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Giant nonlinear anomalous Hall effect induced by spin-dependent band structure evolution
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The anomalous Hall effect (AHE) is a key transport signature revealing the topological properties of magnetic
compounds. In quantum materials, the classical linear dependence of the AHE on magnetization often breaks
down, which is typically ascribed to the presence of topological magnetic or electronic textures. However, the
complex electronic structure of these compounds may offer alternative, unexplored mechanisms. Here, we show
that a giant nonlinear AHE can originate from a series of magnetic-field-induced Lifshitz transitions in the
spin-dependent band structure. In our experiments on EuCd,As, the AHE contributes to 97% of the total Hall
response, corresponding to a record anomalous Hall angle of 21%. Our scaling analysis and first-principles
calculations demonstrate that the electronic structure is extremely sensitive to spin canting, with the magnetic
field causing band crossing and band inversion and introducing a band gap when oriented along specific
directions. Our results not only provide an ideal platform for Berry curvature engineering but reveal a general

effect that may be applied to other material systems.

DOI: 10.1103/PhysRevResearch.4.023100

I. INTRODUCTION

The anomalous Hall effect (AHE) is a vital transport sig-
nature connecting electron properties and magnetic orders in
magnetic materials. While it is assumed to show a linear rela-
tion with magnetization (M) in most cases [1], the nonlinearity
of AHE has only been observed under strict conditions [1,2].
The most celebrated nonlinear AHE is the topological Hall
effect (THE), which can be viewed as a special kind of AHE
induced by real-space spin chirality [2—8]. In noncoplanar spin
textures such as magnetic skyrmions, the nonzero scalar chi-
rality x;jx = Si - (S; x Si) generates a finite real-space Berry
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phase, acting as an effective magnetic field on conduction
electrons [3], and leads to the topological Hall resistivity. Due
to its unique pronounced peak feature, it has been widely
used as a direct fingerprint of chiral spin structures [9,10]. On
the other hand, the concept of nonlinear AHE has also been
extended to the intrinsic part of AHE in topological semimet-
als. It is induced by the amplified Berry curvature around
Weyl nodes, and the AHE can then deviate from linearity as
reported in a limited number of systems [11-17]. These two
mechanisms require special magnetic or electron structures
and it is thus interesting to explore the existence of nonlinear
AHE in a wider range of materials. It is, however, quite chal-
lenging since different mechanisms are often intertwined and
a clear separation is hardly achievable [18-20]. Furthermore,
spin structures could strongly affect band structures, hamper-
ing a deep understanding of the nonlinear AHE.

Here we report a giant nonlinear AHE showing pro-
nounced peaks in EuCd;As; with the largest resistivity ,o)fx,A =
383.5 Q2 cm, which makes up for 97% of the total Hall
resistivity and fully dominates the Hall response. This giant
nonlinear AHE resembles the THE in systems with chiral
spin textures, raising a question of its physical origin. A
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FIG. 1. Temperature-dependent nonlinear AHE in EuCd,As,. (a) Crystal structure of EuCd,As,. (b) Magnetic-field dependence of the
Hall resistivity oy, at different temperatures. (c) Decomposition of the field-dependent Hall resistivity measured at 7 = 9.5 K. The red line is
the original Hall resistivity. The blue line is the sum of the ordinary Hall effect and conventional AHE RyB + R;M. The red zone corresponds
to AHE nonlinear to M. (d) Magnetic-field dependence of the nonlinear AHE resistivity p¥* at various temperatures from 2 to 30 K. (e)
Maximum anomalous Hall angle (yellow) and nonlinear AHE ratio (blue) at different temperatures. The nonlinear AHE contributes 97% of
the total Hall signal at 7 = 9.5 K. (f) Nonlinear AHE ratio and p)’X,A of THE systems (blue) and nonlinear intrinsic AHE systems (gray). All

data here were measured with B || c and I || a.

similar feature was reported in EuCd,As; in recent studies
[18,21-23] and attributed to the presence of Weyl nodes near
the Fermi level [18]. Alternatively, in samples with a lower
Fermi energy and thus unaffected by Weyl nodes, we find a
more pronounced THE-like feature and show that it is caused
by the spin-rotation-induced band structure evolution under
an external magnetic field. The direction of the spins plays an
important role in the evolution of the band structure, causing
band inversions and gap opening at certain canting angles,
which results in a significant enhancement of the Berry cur-
vature responsible for the AHE. Moreover, the pgA and the
anomalous Hall angle can be further enhanced by tilting the
magnetic field 30° away from the [001] direction. Particu-
larly at low temperature (7' = 2 K), both values increase from
100 u2cm and 5% to 430 u2cm and 21%, respectively,
indicating that the momentum-space Berry curvature changes
not only with the intensity but also the direction of the exter-
nal magnetic field. Our results suggest the same phenomena
should be observed in a wide range of magnetic materials
without any special magnetic or electron structures.

