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All-optical Stückelberg spectroscopy of strongly driven Rydberg states
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The AC Stark shift of electronic levels is ubiquitous in the interaction of intense light fields with atoms
and molecules. As the light intensity changes on the rising and falling edges of a femtosecond laser pulse,
it shifts the Rydberg states in and out of multiphoton resonances with the ground state. The two resonant
pathways for transient excitation arising at the leading and the trailing edges of the pulse generate Young’s
type interference, generally referred to as the Stückelberg oscillations. Here we report the observation of the
Stückelberg oscillations in the intensity of the coherent free-induction decay following resonant multiphoton
excitation. Moreover, combining the experimental results with accurate numerical simulations and a simple
model, we use the Stückelberg oscillations to recover the population dynamics of strongly driven Rydberg states
inside the laser pulse by all-optical measurements after the end of the pulse. We demonstrate the potential of this
spectroscopy to characterize lifetimes of Rydberg states dressed by laser fields with strengths far exceeding the
Coulomb field between the Rydberg electron and the core.
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The formation of electronically highly excited states—both
transient, existing only in the presence of the strong electro-
magnetic field, and long-lived—is a key process underlying
much of atomic and molecular strong-field physics [1]. Re-
combination of the transient, strongly driven excited states
yields extreme ultraviolet (EUV) to soft x-ray emission, pre-
senting not only a practically important light source with
unique properties but also containing rich information on
the structure and dynamics of the target atom or molecule,
forming the basis of high-harmonic spectroscopy (HHS) [1,2].
An important aspect of the strong-field interaction are the
multiphoton resonances mediated by the ubiquitous Ry-
dberg states, dubbed “Freeman resonances” [3–7], later
re-emerging as “frustrated tunneling” in infrared fields (see,
e.g., Refs. [8–12]).

Such resonances are inevitable as the field-dressed Ry-
dberg states experience the AC Stark shift, which mostly
follows the ponderomotive potential Up of the laser field and
exceeds the laser photon energy in strong laser fields, gener-
ally leading to resonances on the rising and the falling edges
of the laser pulse [Fig. 1(a)].

As the resonance occurs twice, the two pathways must
interfere, leading to intensity-dependent oscillations in the
population of excited states and ion yield [6,13], known as
Stückelberg oscillations. They were first predicted for atomic
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collisions nearly a century ago [14] and arise whenever a tran-
sient resonance condition re-appears after a well-defined time
interval. They have been observed in a variety of contexts,
from microwave ionization of Rydberg atoms [15] to Ramsey-
type interference in three-photon ionization of Na [13], to
one-photon ionization by x-ray fields [16,17].

This mechanism is the foundation for Landau-Zener-
Stückelberg interferometry (see e.g., [18] for a recent
overview). Yet, the Stückelberg oscillations have never been
observed for the simplest and ubiquitous strong-field atomic
process: the multiphoton Rydberg-state excitation (see, e.g.,
Ref. [6]).

The purpose of this paper is twofold. First, we show that
an all-optical measurement of the free-induction decay (FID)
emission is a sensitive all-optical probe of the coherent, long-
lived population of Rydberg states prepared by an intense
laser pulse, and that the all-optical setup allows one to con-
trol the volume-averaging effects and reveal the Stückelberg
oscillations hidden underneath. Second, we show how one
can use this Ramsey-type Stückelberg interferometer as a
delicate probe of the dynamics and decay of strongly driven
Rydberg states inside the driving laser pulse. We confirm
our experimental observations and our spectroscopic proposal
through accurate numerical simulations. Unless noted other-
wise, atomic units h̄ = me = |e| = 1 are used throughout.

