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Minimal dissipation protocols of an instantaneous equilibrium Brownian particle under
time-dependent temperature and potential variations
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We consider the instantaneous equilibrium (ieq) transition of an underdamped Brownian particle under
arbitrary time-dependent temperature and potential variations and derive analytic results for the temperature
and potential protocols for minimal dissipative work. Explicit results for the time-dependent minimal dissipation
protocols and the associated energetics are obtained for the cases of pure temperature variation, pure potential
parameter (stiffness) variation, and isentropic ieq processes. The minimal dissipation condition enforces the for-
ward and backward protocols to be time-reversal related, with the same minimal dissipative work. Remarkably,
it is shown that the minimal dissipation path is also the isentropic ieq transition. The energetics in the mdieq
transitions are analyzed in detail with emphasis on the conditions for maximizing the mean work and power
that can be extracted. Furthermore, exact results for the overdamped limit are derived, indicating that there is
great freedom to choose the minimal dissipation protocols, thus allowing the realization of mdieq transitions in
Brownian colloidal systems with relative ease.
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I. INTRODUCTION

The last three decades marked the breakthrough in the
understanding of nonequilibrium statistical physics, espe-
cially in the far from equilibrium and fluctuation dominating
regimes. New physical laws, such as fluctuation theorems
[1,2] and theoretical techniques such as stochastic thermody-
namics [3,4], proved to be very successful in a broad range of
nonequilibrium processes in small systems in which thermal
fluctuations dominate. These theories have been demonstrated
to be quantitatively accurate in various experimental sys-
tems, such as colloidal systems [5–7], electric circuits [8–10],
Brownian heat engines [11–13], biological systems [14,15],
and quantum systems [16,17]. Due to the theoretical and ex-
perimental advances of the nonequilibrium physics in strongly
fluctuating systems, we are ready for the applications of
stochastic energetics in microscopic systems dominated by
fluctuations, such as manipulating or designing transition
paths with special properties. For example, it is possible to
achieve a finite-rate transition between two designated equi-
librium states [18–20] via a nonequilibrium path and to reduce
the dissipated work [21]. The positive entropy production for
a transition between two equilibrium states implies that the
process is in general irreversible unless the transition path is
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quasistatic, i.e., reversible and zero-entropy production pro-
cess can only be achieved infinitely slow such that equilibrium
is kept at every moment during the transition. Speeding up the
transition from one equilibrium state to another in a time much
shorter than the intrinsic relaxation time while reproducing the
same output as a quasistatic process, has been a challenging
issue, which requires nontrivial control protocols of one or
more parameters [22].

Recently, the shortcut-to-isothermality protocol which can
achieve a finite-rate isothermal transition while keeping the
system in instantaneous equilibrium (ieq) at a fixed temper-
ature during the transition was theoretically derived [23,24]
and experimentally demonstrated for time-dependent vari-
ations on the parameter on a potential, such as having a
time-dependent stiffness on the harmonic potential [25,26].
However, in many theoretical and practical situations, such
as in the construction of microscopic heat engine cycles,
one would like to heat up or cool down the system with
some time-dependent temperature protocols. Very recently,
we have derived the theoretical conditions for ieq under both
time-dependent temperature and potential-parameter proto-
cols for an underdamped Brownian particle [27]. The ieq
recipe for time-varying potential and temperature under har-
monic and nonharmonic trapping potentials were obtained
and verified by Langevin dynamics simulations. Remarkably,
it was demonstrated that it is possible to achieve ieq isentropic
and zero entropy change processes, and the existence of work
and heat relations for the ieq protocols of the forward and
reverse processes was established [27].

With the powerful machineries developed due to the ad-
vances of stochastic thermodynamics, we are now in a stage
to utilize these ideas and tools to construct more realistic mi-
croscopic heat engines for practical applications. This opens
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up the possibilities of designing microscopic heat engines that
can run in a much faster cycle time and better power ex-
traction. Since fluctuations in microscales cannot be ignored,
a deep understanding of their physical properties is vital to
the working principles and enhancing the efficiencies of these
micro heat engines. Several optimal protocols were proposed
for the purpose of minimizing transition times [19,28–31] or
dissipative work [21,32–35], in the context of given initial
and final equilibrium distributions subjected to different con-
straints. The geometry and minimal energy path of shortcuts
to isothermality and has also been recently studied [36]. To
realize the finite-time heat engine [37] that can effectively
extract useful work, appropriate independent control of tem-
perature and potential is essential for constructing transition
paths in engine cycles.

A major benefit of implementing ieq transitions is that
the properties of the system is fully described by the Boltz-
mann distribution as if the system is at equilibrium, and
yet the transition rate can be fast. With the full knowledge
of the probabilistic description of the system, not only can
one have deeper insights, it also opens the broad avenue of
achieving better control of the system and implementing ap-
propriate manipulations for designated purposes. In addition,
the relevant stochastic energetics for ieq transitions can also
be conveniently calculated. Equipped with the above men-
tioned advantage, it would enhance the possibility to design
pathways with prescribed properties to overcome practical
limitations and achieve optimal energetic performance.

In this paper, we develop the theory of achieving an ieq
path with minimal dissipation for general underdamped sys-
tems under time-varying temperature and potential. Explicit
protocols for minimal dissipation ieq (mdieq) under constant
temperature, under a fixed potential, and under isentropic
condition are derived. In practice, realizing underdamped
stochastic systems with heating and cooling protocols are ex-
perimentally challenging. On the other hand, the experimental
convenient Brownian colloidal system lies in the overdamped
limit since the timescale related to inertial force is much
smaller than the relaxation time of the trapped colloid. Hence,
the overdamped limit for the mdieq transition is also consid-
ered in this paper, with more explicit analytic results derived
that are applicable in the experimental implementation in col-
loidal systems.

II. IEQ PROTOCOL AND ENERGETICS FOR
TIME-DEPENDENT POTENTIAL AND

TEMPERATURE PROCESSES

As described in Ref. [27], we consider an underdamped
Brownian particle of mass m and damping coefficient γ mov-
ing in one dimension under the potential U0(x, λ(t )), where
λ(t ) is the time-dependent protocol that drives the poten-
tial and τ is the duration of the transition. As pointed out
in Refs. [12,27], underdamped dynamics is essential in cor-
rectly describing the stochastic dynamics and energetics for
processes involving temperature changes, even in the over-
damped limit. The time-dependent Hamiltonian of the single
Brownian particle system is given by

H0(x, p, λ(t )) = p2

2m
+ U0(x, λ(t )), (1)

where p is the momentum of the particle. At the same time,
the temperature of the system is also changing whose protocol
is given by T (t ) or the inverse temperature β(t ) = 1/T (t ) (the
Boltzmann constant is set to unity for simplicity). To achieve
instantaneous equilibrium (ieq), the ramp potential U0(x, λ(t ))
is escorted by a position and momentum-dependent auxiliary
potential U1(x, p, t ) [23,27] so that the particle experiences a
total Hamiltonian

H = H0(x, p, λ(t )) + U1(x, p, t ) (2)

such that the underdamped Brownian particle will be
in an ieq state obeying the Boltzmann distribution
ρieq(x, p, t ) = eβ(t )(F (λ,β )−H0(x,p,λ(t )), where F (λ, β ) =
− 1

β(t ) ln
∫

d p
∫

dxe−β(t )H0(x,p,λ(t )) is the free energy of the
ramp system at ieq for some instantaneous value of λ and β.
The auxiliary potential U1(x, p, t ) can be determined for a
given ramp potential U0(x, λ(t )) with the protocols λ(t ) and
β(t ) (see Appendix A for a summary). It can be shown [27]
that the solution U1(x, p, t ) can be put into the form

U1(x, p, t ) = λ̇(t ) f (x, p, λ(t ), β(t )) + β̇(t )g(x, p, λ(t ), β(t ))
(3)

for some functions f and g, where˙denotes the derivative with
respect to time. For a smooth switching on and off of the aux-
iliary potential, one usually imposes the boundary conditions
λ̇(0) = λ̇(τ ) = β̇(0) = β̇(τ ) = 0, but these are not required
for the derivation of U1. In this paper, we relax these B.C.s
and consider transitions between the initial state (λ(0), β(0))
to the final state (λ(τ ), β(τ )).

