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A multiphoton collective phase is a multiphoton-scattering feature that cannot be reduced to a sequence of
two-photon scattering events, and the three-photon “triad phase” is the smallest nontrivial example. Observing
a higher-order collective phase is experimentally challenging, and only triad and four-photon tetrad collective
phases have been observed. We introduce a scheme to make higher-order multiphoton collective-phase obser-
vations feasible by designing a sparse interferometer, which significantly reduces complexity compared with
the current best scheme for observing a multiphoton collective phase. Specifically, our scheme reduces the
optical depth from logarithmic to constant and reduces the number of beam splitters from O(n log n) to linear
scaling with respect to the collective-phase order n. As constant depth reduces loss and dispersion to a fixed rate
regardless of collective-phase order, a major obstacle to observing large-scale collective phases is removed.
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I. INTRODUCTION

In the Hong-Ou-Mandel (HOM) effect, a celebrated exam-
ple of two-photon interference, two identical single photons
arrive at distinct ports of a balanced (50:50) beam splitter
(BS) with a controllable relative-time delay, and quantum
interference is manifested as an output coincidence-rate dip
with the dip minimum occurring when the time delay de-
creases to zero [1]. The relationship between the photons’
distinguishability, which is adjusted by the time-delay mech-
anism in the Hong-Ou-Mandel effect, and the controllable
two-photon coincidence makes two-photon interference an
excellent tool to characterize single-photon sources, such as
spontaneous parametric downconversion [2–7] and quantum
dots [8–17], and reconstruct the scattering matrix of linear
optical interferometers [18–21].

When generalized to multiphoton (more-than-two-photon)
quantum interference with controllable mutual distinguisha-
bility, a multiphoton collective phase (MCP), which is
a geometric phase in photonic internal space, arises. An
MCP cannot be reconstructed from two-photon interference
[22] and reveals facets of multiphoton distinguishability. To
minimize the phase effect coming from the interferometer and
focus only on the collective phase from multiple photons, ex-
periments that manifest the collective phase are usually done
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with balanced multiport interferometers (with “balanced”
referring to a single photon entering any input port having an
equal probability of being detected at any output port).

Three- and four-photon interferometers (known as tritters
[23,24] and quitters and quarters [25,26], which are balanced
six-port and eight-port interferometers, respectively) have
been demonstrated to be able to observe MCPs [27,28]. Practi-
cally, to measure an n-photon MCP with a balanced multiport
interferometer comprising O(n log n) optical elements with
fixed loss γ per element, the optimal optical depth (the largest
number of optical elements along the transmission path) is
O(log n) [29]. The resultant photon loss rate is γ O(log n).

For multiphoton interference in the balanced multiport,
MCPs of all orders manifest in the interference. Thus one
needs to make pairs of photons totally distinguishable with
the help of photonic internal degrees of freedom such as polar-
ization (corresponding to a two-dimensional Hilbert space) or
time delay (corresponding to an infinite-dimensional Hilbert
space), to eliminate lower-order MCPs, thereby making the
highest-order MCP prominent [22]. Specifically, we solve the
problem of whether all lower-order MCPs can be eliminated
with optical depth less than O(log n).

We solve this problem, in the positive, by sparsifying the
interferometer so that all MCPs are zero for fewer than n
photons. During the procedure of sparsification, we need to
increase the mode number of the interferometer to ensure
that the interferometer is lossless and described by a uni-
tary matrix. Then, to use fewer optical elements, we solve
for the minimum mode number required in our procedure
of sparsification. With the help of graph theory, we propose
a 2n-mode sparse interferometer, which turns out to deliver
the desired MCP using only constant, rather than logarithmic,
optical depth. The number of beam splitters is reduced from
O(n log n) to O(n).
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Our results are important because we provide an approach
to multiphoton state characterization that requires fewer re-
sources than either full tomography or the fully connected
interferometer method, while providing all necessary infor-
mation to predict multiphoton-interference behavior. Thus our
results can be useful for a range of multiphoton-interference
experiments such as for boson sampling [30–39] and quantum
metrology [40,41].

This paper is organized as follows. In Sec. II we provide a
detailed background of MCPs plus basic notation and a theo-
retical framework of multiphoton interference. In Sec. III, we
introduce our proposed sparse interferometer and the design
principles of the interferometer with the help of graphs. In
Sec. IV, we explicitly examine the case of four photons, pro-
vide a proposal to measure the four-photon collective phase,
and then generalize to the n-photon case. Finally, we summa-
rize our work in Sec. V.

II. BACKGROUND

In this section, we summarize key background information
and the state of the art. In Sec. II A, we review MCP theory
and experiments including genuine multiphoton interference.
In Sec. II B, we give the basic notation and a theoretical
framework for multiphoton interference. In Sec. II C, we in-
troduce the connectivity graph for the interferometer and the
enhanced-distinguishability graph for the multiphoton case.

A. Collective phase and genuine multiphoton interference

An MCP was first isolated and observed with a tritter, and
this three-photon MCP is known as a “triad phase” [27]. The
triad phase is defined as the sum of the arguments of the
pairwise overlaps of photon states among three photons. To
isolate the triad phase experimentally, photon polarizations
are combined with time delays to control and vary the triad
phase so that the overlap amplitude is invariant. The empirical
signature of the triad phase is an oscillating triad phase with
respect to varying polarization and time delays.

When one of the three photons is blocked, the two-photon
coincidence is constant under the same conditions that make
the triad phase vary. Constant two-photon coincidence con-
comitant with varying triad phase is experimental proof of
genuine three-photon interference. Another manifestation of
genuine three-photon interference arises for three energy-time
entangled photons passing through three Franson interferom-
eters, each with a distinct, controllable relative phase between
the “short” and “long” paths [42]. The three-photon coin-
cidence rate shows a sinusoidal oscillation with respect to
the sum of these three phases. When one or both photons
are traced out, the resultant two-photon coincidence rate or
one-photon rate, respectively, is invariant with the sum of the
phases.

Although both the triad phase [27] and the three-photon
phase [42] can show genuine three-photon interference, they
have quite different origins. The triad phase emerges from
the relative phase in the internal space of pairwise photons,
whereas the other phase emerges from the Franson interfer-
ometer.

Shchesnovich and Bezerra use a weighted directional
graph to describe genuine n-photon interference with an input
corresponding to an n-photon separable state arriving and with
a scattering matrix that does not have any zero elements [22].
An interferometer with no zero scattering-matrix elements is
called an all-connected interferometer. In the weighted di-
rected graph representation of multiphoton interference, each
vertex represents a photon, and the weight of each directed
edge is given by the overlap of the two photons connected
by the edge in the internal degree of freedom (DoF). Then an
n-photon collective phase corresponds to the cycle of length n
in the graph.

For the case of n photons all mutually interfering in the
all-connected interferometer, the corresponding graph is an
n-vertex directed complete graph. Besides the n-photon col-
lective phases, there are also cycles with length less than n;
these smaller cycles correspond to lower-order MCPs in the
complete graph. With graph theory, Shchesnovich and Bezerra
prove that genuine n-photon interference can be realized by
making all pairs of photons except the neighboring pairs and
the first-last pair of photons orthogonal [22].

By using Shchesnovich and Bezerra’s method, recent ex-
periments manifest a four-photon collective phase in the
four-photon interference of a quitter [28]. In their experiment,
one pair of photons is orthogonal in polarization, and the other
pair of photons is orthogonal in the time-frequency domain by
requiring a large relative-time delay.