The key idea of the Stückelberg spectroscopy is detailed
in Fig. 1(a). It relies on observing the Stückelberg oscillations
while changing the peak laser intensity. A laser-dressed Ryd-
berg state passes through a multiphoton resonance with the
ground state on the leading (instant t1) and falling (instant
t2) edges of the pulse. For a symmetric laser pulse and neg-
ligible ground-state depletion, the two excitation amplitudes
are identical. However, the Rydberg population excited at the
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FIG. 1. (a) Origin of the Stückelberger oscillations. Energy of
the Rydberg state follows the instantaneous field intensity I . (b),
(c) Populations of the 6s and 7s states in Argon as a function of laser
intensity in the TDSE calculation and the simplified two-level atom
model (see text for details). The upper axis shows the time delay
between two resonance events [see panel (a)].

pulse front (instant t1) may be depleted between t1 and t2. This
depletion affects the interference, which can therefore be used
to characterize the depletion. Specifically, the Rydberg-state
population w at the end of the laser pulse (time T ) is [6,19]

w(Imax) ∝ e− ∫ T
t2

�(t )dt ∣∣e− 1
2

∫ t2
t1

�(t )dt−iφ(t2,t1 ) + 1
∣∣2

. (1)

Here φ(t2, t1) is the relative phase between the two transition
amplitudes accumulated between t1 and t2 [the colored areas
in Fig. 1(a); see Ref. [19] for details]; exp(− 1

2

∫ t2
t1

�(t )dt )
describes the loss of the Rydberg state amplitude due to ion-
ization between t1 and t2. Thus, measuring the Stückelberg
oscillations vs the laser intensity gives access to the behavior
of strongly driven Rydberg states, both their amplitude and
the phase, including their stability against ionization in intense
laser fields. The maxima (minima) of the oscillations, which
occur when φ(t2, t1) is an even (odd) multiple of π , measure

the phase accumulated by the strongly driven Rydberg state
between the resonances. For the ponderomotive Stark shift
and well separated t1 and t2, the maxima appear at intensities
separated by [19]

�Imax ≈ 4B0ω
2 2π

τFWHM
, (2)

where ω is the driver carrier frequency and τFWHM is the laser
pulse duration, 2π

τFWHM is approximately the bandwidth of the
laser pulse, and B0 � 1 is an envelope-dependent constant
on the order of unity (B0 ≈ 0.94 for a Gaussian envelope).
For a 35 fs, 400 nm driving pulse, �Imax ≈ 7.5 TW/cm2 (1
TW = 1012 W). The theoretical results in Figs. 1(a) and 1(b)
were obtained by solving the time-dependent Schrödinger
equation (TDSE) in full dimensionality and also by using the
two-level atom (TLA) model of Ref. [6]. Further details for
the simulations can be found in Ref. [19].

The depth of the oscillations of w(Imax) records the pop-
ulation loss from the Rydberg state between t1 and t2, as
illustrated in Figs. 1(b) and 1(c). Thus, following the Stückel-
berg oscillations vs Imax, which controls the delay τD = t2 − t1
between the resonances, allows one to measure the ionization
lifetimes of strongly driven Rydberg states. Since the Stück-
elberg oscillations are mapped onto the final population of
the Rydberg states, they can be observed via the intensity of
the characteristic free-induction decay (FID) lines, which are
proportional to these populations. Thus, observation of the
free-induction decay after the laser pulse enables all-optical
Stückelberg oscillations spectroscopy of strongly driven Ryd-
berg states during the laser pulse. We have implemented this
idea experimentally.

In the experiment, we used a 1 kHz Ti:sapphire laser sys-
tem (SpectraPhysics SpitfireAce) which delivered 35 fs pulses
(FWHM) centered around 795 nm with pulse energies up to
4 mJ. A laser beam attenuator at the system output enabled
high-resolution intensity control without changing the beam
propagation direction. The radiation was further frequency-
doubled in a type-I β-barium-borate (BBO) crystal yielding
radiation centered at 397 nm, and further focused with f/100
mirror down to 30 μm (at 1/e2) into a 1.2-mm-long gas-cell
filled with argon at a pressure of ≈3 mbar.

The resulting extreme ultraviolet (XUV) radiation was an-
alyzed by an XUV spectrometer [20] consisting of a toroidal
mirror and a gold-coated grating. The distances between the
spectrometer parts were carefully adjusted to obtain a 1 : 1
image of the interaction area. A microchannel plate together
with a phosphorus screen was placed in the image plane, con-
verting the XUV radiation into the visible range, which was
recorded with a complementary metal-oxide-semiconductor
(CMOS) camera.