Under the ieq protocol, the Brownian particle will experi-
ence the potential Uieq(x, p, t ) ≡ U0(x, λ(t )) + U1(x, p, t ) and
will be at ieq and obey the Boltzmann distribution ρieq(x, p, t )
at any time (0 � t � τ ) during the transition process. In this
paper, we focus on harmonic and nonharmonic trapping po-
tentials of the form

U0 = 1
2λ(t )xn, n = 2, 4, 6, . . . (4)

for analytic calculations.
One can write the potential protocol in terms of the dimen-

sionless function �(t ) as λ(t ) = λ0�(t ), where λ0 is some
fixed value of λ, and express all energy scales in terms of the
some fixed inverse temperature β0. For U0 of the form (4),
one can express all lengths in terms of the natural spatial scale
σ ≡ (β0λ0)−

1
n , and express time in unit of the relaxation time

τr ≡ β0γ

(β0λ0 )2/n . For underdamped dynamics, τm ≡ m/γ is the
inertia memory timescale. The Hamiltonian and potentials can
be written using the dimensionless space, time, and momen-
tum (x̃ ≡ x/σ, t̃ ≡ t/τr, p̃ ≡ pτr/(mσ )) variables. Hereafter,
with the understanding that all space, time, and momentum
variables are expressed in their dimensionless form, the su-
perscript ˜ will be dropped for notation convenience. In terms
of these dimensionless variables, the time-dependent ramp
potential is given by

β0U0 = 1
2�(t )xn (5)

and the auxiliary potential U1 under time-dependent drivings
of λ(t ) and β(t ) is given by [27] (see the summary in
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Appendix A)

β0U1 = ν(t )
2n [(αp − x)2 + α�(t )xn]

+ β̇(t )

4β(t )
[(αp)2 + α�(t )xn] (6)

α ≡ τm

τr
; ν(t ) ≡ �̇(t )

�(t )
+ β̇(t )

β(t )
. (7)

Because of the ieq nature, the averages for various observables
during the transition can be easily derived, for example,

α〈p2(t )〉 = β0

β(t )
, 〈xn(t )〉 = 2β0

nβ(t )�(t )
,

〈x2(t )〉 =
(

2β0

β(t )�(t )

) 2
n �
(

3
n

)
�
(

1
n

) ; (8)

〈U0(t )〉 = 1

nβ(t )
, (9)

〈U1(t )〉 = α

β(t )

(
1

2
+ 1

n

)(
ν(t )

n
+ β̇(t )

2β(t )

)

+ �( 3
n )

�( 1
n )

ν(t )

2nβ0

(
2β0

β(t )�(t )

) 2
n

. (10)

In these dimensionless units, the behavior of the underdamped
Brownian particle depends only on the parameter α (the ratio
of inertia memory and relaxation times), the potential param-
eter n, the normalized protocol �(t ) and the relative inverse
temperature protocol β(t )/β0.

Under ieq, the system will obey Boltzmann distribution
of the Hamiltonian (1) with the distribution ρieq(x, p, t ) fac-
torized into the position distribution P(x, t ) and a Gaussian
momentum distribution:

ρieq(x, p, t ) = P(x, t )PG(p, β(t )),

PG(p, β(t )) ≡
√

αβ(t )

2πβ0
e− αβ(t )

2β0
p2

. (11)

The mean work in the ieq process can then be computed
theoretically (see Appendix A) to give

〈W 〉 = 1

n

∫ τ

0

�̇(t )

β(t )�(t )
dt + Wdiss ≡ � + Wdiss, (12)

where Wdiss = ∫ τ

0 dt〈 ∂U1
∂t 〉 is the mean dissipated work in the

ieq process, and the quantity

� ≡
∫ τ

0
dt

〈
∂U0

∂t

〉
=
∫ τ

0
dt λ̇

∂F

∂λ
=
∫ τ

0
dt

〈
∂H0

∂t

〉
(13)

can be interpreted as the mean work in the corresponding
ramp process in the quasistatic limit (reversible). Thus the dif-
ference 〈W 〉 − � = Wdiss is the dissipated (or irreversible)
work of the ieq process. The mean heat of the ieq process can
also be calculated using the First law of thermodynamics and
the nature of ieq as

〈Q〉 = H0 + U1 − Wdiss − � (14)

=
(

1

2
+ 1

n

)
T + U1 − Wdiss − �, where (15)

H0 ≡ 〈H0(τ )〉 − 〈H0(0)〉,
U1 ≡ 〈U1(τ )〉 − 〈U1(0)〉, T ≡ T (τ ) − T (0). (16)

Notice that the mean heat consists of the contribution from
the kinetic energy change due to the temperature change [the
T/2 term in (15)] and exists for both underdamped and
overdamped dynamics [27].

III. TEMPERATURE AND STIFFNESS PROTOCOLS FOR
MINIMAL DISSIPATION UNDER IEQ

Let us consider an ieq transition from (λ(0), β(0)) →
(λ(τ ), β(τ )). Our goal is to find λ(t ) and β(t ) such that the
dissipative work is minimal. Figure 1 shows a schematic pic-
ture of possible paths that connect the initial to the final states.
There can be many different protocols that can connect the
initial and final states (denoted by the black dashed curves),
and each protocol can have its corresponding ieq transition.
Among these different protocols, there is a protocol that has
minimal dissipation under the ieq transition (denoted by the
black solid curve). Here we consider the time-dependent pro-
tocols, λ(t ) and β(t ), which are functions of t/τ , i.e., a single
timescale τ that characterizes the transition path. The mean
dissipated work in the ieq process Wdiss = ∫ τ

0 dt〈 ∂U1
∂t 〉 can be

calculated to give (see Appendix A)

Wdiss = U1 +
∫ τ

0
Ln(�(t ), �̇(t ), β(t ), β̇(t ))dt, (17)

where

Ln ≡ α

β

(
ν

n
+ β̇

2β

)2

+ 1

n2β0

�
(

3
n

)
�
(

1
n

)(2β0

β�

) 2
n

ν2 (18)

is the Lagrangian-like quantity and U1 can be calculated
using (10). The mean heat can be obtained from (15) and (17)
to give

〈Q〉 =
(

1

2
+ 1

n

)
T − 1

n

∫ τ

0

�̇(t )

β(t )�(t )
dt −

∫ τ

0
Lndt . (19)

It is easy to see since Ln is proportional to the square of the
time-derivative of either β or �, a simple change of variable
t ′ = t/τ in (18) leads to the scaling of

∫ τ

0 Lndt ∝ 1/τ . It is
also easy to see that U1 is ∝ 1/τ and hence Wdiss ∝ 1/τ .
Since U1 is path independent, and thus

∫ τ

0 Lndt needs to
be minimized if one aims to suppress dissipation, which is of
particular relevance for fast processes. The optimal protocols
for minimal Wdiss are given by the Euler-Lagrange equations:
d
dt ( ∂Ln

∂�̇
) = ∂Ln

∂�
and d

dt ( ∂Ln

∂β̇
) = ∂Ln

∂β
. In the following, we will

focus on the case of a harmonic potential with time-dependent
stiffness. For the general nonharmonic potential of the form
(4), similar approaches can be carried out. In this case, the
mean of the auxiliary potential is

〈U1〉 = β̇

β2

(
α + 1

4�

)
+ �̇

2β�

(
α + 1

2�

)
. (20)
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FIG. 1. (a) Schematic picture of transitions under time-dependent protocols. In general, there are many different protocols that can connect
the initial and final states i → f , denoted by the black dashed curves. And each protocol can have its corresponding ieq transition. Among
these different protocols, there is a protocol that has minimal dissipation under the ieq transition, as denoted by the black solid curve. The
backward transitions from f → i are also shown, the dashed red curve denotes an arbitrary protocol, and the solid red curve is the mdieq
protocol. (b) mdieq transition paths on the λ-T plane for the cases in Fig. 2(a) (given temperature protocol T (t ) and λ(t ) is optimized, blue
dashed curve) and Fig. 2(b) [both T (t ) and λ(t ) are optimized, red solid curve].

