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Qubit decoherence and symmetry restoration through real-time instantons
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A parametrically driven quantum oscillator, stabilized by a nonlinear dissipation, exhibits a spontaneous
breaking of the parity symmetry. It results in the quantum bistability, corresponding to a Bloch sphere of dark
states. This makes such a driven-dissipative system an attractive candidate for a qubit. The parity symmetry
breaking is exact both on the classical level and within the quantum mechanical perturbation theory. Here, we
show that nonperturbative quantum effects lead to the symmetry restoration and result in an exponentially small
but finite qubit decoherence rate. Technically, the symmetry restoration is due to real-time instanton trajectories
of the Keldysh path integral, which represents the Lindbladian evolution of the driven-dissipative oscillator.
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I. INTRODUCTION

Open quantum systems subjected simultaneously to dissi-
pative effects and a strong external drive obey the effective
dynamics described by the Lindblad equation [1-6]. Such sys-
tems have gained attention for their ability to realize multiple
nonequilibrium steady states [7—14]. Of particular interest are
systems exhibiting quantum bistability, in which the space of
steady states has the structure of a Bloch sphere and can be
used to encode a qubit stably in contact with its environment
[15-17].

The stationary states of a Lindblad equation are deter-
mined by its symmetries [7,10]; the spontaneous breaking
of symmetry can lead to bistability [11]. A broken “strong”
symmetry (in the sense of Ref. [12]) leads to a Bloch sphere
stationary space [17], forming a qubit. Similarly to the uni-
tary quantum mechanics, nonperturbative effects often restore
the symmetry, leading to a slow precession and decoherence
of the would-be qubits. The quantum mechanical symmetry
restoration (i.e., tunneling) is achieved through the instanton
solution of the imaginary-time equations of motion (EOM).
Remarkably, the strong symmetry restoration in the dissipa-
tive Lindbladian dynamics occurs through real-time solutions
of complexified EOM. Consequently, this purely quantum
phenomenon is akin to classical activation in a multidimen-
sional space [18,19].

II. BROKEN PARITY SYMMETRY IN A
PARAMETRICALLY DRIVEN OSCILLATOR

To exemplify this, consider a harmonic oscillator subject
to an external drive that periodically modulates its resonant
frequency H = woa’a + 2 cosQw,t)(@'? + a?), where a is
a Bose annihilation operator, [a, 4"l = 1. In addition to the
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coherent drive we allow the oscillator to dissipate through
interaction with its environment, modeled as a bath of lin-
ear oscillators in thermal equ111br1um at zero temperature
To ensure the Z, parity symmetry & — PaP’ = —a, where
P = exp(ima'a), is still present when the oscillator is put in
contact with the environment, we choose a nonlinear coupling
between the system and the bath, Hy = ”2

a'2b,), where bath modes b, oscillate at frequencres a)S.

In the rotating frame of the external drive, ignoring
counter-rotating terms, the Hamiltonian becomes effectively
time independent,

H(a,a" ~ Ad'a+ r@™ + a?), )]

where A = wp — w,. Integrating out the bath degrees of
freedom leads to a dissipative dynamics, described by the
Lindblad equation for the reduced density matrix of the
oscillator,

dp=Lp =—ilH, p] +y(&®pa™ — Ha"a*, p}). (2)

where the Lindbladian “superoperator” 2 acts in the
Hilbert space of operators and the dissipation strength is
Y = 2 (& 2w5)8(wo — wy).

Both A and the jump operator 4> commute with 2, making
Eq. (2) invariant under & — —a on both the left and the right
of p independently. Defining the left/right parity superopera-
tors Py to act by left/right multiplication by P, 75+ o =Pp,
P_p = pP, is made precise by the fact that both commute

with the Lindbladian [75i, [Z] = 0. In this case the system
is said to possess strong parity symmetry. The simultaneous

diagonalizability of Land P_, 75+ means that there are at least
two stationary density matrices. If this symmetry is broken,
there are four stationary density matrices, isomorphic to the
Bloch sphere of steady states [17].