The XUV radiation was recorded and analyzed as a
function of incident laser intensity. Figure 2 shows the typ-
ical spectrum generated with laser peak intensity of ≈80
TW/cm2. The broad peak at 15.65 eV corresponds to the fifth
harmonic of the driver, while much narrower peaks labeled A–
D can be assigned to the dipole-allowed free-induction decay
(FID) from 4d , 5d , 6d , 6s, 7s, and 8s states to the ground 3p
state, based on the argon level diagram [21]. They are split
due to the spin-orbit coupling in the Ar+ ion (2P1/2 and 2P3/2

states; see Fig. 2). The lines A, B, C, D in Fig. 2 include
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FIG. 2. Spectrum generated at a peak intensity of 80 TW/cm2.
The broad peak centered around 15.65 eV corresponds to the fifth
harmonic, while the four narrow lines (A–D) originate from FID of
excited states associated with spin-orbit components of the Ar+ ion
(2P1/2 and 2P3/2). The FID lines from 3d and 5s states (inside the blue
circle) become prominent at higher intensities (100–120 TW/cm2).
The FID lines vanish if a weak 800 ṅm probe pulse spatially overlaps
with the 400 nm pump beam, as shown in inset of the upper panel.

contributions from at least two unresolved FID transitions
with photon energies 14.85, 15.01, 15.18, and 15.36 eV.

We have checked that the A–D lines disappear if a weak
800 nm probe pulse follows the driver pulse, depleting the
Rydberg states and thus quenching the free-induction decay.
Additional lines corresponding to the FID from the spin-orbit-
split 3d and 5s states, marked with a blue circle (see Fig. 2),
are absent at lower driver intensities and appear one after
another upon increasing the driver intensity. Indeed, as the
driver intensity increases, the AC Stark shift moves lower
excited states in and out of the five-photon resonance with the
ground state, thus progressively populating lower-lying states
(see Fig. 3).

Figure 3 shows the intensity of each of the FID lines as
a function of laser intensity. The FID radiation only appears
once the AC Stark shift is sufficient to lift the corresponding
state up into resonance. After prompt rise, the FID signal
decreases and exhibits clear damped oscillations at higher
laser intensities. Observing the oscillations confirms that the
population excited on the raising edge of the pulse survives
through the field maximum until the second resonance on the
falling edge.

To get better insight into our experimental results, we
performed single-atom TDSE simulations (further details can
be found in Ref. [19]), see Fig. 4. As expected, the popu-
lations of the excited states increase with intensity, starting
with the highest 8s state and progressing to the lowest 4d ,
and oscillates rapidly as a function of the peak intensity for
each state. Almost complete destructive interference occurs in
the case of 4d at 60 TW/cm2 and 7s at 31 TW/cm2 states,
whereas the depth of the oscillation in the 5d state is rather
moderate. High contrast of the Stückelberg oscillations for the

FIG. 3. Intensity of radiation emitted from FID as function of
laser intensity obtained in the experiment (black circles with ver-
tical and horizontal lines representing double standard deviations)
together with results of the volume-averaged simulations for the
two-level atom model (blue line) and TDSE (red line). Panel (e)
shows the calculated FID intensities of the radiation composed of
4d + 6s states for various slit sizes as parameter (see Ref. [19]).

4d , 5d , 6d , and 8s Rydberg states demonstrates that hardly
any ionization occurs from these states even at the intensities
I ≈ 100 TW/cm2, with 4d , 6d , and 8s being the most striking
examples, providing a direct signature of atomic stabilization
in Rydberg states.

In Figs. 1(b) and 1(c) we find excellent agreement between
the results of the simple two-level model [6,22] and the re-
sults of the TDSE simulations. This agreement allows us to
extract lifetimes 1/�0 of the corresponding Rydberg states.
For example, for the 6s state, which shows rapidly decreasing
oscillation contrast with laser intensity, we find the lifetime of
1/�0 ≈ 15 fs for I0 = 50 TW/cm2, which decreases to ≈9 fs
at 65 TW/cm2. The d states remain extremely stable even at
high intensities, with lifetimes exceeding the pulse duration.