II. RESULTS

EuCd,As, was theoretically predicted and experimentally
demonstrated to be a magnetic Weyl semimetal [21-27]. As
shown in Fig. 1(a), EuCd,As; has a trigonal crystal structure
with a space group P3m1 (no. 164). The crystal has a layered
structure consisting of alternating triangular Eu layers and
Cd,As; bilayers. Eu atoms contribute to the magnetism in this
system, forming an in-plane A-type antiferromagnetic (AFM)
structure below the Néel temperature 7y = 9.5K [21,28].
We performed first-principles calculations and magnetization
measurements (see Fig. S2 in the Supplemental Material

[29]) to confirm the magnetic properties. According to the
total energy analysis, the antiferromagnetic spin-ordering is
0.8 meV (9.3 K) lower in total energy than the ferromagnetic
spin ordering. The spin-ordering with the in-plane Néel vector
is 0.39 meV in total energy lower than the out-of-plane Néel
vector. Besides, all of our measurements give no hysteresis
behavior (Fig. S2 [29]). The in-plane antiferromagnetic spin
ordering is thus the ground state, consistent with previous
experimental observations [21].

As the central result of this work, the detailed temperature-
dependent transport measurements with the external mag-
netic field applied along the [001] direction are shown in
Figs. 1(b)-1(f). The Hall resistivity p,(B) in Fig. 1(b) shows
a prominent double-peak feature. When temperature increases
from 2 to 50 K, the peaks are first enhanced, reaching a
maximum value at T = 9.5 K, then suppressed at higher tem-
peratures and almost invisible at 7 > 50K. Compared to
the M(B) curve in the Supplemental Material [29], the pro-
nounced two peaks near zero magnetic field in the original
Pxy(B) curves clearly deviate from linearity in magnetization.

The total Hall resistivity is expressed as py, = RoB +
RM + p}!, where the p)! term represents the AHE non-
linear in M. p)’C\;A with two peaks as observed here is
conventionally regarded as the footprint of a typical real-space
THE, but it can contain intrinsic AHE from the momentum-
space Berry phase as well. The original Hall signal at T =
9.5K [Fig. 1(c)] shows a giant nonlinear AHE (red area),
which can be obtained after subtracting the ordinary Hall
effect (OHE) and the conventional AHE (blue line) from the
original Hall resistivity (red line) by fitting the original Hall
data from B=4 to 6 T to the equation RyB + R;M. The
maximum pY* = 383.5 uQ cm appearing at B* = +0.2T is

023100-2



GIANT NONLINEAR ANOMALOUS HALL EFFECT ...

PHYSICAL REVIEW RESEARCH 4, 023100 (2022)

(a) (b)

ISOK '

()
0.4
100%
| e T>Ty
‘ 80% _.03 o T<T,
| 5
‘ 60% 2= a
= 02}
8 £
40%
o Sz
a
o 01} .
20% / °
0% "

0.0
0

(d) (e M
1000 - - e e T>Ty
45| e wes & S0 o T<Ty
g € 40 B
3 5 :
~ L]
EE L sl S
b - ExS ¢
o L]
30F *
L]
-60 . 25 . .
-6 -4 0 2 4 6 0 5 10 15 20 25 30
B(T) B(T) T (K)

FIG. 2. Detailed analysis of nonlinear AHE in EuCd,;As,. (a) Domain structure and the neutralization of overall scalar chirality in
EuCd,As;. (b) Topological charges in EuCd,As, at different temperatures. (c) Maximum pN as a function of p2 . The red line is the linear
fitting for T <Ty. (d) Magnetic-field-dependent longitudinal conductivity (black line), nonlinear anomalous Hall conductivity (yellow line),
and nonordinary Hall conductivity (red line) at 7 = 9.5 K. (e) Magnetic-field-dependent nonlinear anomalous Hall conductivity at different
temperatures. (f) Nonlinear anomalous Hall conductivity at different temperatures.

