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for high temperature superconductivity
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Hydrogen-rich superhydrides are believed to be very promising high critical temperature (high Tc) super-
conductors, with experimentally observed critical temperatures near room temperature, as shown in recently
discovered lanthanide superhydrides at very high pressures, e.g., LaH10 at 170 GPa and CeH9 at 150 GPa.
With the motivation of discovering new hydrogen-rich high Tc superconductors at the lowest possible pressure,
quantitative theoretical predictions are needed. In these promising compounds, superconductivity is mediated by
the highly energetic lattice vibrations associated with hydrogen and their interplay with the electronic structure,
requiring fine descriptions of the electronic properties, notoriously challenging for correlated f systems. In
this paper, we propose a first-principles calculation platform with the inclusion of many-body corrections to
evaluate the detailed physical properties of the Ce-H system and to understand the structure, stability, and
superconductivity of CeH9 at high pressure. We report how the calculation of Tc is affected by the hierarchy
of many-body corrections and obtain a compelling increase in Tc at the highest level of theory, which goes in
the direction of experimental observations. Our findings shed significant light on the search for superhydrides
in close similarity with atomic hydrogen within a feasible pressure range. We provide a practical platform to
further investigate and understand conventional superconductivity in hydrogen-rich superhydrides.
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I. INTRODUCTION

Pressure, like temperature, is a basic thermodynamic quan-
tity which can be applied in experiments over an enormous
range, leading to important contributions in such diverse areas
of science and technology as astrophysics, geophysics, con-
densed matter physics, chemistry, and biology [1]. Pressure
can lead to a variety of new phenomena, a striking example
being alkali metals, which exhibit a series of electronic phase
transitions to superconducting [2], complex structural forms
that might lack periodicity [3], and peculiar optical reflectivity
[4], when compressed even modestly.

In particular, the search for superconducting metallic hy-
drogen at very high pressures has long been viewed as a
key problem in physics [4] and is not new. Ashcroft pro-
posed very early that hydrogen-based materials containing
other main group atoms might exhibit superconductivity at
large temperature [5]. These considerations are based on
the Bardeen-Cooper-Schrieffer (BCS) theory, where super-
conductivity is phonon mediated, and has motivated many
theoretical and experimental efforts in the search for high
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temperature superconductivity in hydrides at high pressures
[6]. A recent milestone has been achieved with (near-)room-
temperature superconductivity in hydrogen disulfide [7,8].

Hydrogen disulfide has not previously been considered as
a superconductor because it was believed to go through disso-
ciation at high pressure. Recent theoretical work [9] indicated,
however, that the dissociation would not occur, and Li et al.
predicted that the material would become superconducting
at 1.6 × 106 atm, with temperatures above 80 K. This led
to the practical experimental work of Drozdov et al. [7],
who compressed the hydrogen disulfide in a diamond anvil
cell. Theoretical calculations predicted that hydrogen sulfide
would transform on compression to a superconductor with a
Tc up to 200 K [9]. The high critical temperature Tc of 203 K
at 150 GPa in samples formed by compression of H2S was
subsequently confirmed [10].

This discovery has motivated scientists to expand further
the scope of research to lanthanide hydrides under pressure,
such as La-H [11] and Y-H [9]. For the La-H systems, re-
markably, not only the d electrons of La and s electrons of H
contribute to the Fermi density and hence to superconductiv-
ity, but also the f electrons of the lanthanide.

Interestingly, density functional theory (DFT) calculations
have shown that the fcc LaH10 is a good metal with several
bands crossing the Fermi level along many directions, asso-
ciated with a large electronic density at the Fermi level [12].
It was suggested that the contribution of f states is dominant,
realizing a unique high Tc with f electrons at the Fermi level,
in sharp contrast with the YH10 system, where only the d
electrons of Y and s electrons of H are the main contribu-
tors to Fermi density at high pressures [13]. This is due to
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the fact that external pressure destabilizes La 6s and La 5d
orbitals to a greater extent than the La 4 f orbital, which pop-
ulates upon pressure. This opens new exciting avenues into
the prediction and design of novel superconductors at high
pressure, which would involve f electrons, notoriously diffi-
cult to model in DFT, due to the strong electronic correlation
effects.