Scaling up the experiments, according to Shchesnovich
and Bezerra’s method, to n photons requires more indepen-
dent control parameters over the photons’ internal space;
this overhead is clear by counting the number of constraints.
Specifically, each photon needs to be orthogonal to (n − 3)
photons when n � 3, which yields n(n − 3) constraints over
the control parameters in the photons’ internal DoF space. If
we assume that, for each photon, d independent parameters
are required to rotate the photon in the internal space, then to
isolate the n-photon collective phase in multiphoton interfer-
ence, we require that

dn − n(n − 3) � 0 ⇒ d � n − 3. (1)

Thus the number of independent parameters for controlling
each photon increases linearly with respect to the photon
number n.

In contrast to all-connected interferometers in Shches-
novich and Bezerra’s method, we double the mode number
and then propose a sparse interferometer to manifest gen-
uine n-photon interference. Then we show how to measure
the n-photon collective phase from the interference results.
We define an interferometer layer as a subset of optical ele-
ments that share the same shortest length for input photons to
transmit through from the injected ports. Then, for our pro-
posed interferometer, only two layers of optical elements are
needed, which gives only constant loss in the interferometer
and thereby overcomes the need for independent parameters
in the photons’ internal DoF space.

B. Multiphoton interference and MCP

In this section, we introduce basic notation and a known
useful expression for the coincidence rate obtained by
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multiphoton interference [43,44]. First we write the interfer-
ometer input state as a product state of n single photons with
the creation operators indexed by external- and internal-DoF
labels. Then we transform these creation operators according
to the unitary scattering matrix U ∈ SU(m), where m is the
number of channels. Finally, we write the expression for the
n-photon coincidence rate at the output.

Usually, single photons interfering at an interferometer
involve DoFs arising in two categories. One category is for
DoFs that are transformed by the interferometer, i.e., mix-
ing paths at beam splitters. The other category is for DoFs
that are not manipulated by the interferometer, but are rather
externally controlled, such as polarization or timing. The dis-
tinction between internal and external DoFs is not always
sharp; for example, doubling the number of interferometer
channels to accommodate polarization as additional paths in
effect converts polarization from an internal to an external
DoF [44]. These two DoF categories have been called “sys-
tem” and “label” DoFs, respectively [45]. We instead use the
terms “external” and “internal” DoFs, respectively, for clarity.

We inject n photons into m interferometer input ports and
label each input photon with a unique index

i ∈ [n] := {1, 2, . . . , n} (2)

and each input port with index j ∈ [m]. Then we denote the
creation operator for the ith single photon injected into the
jth input port as A(i)†

j . This notation for the creation operator
suppresses internal DoFs; we incorporate internal DoFs by
employing the creation operator a†

s , where s labels the internal
DoF and the external DoF is suppressed. To be clear, the
expression for the ith single photon entering the jth input port
is

A(i)†
j |0〉 =

∑
s

p(i)
s a†

j;s |0〉 , (3)

with |0〉 being the vacuum state and p := (ps) being a vector
of coefficients over the internal DoF. If s is treated as being
continuous, such as for time of arrival, then the sum in Eq. (3)
is treated instead as an integral.

As the n input photons are injected into a SU(m) inter-
ferometer, i.e., a lossless, passive, m-channel interferometer,
the interferometer transformation can be described mathemat-
ically by an m × m unitary scattering matrix

U = (Uk j ) ∈ Mm(C). (4)

As we only treat the case that at most one photon is injected
into each input port, we construct an input-configuration vec-
tor function

v : [n] → [m] : i �→ vi := proji v, (5)

i.e., vi indicates which input port receives the ith incoming
photon.

Given an input port vi, the inverse v−1 yields the index (2)
that pertains to the injected photon, i.e.,

v−1 : [m] → [n] : vi → i. (6)

Elementwise, the vector (5) is expressed as

v = (v1 · · · vn)�, (7)

with � denoting transpose. Note that the order of integers in
v is important as permuting which photons enter where can
change the multiphoton coincidence measurement outcome.

Now we consider the output configuration. Although the
photons can be regarded as exiting through a superposition
of paths, photon counting of each output path is executed
in the end. Thus we identify an output configuration with
postselecting the state based on these photon-count results. In
our analysis, for output configurations, we postselect over the
collision-free case, i.e., at most one photon exits from each
output mode. Thus, similarly to input-vector v (5),

η : [n] → [m] : i �→ ηi, ηi = η j ⇐⇒ i = j (8)

is the output-configuration vector, with η being a length-
n vector of positive integers in the range from 1 to m.
Whereas permuting entries in the input-configuration vector v

can change the measurement result, multiphoton coincidence
measurements are set up so that permuting the detectors does
not change the results. Thus, unlike for v, the vector η has the
same physical meaning under all permutations of its entries.

Now we express the formula for a coincidence rate repre-
sented by η and v given input state

|�〉in =
n∏

i=1

A(i)†
vi

|0〉 . (9)

The output state can be calculated by transforming creation
operators by the unitary matrix U describing the interferome-
ter according to

A(i)†
j �→

m∑
k=1

Uk, jA
(i)†
k , ∀i ∈ [n], j ∈ [m]. (10)

For Sn, the permutation group over n elements, we employ its
regular representation

(�σ )i, j =
{

1 σσi = σ j

0 otherwise, σi, σ j, σ ∈ Sn, (11)

the interferometer vector

(
uη

v

)
σ

:=
n∏

i=1

Uησ (i),vi , ∀σ ∈ Sn, (12)

and the permutation-dependent overlaps of photonic states

r (n)
σ =

n∏
i=1

〈0|Aσ (i)
vi

A(i)†
vi

|0〉 ∈ C, ∀σ ∈ Sn, (13)

to write the output coincidence rate as [43,44]

Cη
v =

∑
σ∈Sn

r (n)
σ

[(
uη

v

)† · �σ · uη
v

]
. (14)

The coincidence rate is a linear combination of the overlaps
r (n)
σ , with each weight given by the expected value of the

regular representation { �σ } of the symmetric group Sn with
respect to uη

v .
Here, we provide an example of three-photon interference

in a tritter [23,27,46] with the scattering matrix defined as

Uj,k := 1√
3

e− 2π i
3 ( j−1)(k−1), ∀ j, k ∈ [3]. (15)
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When we inject three photons into the tritter with the input
configuration v = (1, 2, 3)� and detect with the output con-
figuration η = (1, 2, 3)�, the coincidence rate (14) contains
six terms,

2
9 r (3)

1 − 1
9

(
r (3)

(1,2) + r (3)
(2,3) + r (3)

(1,3)

)+ 2
9

(
r (3)

(1,2,3) + r (3)
(1,3,2)

)
. (16)

Although the summation of these six terms gives us a real-
valued three-photon coincidence rate, each of them is not
necessarily real.

The first term is related to the overlap of the three-photon
state with itself without any permutation, which gives r (3)

1 =
1. The three terms in the middle of (16) are related to the two-
photon permutations. We can see that these three terms are
real by substituting the two-cycle permutation σ = ( j, k) ∈ S3

into Eq. (13),

r (3)
( j,k) = ∣∣〈0|A( j)

vk
A(k)†

vk
|0〉∣∣2, (17)

where the imaginary phase is absent due to the modular
square. Each of these three two-photon-related terms can be
measured from the Hong-Ou-Mandel interference between
the corresponding two photons [1].