five orders of magnitude larger than the saturation anomalous
Hall resistivity. Furthermore, the nonlinear AHE ratio defined
o NA
m (equal to ley
97%, indicating that this feature completely dominates the
Hall response at the peak position. The pM at different tem-
peratures [Fig. 1(d)] was extracted by the same procedure.
Figure 1(e) presents the nonlinear AHE ratio and the cal-
culated anomalous Hall angle 645 = 1_038 /oy at different
temperatures. It always contributes more than 75% of the total
Hall signal below 15 K and the maximum Hall angle reaches
16%, showing a prevailing response. We also use different
ways to decompose the Hall conductivity and calculate the
anomalous Hall angle (Fig. S4 [29]), which shows a similar
result. In Fig. 1(f), we compare our results with previous
reports of nonlinear AHE systems, including THE systems
[4—-8,30-37] and nonlinear intrinsic AHE [14,15]. The data of
the related systems are estimated from Refs. [4-8,14,15,26—
28,31-34]. The diagram highlights the salient nonlinear AHE
feature in EuCd,As, with a giant contribution ratio and p.
We now discuss the origin of the nonlinear AHE in
EuCd,As, and first consider whether it can be due to
chiral spin textures. Eu atoms have a magnetic moment
close to 7up [21], showing a large exchange interaction
with conduction electrons, so that the adiabatic limit is
respected. If a net chirality were to exist, it should contribute
to the THE-like nonlinear AHE. However, EuCd,As, has
a point group 3ml so that the spatial inversion is a lattice
symmetry. Furthermore, the midpoint between any pair of

neighboring Fu atoms is always an inversion center, so the

as /Pxy for our system) reaches

Dzyaloshinskii-Moriya interaction is absent everywhere.
The only possible spin canting takes place at domain walls.
Previous x-ray observations indicated the possible presence
of magnetocrystalline anisotropy in the plane, leading to three
types of domains pointing 120° away from one another [21].
Once an external magnetic field is applied, spins tilt up, and
spin canting emerges at the triple point where three domains
meet. However, since the three-domain variants have equal
populations, there are the same number of triple points with
in-plane spins rotating clockwise and counterclockwise, so
that the overall scalar chirality is zero. In fact, moving along
a domain wall from any triple point, one always arrives at
another triple point where spin rotates oppositely [Fig. 2(a)].
Our Monte Carlo calculations support this argument. As
shown in Fig. 2(b), at finite temperatures, populations of
topological charges £Q are the same. We thus conclude that
there is no real-space Berry phase in this system, and the
observed nonlinear AHE is not a real space THE.

This conclusion is further supported by the scaling anal-
ysis of transport data. For the real-space Berry phase driven
THE, the resistivity is related to the emergent magnetic field
generated by the scalar chirality Beg by pXTy = i“g, with n
the carrier density and e the electron charge. It thus does not
scale with the longitudinal resistivity p,,. On the other hand,
the momentum-space Berry phase contributes to the intrin-

sic Hall conductivity o)fy = % ; S %bn (k), where b, (k) is

the Berry curvature of band n and 7 is the reduced Planck
constant. It contributes to the Hall resistivity through piy =
ax’y/ (axzy +02). In metallic systems [1], 0y 3> 0y, SO the
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FIG. 3. ARPES measurements and the theoretical calculation results of EuCd,As,. (a) Photoemission intensity map at the Fermi energy
(Er) of EuCd,As, integrated over an energy window of [Er—50meV, Er 4+ 50 meV]. The data were measured using 36.6 eV photons at the
high symmetric I'-K-M plane determined by photon-energy-dependent ARPES measurements. (b) Measured band structure (left) and the
second derivative with respect to energy (right) along the I'-K direction at 7 = 7.9 K. The momentum location of the cut is shown in panel
(a). (c) Calculated band structure along the K-I"-K direction with a canting angle of 26.57 °. The red line is the estimated real Fermi energy
compared with the ARPES results. (d) Calculated band structure along the K-I"-A direction and the corresponding energy-dependent intrinsic
Hall conductivities o}, with a canting angle of 45°. Fermi energy lies between two red lines (—80 and —100 meV) estimated from the ARPES
results. (e) Calculated band structures along the K-I'-A direction with various canting angles. (f) Canting-dependent |ch’y| at various Fermi

energies.