Indeed, the effects of electron localization and hybridiza-
tion are applicable to all high-density matter but are in
particular relevant for the large family of correlated materials,
based on transition metal d or lanthanide and rare-earth f
elements. Correlated systems show a breadth of peculiar and
interesting properties stemming from many-body effects, such
as high temperature superconductivity in copper oxides and
room-temperature metal-insulator transition in vanadates. A
fair understanding has been obtained, in particular, with the
Zaanen-Sawatzky-Allen (ZSA) theory [14], which provides a
classification of transition metal periodic solids in terms of
charge transfer or Mott systems, but the understanding of their
properties far from ambient conditions remains lacking and
challenging.

Hence, with the motivation of discovering new hydrogen-
rich high Tc superconductors at the lowest possible pres-
sure, quantitative theoretical predictions are needed. In
these promising compounds, superconductivity is medi-
ated by the interaction between the highly energetic lat-
tice vibrations of hydrogen and electrons, requiring fine
descriptions of the electronic properties, notoriously chal-
lenging for correlated f systems. Electronic correlations
provide corrections for several theoretical elements, in
particular, the electron-phonon coupling strength λ, the
phonon-dispersion relations, the electron spectral weight, and
cross terms between electron-electron and electron-phonon
interactions.

As many-body corrections to phonon-dispersion relations
are generally less dramatic than corrections to spectral func-
tions (see, for instance, Ref. [15]), and their full treatment
is beyond reach, we propose in this paper a pragmatic first-
principles calculation platform which provides many-body
corrections for the electronic spectral weight, which in turn
provides corrected estimates of λ and superconducting tem-
peratures. Indeed, many-body corrections in f systems can
induce dramatic changes, with energy shifts on the scale
of 1 eV or more, albeit with a systematic improvement
obtained by dynamical mean-field theory (DMFT) as ob-
served in metal-oxygen in actinides and rare-earth oxides
[16]. We evaluate here the detailed physical properties of
the Ce-H system, and we focus, in particular, on the ef-
fect of spectral transfer induced by electronic correlations
[17,18].

CeH9 crystallizes in a P63/mmc clathrate structure with a
very dense three-dimensional atomic hydrogen sublattice at
100 GPa. We report how the calculation of Tc is affected by the
hierarchy of many-body corrections and obtain a remarkable
agreement at the highest level of theory. Our findings shed
significant light on the search for superhydrides in close sim-
ilarity with atomic hydrogen within a feasible pressure range.
We provide a practical platform to further investigate and
understand conventional superconductivity in hydrogen-rich
superhydrides.

II. DISCUSSION

The idea that hydrogen-rich compounds may be potential
high Tc superconductors has originated from the beginning of
the millennium, when chemical precompression was proposed
as an effective way to reduce the metallization pressure of hy-
drogen by the presence of other elements, leading to observed
Tc exceeding 200 K in the LaH10 system [19] and 130 K in
CeH9 [20], which has indicated compressed hydrogen-rich
compounds as potential room-temperature superconductors.

It is recognized that superconductivity in such hydrides
owes its origin to electron-phonon coupling. According to
BCS theory, Tc is mainly determined by four parameters:
the characteristic phonon frequency, the electron-phonon cou-
pling strength, the density of states at the Fermi level, and
the μ∗. It is widely accepted that density functional theory
with standard pseudopotentials, such as the Perdew-Burke-
Ernzerhof (PBE) functional, provides an accurate description
of the lattice dynamics. However, DFT notoriously struggles
with the treatment of strong electronic correlations for com-
pounds with weakly hybridized and localized f electrons,
such as Ce, where many-body corrections are called for. In
this paper, we use the density functional theory approach
extended with DMFT. DMFT readily provides corrections as-
sociated with the charge and spin local fluctuations, relevant,
in particular, for the local paramagnetic moment of lanthanide
elements. Typically, DMFT accounts for changes in orbital
character at the Fermi surface, due to spectral weight transfer
associated with the splitting of Hubbard f bands. As described
in Methods, this affects, in turn, low energy electron-electron
scattering processes via phonon momentum transfer, as cap-
tured by the Allen-Dynes formalism. We focus hereafter on
the CeH9 P63/mmc system at 200 GPa.