The Lagrangian for harmonic potential reduces to

L2 = 1

4β

[
α

(
ν + β̇

β

)2

+ ν2

�

]
, (21)

and the corresponding Euler-Lagrange equations are(
α + 1

�(t )

)
ν̇(t ) − ν2(t )

2�(t )
+ α

β̈(t )

β(t )
− α

β̇(t )

β(t )

(
ν(t ) + 2β̇(t )

β(t )

)
= 0, (22)(

2α + 1

�(t )

)
ν̇(t ) + 1

2

(
α − 1

�(t )

)
ν2(t ) + 2α

β̈(t )

β(t )
− α

β̇(t )

β(t )

(
ν(t ) + 7β̇(t )

2β(t )

)
= 0, (23)

where ν(t ) ≡ β̇(t )
β(t ) + �̇(t )

�(t ) . (22) and (23) are solved with the fixed end-points B.C.s

β(t = 0) = β(0), β(t = τ ) = β(τ ); �(t = 0) = �(0),�(t = τ ) = �(τ ) (24)

to give the minimal dissipation ieq (mdieq) protocols λ∗(t ) and β∗(t ). One can show that if β̇ 	= 0 (see Appendix B) then

−1

2

∫ τ

0
L2(λ∗(t ), λ̇∗(t ), β∗(t ), β̇∗(t ))dt = U ∗

1 ≡ 〈U ∗
1 (τ )〉 − 〈U ∗

1 (0)〉, (25)

where U ∗
1 denotes the auxiliary potential with the mdieq

protocols, and the asterisk is used to denote quantities or
protocols under the mdieq condition. Hence the minimal dis-
sipation and the associated mean work and heat [using (15)]
are simply given by

W ∗
diss =U ∗

1 +
∫ τ

0
L∗

2dt = −U ∗
1 = 1

2

∫ τ

0
L∗

2dt, (26)

〈W ∗〉 =�∗ − U ∗
1 , �∗ = 1

2

∫ τ

0

λ̇

λβ
dt, (27)

〈Q∗〉 =T − �∗ + 2U ∗
1 for β̇ 	= 0. (28)

On the other hand, if β̇ = 0 (temperature is fixed), W ∗
diss 	=

−U ∗
1 , but W ∗

diss and 〈Q∗〉 can be explicitly calculated [see
Eqs. (33) and (34) below]. It is worth noting that U ∗

1 < 0
if the initial and final states are distinct, i.e., the minimal
dissipation requirement renders a decrease in the auxiliary
potential so as to suppress the dissipation.

The mdieq protocols for arbitrary initial and final states
can be obtained by solving the boundary-value ODEs (22) and

(23) numerically, say using the shooting method. Figure 2(a)
shows the case of the given temperature protocol T (t ) =
T (0) + T

2 (1 − cos πt
τ

) with T (τ )/T (0) = 2. The optimal
λ(t ) is obtained by numerically solving (22) with the B.C.
λ(τ )/λ(0) = 3, with the minimized dissipation β(0)W ∗

diss =
0.0206035. On the other hand, if now both λ(t ) and β(t ) can
be varied to minimize Wdiss, then (22) and (23) are solved
simultaneously to give the mdieq protocols λ∗(t ) and β∗(t )
and the results are shown in Fig. 2(b). In this case, β(0)W ∗

diss =
0.0156259, which is significantly less than the previous case.
The corresponding mdieq paths in the λ-T plane are shown
in Fig. 1(b). The minimized dissipation work is shown as a
function of λ(τ )/λ(0) for α = 1 and 0.1 in Figs. 2(c) and
2(e) for the cases of T (τ )/T (0) = 2 and 1/2, respectively. In
general the minimized W ∗

diss is always positive and increases
with the inertia factor α. The corresponding �∗ are also
shown. The mean work and heat under mdieq for the cases
of Figs. 2(c) and 2(e) are shown respectively in Figs. 2(d) and
2(f). It is clear that in the case of cooling [Fig. 2(f)], the mean
work can be negative in some regimes indicating that work
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(a) (b)
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(c)
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0
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2

α=1  <W*>
α=1   <Q*>
α=0.1 <W*>
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0

0.2

0.4

α=1    W*
diss

α=1     ΔΦ∗
α=0.1 W*
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α=0.1  ΔΦ∗

(e)
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-0.2

0

0.2
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α=1    <Q*>
α=0.1 <W*>
α=0.1 <Q*>

(f)

FIG. 2. mdieq transition of an underdamped Brownian particle under the time-dependent harmonic potential U0(x, λ(t )) = 1
2 λ(t )x2.

(a) Optimal λ(t ) for given temperature protocol T (t ) = T (0) + T
2 (1 − cos πt

τ
) with T (τ )/T (0) = 2. λ(t ) is optimized with λ(τ )/λ(0) = 3.

β(0)W ∗
diss = 0.0206035. (b) Both T (t ) and λ(t ) are optimized with T (τ )/T (0) = 2 and λ(τ )/λ(0) = 3. β(0)W ∗

diss = 0.0156259. (c) Minimal
dissipative work and �∗ as a function of λ(τ )/λ(0) for T (τ )/T (0) = 2 (heating up). (d) The mean work and heat as a function of λ(τ )/λ(0)
for the case in (c). (e) W ∗

diss and �∗ as a function of λ(τ )/λ(0) for T (τ )/T (0) = 1/2 (cooling). (f) The mean work and heat for the case in
(e).

can be extracted under mdieq, with the corresponding heat
being flowed out of the system. Several analytic results for
the mdieq transition can be derived, as shown in the following
sections.

A. Minimal dissipation ieq paths with reversed
initial and final states

For given initial and final states (denoted by i and f ), in
general there are many different sets of protocols (λ(t ), β(t ))
that can connect i → f (see Fig. 1). And each set of pro-
tocols can have its corresponding ieq transition specified

by the action of U0(x, λ(t )) + U1(x, p, λ(t ), β(t ), λ̇(t ), β̇(t )).
Similarly, there are also many different sets of protocols
(λr (t ), βr (t )) that can connect backward from f → i (or re-
verse process, denoted by the subscript r), and each one can
have its own ieq transition (ieqr), as shown schematically in
Fig. 1. In general, the backward protocol (λr (t ), βr (t )) is not
related to the forward ones. Remarkably, the optimized mdieq
transition restores the time-reversal symmetry of the proto-
cols, i.e., the ieq minimal dissipative condition selects the
forward protocol and backward protocol to be time-reversal
related. In addition, the ieq forward and ieq backward min-
imal dissipative works are the same (see Appendix C for
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(a) (b)

(c)

FIG. 3. Optimal protocols for the transition of an underdamped Brownian particle (α = 1) under ieq under the time-dependent harmonic
potential U0(x, λ(t )) = 1

2 λ(t )x2. The mdieq protocols are obtained from the numerical solutions of (22) and (23). (a) The optimized protocols
for the case of exchanging the initial and final states in Fig. 2(b). Notice that the optimized protocols are exactly the time reversal protocols
in Fig. 2(b). (b) T fixed and λ(τ )/λ(0) = 3. β(0)Wdiss = 0.224099. The analytic result (32) is also shown (dot-dashed curve). (c) λ fixed and
T (τ )/T (0) = 2. β(0)Wdiss = 0.214466. The analytic result (36) is also shown (dot-dashed curve).

derivations):

λ∗
r (t ) = λ∗(τ − t ), β∗

r (t ) = β∗(τ − t ); (29)

W ∗
dissr = W ∗

diss. (30)

Figure 3(a) shows the mdieq protocols with T (τ )/T (0) = 1/2
and λ(τ )/λ(0) = 1/3 which is exactly the case in Fig. 2(b)
but with the initial and final states exchanged, i.e., its back-
ward mdieq process. It is clear that the mdieq protocols are
exactly the time-reversal of the mdieq protocols of the forward
process in Fig. 2(b). In addition, the minimized β(0)W ∗

dissr =
0.0156259, which is the same as the forward W ∗

diss, verifying
(30).