Hall resistivity pf, is proportional to o2 ~ o2 and o), is
constant. These two scaling relations are widely viewed as
important signatures of an intrinsic AHE.

The temperature-dependent pfc\va (from Fig. 1) as a function

of p2 is shown in Fig. 2(c). The data measured at T < Ty
are very well fitted by a linear scaling, giving strong evi-
dence of the momentum-space origin of the nonlinear AHE in
EuCd,As;. Then we decompose the measured resistivity oy,
in different components in Figs. 2(d) and 2(e). After substrat-
ing the scattering-related component oy, the magnetic field
dependence of UQA still shows a prominent peak, indicating
that the nonlinear AHE in this system is intrinsic. The peak
values in a)f)’,A (B) are almost independent of temperature and
oy for T < Ty [Fig. 2(f)], which is another evidence since
the band structure, and consequently, the momentum-space
Berry curvature, does not change much with temperature in
this range. For temperature above 7y, the magnetic ground
state changes, and thus AHE gradually deviates from the scal-
ing relations, which is further discussed in the Supplemental
Material [29].

If the field-dependent o} is the intrinsic Hall conductivity,
its most likely origin is a priori the large Berry curvature
from Weyl nodes. In order to clarify its physical origin
in EuCd,As,, we performed high-resolution angle-resolved
photoemission spectroscopy (ARPES) measurements. The
measured band dispersion along the I'-K direction at 7.9 K

is shown in Fig. 3(b). Figure 3(a) is the corresponding Fermi
surface integrated over a [Ep—50meV, Er + 50 meV] win-
dow. Several holelike bands cross the Fermi level, forming
hole pockets. The weak spin canting at a temperature be-
low Ty leads to the band splitting, which is well reproduced
by our calculated band structure with a small canting angle
[Figs. 3(b) and 3(c)]. According to our comprehensive band
structure calculations (Fig. S8 [29]) and previous calculation
results [22-27], the calculated Fermi level position, however,
is above these holelike bands along the I'-K direction. The
Fermi level should not cross any bands, whatever the magnetic
state is. Comparison between ARPES and first-principles cal-
culation indicates that our sample has an unintentional p
doping, which brings down the Fermi level 80—-100 meV from
the calculated one [Fig. 3(b)]. This might be due to the sen-
sitive dependence of the Fermi energy on growth conditions.
As a consequence, the Weyl node is about 100 meV above
the real Fermi level, much larger than the energy of thermal
fluctuations and band broadening at low temperatures. To this
end, we conclude that Weyl physics should not determine the
transport properties in our sample.

Alternatively, we show below that the giant nonlinear AHE
is originated from the magnetic-field-induced band structure
variation induced by spin canting. A series of spin config-
urations with various canting angles has been considered
theoretically. Figure 3(d) shows the band structure and the
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calculated intrinsic Hall conductivities o, when the canting
angle is 45°. The Fermi level of our sample lies between —80
and —100 meV (two red lines) estimated above, crossing a
small gap at the I point. We find a prominent enhancement
of a)fy exactly in this range which should contribute signifi-
cantly to the measured Hall conductivity. Figure 3(e) shows
the evolution of band structures along K-I"-A as the canting
angle changes. Here, only bands around the Fermi energy are
marked in order to clearly reveal the band evolution process
and avoid distraction from irrelevant band hybridizations. For
a collinear antiferromagnetic ground state with zero canting
angle, all bands are degenerate and protected by the Kramers
degeneracy and inversion symmetry, resulting in zero a)f‘,.
When spins are canted, time-reversal symmetry is broken,
so that the degeneracy is lifted and each band splits into
two branches. Band crossing between branches from different
original bands occurs and contributes significantly to nonzero
O’)fy (Fig. S9 [29]). In particular, the red and blue branches that
split from the same valence band cross each other near the
I" point. Meanwhile, the yellow band gradually gets closer to
the crossing point with increasing canting angles, touching the
blue band at the canting angle of 45°. As a result, band hy-
bridization and band inversion between these three branches
occur, developing a small gap near the Fermi level that causes
the largest ofy. However, with the further rise of the yellow
band, band inversion occurs again and the band crossing is
recovered at 63.43°. Eventually, at large fields, all spins are
polarized along the ¢ axis. a)fv saturates to a fixed value that

contributes to AHE o)fv in our analysis. The band structure and
the corresponding a)fy at different canting angles are shown in