To contrast these conclusions for the single-atom models
against our experimental observations, we must account for
the focal averaging and the macroscopic phase-matching of
the FID radiation. While the thin gas cell, the low gas pressure,
and the focal geometry allow for simple coherent addition of
local FID emissions inside the interaction volume with neg-
ligible phase mismatch, the intensity distribution in the focus
plays a crucial role. This is not unexpected: the Stückelberg
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FIG. 4. Calculated populations of the atomic states as a function
of peak laser intensity of the 40 fs driving pulse. See text for details.

oscillations were initially judged to be completely obscured
by the focal averaging [6]. Their observation in the few-
photon regime [13] required an ingenious experimental setup
mapping the beam position—and thus the peak intensity—
onto the detector arrival time.

We model volume effects by integrating both the TDSE
results and the results of the two-level model over the gas
cell and the spatial beam intensity distribution. The result-
ing radiation is calculated as a coherent sum of all dipoles,
emitting in the forward direction in the far-field limit, with
a spatially dependent phase and the intrinsic atomic phase.
The crucial aspect of the experimental setup, which enables
observation of the Stückelberg oscillations, is the combination
of the toroidal mirror and a planar grating used at grazing in-
cidence in the spectrometer. This setup excludes a significant
part of the divergent FID beam [23] in the horizontal plane and
effectively introduces a spatial filter placed in the object or the
image plane. Without such an effective aperture, the spatial
averaging would have suppressed the oscillations [13]. Fur-
ther details of the volume averaging can be found in Ref. [19].
The results of the volume-averaged simulations for two level
atom model and the TDSE are shown in Fig. 3. To determine
the effective slit size imposed in the experiment, we used
the TDSE results and fit them to the experimental data using
the slit size as a free parameter, yielding an effective size of
17 μm with excellent agreement between the model and the
experiment.

In the next step, we determined the lifetimes (ionization
rates) of the corresponding levels by fitting the results of the
two-level model to the experimental data with �0 as parame-
ter, which are listed in Fig. 3. The resulting ionization rate for
4d + 6s state [Fig. 3(c)] is in close agreement with the rate
obtained by comparing the TDSE and the model results for
a single atom, see Fig. 1(b) (6s state), even though the two
states contributing to the experimental signal are unresolved
in the experiment. However, the ionization rate for 5d + 7s
states deviates by an order of magnitude from the rate obtained
for the single 7s state by comparing the two-level model
with the TDSE result in Fig. 1(b). In this case, the amplitude
of the Stückelberg oscillations observed in the experiments

could be affected by the experimental conditions, including
contributions from unresolved s and d states.

The effects of the aperture on the simulated FID emission
are illustrated in Fig. 3(e). The interference is barely dis-
cernible if the whole target volume is allowed to contribute
(pink dotted line). Moreover, in that case the intensity of the
FID radiation increases monotonically with laser intensity for
all states (data not shown). By decreasing the diameter of
the aperture to values smaller than the beam waist at the
focus (2w0 = 60 μm) the interference becomes ever more
visible. For the spatial filter in the form of a slit our modeling
in Fig. 3(e) predicts that the smaller the slit size, the more
visible the Stückelberg oscillations are [19]. It is thus feasible
to minimize the effects of spatial averaging through spatial
filtering to the radiation.

As discussed above, it is possible to extract the ionization
rates from the contrast of the Stückelberg oscillations, which
we have done both for the single-atom TDSE results and
using the two-level model and comparing with the experi-
ment. Clearly, volume-averaging effects complicate inversion
of the experimental data. Thus, further improvement of the
experimental setup is required to perform more accurate re-
construction of the intensity-dependent lifetimes. In addition
to reducing the volume-averaging effects, the method would
clearly benefit from improving the resolution of the spectrom-
eter to resolve FID from each Rydberg state.