Firstly, we explore the effects of the many-body correc-
tions at various levels of theory (see Fig. 1). We observe
that the superconducting temperature Tc obtained by the
Allen-Dynes formalism is largely affected by correlation ef-
fects. In particular, we compare (i) PBE density functional
theory, (ii) DFT with many-body corrections obtained by one-
shot dynamical mean-field theory (DFT+DMFT), and (iii)
DFT+DMFT with the fully charge self-consistent formal-
ism (DFT+DMFT+CSC). We used the typical Koster-Slater
interaction vertex for the Ce correlated manyfold, with typ-
ical values for Ce (U = 6 eV, J = 0.6 eV). As the Hund’s
coupling controls the splitting of the unoccupied Ce f -state
spectral features into magnetic multiplets, we provide in Fig. 1
the dependence of Tc on J . Interestingly, the one-shot DMFT
provides a large increase in the superconducting temperature
[see Fig. 1(a)], largely overshooting the experimental value
Tc = 130 K, which is concomitant with a sizable increase
in log(ω). The charge self-consistency mitigates this effect
[log(ω) remains in line with the PBE value] and in turn
reduces the Tc. This confirms that many-body effects have a
sizable contribution to the calculation of the superconduct-
ing temperatures in lanthanide hydrides. Note that we use
J = 0.6 eV thoughout the rest of this paper.

Although DMFT readily provides important corrections
to the electronic character, it is worthwhile to explore its
effect on the structural properties. As the computational over-
head to perform many-body corrections remains significant,
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FIG. 1. Many-body corrections to the superconducting temperature. We report (a) the superconducting temperature Tc obtained by the
Allen-Dynes formalism, (b) the electron-phonon coupling strength λ, and (c) log(ω), as a function of the Hund’s coupling J. The spectral
weight at the Fermi level is obtained at different levels of approximation: (i) PBE density functional theory (horizontal light blue short-
dashed line), (ii) DFT with many-body corrections obtained by one-shot dynamical mean-field theory (DFT+DMFT, filled black squares),
and (iii) DFT+DMFT with the fully charge self-consistent formalism (DFT+DMFT+CSC, filled red circles). The many-body corrections
systematically improve the DFT Tc in the direction of the experimental value (horizontal long-dashed line). The one-shot DMFT provides a
large increase in the superconducting temperature, overshooting largely the experimental value, which is concomitant with a sizable increase
in log(ω). The charge self-consistency mitigates this effect [log(ω) remains in line with the PBE value] and in turn reduces the Tc. The physical
value of the Hund’s coupling for Ce (J ≈ 0.6 eV) is reported by the vertical dash-dotted line in all panels. All calculations were performed in
the P63/mmc phase of CeH9 at 200 GPa.

calculating forces with finite atomic displacement is not
tractable. Recent progress has, however, been made in this
direction [22], in particular, with the generalization of the
Hellmann-Feynman theorem for DMFT in the presence of
ultrasoft pseudopotentials [21] in CASTEP [23]. This general-
ization opens new avenues for systems with heavy elements,
not well suited for all-electron calculations. We report in
Fig. 2 the structural relaxation at 200 GPa. We typically obtain
corrections for the bond lengths of order 4%. As expected,
many-body effects tend to increase the length of Ce-H bonds,
associated with a reduction in the hybridization induced by
electronic correlations. This bond length increase is also con-
comitant with a small increase in the minimum H-H distance.
The volumetric density is also weakly affected by many-body
effects, as the pressure obtained from DFT+DMFT+CSC
calculations on the DFT structure yields 216 GPa. We hence
conclude that DFT is a reasonable approximation for the struc-
tural properties of CeH9.

The lattice dynamics for CeH9 (see Fig. 3) leads to a typical
phonon gap for lanthanide clathrates (between approximately
300 and 750 cm−1) and high frequency modes dominated by
hydrogen character (≈750–2000 cm−1). The latter leads to
a large weight in the Eliashberg function between 0.1 and
0.25 eV, i.e., in the region that mostly contributes to the
electron-phonon coupling strength λ. The effect of many-body
corrections is indicated in Fig. 3(b), with an increase in the
latter energy region due to the DMFT corrections [the trend
follows the one observed in Fig. 1(a)].