However, the last two terms in (16) can be complex num-
bers and contain the complex phase that cannot be measured
from two-photon interference. We denote the phase of the
three-photon-interference term r (3)

(1,2,3) (or r (3)
(1,3,2)) by

ψ
(3)
(1,2,3) := arg

(
r (3)

(1,2,3)

)
(18)

and the phase of the overlap of two photons j and k as

θ
(3)
j,k := arg

(〈0|A( j)
vk

A(k)†
vk

|0〉), j, k ∈ [3]; (19)

then, from Eq. (13), we have

φ
(3)
(1,2,3) = θ

(3)
3,1 + θ

(3)
1,2 + θ

(3)
2,3 . (20)

Such an interference phase emergent in the three-photon in-
terference is a sum of two-photon overlap phases among three
photons and contains the collective information of three pho-
tons. Such a phase is called “triad phase” [27] or three-photon
collective phase due to its analogy with collective behavior in
three-photon interference.

Furthermore, the collective-phase idea can be generalized
to more photons. Although Cη

v (14) is independent of σ by
virtue of the summation over permutations, the collective
phase depends on the overlaps (13) themselves. Mathemat-
ically, we decompose the permutation into disjoint product
cycles, namely,

σ =
∏

i

σi ⇒ r (n)
σ =

∏
i

r (n)
σi

. (21)

The i-photon collective phase for an n-photon input state (9)
is

ψ (n)
σ := arg

(
r (n)
σ

)
, |σ | = i, (22)

where |σ | denotes the length of a cycle. Consequently, the
two-photon collective phase must be zero because σ−1 = σ

and

r (n)
σ−1 = r∗(n)

σ , (23)

(a)

1

2

3

4

1

2

3

4
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1 2

34
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1 2

3

FIG. 1. (a) Connectivity graph of a 4 × 4 interferometer. The
input vertices are shown as solid circles, and the output vertices
are shown as dashed circles. (b) A minor graph mapped from the
connectivity graph in (a) by the mapping L. (c) The corresponding
enhanced-distinguishability graph mapped from (b) by � when the
three-photon input-configuration vector is v = (1 2 3)�.

so σ being a length-2 cycle implies r (n)
σ ∈ R. If σ is a disjoint

product of cycles, then the collective phase is the sum of col-
lective phases for each of these irreducible cycles. To obtain
the whole picture of multiphoton interference, we only need
to focus on all the disjoint permutation operators.

C. Connectivity of the interferometer

For the coincidence rate (14), each term contains a contri-
bution from photonic-state overlaps and the interferometer. If
we make the interferometer sparse, i.e., some Ui, j elements
of the scattering matrix are zero, the contribution related to
some permutations could be diminished. Our aim is to spar-
sify the interferometer so that only the contributions related
to an n-cycle permutation and two-length permutation exist
in the coincidence rates. To better show which terms can
exist in a specific interferometer, in this section, we employ
graphs to represent the interferometer. From a description
of the m-channel interferometer by some unitary U (4), we
construct two graphs to represent this interferometer. The first
graph, the connectivity graph, represents connectivity, which
reveals whether certain outputs arise given certain inputs. The
second graph, called the enhanced-distinguishability graph,
represents distinguishability permitted in the interferometer
for injected photons.

The interferometer is described by the unitary matrix ex-
plained in Eq. (10), which we convert to the connectivity
graph, showing a relation between inputs and outputs, accord-
ing to the following rule. The connectivity graph

Gc = (Ec, Vc) (24)

for the m × m unitary U in Eq. (4) has 2m vertices in

Vc = Sc  Dc, (25)

where Sc contains the first m vertices as solid circles and
Dc contains the last m vertices as dashed circles, as seen in
Fig. 1(a). For the edge set Vc of the connectivity graph, if
Ui j �= 0, an undirected edge is drawn from the solid circle
labeled i to vertex m + j, which we draw as a dashed-circle
vertex labeled j. If Ui j = 0, no edge exists from the solid
circle labeled i to the dashed circle labeled j. The connectivity
graph has the property that edges only exist between solid and
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dashed circles, not from solid circles to solid circles or dashed
circles to dashed circles.

Every unitary matrix U can be mapped to a unique connec-
tivity graph, but not every connectivity graph can be mapped
to a unitary matrix for any choice of m channels; that is,
the connectivity map is not invertible. We refer to connectiv-
ity graphs that yield unitary matrices as proper connectivity
graphs with notation Gc, and the complement are improper
connectivity graphs. In Fig. 1(a), we give an example of a
proper connectivity graph of a 4 × 4 interferometer.

Now we explain the mapping from connectivity graphs,
whether proper or improper, to enhanced-distinguishability
graphs. In the enhanced-distinguishability graph, each ver-
tex represents a photon, and for arbitrary two vertices, the
edge exists only when nonzero distinguishability between
the corresponding two photons exists in the coincidence rate
(14). This restriction requires that their two-photon overlap
be nonzero and the corresponding two photons interfere in
the interferometer. Here, we assume that the photons are not
totally distinguishable, i.e., their distinguishability is nonzero
in their internal DoF, such that we can focus on the relation-
ship between the enhanced-distinguishability graph and the
interferometer.

With the above assumption, to determine whether two pho-
tons can interfere in the interferometer, we can see whether
these two photons are intimate in their external DoF, i.e.,

whether they share at least one common output mode when
they exit the interferometer. Thus, given the input configu-
ration of photons, the basic idea of the mapping from the
connectivity graph to the enhanced-distinguishability graph
is to check whether two arbitrary related input vertices in
the connectivity graph are connected to at least one common
output vertex.

Formally, this mapping is a composition of mappings L and
�, i.e., � ◦ L with

L : Gc → Gmc, (26)

where Gmc = (Emc, Vmc) with the subscript “mc” referring to
“minor of connectivity”, and

� : Gmc → Ge ⊆ Gmc, (27)

where Ge is the enhanced-distinguishability graph.
The mapping L is achieved by lifting all of the solid-

dashed-solid paths to solid-solid paths. This mapping is
subdivided into a vertex mapping and an edge mapping as
L = ( fL, gL ) with

fL : Vc → Vmc : x �→
{

x if x ∈ Sc

∅ if x ∈ Dc
(28)

for vertices and, for an edge defined by its pair of vertices
(x, y), a mapping

gL : Ec → Emc : (x, y) �→
{

(x, z) if x, z ∈ Sc ∧ y ∈ Dc ∧ (y, z) ∈ Ec

∅ otherwise (29)

for the edges, which essentially maps the path (x, y, z) in Gc to the edge (x, z) in Gmc. We illustrate the mapping L in Fig. 1 for
a proper connectivity graph [Fig. 1(a)] mapped to its minor [Fig. 1(b)]. In the example, there is an edge between vertices 1 and
2 in Fig. 1(b) because there exists a path ( 1©, , 2©) in Fig. 1(a). However, we can see that there is no edge between vertices 1
and 4 in Fig. 1(b) due to the absence of a solid-dashed-solid path that connects 1© and 4© in Fig. 1(a).

From Eq. (29), we see that there is a mapping from the edge of a solid-dashed-solid path to the dashed vertices in the path,
which is denoted by

h : Ec → Dc : (x, y) �→
{

y if x ∈ Sc ∧ y ∈ Dc ∧ ∃z ∈ Sc ∧ (y, z) ∈ Ec

∅ otherwise. (30)

The mapping h and its inverse are used in Sec. III B, where
we explain the reason for doubling the mode number in the
interferometer to achieve genuine multiphoton interference.