To summarize, the Stückelberg oscillations in the Free-
man resonances arising during strong-field ionization have
been observed in the free-induction decay, using an all-optical
setup. The aperture introduced by the setup allows one to keep
the volume-averaging effects under control and is the key for
the success of this measurement. Our work shows that Stück-
elberg interference can be used as a sensitive spectroscopic
tool to analyze the behavior of Rydberg states in strong laser
fields. Good agreement of the experiment with both simple
two-level model and accurate numerical simulations confirms
the feasibility of Ramsey-type “Stückelberg spectroscopy” of
strongly driven Rydberg states via their free-induction decay.

N.Z., U.B., and M.I. acknowledge financial support from
the DFG QUTIF Grant IV No. 152/6-2.

APPENDIX A: INTENSITY POSITIONS OF
STÜCKELBERG MAXIMA: STATIONARY-PHASE

ANALYSIS

We consider the usual perturbation-theory expression for
the wave function response in the presence of a time-
dependent perturbation V̂t due to the laser field [24]:

|	(t )〉 = |	0〉 − i
∫ t

t0

dt ′Û (t, t ′)V̂t ′ |	0〉, (A1)

where the zero energy has been chosen to coincide with the
field-free energy of the initial (ground) state |	0〉, so that
no time-dependent phase is accumulated by this term. In the
velocity-gauge and dipole approximation, the perturbation V̂t

is given by (atomic units)

V̂t = e �At · ∇̂ + e2

2
A2

t , (A2)
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where e = −1 is the electron charge, −i∇̂ is the momentum
operator, and �At is the vector-potential at the coordinate ori-
gin:

�At = ω−1 �F0 f (t ) cos ωt . (A3)

In Eq. (A3) we assume that the laser field is linearly polarized
with the slowly varying temporal envelope f (t ). We neglect
the effects associated with the carrier-envelope phase (CEP)
due to the multicycle nature of the pulses.

To describe the behavior of the Rydberg states, we choose
to approximate the full propagator Û (t, t ′) by the zeroth-order
Kramers-Henneberger propagator [25], Û ≈ ÛKH,0. After
transforming back into the laboratory frame of reference, it
is given by

ÛKH,0(t, t ′)|χκ (�r − �αt ′ )〉 = |χκ (�r − �αt )〉−εκ (t−t ′ ) − 2

∫ t
t ′ A2

τ dτ ,

(A4)
where χκ and εκ are the solutions of the time-independent
Schrödinger equation in the zeroth-order Kramers-
Henneberger potential vKH,0:(

−1

2
�̂ + vKH,0

)
χκ = εκχκ, (A5)

vKH,0 = ω

2π

∫ 2π
ω

0
v(�r + �ατ )dτ, (A6)

where �αt is the displacement of a classical electron with zero
drift momentum:

�αt = −e
∫ t

−∞
�Aτ dτ. (A7)

Inserting Eq. (A4) into Eq. (A1) and projecting the result
onto [|χκ (�r − αt )〉−εκ t ]∗, we obtain the excitation amplitude
aκ for the state κ:

aκ = e
∫ t

t0

dt ′εκ t ′− 2

∫ t
t ′ A2

τ dτ �At ′ · 〈χκ (�r − �αt ′ )|∇̂|	0〉, (A8)

where we used the strong-orthogonality condition to elimi-
nate the matrix element of A2

t ′ in Eq. (A8). Because we are
only interested in the position of constructive interferences
(maxima) of aκ , it is sufficient to examine the rapidly oscil-
lating exponential part of the integral (A8). We will, however,
note that, because 〈χκ (�r − �αt ′ )| is not an eigenfunction of
a centrosymmetric potential, the usual one-photon atomic
angular-momentum selection rules do not apply to Eq. (A8);
excitations to Kramers-Henneberger states which adiabati-
cally correlate to arbitrary zero-field L values are allowed.
This reflects the distortion of the states by the dressing laser
field, or, in other words, laser-induced coupling between the
field-free Rydberg states, which allows the population trans-
ferred to one field-free Rydberg state via standard transitions
to flow to other Rydberg states with different angular mo-
menta.