The changes highlighted above stem directly from a spec-
tral weight transfer induced by many-body corrections [see
Fig. 4(a)]. In DFT, the Ce system is described by a two-band
system in the absence of long-range magnetic order. We note
that DFT is a single-Slater-determinant approach and hence
cannot capture the role of paramagnetism, with an associ-
ated magnetic multiplet (fluctuating magnetic moment). Such

effects typically induce a splitting of spectral features into
satellites, as observed in Figs. 4(b) and 4(c), with a resulting

Iteration Iteration

FIG. 2. Structural relaxation of clathrate lanthanides with many-
body corrections. We report the structural relaxation of the CeH9

[(a) and (c)] and prototype PrH9 [(b) and (d)] compounds. All cal-
culations are performed at 200 GPa. The volume density is obtained
by the equation of state in DFT+DMFT+CSC, which provides very
similar results to PBE (not shown). Internal coordinates are relaxed
with DFT+DMFT+CSC, building upon the recent implementation
of DFT forces for ultrasoft pseudopotentials [21]. We report the
forces and total energies obtained during the structural optimization,
respectively, in (a) [in (b)] for CeH9 (PrH9). Convergence is obtained
within 25 iterations. The shortest H-H and Ce-H bond lengths in-
crease throughout the structural optimization [see (c) and (d) for Ce
and Pr hydrides, respectively].
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FIG. 3. Lattice dynamics of CeH9 at high pressure. (a) Phonon-dispersion relation, (b) Eliashberg function α2F (ω), and (c) phonon density
of states for the P63/mmc phase of CeH9 at 200 GPa. The phonon density of states is resolved in the Ce and H contributions. The dominant
contribution to the Eliashberg function is due to the hydrogen vibrational modes located above the phonon gap (ω > 750 cm−1).

large increase in f character at the Fermi level. As sharp
Ce features occur near the Fermi level, we emphasize that a
high level of theory is required to capture correctly the su-
perconducting properties. For instance, in our calculations the
fully charge self-consistent approach (DFT+DMFT+CSC)
induces a small shift of the sharp Ce feature at the Fermi level,
which in turn mitigates the f character increase at the Fermi
level.

As the role of f electronic orbitals is paramount for the
superconducting properties, we study a prototype lanthanide

FIG. 4. Spectral weight transfer induced by many-body correc-
tions. (a) Electronic band structure and (b) density of states obtained
by DFT calculations. Glatt and Gimp denote the spectral weight ob-
tained by the imaginary part of the lattice and f impurity Green’s
function, respectively, corresponding to the spectral weight traced
over all orbitals and traced over the f orbitals, respectively. In
(c) and (d) we show the energy-resolved spectral weight, obtained
by the one-shot DFT+DMFT and the fully charge self-consistent
DFT+DMFT+CSC, respectively. All calculations were performed
in the P63/mmc phase of CeH9 at 200 GPa.

clathrate with higher f occupations, by considering the alio-
valent praseodymium hydride PrH9. We note that this system
is only metastable at 200 GPa in experiments [24], although
stable in the pressure range 90–140 GPa with a superconduct-
ing temperature Tc = 55 K above 110 GPa. We report in Fig. 5
the DFT+DMFT+CSC framework applied to PrH9 in the
P63/mmc phase at 200 GPa. We obtain a theoretical estimate
of Tc = 70 K, in qualitative agreement with the experimental
value obtained at lower pressure, where the P63/mmc phase
is stable. In line with the CeH9 calculations, DFT also under-
estimates the critical temperature of PrH9, with Tc = 12 K for
μ� = 0.1.

We attribute the decrease in Tc with the higher f occu-
pation, which shifts the chemical potential away from the f
spectral features present near the Fermi level [see Fig. 5(a)].
As expected, the lattice dynamics [see Fig. 5(b)] are qualita-
tively similar to those of the CeH9 compound.

Our results highlight a pathway for the optimization of
Tc in lanthanide hydrides: The increase in f character at the
Fermi level in DFT+DMFT, associated with a smaller degree
of Ce-H covalency and lesser degree of hybridization, pro-
vides a marker for an increased superconducting temperature
in these systems.