Next, when we specify the input configuration of photons
as v (5), we only care about those vertices labeled by each of
the components in v. This gives us the mapping � that takes
a Gmc to a Ge, which is constructed by picking up vertices
labeled by v and the edges that are linked to the vertices
picked in Gmc. Similarly, given v and Gmc = (Emc, Vmc), the
mapping � = ( f�, g�) comprises

f� : Vmc → Ve : x �→
{
v−1(x) if x ∈ {proji v}
∅ otherwise

(31)

for the vertex mapping, with v−1 defined in Eq. (6), and

g� : Emc → Ee :

(x, y) �→
{

(v−1(x), v−1(y)) if x, y ∈ {proji v}
∅ otherwise

(32)

for the edge mapping.

Our first step in this mapping � is to pick up vertices
corresponding to labels for input ports receiving single pho-
tons from the minor Gmc. The remaining vertices that are
not included in the enhanced-distinguishability graph rep-
resent labels for ports receiving only vacuum. We relabel
these picked vertices with labels from 1 to n following the
inverse mapping v−1 in (6). Next we draw an edge connect-
ing vertices if the corresponding two vertices are adjacent
in Gmc. We show this mapping in the example in Fig. 1
from the minor of the connectivity graph [Fig. 1(b)] to the
enhanced-distinguishability graph [Fig. 1(c)] if the vector (7)
is v = (1 2 3)�. A special case arises for v = (1 2 · · · n)� and
n = m: In this case, Gmc coincides with Ge.

Our formalism for connectivity graphs and enhanced-
distinguishability graphs applies to the special case of
all-connected interferometers [22], for which a single photon
entering any of the input ports has a nonzero probability of
being detected at any output port. Consequently, the inter-
ferometer’s connectivity graph is a complete bipartite graph
between solid-circle and dashed-circle vertices; i.e., each
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input vertex is connected to all output vertices. This all-
connected graph yields an enhanced-distinguishability graph
that is necessarily a complete graph, i.e., all vertices are mu-
tually connected.

III. SPARSE INTERFEROMETER

To realize genuine n-photon interference and measure
the n-photon collective phase with separable photons, the
basic idea is to eliminate all the lower-order phases from
the coincidence. In Sec. III A, we elucidate our concept for
sparse interferometers eliminating lower-order MCPs. Then,
in Sec. III B, we analyze the necessity of doubling the modes
of the interferometer to generate the genuine n-photon in-
terference and isolate the n-photon collective phase in our
method. In Sec. III C, we sort the output configurations into
three sets such that one set is only related to these pairwise
overlaps of photons, one set is only related to the n-photon
collective phase, and the remaining set contains all forbidden
configurations in our setup.

A. Concept

Currently, only one method exists for eliminating all lower-
order MCPs. This method involves manipulating all photons’
internal DoFs so that all lower-order phase terms in the co-
incidence disappear due to total distinguishability between
selected photon pairs [22,28]. We develop a method based
on manipulating external DoFs, i.e., using a sparse interfer-
ometer. In our sparse interferometer the number of nonzero
elements in the corresponding m × m scattering matrix is
O(m), unlike m2 in an all-connected interferometer.

Here, we design a sparse 2n-path interferometer whose
output photon configuration, given a valid n-photon input
configuration (either one or zero photons at each input port),
depends only on the nth MCP and not on any MCP with order
less than n. Furthermore, we require that the longest optical
path in the sparse interferometer is constant regardless of n.
Our interferometer-design algorithm accepts the n-photon in-
put configuration and the enhanced-distinguishability graph;
the algorithmic output is a family of 2n-path interferometer
designs whose outputs all depend only on the the nth MCP as
required.

B. Doubling the modes

Our design procedure commences somewhat paradoxically
with the requirement that we double the number of modes to
achieve an efficacious sparse interferometer. As we seek to
reduce optical depth, increasing the number of modes seems
strange, but this approach is effective because only a constant
overhead in optical depth is required if modes are doubled.
However, increasing the number of modes is more than com-
pensated by the ability to sparsify the interferometer as we
show in this section.

Our approach is to design a sparse interferometer from the
input n and an enhanced-distinguishability graph that must
be topologically a cycle of length n. Specifically, we design
an interferometer with n photons in input configuration v (5),
requiring an enhanced-distinguishability graph that is a cycle

(a)

1 2

34
(b)

1

2

3

4

1

2

3

4
(c)

1 2

34

5 6

78

1 5

4 8 2 6

3 7

FIG. 2. (a) Enhanced-distinguishability graph with only a cy-
cle of length 4, i.e., σ = (1, 2, 3, 4). When the input-configuration
vector v = (1 2 3 4)�, the corresponding connectivity graphs with
four input vertices (shown as solid circles) and four output vertices
(shown as dashed circles) in (b) and eight input vertices and eight
output vertices in (c). The edge between input vertices 1 and 2 is
highlighted in red in (a), and the corresponding O(4)

1,2|Gc in connectiv-
ity graphs (b) and (c) are also in red.

of length n, for example, the cycle (1,2,3,4) with four (n = 4)
vertices in Fig. 2(a).

To reach our goal, we first explain why we need our in-
put configuration to be in the form of Eq. (5), where there
is at most one photon occupied at each input port. To ex-
plain this restriction, we begin by considering the forbidden
case of more than one photon entering an input port and
then show that more than one photon entering any input
port leads to cycles of length less than n existing in the
enhanced-distinguishability graph, implying the influence of
lower-order MCPs, which we are trying to avoid.

Let us make this argument clear and explicit. Suppose two
photons i and j are injected into the same input port. The
corresponding vertices i and j are consequently connected to-
gether within the enhanced-distinguishability graph. As each
vertex is connected to two other vertices in a cycle, a third
vertex k other than i and j is connected to i, as well as to
j. Thus these three vertices are connected to each other in
the enhanced-distinguishability graph, which yields a cycle of
length 3 and consequently the undesired signature of the triad
phase cluttering the higher-order MCP measurement. Further-
more, when more than two photons are injected into the same
input port, it is easy to see that the corresponding vertices are
mutually connected in the enhanced-distinguishability graph,
which gives us cycles of length less than n.

Without loss of generality, we express the input configura-
tion as v = (1 2 · · · n)�, and the enhanced-distinguishability
graph is an n-length cycle graph (1, 2, 3, . . . , n). The
enhanced-distinguishability graph can be retrieved from the
connectivity graph by the mapping L−1 ◦ �−1, which is not
necessarily unique because the connectivity graph could have
more than one solid-dashed-solid path connecting two solid
vertices. To consume fewer optical elements, what we want is
to compute the minimum number of solid-dashed-solid paths
required for the connectivity graph to be proper, i.e., in Gc.

This minimum also informs us regarding the minimum
number of modes required for observing the MCP without
lower-order terms because of the mapping h (30) from the
edges of solid-dashed-solid paths to the dashed vertices in
those paths. We denote a graph of the n-length cycle by
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C(n). The enhanced-distinguishability graph of interest occurs
for Ge = C(n). Then we denote an arbitrary edge from the
enhanced-distinguishability graph of interest as (i, j).

