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Atomic Floquet physics revealed by free electrons
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We theoretically investigate the ability of free electrons to yield information on the nonlinear Floquet dynamics
of atomic systems subject to intense external illumination. By applying a quantum-mechanical formalism to
describe the atom-electron interaction under the presence of a monochromatic classical light field, we observe
multiple energy features that reveal a large departure from nonillumination conditions in two- and three-level
illuminated atoms, including the emergence of energy features associated with direct photon absorption and
emission by the electron, as well as a varied set of Floquet resonances that strongly depend on the light intensity
and frequency. Our results unveil a wealth of effects associated with the interaction between free electrons and
optically driven electronic systems.
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I. INTRODUCTION

Thanks to recent advances in electron microscope instru-
mentation [1–3] that enable electron energy-loss spectroscopy
(EELS) to be performed with few-meV spectral resolution
[2–13], free electron beams (e-beams) allow us to map the
atomic structure of materials with sub-angstrom spatial res-
olution [14], while additionally granting us access into the
atomic-scale properties of electronic and phononic excitations
at frequencies extending down to the midinfrared. When the
electrons are extracted from a photocathode, simultaneous
exposure of the specimen to synchronized laser and electron
pulses trigger ultrafast interactions that can be used to shape
[15–18] and compress [19–27] the electron wave function
along directions parallel [17,28–32] and transverse [33–36]
with respect to the e-beam. Such interactions have also been
investigated as a way to map the temporal evolution of optical
excitations in the so-called photon-induced near-field electron
microscopy (PINEM) [17,21,28–35,37–61] technique, which
has been applied, for example, to image the femtosecond
dynamics of plasmon [30,39] and phonon-polariton [60] opti-
cal fields. These studies have focused on optical excitations
of bosonic nature, in which the materials respond linearly
to the fields associated with both light and electrons, while
the activation of nonlinear sample response driven by intense
laser illumination can affect the electron spectra, potentially
enabling the measurement of nonlinear response functions
with nanoscale spatial resolution [62].
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Among nonlinear systems, two-level atoms constitute a
paramount example in which the absorption of one photon
blocks subsequent absorption events. In addition, atoms sub-
ject to intense light irradiation develop a nonlinear Floquet
dynamics characterized by time-evolving Stark shifts [63,64].
Floquet physics has also been explored in a wide variety
of systems that range from electron bands in solids [65,66],
quantum dots [67], and cold atoms in optical lattices [68]
to circuit QED [69], photonic structures [70], and thermal
distributions of excited nuclei [71]. The interaction of shaped
e-beams with atomic systems has recently attracted attention
because of its quantum nature [72,73], and although the exci-
tation probability is known to be independent of the electron
wave function [74], the phase of the transition amplitude can
depend on the electron probability density [75,76]. Electron
beams also constitute a potentially interesting tool to inves-
tigate Floquet dynamics in atomic-scale electronic systems.
In a related context, the scattering of low-energy electrons
by illuminated atoms has been experimentally demonstrated
to produce electron energy combs associated with multiple
events of photon absorption and emission by the electron
similar to PINEM [77] (note that such events can be resolved
at the electron analyzer as individual clicks in the same way as
photon counts are recorded in an optical spectrometer even if
we use classical light). However, we expect additional features
in the scattered electron spectra related to transitions among
Floquet states, which can be incommensurate with the em-
ployed photon energy. Ultrafast electron microscopy offers an
ideal platform to explore these phenomena.

In this work, we theoretically demonstrate that the en-
ergy spectra of electrons interacting with illuminated atoms
display not only an energy comb of gain-loss EELS side-
bands similar to PINEM (i.e., peaks associated with a net
number of exchanged photons), but also features at energies
that are incommensurate with the photon energy, emanating
from transitions between the optically induced Floquet states.
Multiple avoided crossings are observed in the dispersion
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diagram of these energy features as a function of illumination
frequency and energy loss, while the evolution with varying
light intensity reveals the effect of dynamical Stark shifts.
The number of spectral peaks is substantially increased in
three-level systems and exhibit a dramatic dependence on
which of the electron- and light-driven transitions are allowed
between atomic energy levels. The present study supports
the use of free electrons to gain insight into the nonlinear
Floquet dynamics of illuminated atomic systems, with pre-
dictions that could be tested in gas-phase targets, as well as in
exciton-supporting materials, such as two-dimensional crys-
tals in which EELS studies have already been performed [78].