FIG. 5. Aliovalent clathrate Pr prototype. (a) Electronic density
of states obtained by DFT+DMFT+CSC and (b) phonon density of
states for the P63/mmc phase of PrH9 at 200 GPa; the density of
states is resolved in the Pr and H contributions. In stark contrast with
the CeH9 clathrate, the spectral weight of f electrons is suppressed
at the Fermi level, resulting in a lower Tc.
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FIG. 6. DFT interoperability for a consistent many-body platform. Schematic overview of the main modules of the theoretical platform and
its interrelations. Firstly, structures are predicted by ab initio random structure searching (AIRSS), via Gibbs enthalpies for the equation of state
and convex hull. The underlying core engines are the CASTEP and QUANTUM ESPRESSO DFT software packages. Interoperability between QE and
CASTEP is achieved via format conversion of input files, pseudopotentials, and k-point grids. Core libraries are used to provide the many-body
corrections, via quantum embedding, which in turn provides corrected forces and energies. In postprocessing, the Eliashberg function and
superconducting Tc are obtained with the DMFT+a2F approach. Finally, data are archived for future usage in hierarchical data format version
5 (hdf5). CLI, command-line interface.

III. METHODS

We present our theoretical approach in Fig. 6. We report
a schematic overview of the main modules of the theoretical
platform and their interrelations. Our approach provides a
modular framework for systematic material screening at high
pressure. Firstly, stoichiometric compositions are provided
by ab initio random structure searching (AIRSS) [25], via
Gibbs enthalpies for the equation of state and convex hull.
The underlying core engines are CASTEP [26] and QUANTUM

ESPRESSO (QE) [27], both interfaced with AIRSS. Interoperabil-
ity between QE and CASTEP is achieved via format conversion
of input files, pseudopotentials and k-point grids. Core li-
braries are used to provide the many-body corrections, via the
DMFT quantum embedding, which in turn provides corrected
forces [21] and total energies [23,28].

The underlying structure relaxations were carried out us-
ing the QE and CASTEP packages in the framework of DFT
and using the Perdew-Burke-Ernzerhof generalized gradient
approximation (PBE-GGA) [29,30]. Ultrasoft pseudopoten-
tials were used to describe the core electrons and their
effects on valence orbitals. A valence electron configuration
of 5s25p64 f 15d16s2 (i.e., with explicitly included f elec-
trons) and 1s1 was used for the Ce and H atoms, respectively.
A plane-wave kinetic-energy cutoff of 1000 eV and dense
Monkhorst-Pack k-point grids with reciprocal space resolu-
tion of 2π × 0.07 Å−1 were employed in the calculation.

Phonon frequencies and superconducting critical temper-
ature were calculated using density-functional perturbation
theory as implemented in QUANTUM ESPRESSO. The k-space
integration (electrons) was approximated by a summation
over a 24 × 24 × 12 uniform grid in reciprocal space, with the
smearing scheme of Methfessel and Paxton using a tempera-
ture kBT = 0.05 eV for self-consistent cycles and relaxations;
the same grid (24 × 24 × 12) was used for evaluating density
of states (DOS) and coupling strength. Dynamical matrices
and λ were calculated on a uniform 6 × 6 × 3 grid in q space
for P63/mmc-CeH9.

In postprocessing, the superconducting transition tem-
perature Tc was estimated using the Allen-Dynes modified
McMillan equation:

Tc = ωlog

1.2
exp

[ −1.04(1 + λ)

λ − μ�(1 + 0.62λ)

]
, (1)

where μ∗ is the Coulomb pseudopotential. The electron-
phonon coupling strength λ and ωlog were calculated as

ωlog = exp

[
2

λ

∫
dω

ω
α2F (ω) log(ω)

]
, (2)

λ =
∑
qν

λqν = 2
∫

α2F (ω)

ω
dω. (3)
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FIG. 7. The fully charge self-consistent DMFT approach. Flowchart of the DFT+DMFT calculations. The outer region denotes the density
functional theory, which provides the Kohn-Sham potentials that in turn feed into the calculation of the Green’s function (midregion). The
projected Green’s function provides in turn the Weiss field, which is used to define the Anderson impurity model, solved in the presence of a
general two-body correlation term (inner region). In the fully charge self-consistent approach (DFT+DMFT+CSC), the Kohn-Sham potentials
are calculated from the DMFT electronic density. Upon DMFT convergence, total energies and forces are calculated from the Green’s function
and self-energy. The colors separate the procedure by levels of theory: The outer region deals with DFT, the midregion is dealing with the
interface between DFT and the AIM, and the inner region is where the AIM is solved by the quantum solver.