Following the standard stationary-phase analysis proce-
dure [26,27], we obtain two stationary points of the integral
per laser cycle, allowing us to approximate Eq. (A8) by a sum

over the stationary points [26,27]:

aκ ≈
∑

n

Cφn
n , (A9)

φn = εκtn − 1

2

∫ t

tn

A2
τ dτ, (A10)

tn = tn,r + tn,i, (A11)

ωtn,r = π

2
+ πn, (A12)

ωtn,i = γn, (A13)

γn =
√

εκ

2Up,n
, (A14)

Up,n = F 2
0

4ω2
f 2(tn,r ). (A15)

Equation (A9) is the strong-field excitation analog of the usual
strong-field approximation (SFA) results for strong-field ion-
ization and high-harmonics generation processes [26,27]. The
prefactors Cn encompass all the contributions of the slowly
varying terms in the integral (A8), but can otherwise be left
unspecified in our analysis. From the definition of the 〈χκ (�r −
�αtn )|∇̂|	0〉 matrix elements, we expect the prefactors C2n and
C2n+1, which correspond to the similar free-electron position
αtn (the outer and inner turning points, respectively), to form
slowly varying progressions, while the prefactors separated by
one half of the driver period (Cn and Cn+1) can be significantly
different, depending on the nature of the electronic states
involved.

The overall amplitude (A9) exhibit two types of con-
structive interferences: cycle to cycle and long term. The
cycle-to-cycle constructive interference arises when

Re(φn+2 − φn) = 2πm, (A16)

where m is an integer. Substituting Eqs. (A10)–(A12) and
taking the A2

τ integral using the trapezoidal rule, we obtain
the cycle-to-cycle interference condition:

εκ + 1
2 (Up,n + Up,n+2) = ωm, (A17)

which corresponds to the m-photon resonance between the
ground state and the Stark-shifted Rydberg state [28]. This
condition is satisfied twice: once on the raising edge, and the
second time on the falling edge of the pulse envelope (see
Fig. 1 of the main text). From Eq. (A17), the cycle-to-cycle
resonance condition re-occurs at the peak laser field intensities
separated by [28]

�Ipeak = �
(
F 2

0

) ≈ 4ω3. (A18)

For the 400 nm driver field, this corresponds to ≈210
TW/cm2, which is outside the experimental intensity range.
We therefore expect at most one cycle-to-cycle constructive
interference per target state in our experiment.

In order to evaluate the positions of the long-time construc-
tive interferences it is necessary to specify the field envelope.
We will assume that it is Gaussian, with the full width at half
maximum duration (power) of τFWHM:

f (t ) = exp

(
− 2 ln 2

τ 2
FWHM

t2

)
. (A19)
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For this envelope, the cycle-to-cycle resonance condi-
tion (A17) is satisfied at ±tm, with tm given by

tm = τFWHM

2
√

ln 2

√
ln

Up,peak

mω − εκ

, (A20)

where the peak ponderomotive potential is given by

Up,peak = F 2
0

4ω2
. (A21)

The constructive resonance condition is then given by

φtm − φ−tm = 2tmεκ + 1

2

∫ +tm

−tm

A2
τ dτ = 2π l, (A22)

where l is an integer.
The transcendental equation (A22) does not have nontrivial

closed-form solutions. However, evaluating the A2
τ integral in

the slowly varying envelope approximation and collecting the
slowly varying functions of Up,peak on the right-hand side, we
obtain

Up,peak = 1

ζ

(
l

√
4 ln 2

π

2π

τFWHM
− 2εκ√

π
ζ

)
, (A23)

ζ =
√

ln
Up,peak

mω − εκ

. (A24)

Equation (A23) can be readily evaluated numerically for all
m, l using fixed-point iterations. Furthermore, in the high-
intensity limit (Up,peak � mω − εκ ) ζ → 1, and the intensity
spacing between the consecutive constructive interferences is
determined by the first term in Eq. (A24):

�Ipeak ≈ 4B0ω
2 2π

τFWHM
, (A25)

B0 =
√

4 ln 2

π
≈ 0.94. (A26)

Thus, the maxima are expected to repeat at intensities propor-
tional to the driver bandwidth 2π

τFWHM
and inversely proportional

to the square of its wavelength λ (ω = 2πc
λ

). For λ = 400 nm
and τFWHM = 35 fs, we expect �Ipeak ≈ 7.5 TW/cm2, which
is consistent with the TDSE results shown in Fig. 1 of the main
text.