II. INELASTIC ELECTRON INTERACTION WITH
ILLUMINATED ATOMIC SYSTEMS

We consider a sample hosting N electronic states |a〉 of
energies h̄εa subject to monochromatic light irradiation and
described by the Hamiltonian

Ĥs(t ) =
∑

a

h̄εa|a〉〈a| + cos(ωLt )
∑
aa′

h̄�aa′ |a〉〈a′|,

where �aa′ = �a′a are optical Rabi frequencies (proportional
to the light field amplitude) and ωL is the light frequency.
The system admits N independent Floquet eigenstates [63]
e−iω̃ j t |Fj (t )〉, where ω̃ j are characteristic frequencies and

|Fj (t )〉 =
∑

al

e−ilωLt f jal |a〉 (1)

form a complete [
∑

j |Fj (t )〉〈Fj (t )| = ∑
a |a〉〈a|] and or-

thonormal [〈Fj (t )|Fj′ (t )〉 = δ j j′ ] set of states with the same
periodicity as the optical drive. We include inelastic decay of
the excited states through a Lindbladian incorporating small
incoherent decay rates compared to both ωL and the excitation
energies. Then, the dynamics of the illuminated system prior
to electron interaction is represented by a density matrix

ρ̂s(t ) =
∑

j j′
ρ j j′ (t ) |Fj (t )〉〈Fj′ (t )|, (2)

where the time-dependent coefficients ρ j j′ (t ) =∑
l ρ j j′l e−ilωLt have the same periodicity as the applied

light field (see Appendix A, where we provide an example of
such steady-state solution in Fig. 10).

Electron-sample interaction is described through a Hamil-
tonian Ĥe−s = ∑

aa′qq′ daa′ · gq′−q|aq〉〈a′q′|, where the sum
runs over atomic transition dipoles daa′ and electron momen-
tum states |q〉 and |q′〉, coupled through the vectors gq′−q [79].
We assume well-focused and collimated electrons, so we only
need to consider q along the e-beam direction. In addition,
we adopt the following approximations: (i) sample inelastic
transitions are sufficiently slow as to be neglected during the
interaction time; (ii) the electron-sample coupling is weak
enough to be treated at the lowest-order level of perturba-
tion theory; (iii) the incident electron energy width is small
compared to the photon energy; and (iv) the electron velocity
vector remains nearly constant during the interaction time
(nonrecoil approximation). Assumption (i) depends on the
choice of sample, but can be easily satisfied for subpicosecond
electron pulses and sample inelastic processes dominated by
radiative decay, while approximations (ii)–(iv) are generally

applicable for resonances in the visible regime and e-beams
in electron microscopes [74].

Under these conditions, the transmitted electron spectrum
is characterized by inelastic peaks emerging at energies

h̄ω j j′l = h̄(ω̃ j − ω̃ j′ + lωL ), (3)

which correspond to differences between the Floquet frequen-
cies ω̃ j supplemented by multiples of the incident photon
frequency ωL. More precisely, after interaction with the sam-
ple, the EELS probability reduces to (see detailed derivation
in Appendix B)

�EELS(ω) ≈ PZLP�ZLP(ω) +
∑
j j′l

′
Pj j′l �ZLP(ω − ω j j′l )

as a function of energy loss h̄ω, where �ZLP(ω) denotes the
zero-loss-peak (ZLP) distribution of the incident electrons,
PZLP = 1 − ∑′

j j′lPj j′l is the fraction of electrons remaining
in the ZLP, and the primed sum is restricted to either j �= j′
or l �= 0. While we formulate a general theory in Appendix B,
simpler results are obtained if the transition dipoles daa′ are
oriented perpendicularly to the e-beam and the ratio Re/v of
the electron-sample separation to the electron velocity is small
compared with ω j j′l . Then, the coupling vectors gq′−q turn
out to be independent of q′ − q, Re, and v, so the EELS peak
probabilities reduce to (see Appendix B)

Pj j′l

P0
= I j j′l

∑
j′′l ′

I j j′′l ′ Re{ρ j′′ j′,l ′−l}, (4)

where the matrix elements

I j j′l =
∑
aa′l ′

f jal ′ f j′a′,l ′−l daa′/d10

are computed from the coefficients of the Floquet states and
the steady-state density matrix in Eqs. (1) and (2), respec-
tively, and we normalize Pj j′l to the probability P0 of the only
loss peak obtained for a nonilluminated system in the two- and
three-level atoms considered below.