Given a connectivity graph Gc (24), we define

O(n)
i, j

∣∣∣
Gc

:= { x ∈ Dc | g� ◦ gL ◦ h−1(x) = (i, j)}, (33)

comprising all dashed vertices in the connectivity graph that
can be mapped to (i, j) by g� ◦ gL ◦ h−1, i.e., whose cardi-
nality |O(n)

i, j |Gc | is the number of dashed vertices. Then the
problem becomes to compute the minimum number of dashed
vertices inside each O(n)

i, j |Gc
over different choices of the con-

nectivity graph Gc, with this minimum not necessarily being
unique. This minimum is the subset

Gmin
c := arg min

Gc∈Gc

∣∣∣∣O(n)
i, j

∣∣∣
Gc

: � ◦ L : Gc �→ C(n)

∣∣∣∣ ⊂ Gc, (34)

where (i, j) can be any edge chosen from C(n). Now we
proceed to explain how to find a Gc ∈ Gmin

c .
Without loss of clarity, we suppress Gc in O(n)

i, j |Gc
in the

following. When we fix the n-cycle graph in C(n) to be σ =
(1, 2, 3, . . . , n), we can sort all the dashed vertices into n sets

O(n)
i,i+1; i ∈ [n]

(
O(n)

n,n+1 ≡ O(n)
n,1

)
. (35)

There is no intersection between any two distinct sets (35);
that is,

O(n)
i,i+1 ∩ O(n)

j, j+1 = ∅, ∀i �= j ∈ [n]. (36)

This intersection is empty; otherwise, there would exist at
least one dashed vertex that is connected to more than two
solid vertices in the connectivity graph, which leads to the ex-
istence of the triad phase among them, hence a contradiction.
Examples of n = 4 are given in Fig. 2, where the edge in red in
Fig. 2(a) corresponds to the dashed vertices in red in Figs. 2(b)
and 2(c) by the mapping in (33) with v = (1 2 3 4). We see that
O(4)

1,2 = { 1 } in Fig. 2(b) and O(4)
1,2 = { 1, 5 } in Fig. 2(c).

Now we show that the minimum number of dashed vertices
in each set is 2 for the constraint optimization problem (34).
Suppose there is one dashed vertex in each set; then there
needs to be m = n output modes, such as in an example of
n = 4 shown in Fig. 2(b). The corresponding scattering matrix
can be expressed as⎛
⎜⎜⎜⎜⎝

w1,1 w1,2 0 0 · · · 0 0
0 w2,2 w2,3 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · wn−1,n−1 wn−1,n

wn,1 0 0 0 · · · 0 wn,n

⎞
⎟⎟⎟⎟⎠.

(37)

As the inner product between arbitrary pairs of neighboring
columns or rows in (37) is nonzero, this matrix cannot be
unitary. To overcome the problem so that the corresponding
scattering matrix can be unitary to correspond to a lossless
linear interferometer [46,47], we can add one more dashed
vertex to the set.

If we add one more dashed vertex labeled (n + i) in O(n)
i,i+1,

then the ith and (i + 1)th columns become(· · · wi−1,i wi,i 0 · · · wn+i,i · · ·
· · · 0 wi,i+1 wi+1,i+1 · · · wn+i,i+1 · · ·

)�
.

(38)

We restrict the inner product between the ith and (i + 1)th
columns by setting

w∗
i+1,iwi+1,i+1 + w∗

i+1,iwn+i,i+1 = 0, (39)

which makes these two columns orthogonal.
Following the same procedure, the nonorthogonality prob-

lem of the rest of the n − 1 neighboring pairs of columns can
be solved by adding one more output vertex for each of the
n − 1 input neighboring pairs. Similarly, the neighboring pairs
of rows become orthogonal by adding one more solid vertex
(n + i) to connect the dashed vertices (i − 1) mod n and i, and
the newly added dashed vertices [n + (i − 1) mod n] and (n +
i). Then the resultant connectivity graph is proper as in the ex-
ample of n = 4 in Fig. 2(c). Thus we conclude that we need at
least m = 2n modes to construct a lossless passive linear inter-
ferometer whose corresponding enhanced-distinguishability
graph is an n-cycle graph if v = (1 2 · · · n)�.

To recap, with the help of the connectivity graph and
enhanced-distinguishability graph, we have shown that, with
a matrix in which each row and column contains only two
nonzero elements, we can realize n-photon interference with
contributions only from three classes of permutations of pho-
tons: the identity, the two-cycle permutations, and an n-cycle
permutation that corresponds to the n-photon collective phase.
However, such a matrix cannot be unitary as indicated from
Eq. (37). Thus we double the mode number and embed the
matrix in a bigger unitary matrix in which each row has four
nonzero elements, two of which are in common columns with
two elements in the nearest row. This doubling procedure
allows us to retain only a single n-photon phase in a 2n × 2n
unitary matrix.

C. Output configurations

Thus far, we have given the rules to design a sparse interfer-
ometer where there is only an n-photon collective phase and
there are no lower-order MCPs manifested in the interference
phenomena. However, not all output-configuration multipho-
ton coincidences, labeled by output-configuration vectors {η}
(8), reveal the n-photon collective phase, so choosing an ap-
propriate subset of configurations {η} is important. One subset
of output configurations comprises output configurations that
manifest the n-photon collective phase, another subset com-
prises output configurations that are only related to pairwise
overlaps, and the final subset comprises the rest of the output
configurations that are forbidden by our scheme.

In this section, we sort all these n-photon output configura-
tions into these three subsets with the help of the connectivity
graph and enhanced-distinguishability graph. Note that the
n-cycle graph in the enhanced-distinguishability graph need
not be (1, 2, . . . , n), but could be a cycle permuted by an
arbitrary ρ ∈ Sn. Thus, in this section, we regard

σ = (ρ(1), ρ(2), . . . , ρ(n)) (40)
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as the n-cycle graph in the enhanced-distinguishability
graph.

For the design of the connectivity graph in Sec. III B,
we take all the output modes into consideration. In contrast,
in this section, we clarify which output configurations are
related to the n-photon collective phase and which are only
related to these pairwise overlaps. Thus, when we specify an
output configuration η, we can construct a subgraph of the
original connectivity graph by deleting the dashed vertices
whose labels are not in η. Then with the input configuration
v, this subgraph can be further mapped to an enhanced-
distinguishability graph by � ◦ L as described in Sec. II C.

If the enhanced-distinguishability graph for an output con-
figuration is a cycle of length n, we put the corresponding
output configuration represented by length-n integer-valued
vectors (8) in the subset

ξ (n) := {η | ∀i ∈ [n], ηi ∈ O(n)
ρ(i),ρ(i+1)

}
, (41)

which comprises all output configurations whose multipho-
ton coincidences are related to the n-photon collective phase.
Each element in this set is constructed by picking up one
output vertex in each set O(n)

ρ(i),ρ(i+1) with i ∈ [n].
If there exists an isolated vertex in the enhanced-

distinguishability graph, we put the corresponding output
configurations in the subset ζ (n) ⊂ {η}, which contains all
output configurations forbidden in our setup. For an output
configuration η, if there is an isolated vertex in the enhanced-
distinguishability graph, a solid vertex is not connected to any
dashed vertex in the corresponding subgraph of the connectiv-
ity graph, which means that the corresponding photon either is
lost or exits from an output mode other than the output modes
in η. The former (photon loss) is impossible for our unitary
interferometer. The latter leads to zero coincidence for the
output configuration η. Thus we conclude that

ζ (n) :=
⎧⎨
⎩ η

∣∣∣∣∣∣
∃ i ∈ [n] ∀ j ∈ [n] :

η j /∈ O(n)
ρ(i),ρ(i+1)  O(n)

ρ(i),ρ(i−1)

⎫⎬
⎭ (42)

comprises all forbidden output configurations in our settings
for the interferometer and the injected photons.