Models of a parametrically driven oscillator linearly cou-
pled to a bath have been studied extensively in, for example,
Refs. [20-22]. Such models possess only weak symmetry
and so can exhibit only classical, not quantum, bistability.
Models with master equations similar to (2) have been stud-
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ied using methods based on operator formalism [13,16] and
quasiprobability distributions [23,24]. Experimentally, this is
realizable in a pumped system of microwave cavities coupled
via a Josephson junction [25-27].

When the drive amplitude A is sufficiently large, the os-
cillator becomes unstable at the level of the Hamiltonian (1).
To see this, it is convenient to go to Hermitian operators
X, p, such that a = [p — i(A + 2A)X]/+/(A + 21), in terms
of which Eq. (1) becomes H = p? + (A% — 422)#%. This is
a conventional harmonic oscillator so long as A > 2, but for
A < 2 the potential flips upside down, causing instability. In
the latter case the model is stabilized by the nonlinear dissi-
pation. This can be seen by, e.g., taking A = 0, and noticing
that the Hamiltonian can be absorbed into the dissipative part
of the Lindbladian by a linear shift of the jump operator,

bp = (@~ )o(a®— )
@)@ o). O

where ¢g = +/2X1/iy. The two coherent states |+¢y) are an-
nihilated by the shifted jump operators, so the four operators
formed by their products |£¢) (¢o| and |E¢g) (Fo| are all
stationary. These operators are exchanged by the right or left
action of P, meaning the parity symmetry is spontaneously
broken. The even and odd cat states |+) o |¢o) &= |—¢o) form
an orthonormal basis of the steady-state space. Pure states
made from their linear combinations form a Bloch sphere.

III. INSTANTONS AND SYMMETRY RESTORATION

The model is zero dimensional, so symmetry breaking
cannot occur in the bulk of the parameter space [28]. When
A is small but finite, the symmetry must be restored. An ex-
ponentially small dissipative gap will open in the Lindbladian
spectrum as the eigenvalues of the operators |t) (| move
into the complex plane as a conjugate pair, denoted as A
and A*. The stationary-state space is reduced in dimension
from four to two. This phenomenon is nonperturbative in y
and occurs due to instanton contributions to the Keldysh path
integral.

To show this, it is useful to study the character—valued par-

tition functions” Tr[Pi exp(TL)] and Tr[P+79_ exp(TL’)]
where the capital Tr indicates that the trace is over a super-
operator and 7 — oo is the evolution time. The action on
the eigenvectors P, |—) (| = — |—) (&| means their eigen-
values come with an additional sign in the P, -twisted trace,
and similarly for the other parity superoperators. Assuming

all nonzero eigenvalues of L have a finite real part, only the
smallest eigenvalues contribute in the limit 7 — oo,

Telexp(TL)] ~ 2 + &M + AT ~ 4 4+ T(A + AY),

(42)

Te[Pa exp(TL)] = +(eA — Ny~ £T(A — A¥),
(4b)

TPy P exp(TL)] =2 — A — AT ~ _T(A + A%),
(40)

where the approximation is valid in the limit of small y, in
which the stationary points +¢, are well separated. Perturba-
tively in y, the dissipative gap is identically zero; it is made
finite only by the nonperturbative contributions of instantons
of a Keldysh path integral. This is reminiscent of the tunnel
splitting of energy eigenvalues in standard quantum mechan-
ics, as discussed in any standard reference on the subject,
for example, Ref. [31]. The main contribution comes from
the one-instanton process, resulting in the last approximate
equalities.