APPENDIX B: NUMERICAL DETAILS

The TDSE implementation is described in Ref. [29].
We numerically solve the one-electron time-dependent
Schrödinger equation (TDSE) in spherical coordinates by ap-
plying the dipole approximation in the velocity gauge. The
exciting laser pulse at 400 nm central wavelength has a Gaus-
sian envelope with 40 fs FWHM, linearly polarized along the
z direction. It is smoothly turned off, 66.5 fs measured from
the pulse center. The argon atom is modeled with the potential
described in Ref. [30]. The simulation includes angular mo-
menta up to Lmax = 15. The radial grid increases uniformly
from 0.039 Bohr up to 1.961 Bohr in 0.038 Bohr steps and

continues logarithmically from 2 Bohr to 15.07 Bohr. From
this point, the grid again increases uniformly in steps of 0.3
Bohr to 119.17 Bohr. An absorbing boundary [31] is applied
at the outer edge. The calculations were performed for laser
peak intensities ranging from 0.4 to 120 TW/cm2 in steps of
0.4 TW/cm2.

The analytical model [6] includes the ground state and
the excited state, the latter undergoing both a ponderomotive
energy shift and ionization decay. The excited and the ground
states are coupled via an N-photon matrix element Vn ∝ IN/2

(I is the laser intensity), for our case of N � 4 the exact value
of the matrix element only determines the overall scale and
does not affect the modulation contrast. The ionization rate is
�(t ) = �0(I/I0), I0 = 60 TW/cm2, with �0 varied to calibrate
the Stückelberg oscillations obtained in the model against the
TDSE, thus finding the ionization rate as shown in Figs. 1(b)
and 1(c). We have used a Gaussian laser pulse with 40 fs
duration (FWHM) centered at 400 nm, and ran both the TDSE
and the two-level model simulations for peak intensities from
I0 = 0.4 TW/cm2 to I0 = 120 TW/cm2.

The fields used in the simulation are intense enough to ex-
cite from both p0 and p± ground states of argon. However, the
excited-state populations resulting from excitation from p±
states at the end of the simulation are lower by a factor of ≈30
compared with excitation from p0 and therefore neglected in
the discussion.

APPENDIX C: FOCAL VOLUME AVERAGING

To compare the results of the TDSE simulation with the
experimental data we have to consider the effects of spatial
volume averaging. We therefore map the results of the TDSE
to the intensity distribution of a Gaussian beam

I (r, z) = I0
w2

0

w2(z)
e− 2r2

w2 (z) , (C1)

with w(z) = w0[1 + ( z
zR

)2]1/2 and w0 denoting the width and
zR the Rayleigh length.

We discretize the volume utilizing the cylindrical sym-
metry on the z and r axes (�z = 20 μm, �r = 1 μm) and
create an array of atomic dipoles: for each peak intensity I0

in the experiment we obtain amplitudes a(I0, ri, zi ) and phase
φat(I0, ri, zi ) at each position (ri, zi ) on the grid directly from
the results of the TDSE. We later account for the full volume
by integrating over all azimuthal angles ϕ. Additionally, each
dipole acquires a geometrical phase:

φgeom(z, zi, ri ) = −ikL(z − zi ) − ikL
r2

i

2R(zi)
+ iψ (zi ), (C2)

where kL denotes the wave number of the laser, R(zi ) = zi[1 +
(z2

R/z2)]. the curvature of the laser wavefront at position zi and
ψ (z) = arctan( z

zR
) the Gouy phase. The electric field radiated

by the dipoles in the far-field limit at distance L reads

F (t ; I0, ri, zi ) ∝ a(I0, ri, zi )e
φat (I0,ri,zi )eφgeom(L,zi,ri )eikFID (L−zi )