The last subset, χ (n) ⊂ {η}, comprises the output config-
urations whose multiphoton coincidences are related to the
two-photon overlaps but not with the n-photon collective
phase. This set can be constructed by making the complement
of the union of ξ (n) and ζ (n), i.e.,

χ (n) := {η | ∀i ∈ [n], ηi ∈ [2n] } \ ξ (n)  ζ (n). (43)

For the output configurations in χ (n), we remove the output
configurations that are related to two or more pairwise over-
laps. Also we sort the remaining output configurations into
(n − 1) subsets. Each subset χ

(n)
ρ(i),ρ(i+1) contains the output

configurations that are only related to the pairwise overlap

r (n)
(ρ(i),ρ(i+1)). (44)

As most detectors are not photon-number-resolving detec-
tors, we only consider collision-free cases, i.e., there is at most
one photon in each output mode. Then each subset χ

(n)
ρ(i),ρ(i+1)

can be constructed by choosing two vertices in O(n)
ρ(i),ρ(i+1)

and then picking up the (n − 2) vertices from the rest of the

(a)

BS BS

BS BS

BS BS

BS BS
(b)

1 2 3 4

5 6 7 8

1 2

3 4 5 6

7 8 (c)

1 2

43

FIG. 3. (a) Sparse interferometer consisting of two layers of BSs
for genuine four-photon interference. Four 50:50 BSs are placed in
each layer. The four photons are injected with input-configuration
vector v = (1 3 5 7)�. (b) The corresponding connectivity graph.
(c) The corresponding enhanced-distinguishability graph.

(n − 1) O(n) subsets, with at most one vertex picked up from
each set. Formally,

χ
(n)
ρ(i),ρ(i+1) :=

⎧⎪⎪⎨
⎪⎪⎩ η

∣∣∣∣∣∣∣∣
∃ j, k ∈ [n], η j �= ηk ∈ O(n)

ρ(i),ρ(i+1);

∃S ⊂ [n] \ { i } , |S| = n − 2,

∀ j ∈ S, ∃l ∈ [n], ηl ∈ O(n)
ρ( j),ρ( j+1)

⎫⎪⎪⎬
⎪⎪⎭
(45)

for all i ∈ [n].
Multiphoton coincidences corresponding to output config-

urations in χ
(n)
ρ(i),ρ(i+1) can be used to extract the pairwise

overlaps (44). With this pairwise-overlap information, we can
further extract the n-photon collective phase from multipho-
ton coincidences of output configurations in ξ (n). In the next
section, we give an explicit construction of the interferometer
and a concrete example of measuring the MCP.

IV. MEASURING THE COLLECTIVE PHASE

In Sec. III, we have provided the interferometer design
such that each input port only connects to two output ports
with the requirement that an n-photon collective phase is
the only MCP revealed by the interference phenomenon. In
this section, we explicitly describe the interferometer setup
and provide our proposal for measuring the MCP with the
interferometer. In Sec. IV A, we present our example for the
four-photon case. We generalize to give an explicit construc-
tion for the n-photon case in Sec. IV B for arbitrary n.

A. Four photons and eight-mode interferometer

In this section, we explicitly construct the 8 × 8 interfer-
ometer for four-photon interference as shown in Fig. 3(a),
where there are two layers of 50:50 BSs with four BSs labeled
by 1, 2, 3, and 4 from top to bottom in each layer. Each 50:50
BS in Fig. 3(a) is described by the scattering matrix

1√
2

(
1 −1
1 1

)
, (46)

and the labels for the input or output ports are 1 and 2 from
top to bottom.

In our setup, each photon is injected at input port 1 of each
BS in the first layer. Then the photon transmitting through BS
2 (or 3) in the first layer has the chance to transmit to two
BSs, BSs 1 and 3 (or 2 and 4). Also, the photon transmitting
from BS 1 (or 4) in the first layer has the chance to transmit
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to BSs 1 and 2 (or 3 and 4) in the second layer. Additionally,
a single-photon detector is placed at each output port of the
interferometer to record multiphoton coincidence events.

To measure the four-photon MCP experimentally, we re-
peatedly inject four photons from input ports 1, 3, 5, and 7,
respectively, and count all four-photon coincidence events. We
calculate the coincidence rates for the output configurations in

χ
(4)
1,2, χ

(4)
2,4, χ

(4)
4,3, χ

(4)
3,1 (47)

and in ξ (4). Then the four pairwise overlaps

r (4)
1,2, r (4)

2,4, r (4)
4,3, r (4)

3,1 (48)

can be calculated from the coincidence rates of the output
configurations in the four subsets in Eq. (47). Using the four
pairwise overlaps (48), we retrieve the four-photon MCP from
the coincidence rates for output configurations in ξ (4) with a
formula that we present in this section. In the following, we
derive these formulas in detail.

With the four-photon input configuration

v = (1 3 5 7)�, (49)

we show the corresponding connectivity graph in Fig. 3(b).
We thus obtain the enhanced-distinguishability graph in
Fig. 3(c), which yields an enhanced-distinguishability graph
of a cycle (1,2,4,3), which is permuted from (1,2,3,4) by
ρ = (3, 4). Additionally,

O(4)
1,2 = { 1, 2 } , O(4)

2,4 = { 5, 6 } ,

O(4)
3,4 = { 7, 8 } , O(4)

1,3 = { 3, 4 } (50)

gives us all the O(4) sets in the example of Fig. 3.
To calculate the four-photon coincidence rate, we write the

SU(8) scattering matrix

U = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 −1 1 0 0 0 0
1 −1 1 −1 0 0 0 0
1 1 0 0 −1 1 0 0
1 1 0 0 1 −1 0 0
0 0 1 1 0 0 −1 1
0 0 1 1 0 0 1 −1
0 0 0 0 1 1 −1 −1
0 0 0 0 1 1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(51)

for the interferometer. For arbitrary i, j ∈ [4], each O(4)
i, j com-

prises at most two dashed vertices in the connectivity graph
of this interferometer. Thus, when we focus on any η ∈ χ (4),
there is at least one set O(4)

ρ(i),ρ(i+1) such that there exists two

elements of η, say, ηs and ηt with s, t ∈ [4], in O(4)
ρ(i),ρ(i+1). In

other words,

ηs, ηt ∈ O(4)
ρ(i),ρ(i+1). (52)

All such O(4)
ρ(i),ρ(i+1) give us terms related to the corresponding

pairwise overlaps {
r (4)

(ρ(i),ρ(i+1))

}
(53)

in the multiphoton-interference coincidence rate. For exam-
ple, when we choose the output configuration η = (1 2 7 8)�,
we note that both O(4)

1,2 and O(4)
3,4 are such related output ver-

tex sets. Then we see that both r (4)
(1,2) and r (4)

(3,4) are in the

coincidence-rate expression

C(1 2 7 8)�
v = 1

27

[
2 − r (4)

(1,2) − r (4)
(3,4) + r (4)

(1,2)r
(4)
(3,4)

]
(54)

calculated from Eq. (14).
The two pairwise overlaps r (4)

(1,2) and r (4)
(3,4) (53) are mapped

to a particular coincidence-rate expression C(1 2 7 8)�
v according

to Eq. (54), but inverting this coincidence-rate expression
to obtain the two pairwise overlaps is not unique and thus
involves constraints to find the correct pair of solutions to this
inversion problem. Here, we focus on output configurations in
(47). An example is