A. Instantons and Symmetry Restoration

Using the machinery of Ref. [6], the character-valued
partition functions may be represented as coherent-state
Keldysh path integrals [ D¢p=D¢*e's over the spaces of
twisted loops in the Keldysh phase space (details discussed
in the Appendix). Here, the fields (¢*, #*) reside on the
forward/backward part of the closed time contour and the
action is given by

/2
S = / di(gtio g — G idg~ —H' +H™ —iD), (5)
-T2
where H* = H(¢*, ¢*) from Eq. (1) and

D(¢*. ¢") =y (¢ ¢T) = 3@Td")Y — 2P 97)?). (6
Notice that the dissipator D breaks the time-reversal symmetry
between the forward and backward parts of the contour. The
strong Lindbladian parity symmetry is realized as a classical
Z, x Z, symmetry of the Keldysh action: Transforming ei-
ther of the sets of fields independently ¢* — —¢= leaves the
action invariant.

B. Keldysh Classical Mechanics

We will consider a saddle-point approximation to the
character-valued partition functions described above. For this,
one must find solutions to the classical EOM with the ap-
propriate boundary conditions for T — oco. Expressing the
action (8) in terms of the Keldysh rotated fields [32] oF =
(¢° £ ¢%)/+/2, one finds for the action S = [ dt(¢%id,¢° +
¢°id,¢9 — K), where

K(¢°, 69, 6%, 3%
= AP + §°69) + 209 + ¢9¢°)
—49@%%¢%www—&wﬂ4@w&wl
%)

The classical Z, x Z, symmetry realized on these fields is
generated by ¢4 — —¢“9 and ¢° < ¢9.

The classical EOM are found by varying the action in each
of the four fields. They acquire the Hamiltonian structure with
the conserved “energy” K,

i0,¢° = 950K

and the other EOM are given by exchanging labels ¢ <+ q. In
addition to the trivial fixed point at the origin of the phase
space, EOM admit additional nontrivial fixed points. When
A = 0, these occur when either the ¢ or q fields are equal to

—i0,¢° = 9K, ®)
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++/2¢, from Eq. (3) while the complimentary fields are zero.
At these four fixed points the classical Z, x Z, symmetry
is spontaneously broken. Away from the A = 0 limit, the
symmetry is restored quantum mechanically due to instanton
solutions to the EOM, connecting the fixed points in the com-
plexified phase space of the field configurations.

Indeed, EOM (8) do not respect ¢4 being complex conju-
gated of ¢4, but rather operate in an enlarged complexified
phase space, where ¢©9 and ¢*9 are regarded as independent
complex variables. This should be understood as a complex
deformation of the original integration contours over ¢4, ¢4
to pass through proper saddle-point field configurations. The
classical motion, resulting from this complexification, takes
place in the eight real-dimensional phase space spanned by the
four holomorphic coordinates (¢°, ¢4, ¢¢, %) and their com-
plex conjugates (¢%*, ¢%*, ¢*, ¢9*). In this eight-dimensional
space, K + K* acts as the Hamiltonian generating the motion
and K — K* is an integral of motion. In addition to this, there
is a hidden symmetry generated by the holomorphic integral
of motion M. This can be found by looking for holomorphic
polynomials that Poisson-commute with K:

K(5¢c§$q —é—q;q5¢c —i—é_d,ng;c —é_(l;c5¢,q)M=0. )

For A = 0 (see the Appendix for a more general case), the
lowest-order solution (not equal to a multiple of K) is given
by
M = 2636 + ¢ + (¢ — 9"

+26°0°)(@¢° + 9]

*[205@% + %) — (@97 — ig*

—2¢9¢9)(¢99° + ¢°9D)].
As a consequence, K, M, and their conjugates are four inde-
pendent conserved quantities. This makes the corresponding
eight-dimensional classical motion completely integrable.