× e−iωFIDt , (C3)

where kFID is the wave number of the FID radiation and
we consider only emission in the forward direction since
L � 2w0. To calculate the signal S(I0) measured at the center
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FIG. 5. Spatial averages of FID radiation obtained by modeling,
considering the full focal volume.

of the detector as a function of peak intensity of the laser,
we coherently add the radiation from all dipoles along the
z direction (forward direction) and incoherently along the r
direction (assuming emission only in forward direction)

S(I0) =
∑

ri

2πri

∣∣∣∣∣
∑

zi

F (I0, ri, zi )

∣∣∣∣∣
2

, (C4)

where the factor 2πri = ∫ 2π

0 dϕri originates from the az-
imuthal integration. Note that we dropped the time depen-
dence of the electric field since the detector is slow and
realistic measurements average over many cycles.

The experimentally observed spectral peaks in each case
consist of radiation of at least two FID transitions which
cannot be resolved by the XUV spectrometer. We account for
this in the modeling by adding the signal of each contribu-
tion of the corresponding transitions weighted by its Einstein
coefficient.

APPENDIX D: SPATIAL FILTERING

Focal volume averaging as presented in Appendix C results
in a signal, where all Stückelberg oscillations are “washed
out.” Figure 5 shows the graphs that we obtain from the TDSE
and the focal volume averaging discussed in Appendix C.
Compared with the results of single-atom modeling (Fig. 4)
the oscillations are far less pronounced. This is also true
compared with the experimental results (Fig. 3). We identified

FIG. 6. Modeling of spatial filtering with a slit (black shaded ar-
eas). The Gaussian intensity profile of the laser is represented by the
red-purple colormap, where a darker color means higher intensity.
The black dashed line denotes the center of the intensity distribution
with respect to x, the white dashed circle marks the width w0 of the
Gaussian beam. (a) Slit centered according to the intensity maximum
of the laser and an aperture d = 40 μm. (b) Slit positioned off-center
at x0 = −10 μm and an aperture of d = 40 μm. The purple dashed
line marks the center of the slit.

the reason for this to lie in geometrical restrictions in the ex-
periment, which prevent the entire FID radiation from arriving
at the detector. Due to grazing incidence (at a quite extreme
angle) on the spectrometer grating, the FID beam is partly
horizontally truncated. Without such truncation, the output of
the FID lines demonstrate a monotonic growth as shown in
Fig. 5 and as observed in the experiment [11]. To model this
geometry, we consider a spatial filter in the form of a slit that
can be applied to the radiation source, effectively truncating
the generation volume. Figure 6 shows an illustration of the
placement of the slit (dark, shaded) relative to the intensity
distribution in the transverse plane. The parameters charac-
terizing the slit are its aperture d and the placement x0 of its
center along the horizontal axis.

Clearly, the cylindrical symmetry of the generation
medium is broken in this case, so that the integration over
azimuthal angles φ has to be modified to account for the
truncation of the generation volume. The signal then reads

S(I0) =
∑

ri

w(ri )

∣∣∣∣∣
∑

zi

F (I0, ri, zi )

∣∣∣∣∣
2

, (D1)

where the weight factor w(ri ) reads

w(ri ) =
∫ β

0
dϕ ri, (D2)

β =

⎧⎪⎪⎨
⎪⎪⎩

2π, ri < d
2 − x0

2π − 2 arccos
( d

2 −x0

ri

)
, d

2 − x0 < ri < d
2 + x0

2π − 2
[

arccos
( d

2 −x0

ri

) + arccos
( d

2 +x0

ri

)]
, ri > d

2 + x0.

(D3)

To find the best fit of the model to the experimental data, we run a parameter search over x0 and d . The results for the best fit
are shown in Fig. 3 in the article.
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