It should be noted that as in general ieq transition [27],
because of the odd-parity of the time derivatives in U1, the
mdieq transition phase space trajectory of the backward pro-
cess is not the time reversal of the mdieq transition of the
forward process. However, because of the ieq nature, namely,
the distribution being Boltzmann with parameters depending
on the instantaneous values of (λ∗(t ), β∗(t )), the distribution
function of the backward mdieq paths is the same as the time
reversal of the forward mdieq distribution: ρmdieq(x, p, t ) =
ρmdieqr(x, p, τ − t ), i.e., time-reversal symmetry is restored
under the ensemble of the trajectories.

B. Pure temperature change and pure potential change
mdieq protocols

We shall consider two simpler special classes of mdieq
processes. The first is the case of no variation in temperature,
β̇ = 0, i.e., the only time variation of the potential stiffness.
The Euler-Lagrange equation (22) then reduces to

�̈ = �̇2 2α� + 3

2�(α� + 1)
, (31)

which can be solved analytically with the B.C.s (24) for the
mdieq protocol �∗ whose time-dependence is given by the
following implicit expression

√
α�∗ = sinh

(√
1 + 1

α�∗ + c1 − c2
t

τ

)
, where

c1 = sinh−1
√

α�(0) −
√

1 + 1

α�(0)
,

c2 = c1 +
√

1 + 1

α�(τ )
− sinh−1

√
α�(τ ). (32)
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The minimal dissipation can be explicitly calculated to give

W ∗
diss = U ∗

1 + αc2
2

βτ

= αc2

βτ

⎛
⎝ 1 + 1

2α�(0)√
1 + 1

α�(0)

−
1 + 1

2α�(τ )√
1 + 1

α�(τ )

+ c2

⎞
⎠. (33)

Note that U ∗
1 is always negative if �(0) 	= �(λ). Also, �∗ is

independent of the value of the fixed temperature, and βW ∗
diss

depends only on α (increases with α) and the end points of
�. The mean heat under mdieq can be calculated from (19) to
give

〈Q∗〉 = −
(

1

2
ln

λ(τ )

λ(0)
+ αc2

2

τ

)
T . (34)

Figure 3(b) shows the mdieq protocol of λ∗(t ) for the case
of fixed temperature obtained from the numerical solution of
(22). The analytic result from (32) is also plotted, showing
perfect agreement.

The second case is that there is no variation in λ, �̇ = 0,
i.e., the potential remained fixed and only the temperature
changed. The Euler-Lagrange equation (23) can be simplified
to

β̈ = 3

2

β̇2

β
, (35)

which can be solved to give the mdieq temperature protocol

T ∗(t )

T (0)
=
[

1 +
(√

T (τ )

T (0)
− 1

)
t

τ

]2

. (36)

The minimal dissipation, mean work and heat can be derived
to give

〈W ∗〉 = W ∗
diss = 4α + 1

�

2τ

(√
T (τ )

T (0)
− 1

)2

T (0), (37)

〈Q∗〉 = T − 4α + 1
�

τ

(√
T (τ )

T (0)
− 1

)2

T (0). (38)

Note that T ∗(t ) is independent of α and the value of λ. Fig-
ure 3(c) shows the mdieq protocol of T ∗(t ) for the case of
fixed λ obtained from the numerical solution of (23). The ana-
lytic formula (36) is also plotted, showing perfect agreement.

C. the minimal dissipation ieq protocol is isentropic

It has been shown [27] that it is possible to design ieq tran-
sition that is isentropic, i.e., the entropy stays constant along
the ieq path, by imposing the isentropic condition λ(t )β2(t ) =
λ(0)β2(0). In addition, it is also possible to achieve a zero
entropy change ieq transition such that there is no entropy
change between the initial and final states, but the instanta-
neous entropy can vary during the ieq transition. The zero
entropy change condition is less restrictive, and it only re-
quires λ(τ )β2(τ ) = λ(0)β2(0).

With the isentropic condition, the Euler-Lagrange equa-
tions (22) or (23) can be simplified to

β̈ = β̇2

2β
, (39)

whose solution can be derived to be

T ∗
isen(t )

T (0)
=
[

1 −
(

1 −
√

T (0)

T (τ )

)
t

τ

]−2

. (40)

The minimal dissipation and heat are given by

W ∗(isen)
diss = 1

2τ

(√
T (0)

T (τ )
− 1

)2

T (0), (41)

〈Q∗
isen〉 = − 1

τ

(√
T (0)

T (τ )
− 1

)2

T (0). (42)

Notice that the optimal isentropic protocol, the corresponding
W ∗(isen)

diss and 〈Q∗
isen〉 are all independent of α. One can take the

solution of T ∗
isen(t ) in (40) and λ∗

isen(t ) = λ(0)(T ∗
isen(t )/T (0))2,

and substitute directly into (22) and (23) to verify that this is
indeed the optimal solution. Remarkably, if the initial and final
states are consistent with the zero entropy change condition
[27], namely, λ(τ )β2(τ ) = λ(0)β2(0), then the mdieq path is
automatically isentropic. One can also obtain the numerical
solutions for the mdieq protocol with the initial and final states
compatible with the zero entropy change condition, as shown
in Fig. 4 together with the analytic isentropic ieq path (40),
verifying indeed the mdieq path is also the ieq isentropic
protocol. Thus, in some sense, the minimal dissipation con-
dition forces the ieq path to become isentropic, which is in
agreement with the intuition (as in the quasistatic case) that
the constant entropy path has the lowest dissipation. Fig. 4(c)
shows the isentropic ieq path in the λ-T plane. Two other zero
entropy change mdieq paths, one with a constant λ portion
and another with a constant T portion [having β(0)W ∗

diss =
0.51303 and 0.41156, respectively], are also shown. The two
zero entropy change mdieq paths have minimal dissipative
work that are considerably larger than that of the isentropic
mdieq path [with β(0)W ∗(isen)

diss = 0.0144198].

D. Work extraction in mdieq transitions

As revealed in Fig. 2(f), it is possible to extract work
under mdieq transitions. For work extraction, 〈W ∗〉 = �∗ +
W ∗

diss < 0. Since W ∗
diss is always non-negative, one requires

�∗ < 0. For the case of pure temperature change and no
change in stiffness λ̇ = 0, � ≡ 0, hence 〈W ∗〉 = W ∗

diss � 0
and it is impossible to extract work. The power delivered
during the mdieq transition is P∗ = −〈W ∗〉/τ , which has a τ

dependence of the form P∗ = A/τ − B/τ 2, where the positive
constants A and B can be readily calculated. It is then easy to
show that work can be extracted from the mdieq engine with
a positive power P∗ > 0 for τ > τc = B/A. Furthermore, the
transition path has a maximal power P∗

max = A2/(4B) > 0 at
τmax = 2B/A = 2τc. In the following, we focus on the mdieq
transition discussed in the previous sections.