In the limit 7 — oo, the instantons are given by the sep-
aratrix trajectories connecting the fixed points. Since at the
fixed points K = M = 0, this is also the case for the separatrix
trajectories and thus all four conserved quantities are equal to
zero. The condition K + K* = 0 dictates ¢° = ¢°* and ¢ =
—¢%*, while the condition M = 0 fixes ¢° = i¢° and @9 =
—i¢4. Each of these conditions defines a four-dimensional
subspace of the eight-dimensional phase space. Their inter-

section is thus a two-dimensional (2D) plane parametrized by
the real coordinates (X, P), with

. [4x - [4in
¢ =ip” = | —X, ¢=ip"" =~ |—P (10)
iy Y

At this invariant plane, the Keldysh action acquires an explicit
Hamiltonian structure,

gr (T2
is = S f di[P3X — K(X, P)], (11)
YV J-1t)2

where the effective Hamiltonian is found by the substitution
of Eq. (10) into Eq. (10):

KX,P)=2AXP1+P+X)1-P—-X). (12)

The parity symmetry manifests itself in the invariance vis-
4-vis X <> P exchange. Notice that Eq. (14) is a real-time

FIG. 1. Phase portrait of the Hamiltonian K(X, P), Eq. (12).
Bold directed lines show separatrix trajectories K = 0, thinner lines
show examples of other trajectories, and dots show fixed points.
Instanton paths that contribute to the real and imaginary parts of
A are highlighted in blue and red, respectively. The first satisfies
the boundary condition X (—o0) = —X(00) and P(—o0) = —P(00)
and the second, X (—o0) = P(00) and P(—00) = X (00). The shaded
areas show the instanton action for each path.

action. Unlike in Hermitian quantum mechanics, there is no
need to go to imaginary time to find the connecting trajec-
tories. The relevant fixed points in the new coordinates are
(£1,0) and (0, £1). As can be seen from the phase portrait
for the Hamiltonian (12) (Fig. 1), there are several instanton
trajectories connecting the various fixed points.

C. Decoherence Rate Estimate

According to Egs. (4b) and (4c) the imaginary and real
parts of the smallest nonzero eigenvalue A are determined by
the one instanton contributions to the corresponding partition
functions (the factor T there originates from the freedom to
choose the instanton position along the time axis). They are
distinguished by the choice of boundary conditions, illustrated
in Fig. 1. Notably the action along all such paths is the same:

, 82 42
iSint = —/dXP == (13)
% %

This leads to A ~ exp(iSinst) = exp(—4A/y ). Numerical cal-
culations (see the Appendix for details) of A, shown in Fig. 2,
are in a good agreement with this result. The preexponential
factors in the imaginary and real parts appear to have a dif-
ferent dependence on A, with our numerics being consistent
with

ImA ~Ae ™7, ReA~ A?>e /7, (14)

The former represents the qubit precession frequency, while
the latter its decoherence rate.

IV. CONCLUSION

In conclusion, we have developed the instanton calculus
to evaluate nonperturbative phenomena within the Lindbla-
dian dynamics of the parametrically driven oscillator with
nonlinear dissipation. It exhibits two oscillatory states, distin-
guished by their phases relative to the external drive, forming
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FIG. 2. Imaginary and real parts of A vs the drive strength A with
y =1 and A = 0.1. Best linear fit lines are plotted over the data
and have slopes of —3.7 and —4.0, correspondingly. The inset is the
log-log plot of A vs A for A = 3. Best fits of the imaginary and real
parts of A come with slopes of 1.04(£0.02) and 2.04(£0.02).

a qubit basis. Such a qubit is, however, subject to a preces-
sion and decoherence due to the nonperturbative symmetry
restoration. We found that the semiclassical description of this
phenomenon relies on the real-time instanton trajectories in
the complexified (and Keldysh doubled) phase space of the os-
cillator. This put the corresponding decoherence mechanism
in the universality class of quantum activation [20-22].
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APPENDIX: Equations of motion details

The equations of motion for the Keldysh action written in
terms of the Keldysh-rotated fields are Hamilton’s equation in
the Keldysh Hamiltonian K from Eq. (8),

i0,6° = Ag° + 20 — ig[&wd + %)

—24969¢° + 4¢° ¢ ], (Ala)
—i0,¢° = AGE +20¢° + i%[w(«ﬁ” + %)
— 2099 — 4d¢ ¢ B, (Alb)

|
{A,B} = _iA(é_¢C5q§q — é_(l;qu,c + é—¢q§q;c — 5q;c§¢q

The holomorphic part of the Poisson bracket kills any an-
tiholomorphic function and vice versa. As a consequence,

- é_¢c* aﬁq* + 5‘5‘1* 5¢C* — é_¢q* 5«50* + 560* 5¢q*)B = O

and the EOM for the quantum fields is given by swapping the
labels c and q.