In the Allen-Dynes formalism, the Eliashberg function
α2F (ω) is obtained by summing over all scattering processes
at the Fermi level mediated by phonon momentum transfer
and reads [31]

α2F (ω) = N (εF )

∑
k1,k2

|Mk1,k2 |2δ(ω − ωqν )δ(εk1 )δ(εk2 )∑
k1,k2

δ(εk1 )δ(εk2 )
.

(4)

Here, N (εF ) is the DOS at the Fermi level, ωqν is the
phonon spectrum of a branch ν at momentum q = k2 − k1,
εk1 and εk2 are electronic band energies referred to the Fermi
level, and Mk1,k2 are the electron-phonon coupling matrix
elements. Many-body effects introduce a change of spectral
character at the Fermi level, where electronic correlations
induce a mass enhancement and introduce a finite lifetime,
due to incoherence. In this spirit of the DMFT scissors [32],
we correct the DFT bands with the renormalized DMFT band
picture:

α2F (ω) = Atot

∑
k1,k2

|Mk1,k2 |2δ(ω − ωqν )A(k1)A(k2)∑
k1,k2

A(k1)A(k2)
,

(5)

where Atot and A(k) are the total and k-momentum-resolved
spectral weights, respectively, at the Fermi level. This ap-
proach is denoted as DMFT+a2F in the workflow.

Figure 7 indicates the DMFT quantum embedding ap-
proach. Density functional theory provides the Kohn-Sham
Hamiltonian that in turn feeds into the calculation of the
DMFT Green’s function. We use atomic projectors to define
the Anderson impurity model (AIM), solved with a Hubbard-I
solver. A breadth of quantum solvers are readily available in
the Toolbox for Research on Interacting Quantum Systems
(TRIQS) open-source platform [33,34]. In the fully charge self-
consistent approach (DFT+DMFT+CSC), the Kohn-Sham
potentials are calculated from the DMFT electronic density,
obtained by the trace of the Green’s function [23]. Upon
DMFT convergence, total energies and forces are calculated
from the Green’s function and self-energy. All DFT calcula-
tions carried out in this paper are with pseudopotentials. To
validate the latter approach, we have benchmarked the pseu-
dopotential calculations with all-electron calculations done
with QUESTAAL, as documented [35] (see Fig. 8).

IV. CONCLUSION

We have developed a framework that can readily provide
many-body corrections to the estimation of the supercon-
ducting temperature in lanthanide hydrides. We observe
sizable corrections to the uncorrected first-principles calcula-
tion when keeping in account many-body effects, and recover
consistent agreement with experiments for CeH9 at 200 GPa.
We report that the DMFT charge self-consistency, i.e., the
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FIG. 8. Benchmark of pseudopotentials. To assess the validity of
the choice of pseudopotentials in the workflow, we have carried out a
calculation with QUESTAAL at 200 GPa for CeH9, within the linear
muffin-tin approximation. The results indicate an excellent agree-
ment, for semicore, valence, and conduction states (up to 30 eV).
AE, all-electron calculation; OTF USPP, On the Fly UltraSoft Pseu-
doPotential generated by CASTEP.

many-body corrections to the local charge density in the first-
principles calculations, is instrumental to recover a consistent
theoretical framework. The increase in the calculated super-
conducting temperature is induced by a shift of the spectral
weight of the f states, which in turn affects the spectral
character at the Fermi level. Albeit hitherto the many-body
corrections remain limited to the electronic contribution to
the Eliashberg function, we have discussed the capabilities
for relaxing lanthanide hydrides within the DMFT formalism,
building upon our recent developments that provide DMFT

forces for DFT with norm-conserving and ultrasoft pseudopo-
tential. The latter provides structural insights, and we report
that at large pressure many-body effects have small effects
on the lattice, as DFT structures and pressures are close to
the DMFT counterparts. Although a full treatment of phonons
at the DMFT level remains out of reach for such complex
materials, the latter suggests that the largest corrections to
Tc lie with many-body corrections to the electronic part. We
have studied the aliovalent effect and observed that the in-
crease in f character at the Fermi level, as compared with
an isostructural Pr hydride, leads to an increase in super-
conducting temperature, a compelling observation for future
explorations of f systems as high Tc superconductors. Our
approach is general and provides a modular framework to
interoperate typical first-principles software, i.e., the freely
available CASTEP+DMFT code and QUANTUM ESPRESSO, with
a relatively small numerical footprint and is straightforward to
implement.

The codes are available [36] under the GPL 3.0 license.
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