η = (1 2 3 5)� ∈ χ
(4)
1,2 : η1, η2 ∈ O(4)

1,2, (55)

and the coincidence-rate expression is

C(1 2 3 5)�
v = 1

27

(
1 − r (4)

(1,2)

)
. (56)

There are 11 more output configurations in χ
(4)
1,2 that give the

same multiphoton coincidence rate. We sum these rates to
obtain ∑

η∈χ
(4)
1,2

Cη
v = 3

25

(
1 − r (4)

(1,2)

)
. (57)

Then the pairwise overlap r (4)
(1,2) is retrieved from the coinci-

dence rates of output configurations in χ
(4)
1,2. Following the

same procedure, we obtain all pairwise overlaps in Eq. (48)
as

r (4)
(ρ(i),ρ(i+1)) = 1 − 25

3

∑
η∈χ

(4)
ρ(i),ρ(i+1)

Cη
v , i ∈ [4], (58)

with r (4)
ρ(4),ρ(5) ≡ r (4)

ρ(4),ρ(1).
For η ∈ ξ (4), if we define the parity of the output configu-

rations as

par(η) :=
n∏

i=1

(−1)ηi , (59)

with par(η) = 1 (−1) being the even (odd) parity, then output
configurations with different parities give different coinci-
dence rates. For example, η = (1 3 5 7)�, whose parity is even,
yields the coincidence

C(1 3 5 7)�
v = 1

27

(
1 + ∣∣r (4)

σ

∣∣ cos ψ (4)
σ

)
(60)

with σ = (1, 2, 4, 3). However, for the odd-parity output con-
figurations in ξ (4), such as η = (1 3 5 8)�, the coincidence is

C(1 3 5 8)�
v = 1

27

(
1 − ∣∣r (4)

σ

∣∣ cos ψ (4)
σ

)
. (61)

If we continue to calculate the coincidence rates for all the
rest of the output configurations in ξ (4), we find that output
configurations of the same parity give us the same coincidence
rate.

To increase the counting rate, we sum over the coincidence
rates of all the output configurations in ξ (4) with even and odd
parity, respectively. Then their differences are proportional to
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FIG. 4. (a) Generalized sparse interferometers for genuine n-photon interference. In the interferometer, there are only two layers of
50:50 BSs, with one photon injected into one input port of each BS in the first layer such that v = (1 3 · · · 2n − 1)�. For each second-layer BS,
a single photon detector is placed at each output port. (b) and (d) are the corresponding connectivity graph Gc and enhanced-distinguishability
graph Ge, respectively, for even n. For odd n, (c) and (e) are the corresponding Gc and Ge, respectively.

the cosine of the four-photon collective phase,∑
η∈ξ (4)

Cη
v −

∑
η′∈ξ (4)

Cη′
v = 1

23

∣∣r (4)
σ

∣∣ cos ψ (4)
σ (62)

with par(η) = − par(η′) = 1. With the pairwise overlaps (48)
we get in Eq. (58),∣∣r (4)

σ

∣∣ = √r (4)
(1,2)r

(4)
(2,4)r

(4)
(4,3)r

(4)
(3,1). (63)

Then the four-photon collective phase can be calculated from
Eq. (62) to yield

ψ (4)
σ = arccos

⎛
⎝23
(∑

η∈ξ (4) Cη
v −∑η′∈ξ (4) Cη′

v

)
√

r (4)
(1,2)r

(4)
(2,4)r

(4)
(4,3)r

(4)
(3,1)

⎞
⎠. (64)

To recap, experimentally, we need to collect four-photon
coincidence data from the output configurations in Eq. (47)
such that pairwise overlaps (48) can be calculated from
Eq. (58), and the four-photon coincidence data of the output
configurations in ξ (4) to give the four-photon collective phase
ψ (4)

σ from Eq. (64).
Furthermore, for η ∈ ξ (4), when we trace out one of the

photons, for example, η = (1 3 5 •)�, we obtain

C(1 3 5 •)�
v =

8∑
i=1

C(1 3 5 i)� , (65)

which includes two terms, C(1 3 5 7)�
v and C(1 3 5 8)�

v , that are re-
lated to the four-photon collective phase. The sum of these two
terms is 1/26 and is invariant with respect to the four-photon
collective phase. Thus, when η ∈ ξ (4), we obtain genuine four-
photon interference.

B. n photons and 2n-mode interferometer

The sparse interferometer for the genuine four-photon in-
terference in Fig. 3(a) can be generalized to genuine n-photon
interference with 2n input (or output) ports as shown in
Fig. 4(a). Similarly to the four-photon case, there are also two
layers of BSs, with each layer comprising n BSs. The 2n input

ports of the interferometer are labeled by 1, 2, . . . , 2n from
top to bottom. The n photons are injected into the odd-number
input port, and a detector is placed at each output port of the
interferometer.

We follow a similar procedure to that in Sec. IV A to
measure the n-photon collective phase. In this case, n pho-
tons are injected, one into each odd-number input port of
the interferometer. We count coincidence events for all out-
put configurations with 2n single-photon detectors. Then the
pairwise overlaps and the n-photon collective phase can be ex-
tracted from the coincidence rates of the output configurations
in χ

(n)
ρ(i),ρ(i+1) with i ∈ [n] and in ξ (n), respectively. Here, ρ is

different for n being an odd number or an even number. We
provide a detailed explanation in the following.

For the generalized interferometer in Fig. 4(a), the corre-
sponding scattering matrix can be written as

U = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

K L 0 · · · · · · · · · 0

J 0 L . . .
. . .

. . .
...

0 . . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . . J 0 L

0 · · · · · · · · · 0 J −K�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈ U(2n)

(66)
and

J =
(

1 1
1 1

)
, K =

(
1 −1
1 −1

)
, L =

(−1 1
1 −1

)
.

(67)

With the scattering matrix (66), we can draw the correspond-
ing connectivity graph Gc of the interferometer following the
steps in Sec. II C.

The connectivity graph Gc is slightly different for even
n and odd n. We give Gc for even n in Fig. 4(b) and for
odd n in Fig. 4(c). When the n photons are injected as the
input-configuration vector

v = (1 3 5 · · · 2n − 1)�, (68)
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the enhanced-distinguishability graph Ge is shown in
Figs. 4(d) and 4(e) for even and odd n, respectively. Then

σ =
{

(1, 2, 4, 6, . . . , n − 2, n, n − 1, . . . , 5, 3) n is even

(1, 2, 4, 6, . . . , n − 1, n, n − 2, . . . , 5, 3) n is odd
(69)

is the n-length cycle in the enhanced-distinguishability graph.
Then we give the coincidence rates for the output config-

urations η ∈ χ
(n)
ρ(i),ρ(i+1) with ρ(i) given by (40) and (69) for

i ∈ [n]. Note that each output configuration in χ
(n)
ρ(i),ρ(i+1) (45)

gives us the same coincidence rate, namely,

C
η∈χ

(n)
ρ(i),ρ(i+1)

v = 1

22n−1

(
1 − r (n)

(ρ(i),ρ(i+1))

)
(70)

and ∣∣χ (n)
ρ(i),ρ(i+1)

∣∣ = (n − 1

n − 2

)
· 2n−2. (71)

Thus, when we sum over all the output configurations in
χ

(n)
ρ(i),ρ(i+1), ∑

η∈χ
(n)
ρ(i),ρ(i+1)

Cη
v = n − 1

2n+1

(
1 − r (n)