For the case of pure stiffness variation and no temperature
change Ṫ = 0, since � = T

2 ln λ(τ )
λ(0) and W ∗

diss > 0, hence
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(a) (b)

(c)

FIG. 4. Optimal protocols for the transition of an underdamped Brownian particle (α = 1) under ieq under the time-dependent harmonic
potential U0(x, λ(t )) = 1

2 λ(t )x2. (a) T (t ) and λ(t ) are optimized with T (τ )/T (0) = √
3 and λ(τ )/λ(0) = 3 [obtained from the numerical

solutions of (22) and (23)], which is compatible with the isentropic condition. The isentropic curve of λ(t ) = λ(0)( T ∗ (t )
T (0) )2 is also shown

(orange dot-dashed curve), which coincides with the optimized λ∗(t ). β(0)W ∗(isen)
diss = 0.0144198. (b) Similar to (a) but for the reverse (cooling)

process with T (τ )/T (0) = 1/
√

3 and λ(τ )/λ(0) = 1/3. β(0)W ∗(isen)
diss = 0.0144198 also, verifying (30). (c) mdieq isentropic path on the λ-T

plane for the case in (a) (orange solid curve). Two other mdieq paths (blue dashed curve at a higher temperature and red dotted curve at a
lower temperature) each consisting of a constant T and a constant λ portion are also shown for comparison. β(0)W ∗

diss = 0.51303 and 0.41156
respectively for the blue dashed and red dotted paths respectively.

work can be extracted only for the case of compression, i.e.,
λ(τ ) < λ(0). Using (33), the mean work in this case is

〈W ∗〉 = T

2
ln

λ(τ )

λ(0)
+ αc2T

τ

⎛
⎝c2+

1 + 1
2α√

1 + 1
α

−
1 + λ(0)

2αλ(τ )√
1 + λ(0)

αλ(τ )

⎞
⎠,

(43)

and it is easy to see that 〈W ∗〉 is positive for λ(τ )
λ(0) > 1. The

dependence of 〈W ∗〉 as a function of λ(τ )
λ(0) is shown in Fig. 5(a)

for various values of α and τ . 〈W ∗〉 is negative in some
compression regime and there is a minimal negative 〈W ∗〉min

indicating there is an optimal choice of ( λ(τ )
λ(0) )min for maximal

work extraction. The optimal ratio λ(τ )
λ(0) increases with α along

with a decrease with the maximal extracted work, as shown in
Fig. 5(a). The mean power given by P∗ = −〈W ∗〉/τ is plotted
as a function of τ in Fig. 5(b), displaying a maximum power
P∗

max at some τmax. One can easily show that

P∗ = T
(A

τ
− B

τ 2

)
, where (44)

A ≡ 1

2
ln

λ(0)

λ(τ )
, B ≡ αc2

⎛
⎝c2 + 1 + 1

2α√
1 + 1

α

−
1 + λ(0)

2αλ(τ )√
1 + λ(0)

αλ(τ )

⎞
⎠,

(45)

τmax = 2B

A
, P∗

max = A2

4B
. (46)

Finally, for the case of isentropic mdieq, since
β∗2λ∗ =constant, hence �∗ = T and using (41), the
mean work is

〈W ∗〉 = T (τ ) − T (0) + T (0)

2τ

(√
T (0)

T (τ )
− 1

)2

, (47)

which is independent of α. It is easy to see that 〈W ∗〉 < 0
and work extraction is possible only for in some appropriate
cooling (and also expansion due to the isentropic condition)
range given by

√
1+8τ−1

4τ
< T (τ )

T (0) < 1. Figure 6(a) shows 〈W ∗〉
as a function of T (τ )

T (0) for various values of τ . Furthermore,
one can show that 〈W ∗〉 always has a negative minimum
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(a) (b)

FIG. 5. (a) mdieq mean work, 〈W ∗〉 (in unit of the fixed temperature), as a function of λ(τ )
λ(0) for the case of stiffness change and fixed

temperature. (b) The mdieq mean power extracted as a function of τ . for the case in (a).

of 〈W ∗〉min at

(
T (τ )

T (0)

)
min

=
[

1 + √
1 + 4

27τ

2τ

] 1
3

− 1

3

⎡
⎣ 2

τ 2

1

1 +
√

1 + 4
27τ

⎤
⎦

1
3

.

(48)

Figure 6(b) plots ( T (τ )
T (0) )min and the minimal mean work 〈W ∗〉min as a function of τ . The mean power P∗ as a function of τ is

plotted in Fig. 6(c) also displaying a maximum power P∗
max at some τmax whose explicit expression can be derived to be

τmax = T (0)

T (τ )

(√
T (0) − √

T (τ )√
T (0) + √

T (τ )

)
, P∗

max = T (τ )

2

(
1 +

√
T (τ )

T (0)

)2

. (49)

E. Overdamped limit of the mdieq transition

Since the minimal dissipative work decreases with decreas-
ing α [see Figs. 2(e) and 2(f), (33) and (37)] and will be lowest
in the overdamped α → 0 limit. Furthermore, many experi-
mental systems, such as the Brownian colloids, are operated
in the overdamped regime, thus here we consider the mdieq
transition in the overdamped limit which presumably has a
good chance to be realized experimentally.

Taking the overdamped α → 0 limit in (6), β0U1 =
1
4 ( λ̇(t )

λ(t ) + β̇(t )
β(t ) )x2 ≡ ν(t )

4 x2, and the total potential for the mdieq
paths can be written explicitly as

β0Uieq(x, t ) = 1

2

(
�(t ) + 1

2
ν(t )

)
x2. (50)

Under the overdamped limit, the two Euler Lagrange equa-
tions (22) and (23) reduce to a single equation

ν̇ = ν2

2
, (51)

which can be integrated to give the relation between the mdieq
protocol pairs

β∗(t )�∗(t ) = β(0)�(0)[
1 + χ t

τ

]2 , χ ≡
√

β(0)λ(0)

β(τ )λ(τ )
− 1. (52)

It is worth to note that in the α → 0 limit, the two Euler-
Lagrange equations degenerate into a single equation resulting

in the freedom to choose β(t ) and λ(t ) from a family of (in-
finitely many) protocol pairs compatible with the given initial
and final states that satisfy (52). The above still holds for gen-
eral nonharmonic potentials given by (4) [38]. Hence we have
the flexibility to choose a variety of desirable or convenient
mdieq protocols. For instance, one can choose the constant
stiffness (isochoric) protocol [λ∗(t ) = λ(0) = λ(τ )], then (52)
reduces to (36) as expected. If one chooses the isothermal pro-
tocol, then by taking the α → 0 limit [39] in (32), one obtains
the same result (52) with β∗(t ) = β(0) = β(τ ). Likewise, if
one chooses the isentropic protocol [β∗2�∗ = β2(0)�(0) =
β2(τ )�(τ )], then (52) reduces to (40) as in previous section.

The energetics can be explicitly computed in the over-
damped limit. The total potential under mdieq condition is
then given by

β0U
∗
ieq(x, t ) = 1

2

(
�∗(t ) − χ

τ
[
1 + χ t

τ

])x2. (53)

The mean auxiliary potential is

〈U1〉 = ν

4β�
= 1

4β�

d ln[β�]

dt
, (54)

and using (52), we have

〈U ∗
1 〉 = − T (0)

2τ�(0)
χ
(

1 + χ
t

τ

)
(55)

⇒ U ∗
1 = − T (0)

2τ�(0)
χ2. (56)
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(a) (b)

(c)

FIG. 6. (a) Isentropic mdieq mean work, 〈W ∗〉 [in unit of T (0)], as a function of T (τ )
T (0) . (b) ( T (τ )

T (0) )min and the minimal mean work 〈W ∗〉min as
a function of τ . (c) The mdieq mean power extracted as a function of τ for the case in (a).

Using the relation L2 = ν2

4β�
in the overdamped limit and (52),

one can get
∫ τ

0 L∗
2dt = −2U ∗

1 and hence

W ∗
diss = −U ∗

1 = T (0)
χ2

2τ�(0)
� 0, (57)

exemplifying a positive dissipative work if the initial and final
states are distinct. Finally, �∗ can be directly calculated to
give

�∗ = 1

2

∫ τ

0

�̇∗

β∗�∗ dt (58)

= T (0)

2λ(0)

∫ τ

0
λ̇∗(t )

(
1 + χ

t

τ

)2

dt . (59)

To illustrate the flexibility and great freedom to choose
the mdieq protocols, we consider the following protocols
for λ∗(t ): (i) λ∗(t ) = λ(0) + λ

2 (1 − cos πt
τ

), (ii) λ∗(t ) =
λ(0) + λ(3 − 2 t

τ
)( t

τ
)2, (iii) λ∗(t ) = λ(0) + 6λ(( t

τ
)2 −

5
2

t
τ

+ 5
3 )( t

τ
)3, and (iv) λ∗(t ) = λ(0) + λ( t

τ
)μ, (μ > 0). The

above λ∗(t ) protocols are shown in Fig. 7(a) and the paths in
the λ-T plane are displayed in Fig. 7(b). The mdieq protocols
for the underdamped cases, which do not have the freedom to
choose, are also shown for comparison.