Fig. S9 [29], from which we can confirm that O’){V is indeed
enhanced while the Fermi energy lies near the band crossing
point or inside the band gap. Keeping the energy fixed near
Er (=80 to —100 meV), the variation of the calculated oxlv
as a function of canting angle is shown in Fig. 3(f). A peak
at finite canting is obtained, consistent with the experimental
observation in Fig. 2(e). The peak value varies between 70
and 100 S/cm, in the same range as the experimental value,
and is sensitive to the Fermi energy. Actually, the peak feature
is persistent in an even larger window of the Fermi energy
from Ep = —40 meV to Er = —100 meV (Fig. S10 [29]).
The above calculations are based on the AFM ground states at
T < Ty. Although the magnetic ground state changes above
Ty, the spins also tilt with the external magnetic field and
a similar argument is also suitable. We thus fully confirm
that the THE-like feature in EuCd,As; is indeed the intrinsic
AHE, produced through a mechanism involving magnetic-
field-induced changes in the band structure.

Finally, the momentum-space Berry curvature in
EuCd,As, is sensitive not only to the intensity but also
to the direction of the external magnetic field. The results are
summarized in Fig. 4 and the rotation geometry is depicted
in the inset of Fig. 4(a). « is defined as the angle between
the external magnetic field and the [001] direction. @ = 0°
and o = 90° correspond to the out-of-plane and the in-plane
magnetic fields, respectively. The longitudinal resistivity
P (B) increases monotonously with increasing «, showing
an anisotropic behavior. However, surprisingly, the peak
value of the Hall resistivity p,,(B) [Fig. 4(a)] reaches a

—_ o,
E g 60 . }.\.,: *—e—=0° B//c
) %)
} 40 o—eo— =30°

Increasing B
—_—

0 (]
80% 100% 0 30 60 90

canting angle (deg)

0% 40%

Phy Py

FIG. 4. Angle-dependent nonlinear AHE in EuCd,;As;.
(a) Magnetic-field dependence of the Hall resistance p,, at different
angles at 7 = 2 K. (b) Total anomalous Hall resistivity at different
angles. The maximum nonlinear AHE appears at around o = 30°.
(¢) Maximum anomalous Hall angle (yellow) and approximate
nonlinear AHE ratio (blue) at different angles. The anomalous Hall
angle can reach 21% at o = 30°. (d) Calculated canting-dependent
|c7)fy| at different magnetic-field directions with Er = —94 meV.

maximum at around « = 30°, which is in contradiction with
the conventional cosa dependence of the anisotropic Hall
resistivity. This provides another evidence of the important
role that the spin canting plays in tuning the band structure.
Since the nonlinear AHE is nearly one order of magnitude
larger than the linear AHE at the peak position, here we
simply plot oY + R;M [Fig. 4(b)]. The anomalous Hall
angle and the approximated nonlinear AHE ratio at different
« are shown in Fig. 4(c). pg,A and 64y can be greatly enhanced
by tilting the magnetic field away from the [001] direction,
reaching maximum values of 430 uQ2cm and 21% at
o = 30°, respectively, which is nearly 5 times larger than that
at o = 0°. Meanwhile, the nonlinear AHE always dominates
the total Hall signals, with the approximate contribution ratio
always larger than 80% from o = 0° to o = 90°. Two main
features from the angle-dependent transport measurements,
i.e., the enhancement of the peak value and the change of
the peak position, can both be well reproduced by additional
calculations [Fig. 4(d)]. They originate from a similar band
structure evolution process while the spins tilt from in-plane
AFM structure to a forced FM structure along o = 30°
instead of the [001] direction. But since this spin rotation
process under a tilted external magnetic field is not well
defined, the calculation results might show some variations
from the real cases.

III. CONCLUSION

In conclusion, we have observed a giant nonlinear intrinsic
AHE in EuCd;As, which fully dominates the Hall response.
We have shown that it originates from magnetic-field-induced
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transitions in the band structure caused as a consequence
of spin canting. We thus provide a general mechanism for
nonmonotonous Hall response, which does not need strict
magnetic or electron structures such as skyrmions or Weyl
points. This effect has been completely overlooked in the past
and may be suitable for some materials where the THE-like
feature has not been well explained [19]. Our finding further
raises the question of whether the THE-like feature can be
originated from the combination of real-space spin chiral-
ity and spin-rotation-induced band structure evolution, which
needs more research effort in the future.