Fixed points of the motion are determined by setting the
left-hand side of each expression to zero. There is a trivial
fixed point in which all four fields are zero. Additional fixed
points can be determined by setting either the ¢ or the q fields
equal to zero and solving the resulting algebraic equations.
For ¢4 = 0 = ¢9, this is

A¢C 4 2)“50 _ i%(ic(ﬁd —0= A(ic 4 2)\(]56 _ i%(502¢c-
] (A2)
One may look for solutions when ¢¢ = ¢, = ¢°*; there are
two solutions,

(A3)

with cos(2¢) = —A/2A and sin(2¢) < 0. Alternatively, one
may look for solutions —¢“* = yx, = ¢°; there are also two
solutions,

4 AN
X« ==E | — /1= =) €%
Y

7 (A4)

this time taking cos(2¢) = A/2X and sin(2¢) > 0.

Analogously, there are also fixed points for ¢ =0 =
¢° and either ¢4 = ¢, = @¢9* or —¢%* = x, = ¢4. In the
A — 0 limit, ¢, = £+/2¢ and x. = £+/2¢; from (3). As
a consequence, the locations of the fixed points of the
forward/backward fields ¢* match the steady-state coherent
states. The fixed points important for this problem are those
for which ¢¢ = 0 = ¢°, —¢%* = x, = ¢% and ¢ = 0 = @9,
¢° = ¢ = ¢%*. When A =0, all four of these fixed points
exist in the two-dimensional plane in the complex Keldysh
phase space on which K + K* =0 =M.

Note that one of the sets of fixed points occurs when
@9 # ¢%*, where (-)* is the complex conjugate. Similarly,
any nonstatic solutions to the EOM require some complex-
ification of the fields. This is apparent when comparing
Egs. (Ala) and (Alb): These equations are not complex
conjugates of one another when ¢%9 = ¢>%*. As a con-
sequence, any nonstatic solutions will require ¢“9 and
@9 to be regarded as independent complex variables. The
four equations of motion from Eqgs. (Al) and their four
complex conjugates specify eight equations of motion on
an eight real-dimensional complexified phase space with
the four holomorphic and four antiholomorphic coordinates
(¢°, 99, ¢°, @9, ¢°*, p9*, ¢°*, 9*). These EOM are Hamil-
ton’s equations generated by the Hamiltonian K + K*. The
corresponding Poisson structure has a bracket with holomor-
phic and antiholomorphic parts:

(A5)

(

holomorphic and antiholomorphic functions always commute.
Moreover, two holomorphic functions A and B commute
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when

0=A(5¢c§q;q —5(5q5¢c +é—¢qéqgc —é_qgcé¢q)B. (A6)

In such cases, there the conjugates will also commute with
one another, yielding a set of four commuting functions

J

A, B,A*, B*. Tt is this fact that explains why the complex-
ified motion in the problem considered here is integrable.
There is an additional integral of motion M that commutes
with K:

- - - - - - 2iA
M= [2¢§(¢°2 +62) + (§°¢1 — ¢¢° + 2¢°¢°><¢>‘*¢° +¢°¢1 + 17)]

20800 3% - @00 - ot - 200 (800 + Bron+ 22|

This implies the existence of a total of three additional mutu-
ally Poisson-commuting functions M, M*, K — K* alongside
the Hamiltonian K + K*.