The mean work and heat are given by 〈W ∗〉 = �∗ −
U ∗

1 and 〈Q∗〉 = T − �∗ + 2U ∗
1 respectively, which

can be derived as a function of T (τ )
T (0) and λ(τ )

λ(0) for given λ∗(t )
using (56) and (59). Assuming a single timescale in the pro-
tocol λ∗(t ) can be put into the form λ∗(t ) = λ̃∗( t

τ
), then 〈W ∗〉

can be expressed as

〈W ∗〉
T (0)

= 1

2λ(0)

∫ 1

0

˙̃λ∗(y)[1 + χy]2dy + χ2

2τ
. (60)

Here we are also interested in the scenario that work
can be extracted from the mdieq path. Similar analysis as
in the underdamped case reveals that 〈W ∗〉 < 0 is possible
only for the case of expansion, and more work can be ex-
tracted if λ∗(t ) is monotonically decreasing. Figure 8(a) plots
〈W ∗〉 as a function of T (τ )

T (0) for the mdieq transition in the
overdamped limit for the protocols (i)–(iv) with the same
expansion ratio of λ(0)

λ(τ ) = 3. In general, there is a significant
regime in which work can be extracted(〈W ∗〉 < 0). Also there
exists a local minimum for 〈W ∗〉 as a function of T (τ )

T (0) for

a given of λ(τ )
λ(0) . The above observation can be further es-

tablished theoretically by examining the expression in (60).
(60) reveals that 〈W ∗〉 is a quadratic function of the pa-

rameter χ ≡
√

T (τ )λ(0)
T (0)λ(τ ) − 1. For convenience, we define a ≡

− ∫ 1
0 y2 ˙̃λ∗(y)

λ(0) dy, b ≡ − ∫ 1
0 y

˙̃λ∗(y)
λ(0) dy > 0, c ≡ − ∫ 1

0

˙̃λ∗(y)
λ(0) dy, and

χ± ≡ [−b ±
√

b2 − (a − 1
τ

)c]/(a − 1
τ

). Detail analysis re-
veals that the conditions for 〈W ∗〉 < 0 can be classified into
the following three scenarios: (I) 1/τ > a (fast transition),
then 〈W ∗〉 < 0 for χ− < χ < χ+. (II) 1/τ < a, then 〈W ∗〉 <

0 for χ > χ+ or χ < χ−. (III) 1/τ < a − b2

1− λ(τ )
λ(0)

, then 〈W ∗〉
is always negative and work can be always be extracted in
this slowest scenario. Furthermore for given λ∗(t ), there is a
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(a) (b)

FIG. 7. (a) Several possible mdieq protocols for λ∗(t ) in the overdamped limit. Protocols: (i) blue dot-dashed curve, (ii) red dashed curve,
(iii) green dotted curve and, and (iv) μ = 6, thick black solid curve. The cases of underdamped mdieq protocols are also shown for comparison
for α = 10 (orange thin solid curve), α = 1 (orange thin dashed curve). (b) The mdieq protocols shown in the λ-T plane for the cases in (a).

negative minimum 〈W ∗〉 at some value of χ = χmin under the
fast scenario (I), which can be derived analytical to be

χmin = bτ

1 − aτ
⇒
(

T (τ )

T (0)

λ(0)

λ(τ )

)
min

=
(

1 + (b − a)τ

1 − aτ

)2

,

(61)

〈W ∗〉min = −T (0)

2

(
b2τ

1 − aτ
+ c

)
. (62)

Figure 8(a) shows 〈W ∗〉 as a function of T (τ )
T (0) with λ(τ )

λ(0) = 1
3 in

the fast scenario (I) for various mdieq protocols in Fig. 7. The

corresponding mean heat is given by 〈Q∗〉 = T − �∗ +
2U ∗

1 and is plotted as a function of T (τ )
T (0) in Fig. 8(b). Since

〈W ∗〉 has a minimum, 〈Q∗〉 has a maximum also, but is located
at large values of T (τ )

T (0) beyond the range shown in the figure.
The power can be directly computed from P∗ = −〈W ∗〉/τ

and also displays a maximum as a function of τ as shown in
Figs. 8(c) and 8(d), with the maximal power and τmax derived
to be

τmax = 2χ2

aχ2 + 2bχ + c
, P∗

max = (aχ2 + 2bχ + c)2

8χ2
T (0).

(63)

0 1 2 3 4
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α=1

(a)

0 1 2 3 4 5
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<
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α=1
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τ

-1
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0
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P
*

(i) T(τ)/T(0)=2
(ii)
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(iv) μ=1
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(c)

11.0
τ

-1
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(iv) μ=1
(iv) μ=6

(d)

FIG. 8. mdieq energetics [in unit of T (0)] in the overdamped limit for λ(τ )
λ(0) = 1

3 (expansion). (a) Mean work, 〈W ∗〉 for the mdieq transition
in the overdamped limit for the protocols (i)–(iv) with τ = 2 [fast scenario (I)]. The case of underdamped mdieq protocol is also shown for
comparison for α = 1 (orange thin dashed curve). (b) Mean heat, 〈Q∗〉 for the cases in (a). (c) The mdieq mean power extracted as a function
of τ for the cases in (a) for T (τ )

T (0) = 2. (d) The mdieq mean power extracted as a function of τ for the cases in (a) for T (τ )
T (0) = 0.5.
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(a) (b)

(c)

FIG. 9. mdieq energetics [in unit of T (0)] in the overdamped limit for the isothermal and isochoric cases. (a) Mean work and heat as a
function of λ(τ )

λ(0) for mdieq isothermal process with τ = 2. (b) The isothermal mdieq mean power extracted as a function of τ for various values

of λ(τ )
λ(0) . (c) Mean work and heat as a function of T (τ )

T (0) for mdieq isochoric process with τ = 2.

For isothermal processes, the mdieq mean heat and work
in the overdamped limit can be simplified to

〈W ∗〉 = T (0)

2

⎡
⎣ln

λ(τ )

λ(0)
+ 1

τ

(
1 −

√
λ(0)

λ(τ )

)2⎤⎦, (64)

〈Q∗〉 = −T (0)

⎡
⎣1

2
ln

λ(τ )

λ(0)
+ 1

τ

(
1 −

√
λ(0)

λ(τ )

)2⎤⎦. (65)

Figure 9(a) shows the mean work and heat as a function of
compression ratio λ(τ )

λ(0) for the isothermal case. Work extrac-
tion (〈W ∗〉 < 0 is possible only for the case of expansion
( λ(τ )

λ(0) < 1), and there is an optimal expansion ratio at which
maximal work can be extracted, which can be calculated to be

(
λ(τ )

λ(0)

)
min

= 1

4τ 2
(
√

1 + 4τ − 1)2, (66)

〈W ∗〉min =T

[
ln

(√
1 + 4τ − 1

2τ

)
+ 1

τ

(
2τ√

1 + 4τ − 1
−1

)2]
.

(67)

The power P∗ = −〈W ∗〉/τ in this case also displays a maxi-
mum as a function of τ if λ(τ ) < λ(0), as shown in Fig. 9(b),
with the maximal power and τmax derived to be

τmax = 2

(√
λ(0)
λ(τ ) − 1

)2

ln λ(0)
λ(τ )

, P∗
max = T

8

⎛
⎝ ln λ(0)

λ(τ )√
λ(0)
λ(τ ) − 1

⎞
⎠

2

. (68)

Finally, for isochoric processes (λ̇ = 0), the mean heat and
work in the overdamped limit can be calculated to give

〈W ∗〉 = T (0)

2τ

(√
T (τ )

T (0)
− 1

)2

, (69)

〈Q∗〉 = −T (0)

⎡
⎣T (τ )

T (0)
− 1 − 1

τ

(√
T (τ )

T (0)
− 1

)2
⎤
⎦. (70)

〈W ∗〉 is always non-negative and no work can be extracted
in this case. Figure 9(c) shows the mean work and heat as a
function of the heating ratio T (τ )

T (0) for the isochoric case.