(ρ(i),ρ(i+1))

)
, (72)

with i ∈ [n]. From the summation of the coincidence rates
of the output configurations in χ

(n)
ρ(i),ρ(i+1), we can extract the

pairwise overlaps

r (n)
(ρ(i),ρ(i+1)) = 1 − 2n+1

n − 1

∑
η∈χ

(n)
ρ(i),ρ(i+1)

Cη
v , ∀i ∈ [n], (73)

with

r (n)
(ρ(n),ρ(n+1)) ≡ r (n)

(ρ(n),ρ(1)). (74)

For η ∈ ξ (n), the coincidence is

Cη
v = 1

22n−1

(
1 + (−1)par(η)+n|r (n)

σ | cos ψ (n)
σ

)
, (75)

with σ in Eq. (69). Then the difference between coincidence
rates of all the even- and odd-parity output configurations in
ξ (n) is ∑

η∈ξ (n)

Cη
v −

∑
η′∈ξ (n)

Cη′
v = (−1)n

2n−1

∣∣r (n)
σ

∣∣ cos ψ (n)
σ , (76)

with par(η) = − par(η′) = 1. Notice that this is an expo-
nentially small value, which is an unavoidable feature of
multiphoton interference. Even for n photons interfering in
an n × n Fourier interferometer, which is conjectured to be
optimal for the MCP in an n × n interferometer (see the
Appendix), the weight for the n-photon collective-phase term
is

n!/nn ≈ √
2πn/en, (77)

which is also an exponentially small value.
With pairwise overlaps (44) we obtain, from Eq. (73), the

amplitude of the n-photon overlap in Eq. (76) being

∣∣r (n)
σ

∣∣ =
√√√√ n∏

i=1

r (n)
ρ(i),ρ(i+1). (78)

We substitute Eq. (78) back into Eq. (76) to get the n-photon
collective phase

ψ (n)
σ = arccos

⎛
⎝ (−1)n2n−1

(∑
η∈ξ (n) Cη

v −∑η′∈ξ (n) Cη′
v

)
√∏n

i=1 r (n)
ρ(i),ρ(i+1)

⎞
⎠
(79)

for σ in Eq. (69). Here, the collective phase cannot be
uniquely determined, and there is an ambiguity in its sign
because the coincidence rate is always an even function of
the n-photon collective phase.

In experiments, we need to collect coincidence data for
output configurations in χ

(n)
ρ(i),ρ(i+1) to calculate the pairwise

overlaps r (n)
ρ(i),ρ(i+1) (73) for all i ∈ [n]. Then, together with

the coincidence data of the output configurations in ξ (n), we
can estimate the n-photon collective phase (79). Although
from Eqs. (76) and (77) we see that the contribution of the
highest-order collective phase is exponentially small, the total
contributions of the k-photon collective phases with k from
3 to n, which cannot be measured solely from two-photon
HOM detection, can be pronounced in general multiphoton
interference. Due to the scalability of our setup, it is feasible
in our setup to measure the collective phases up to any order
we want and thus fully characterize multiphoton-interference
behavior.

Moreover, as we can see from the enhanced-
distinguishability graphs in Figs. 4(d) and 4(e), no lower-order
MCP appears in our setup in principle. When we trace out an
arbitrary positive number of photons, the n-photon collective
phase is canceled out because there are an equal number
of output configurations with odd and even parity, which
gives us a coincidence rate with no dependence on the
n-photon collective phase [22] or any lower-order collective
phase. Thus, for η ∈ ξ (n), we indeed get genuine n-photon
interference.

V. SUMMARY

We have introduced a connectivity graph and an enhanced-
distinguishability graph to help us design an interferometer
with sparse structure suitable to generate genuine n-photon
interference. Our scheme involves doubling the number of
interferometer modes, but the sparsity of our interferometer
trades off the expense of more modes against greatly reducing
the optical depth. Following the introduction of this inter-
ferometer design, we further describe how to measure the
n-photon collective phase via appropriate multiphoton coin-
cidences and explain how genuine n-photon interference is
manifested in the multiphoton coincidence data for output
configurations in ξ (n) (43).

An explicit experimental setup is shown in Fig. 3(a) for the
four-photon case and in Fig. 4(a) for the n-photon cases, along
with the details of the procedure for measuring four-photon
and n-photon collective phases in Sec. IV A and Sec. IV B,
respectively. In brief, experimentally, we record multiphoton
coincidence events associated with the output configurations
in χ

(n)
ρ(i),ρ(i+1) (45) to give the pairwise overlaps of photons

from Eq. (73), which can be used to extract the n-photon col-
lective phase from the recorded coincidence events of output
configurations in ξ (n) using Eq. (79).
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In our proposal, lower-order MCPs are eliminated by set-
ting scattering-matrix elements to zero instead of previous
techniques of manipulating photons’ internal DoFs. The ad-
vantage of our approach over the state of the art is that, if we
increase the photon number, we do not need to manipulate
more photonic DoFs. Furthermore, the O(1) optical depth of
our interferometer keeps the photon loss rate constant as the
photon number increases. Both of these advantages portend
feasibility for scaling up MCP to many photons.
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APPENDIX: CONJECTURE OF OPTIMAL n × n
INTERFEROMETER FOR n-PHOTON MCP

Our conjecture is stated as follows. Given n photons in-
jected into an n × n interferometer with input and output
configurations v = η = (1 2 · · · n)�,

F (n) ∈ arg max
U∈U(n)

∣∣(uη
v

)† · �σ · uη
v

∣∣, σ = (1, 2, . . . , n), (A1)

where F (n) is an n × n Fourier matrix defined by

(F (n) ) j,k := 1√
n

e− 2π i
n ( j−1)(k−1), ∀ j, k ∈ [n]. (A2)

To prove this conjecture, we equivalently show∣∣(uη
v

)† · �σ · uη
v

∣∣ � n!/nn, ∀U ∈ U(n), σ = (1, 2, . . . , n)
(A3)

or, more compactly,

|perm (U ∗ ◦ Uσ )| � n!/nn, ∀U ∈ U(n), σ = (1, 2, . . . , n),
(A4)

where ◦ is the elementwise product of matrices and Uσ is the
matrix from U by permuting its column by σ , i.e., (Uσ )i, j :=
Ui,σ ( j).

Here, our proof is for n = 3. We need to use the result that,
for an arbitrary n × n complex matrix V [48],

| perm V | � n!

(
n∏

i=1

n∑
j=1

|Vi, j |2
n

) 1
2

. (A5)

Substituting V = U ∗ ◦ Uσ , we have

|perm(U ∗ ◦ Uπ )| � 3!

(
3∏

i=1

3∑
j=1

1

3

∣∣Ui, jU
∗
i,σ ( j)

∣∣2)1/2

. (A6)

Notice that

|Ui,1|2|U ∗
i,2|2 + |Ui,2|2|U ∗

i,3|2 + |Ui,3U
∗
i,1|2 (A7)

� 1
3 (|Ui,1|2 + |Ui,2|2 + |Ui,3|2)2 = 1/3, (A8)

where we have used the inequality

ab + bc + cd � 1
3 (a + b + c)2, ∀a, b, c ∈ R, (A9)

and the unitarity of U . Taking Eq. (A8) back to Eq. (A6), we
obtain

|perm(U ◦ Uσ )| � 3!

(
3∏

i=1

1/32

)1/2

= 3!/33, (A10)

which finishes the proof for n = 3.
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