These four integrals of the motion generate dynamical
symmetries of the complexified classical motion. However,
any physical significance the new integral M possesses re-
mains obscure. First, because M is nonlinear, it is unclear
if canonical quantization will preserve its commutation re-
lation with the Lindbladian. That is, suppose there is some

superoperator ./\il defined by replacing classical fields ¢p* with
superoperators corresponding to left/right multiplication by a
using the appropriate ordering scheme. It is not a given that

M, L] = 0 just because {M, K} = 0. If it is the case that the
commutativity survives quantization, the commutativity of M

and £ will place restrictions on the eigensystem of L due
to the subsequent simultaneous diagonalizability of the two

superoperators. However, M will not be Hermitian and so will
not generate a unitary symmetry either as an automorphism
of the Hilbert space or in the dynamical sense, nor will it
correspond to any observable or conserved quantity. While
it seems unlikely that the existence of this extra integral of
motion is purely accidental, its physical significance remains
an open question.

Keldysh path integral details

In the conventional construction of the Keldysh path

integral, the object 1 = Tr[exp(T L)p] is converted into a
functional integral by the insertion of complete sets of coher-
ent states on both the left and the right of the density matrix,
as discussed in Ref. [6]. Instead, we cotlsider the trace of the

time evolution superoperator Tr[exp(Tﬁ)]. This trace can be
expressed as the integral over the Hilbert-Schmidt operator
norm of coherent states:

A d’otd?o e
Trlexp(T£)] = / Me—%*% ~65 45
s

x trllpg ) (e | exp(T L) o) (g 11
(A8)

The trace in the right expression can be brought into the
form of a path integral in a conventional way. The remaining
insertions |@; ) (¢, | will set the boundary conditions at the
beginning and end of the time contour. At this step, the inte-

(A7)

(

gral in front of the operator trace in (A8) can be absorbed into
the path integral measure to an integral over the loop space of
the Keldysh phase space:

Trlexp(TL)] = / DoEDFESS.  (A9)
¢+ (=T /2)=¢=(T/2)
The three character-valued  partition  functions

Tr[ﬁi exp(Tﬁ)] and Tr[75+75_ exp(Tﬁ)] can be massaged
into path integrals in the same way. The parity superoperators
will act to the left on the tensor of coherent states, replacing
¢3E with —¢0i on the left or on the right, changing the
boundary conditions on the fields. The corresponding path
integral must be taken over the space twisted loops on the
Keldysh phase space. The boundary conditions corresponding
to the different twisting superoperators are

Py <« ¢ (=T/2) = F¢*(T/2), (Al0a)
P_ «—— ¢T(=T/2) = +£¢=(T/2), (Al0b)
PP «—— ¢ (=T/2) = —¢p=(T/2).  (Al0c)

For the rescaled Keldysh-rotated fields X and P from (10),
these become

X(=T/2)=FP(T/2),
- T/ =FPA/2).
P(=T/2) = ¥X(T/2),
X(-=T/2) = —X(T/2),
P(=T/2)=—P(T/2).
Either of the first two can be used to isolate the imaginary part
of the smallest finite Lindbladian eigenvalue A; the third is
used to isolate the real part.

PP «— (Al1b)

Numerics

Numerical calculations were obtained by truncating and
then vectorizing the operator Hilbert space. The Hilbert
space was was truncated to finite dimension N; boson
creation/annihilation operators were replaced with N x N
matrices. Vectorization was done in the standard way by
replacing simple tensor operators by vectors |{) (¢| — [¢¥) ®
|¢) and superoperators by operators acting on different tensor
factors A - B — A ® BT. After vectorization, the Lindbladian
superoperator is transformed into an N2 x N2 matrix. Its spec-
trum is obtained by exact diagonalization. All numerical data
shown were obtained using N = 50. Variation in the data was
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unnoticeable when going to larger values of N for the range of
parameters studied in the main text, meaning the results shown
are effectively independent of N. The low-lying part of the

spectrum of the diagonalized truncated Lindbladian had two
zero eigenvalues and two exponentially small eigenvalues; the
plots in the main text show one of the two small eigenvalues.
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