IV. SUMMARY AND OUTLOOK

We have theoretically derived the ieq protocols with
minimal dissipation for a Brownian particle under both time-
dependent temperature and potential parameter variations.
Remarkably, under the minimal dissipation condition, the
time-reversal symmetry between the forward and backward
processes is restored. It is worth noting that for the general ieq
process, the zero entropy change protocol only requires the
entropy to be the same for the initial and final state (which is
less restrictive), and the path may not be isentropic. However,
under the minimal dissipation condition, the zero entropy
change endpoint boundary condition will enforce the mdieq
path to be isentropic at all times during the transition. Such a
result of mdieq being isentropic can be viewed as the gener-
alization of the quasistatic case of zero (minimal) dissipation
with a reversible (constant entropy) path. Explicit formulas
of mdieq protocols for the cases of fixed temperature, fixed
stiffness, and isentropic condition are derived, thus providing
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TABLE I. Table summarizing the results or formulas for the mdieq protocols for the underdamped and overdamped (α → 0) case. The
expressions for the corresponding mean work for various processes are also listed in the square bracket by the equation number in the text. For
the isochoric case, the first and second equation numbers correspond to the underdamped and overdamped cases, respectively.

mdieq protocol; [〈W ∗〉]
Process underdamped overdamped

general (Ṫ , λ̇ 	= 0) solution of (22) and (23); [(27)] �∗ (t )
T ∗ (t ) = �(0)

T (0)
1

[1+(
√

β(0)�(0)
β(τ )�(τ ) −1) t

τ ]2
; [(60)]

isothermal (Ṫ = 0) sh−1
√

α�∗ =
√

1 + 1
α�∗ + c1 − c2

t
τ

; [(43)] �∗(t ) = �(0)

[1+(
√

�(0)
�(τ ) −1) t

τ ]2
, [(64)]

isochoric (λ̇ = 0) T ∗ (t )
T (0) = [1 + (

√
T (τ )
T (0) − 1) t

τ
]2; [(37), (69)]

isentropic (λ ∝ T 2) T ∗ (t )
T (0) = 1

[1−(1−
√

T (0)
T (τ ) ) t

τ ]2
; [(47)]

theoretical insights that allow the construction of desirable
ieq paths with low dissipation. All the analytic formulas are
summarized in Table I. With the mdieq temperature and po-
tential protocols as building blocks, one can conveniently
construct a mdieq engine cycle with the desired properties and
low dissipation. The performance and associated energetics
of these mdieq cycles and other general ieq cycles are under
investigation and will be reported in future publications.

Furthermore, although the ieq of the isothermal process
has already been implemented [7,25,26] in colloid experi-
ments, realizing ieq protocols involving heating and cooling
for underdamped systems remains challenging. Thus, in this
paper, we also derive analytic results for the mdieq in the over-
damped limit (see Table I for summarizing the main results).
Remarkably, it is shown that there is a family of infinitely
many protocols to choose to achieve mdieq in the overdamped
limit. This can provide useful guidelines and great flexibility

for the choice of appropriate protocols for the experimental
realization of the mdieq transitions in overdamped systems.
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APPENDIX A: SUMMARY OF THE IEQ TRANSITION
UNDER λ(t ) AND β(t )

In order to achieve instantaneous equilibrium (ieq) under
the ramp potential U0(x, λ(t )), a position and momentum de-
pendent auxiliary potential U1(x, p, t ) is introduced in such a
way that the particle experiences a total Hamiltonian

H = H0(x, p, t ) + U1(x, p, t ) = p2

2m
+ U0(x, λ(t )) + U1(x, p, t ), (A1)

and the underdamped Brownian particle will be at ieq that follows the Boltzmann distribution:

ρieq(x, p, t ) = eβ(t )(F (λ,β )−H0(x,p,λ(t )), (A2)

where F (λ, β ) = − 1
β(t ) ln

∫
d p
∫

dxe−β(t )H0(x,p,λ(t )) is the free energy of the ramp system at ieq for some instantaneous value of
λ and β during the transition process. U1 can be determined for a given ramp potential U0(x, λ(t )) with the protocols λ(t ) and
β(t ) with the requirement that ρieq(x, t ) must satisfy the Kramers equation

∂ρieq

∂t
= − ∂

∂x

[
ρieq

(
p

m
+ ∂U1

∂ p

)]
+ ∂

∂ p

[
ρieq

(
∂U0

∂x
+ ∂U1

∂x
+ γ p

m
+ γ

∂U1

∂ p
+ γ

β(t )ρieq

∂ρieq

∂ p

)]
, (A3)

resulting in a linear PDE for U1:

γ

β

∂2U1

∂ p2
+
(

∂U0

∂x
− γ p

m

)
∂U1

∂ p
− p

m

∂U1

∂x
= β̇

β
(F − H0) + β̇

∂F

∂β
+
(

∂F

∂λ
− ∂U0

∂λ

)
λ̇. (A4)

The linear dependence of λ̇ and β̇ in the RHS of (A4) implies that U1 is of the form given by (3). Since (A4) is linear in U1 for
general U0(x, λ(t )), one can employ the power series expansion method to solve for U1. For the case of U0(x, λ) = 1

2λxn, U1 was
derived [27] to be

U1(x, p, t ) = τmλ̇(t )

nλ(t )
H0(x, p − γ x, λ(t )) + τmβ̇(t )

β(t )

[
1

2
H0(x, p, λ(t )) + 1

n
H0(x, p − γ x, λ(t ))

]
, (A5)

where τm ≡ m/γ is the inertia memory time of the underdamped particle. The underdamped particle experiences the total
potential

Uieq = 1
2λ(t )xn + U1(x, p, t ) (A6)
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and follows the ieq Boltzmann distribution with the instantaneous free energy, given respectively by

ρieq(x, p, t ) = eβ(t )[F (λ(t ),β(t ))− p2

2m − λ(t )
2 xn], (A7)

β(t )F (λ(t ), β(t )) = ln

[
n

2�
(

1
n

)(β(t )λ(t )

2

) 1
n
√

β(t )

2πm

]
(A8)

= 1

n
ln λ(t ) +

(
1

2
+ 1

n

)
ln β(t ) + constant, (A9)

where �(x) is the Gamma function. Denote the (time-dependent) ensemble average at ieq by 〈· · · 〉 ≡ ∫
dx
∫

d p · · · ρieq(x, p, t ),
direct calculations give

〈p2(t )〉 = m

β(t )
; 〈xn(t )〉 = 2

nβ(t )λ(t )
; 〈x2(t )〉 =

(
2

β(t )λ(t )

) 2
n �
(

3
n

)
�
(

1
n

) , (A10)

which in dimensionless form is (8) in the main text.
The infinitesimal work (dW ) for the ieq trajectory from time t to t + dt can be calculated directly from (5) and (6) to give

β0dW = β0
∂ (U0 + U1)

∂t
dt (A11)

=
{[

1

2

(
1 + α

n
ν(t ) + α

2

β̇(t )

β(t )

)
�̇(t ) + α

2
�(t )

[
ν̇(t )

n
+ 1

2

d

dt

(
β̇(t )

β(t )

)]]
xn (A12)

+ ν̇(t )

2n
(αp − x)2 + 1

4

d

dt

(
β̇(t )

β(t )

)
(αp)2

}
dt .

