode region. Also, the longer the tube,
the higher the maximum efficiency, as the two gears are less likely to
slip through.

The second law of thermodynamics requires that the total
entropy for both particles A and B must not decrease in time

Stot = Sa + S5 > 0. (12)

We characterize the efficiency of this chemical engine (in the
ratchet mode) by the steady-state entropy efficiency which
must not exceed 1 according to the second law of thermody-
namics:

=Sy Jp CKBR— MBI

Sa Joa MAR— AL
If one chooses to study the ratchet effect where particle B
pushes A, then efficiency should be defined as n4 = :Sf;_A Our
result confirms that the entropic efficiency is always below 1.

Here we briefly discuss the efficiency of the ratchet modes
obtained at different tube lengths, see Fig. 6. Our results
indicate that the ratchet effect is more prominent in longer
tubes, accompanied by a higher maximum entropic efficiency.
This can be explained by the sloppy gear mechanism: As
the tube becomes longer the two imaginary gears have more
possible teeth biting with each other and thus strengthen the
kinetic coupling between the flows of particles A and B,
reducing the possibility for the two gears to slip by one an-
other (suppression of the dud mode). The longer the tube, the
greater the coupling between the flows for particles A and B. It
should be noted that, as expected, the efficiency of the ratchet

N = <1 (13)
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effect reaches its maximum near the “linear-response regime”
where concentration gradients for both particle types is near
zero. Similar efficiency maps with an engine mode and dud
mode were found in various designs of stochastic information
engines or modern variations of Maxwell’s demons [28-30].

VI. CONCLUSION

This work demonstrates a generic antiequilibrium trans-
portation phenomenon via a simple SEP-like model describ-
ing two types of particles transporting through a purely
passive narrow tube. The antiequilibrium transportation
(demonstrated in a bare tube and then more complex tubes)
can be explained by an intuitive sloppy gear mechanism and
this general effect can occur without carefully tuning the in-
teractions between the particles and the tube /baths. Moreover,
this effect sheds light on a possible mechanism to explain
the selective transportation via narrow tubes. By using this
simple model we seek the optimal design of selective trans-
portation via narrow tubes. Although both the particle-tube
interaction E; x and the particle-bath interaction Fy, x alter
the selectivity of the tube, their influences on the performance
of the selective tube are not equivalent. Intuitively, decreasing
E; 4 or increasing Fy 4 would both favor the transportation
of particle A over B. However, decreasing E; 4 reduces the
Arrhenius transportation rate and comes with a cost of im-
peding the transportation rate of A. Whereas increasing Fyoj 4

(or decreasing Fy p) does not impede the transportation rate
of A within the tube. Thus the optimal design of the selective
tube should be achieved via engineering the particle-solvation
interaction.

From a thermodynamic perspective, the tube functioning
at the ratchet mode behaves like a free-energy transducer,
harnessing the free energy decrease from one type of particle
(that transports down the concentration gradient) and storing
it into the free energy of the other type of particle (increasing
concentration gradient). The analysis of the entropic effi-
ciency shows that the longer the tube, the more efficient the
free-energy transduction.
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