IV. METHOD

A. Sample synthesis

Single crystals of EuCd,As, were grown by the Sn flux
method. High-purity elements of Eu, Cd, As, and Sn were put
in an alumina crucible at a molar ratio of 1:2:2:10 and sealed
in a quartz tube under a high vacuum. The tube was heated to
1173 K, remained at that temperature for 20 h, and then slowly
cooled to 773 K at a rate of 2 K/h. After that, the samples were
separated from the Sn liquid in a centrifuge.

B. Transport measurement

Transport measurements were performed in a Physical
Property Measurement System (Quantum Design) with the
standard lock-in technique. The electron contact of the sample
is made into a standard six-point Hall bar. To correct the
contact misalignment, the measured longitudinal and trans-
verse voltages were field symmetrized and antisymmetrized,
respectively.

C. ARPES measurement

The synchrotron ARPES measurements were performed
at Beamline 03U of Shanghai Synchrotron Radiation Facility
(SSRF). Data were collected by Scienta DA30 analyzer with
a variable UV photon energy of 25-70 eV. The overall energy
resolution is 15-18 meV, and the angular resolution was 0.2°.
The sample was cleaved in sifu and measured under an ultra-
high vacuum of 7 x 107! Torr.

D. Monte Carlo calculation

Spin interaction in the Monte Carlo simulations was mod-
eled as

H=-Y Jmi-mj—BY m
.J) i

‘g Kil(m; - u'Y (m; - un)* + (m; - up)*(m; - u3)?
+ (m; - u3)*(m; - uy)?]

—16 ) K[(m; - w') (m; - un 2 (m; - w3)],

where the first term is the nearest neighbor Heisenberg in-
teraction, the second term is the Zeeman coupling, and
the remaining two terms are sixth-order magnetocrystalline
anisotropy, which is responsible for six preferred spin

orientations in the plane. The parameters used in the
simulations are J,, = 50kg, J, = —10kp, K| =2kp, K; =

dkp, B, = 1.5kp, uy = (=1, —L,0), w=(1,0,0), us =

—%, ‘/7§,O). The system size is 256 x 256 x 2. The peri-
odical boundary condition was applied in both the x and y
directions, while an open boundary condition was used for
the z direction. All Monte Carlo simulations were carried out
in our JUMAG software, which is a graphics processing unit
(GPU)-accelerated package for spin dynamics and atomistic
simulations [38]. The investigated systems were gradually
cooled down from 500 to 0.1 K, and 50000 Monte Carlo
steps were performed for each temperature in order to suffi-
ciently thermalize the system. At each sampled temperature,
the topological charge distribution has been counted over
20000 samples. Two neighboring samples were separated by
500 Monte Carlo steps.

E. Band structure calculations

The total energies and band structures were calculated
from first-principles calculations within the framework of
density functional theory using the projector augmented wave
pseudopotential [39] as implemented in VASP [40,41]. The
generalized gradient approximation of Perdew, Burke, and
Ernzerhof [42] was used for the exchange-correlation energy
and the Hubbard U method [43] with U = 6.0eV and J =
1.0eV was applied on the Eu(4 f) orbitals. An energy cutoff
600 eV for the plane-wave expansion was used. Noncollinear
magnetism calculations with spin-orbit coupling included
were employed. A 1 x 1 x 2 supercell with two Eu atoms
was used and a I'-centered 15 x 15 x 4 k mesh was sampled.
After we obtained the eigenstates and eigenvalues, a unitary
transformation of Bloch waves was performed to construct the
tight-binding Hamiltonian in a Wannier function (WF) basis
by using the maximally localized Wannier functions method
[44] implemented in the WANNIER90 package [45]. A WEF-
based Hamiltonian has exactly the same eigenvalues as those
obtained by first-principles calculations from —0.5-0.5eV to
the Femi level. The intrinsic anomalous Hall conductivity was
calculated using the WF-based Hamiltonian based on Berry
curvature [46].

Note added. During the review process, we note that a
recent study of SrRuOj [47] also reveals its anomalous Hall
effect to be sensitive to the spin tilting due to the evolution of
Berry curvature.
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