The mean work in the ieq process can then be computed theoretically by taking the ensemble average of (A12) and using (A10)
to give

〈W 〉 =
∫ τ

0
dt

〈
∂ (U0 + U1)

∂t

〉
≡ � + Wdiss (A13)

= 1

n

∫ τ

0

�̇(t )

β(t )�(t )
dt + Wdiss, (A14)

where the mean dissipated work in the ieq process is given by Wdiss = ∫ τ

0 dt〈 ∂U1
∂t 〉. The mean dissipated work in the ieq process

Wdiss = ∫ τ

0 dt〈 ∂U1
∂t 〉 is given by

Wdiss =
∫ τ

0
dt

α

β(t )

[
1

n

(
ν(t )

n
+ β̇(t )

2β(t )

)
�̇(t )

�(t )
+
(

1

2
+ 1

n

)(
ν̇(t )

n
+ 1

2

d

dt

(
β̇(t )

β(t )

))
+ βν̇

2αnβ0

�
(

3
n

)
�
(

1
n

)( 2β0

β(t )�(t )

) 2
n

]

≡ U1 +
∫ τ

0
Ln(�(t ), �̇(t ), β(t ), β̇(t ))dt, where (A15)

Ln ≡ α

β

(
ν

n
+ β̇

2β

)2

+ 1

n2β0

�
(

3
n

)
�
(

1
n

)(2β0

β�

) 2
n

ν2. (A16)

Ln can be put in terms of a metric tensor g (from which a thermodynamic distance [40] can be defined in the parameter space),

Ln = (
�̇
�

β̇

β

)
g

(
�̇
�

β̇

β

)
, where (A17)

g ≡ 1

n2β

(
α + Dn

�2/n

(
1 + n

2

)
α + Dn

�2/n(
1 + n

2

)
α + Dn

�2/n

(
1 + n

2

)2
α + Dn

�2/n

)
, Dn ≡ 2

(
β

2β0

)1− 2
n �( 3

n )

�( 1
n )

. (A18)

APPENDIX B: PROOF OF EQ. (26)

For harmonic potential, from (10) (with n = 2), we have

〈U1〉 = β̇

β2

(
α + 1

4�

)
+ �̇

2β�

(
α + 1

2�

)
. (B1)
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Under the mdieq protocol �∗ and β∗ satisfy (22) and (23) which can be rewritten explicitly in terms of β, �, and their derivatives,

2β̈

β

(
α + 1

2�

)
+ �̈

�

(
α + 1

�

)
− �̇2

�2

(
α + 3

2�

)
− 4β̇2

β2

(
α + 3

8�

)
− β̇�̇

β�2
= 0, (B2)

4β̈

β

(
α + 1

4�

)
+ 2�̈

�

(
α + 1

2�

)
− 3

2

�̇2

�2

(
α + 1

�

)
− 6β̇2

β2

(
α + 1

4�

)
− β̇�̇

β�2
= 0. (B3)

Then expanding L2 in (21) with the mdieq solution

∫ τ

0
L∗

2dt =
∫ τ

0
dt

{
β̇∗2

β∗3

(
α + 1

4�∗

)
+ β̇∗�̇∗

β∗2�∗

(
α + 1

2�∗

)
+ 1

4

�̇∗2

β∗�∗2

(
α + 1

�∗

)}
. (B4)

Integrating by parts the first term and invoking (B3), we have

∫ τ

0

β̇∗2

β∗3

(
α + 1

4�∗

)
dt = −2β̇∗

β∗2

(
α + 1

4�∗

)∣∣∣∣∣
τ

0

+
∫ τ

0
dt

{
3

4

�̇∗2

β∗�∗2

(
α + 1

�∗

)
− �̈∗

β∗�∗

(
α + 1

2�∗

)}
. (B5)

Substituting the above back to (B4) and then invoking (B1), we have

∫ τ

0
L∗

2dt = −2β̇∗

β∗2

(
α + 1

4�∗

)∣∣∣∣∣
τ

0

− �̇∗2

β∗�∗2

(
α + 1

�∗

)∣∣∣∣∣
τ

0

(B6)

= −2(〈U ∗
1 (τ )〉 − 〈U ∗

1 (0)〉) = −2U ∗
1 . (B7)

Notice that only (B3) [but not (B2)] is needed in the proof, and hence (26) holds for β̇ 	= 0.

APPENDIX C: RESTORATION OF TIME-REVERSAL SYMMETRY IN THE BACKWARD MDIEQ PROTOCOLS

Consider a forward process of (λ(0), β(0)) → (λ(τ ), β(τ )) and �(t ) is the dimensionless protocol of λ(t ) scaled with some
fixed stiffness, say �(t ) ≡ λ(t )/λ0, the mdieq protocols obey (B2) and (B3). The backward path connects (λ(τ ), β(τ )) →
(λ(0), β(0)) with some protocols λr (t ) and βr (t ), i.e., βr (0) = β(τ ), βr (τ ) = β(0), λr (0) = λ(τ ), λr (τ ) = λ(0). The mdieq
protocols for the backward process are also governed by (B2) and (B3). With t → τ − t , (B2) and (B3) for the mdieq backward
protocols read

2β̈∗
r (τ − t )

β∗
r (τ − t )

(
α + λ0

2λ∗
r (τ − t )

)
+ λ̈∗

r (τ − t )

λ∗
r (τ − t )

(
α + λ0

λ∗
r (τ − t )

)
− λ̇∗

r
2
(τ − t )

λ∗
r

2(τ − t )

(
α + λ0

2λ∗
r (τ − t )

)

−4β̇∗
r

2
(τ − t )

β∗
r

2(τ − t )

(
α + 3λ0

8λ∗
r (τ − t )

)
− β̇∗

r (τ − t )λ̇∗
r (τ − t )

β∗
r (τ − t )λ∗2

r (τ − t )
= 0, (C1)

4β̈∗
r (τ − t )

β∗
r (τ − t )

(
α + λ0

4λ∗
r (τ − t )

)
+ 2λ̈∗

r (τ − t )

λ∗
r (τ − t )

(
α + λ0

2λ∗
r (τ − t )

)
− 3

2

λ̇∗
r

2
(τ − t )

λ∗
r

2(τ − t )

(
α + λ0

λ∗
r (τ − t )

)

−6β̇∗
r

2
(τ − t )

β∗
r

2(τ − t )

(
α + λ0

4λ∗
r (τ − t )

)
− β̇∗

r (τ − t )λ̇∗
r (τ − t )

β∗
r (τ − t )λ∗

r
2(τ − t )

= 0, (C2)

which are the same equations governing the mdieq protocols, λ∗(t ) and β∗(t ), of the forward process. Thus we have the time-
reversal symmetric relation for the mdieq protocols of the forward and backward processes, namely,

λ∗
r (τ − t ) = λ∗(t ), β∗

r (τ − t ) = β∗(t ). (C3)

It is easy to see that the proper endpoints B.C.s for λ∗
r and β∗

r also hold. Furthermore, since∫ τ

0
L2(λ∗(τ − t ), λ̇∗(τ − t ), β∗(τ − t ), β̇∗(τ − t ))dt =

∫ τ

0
L2(λ∗(t ), λ̇∗(t ), β∗(t ), β̇∗(t ))dt . (C4)

Using (B1) to compute the U ∗
1 of the mdieq of the backward process, we have

U ∗
1 r = β̇∗

r (τ )

β(0)2

(
α + λ0

4λ(0)

)
− β̇∗

r (0)

β(τ )2

(
α + λ0

4λ(τ )

)
(C5)

+ λ̇∗
r (τ )

2β(0)λ(0)

(
α + λ0

2λ(0)

)
− λ̇∗

r (0)

2β(τ )λ(τ )

(
α + λ0

2λ(τ )

)
= U ∗

1 , (C6)
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where the last equality follows from (C3). Since W ∗
diss = U ∗

1 + ∫ τ

0 L∗
2dt , hence the minimized dissipative works for the forward

and backward mdieq processes are the same,

W ∗
dissr = W ∗

diss. (C7)

One can similarly compute

�∗
r = 1

2

∫ τ

0

λ̇∗
r (t )

β∗
r (t )λ∗

r (t )
dt = −1

2

∫ τ

0

λ̇∗(τ − t )

β∗(τ − t )λ∗(τ − t )
dt = −�∗. (C8)

Hence we derive the work relation between the forward and reverse mdieq

〈W ∗〉 = 〈W ∗
r 〉 + 2�∗, (C9)

which is a special case of the work relation for the general ieq of the forward and reverse process [27].
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