A. Two-level atoms

For a two-level system [Fig. 1(a), N = 2, atomic states
a = g, e] in the absence of illumination, there is just a single
excitation frequency ω0 ≡ εe − εg that shows up as a loss
peak in the EELS spectrum [Fig. 1(b), blue curve]. Under
strong illumination with Rabi frequency �0 ≡ �eg = 0.4 ω0,
this feature is dramatically reduced and accompanied by peaks
emerging at spectral positions that depend on the light fre-
quency ωL [Fig. 1(b), red curves, calculated from Eq. (B13)].
As anticipated, examining the �0 dependence of the differ-
ences between the two Floquet frequencies [Fig. 1(c)], we
find monotonically increasing dynamical Stark shifts whose
sign and magnitude depend on ωL (see also Figs. S1 and S2
in the Supplemental Material (SM) [80] for a more detailed
study on the dependence of these shifts on the light intensity
and frequency). Also, the population of the upper Floquet
state (i.e., the time-averaged value 〈ρ11(t )〉 = ρ110 for j = 1
[see Eq. (2)], which coincides with |e〉 in the �0 = 0 limit)
increases with �0 and eventually reaches a maximum peak
level of ∼1/2 (indicative of a Rabi oscillation regime) at
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FIG. 1. Free-electron interaction with an illuminated two-level
atom. (a) Scheme of the system under consideration, consisting of an
atom (excitation frequency ω0 = εe − εg, decay rate κeg 	 ω0) sub-
ject to continuous-wave illumination (frequency ωL , Rabi frequency
�0 = �eg) and probed by a free electron. (b) EELS probability in
the absence (blue curve) and presence (red curves) of external il-
lumination for different values of the light frequency ωL and fixed
strength �0 = 0.4 ω0, showing both loss (ω > 0) and gain (ω < 0)
features as a function of energy loss h̄ω. (c) Dynamical Stark shift
of the Floquet transition frequency relative to the atomic frequency
(i.e., 	ω = |ω̃1 − ω̃0| − ω0) as a function of �0 for different light
frequencies. (d) Average population of the upper Floquet state ρ110

as a function of ωL and �0. We normalize �0, ω, and ωL to ω0 in
these plots.

ωL blue shifted with respect to ω0 [Fig. 1(d)]. Weaker pop-
ulation maxima are also observed, associated with harmonic
excitation emerging for ωL near the odd fractions of ω0 [see
ωL ∼ ω0/3 feature in Fig. 1(d)].

The atomic excitations under consideration satisfy a simple
selection rule: from the energies described by Eq. (3), Flo-
quet features emerge at frequencies ω = ±(ω̃1 − ω̃0) + lωL

with even l , while PINEM-like sidebands are observed at
ω = lωL with odd l (i.e., j = j′ requires an even number
of atom-light scattering events). When examining spectra for
fixed ωL and varying �0 [Figs. 2(a)–2(e)], PINEM features
are found to emerge as vertical lines, while Floquet transi-
tions undergo Stark shifts with increasing �0 in agreement
with the behavior described in Fig. 1(c). When varying the
light frequency for fixed intensity [Figs. 2(f)–2(j)], PINEM
sidebands form intense diagonal lines at ω = ±ωL (i.e., with
l = ±1) accompanied by weaker higher-l sidebands, while
Floquet resonances evolve nonlinearly as a function of ωL,
exhibiting a set of avoided and nonavoided crossings. For
completeness, we provide in Fig. S3 (see SM [80]) detailed
j j′l labels identifying each of the EELS peaks emerging in
Fig. 2.

B. Three-level atoms

More complicated atomic systems also display interest-
ing Floquet dynamics, particularly when the light and the
electrons couple to different transitions. This situation is ex-
plored in Fig. 3 for a 
-type atom that hosts an additional
intermediate-energy state |m〉 and in which e ↔ g and e ↔ m
transitions are selectively enabled for electrons and light, as
indicated in the left sketches by blue and red dashed lines,
respectively. For concreteness, we take ω0 = εe − εg, ω1 =
εe − εm = 0.3 ω0, κeg = κem = κmg 	 ω0, and deg = dem. If
the upper excited state |e〉 can be reached from the two
low-lying states through both electron and light excitation
[Fig. 3(a)], the spectrally-resolved EELS probability, plotted
as a function of light frequency ωL (vertical axis) in the color
plot, displays similar spectral peaks as those observed in the
two-level atom in Fig. 2(h) for the same Rabi frequency,

FIG. 2. Probing Floquet resonances through EELS. (a)–(e) Evolution of the EELS probability as a function of energy loss (horizontal axis)
and light-atom coupling strength �0 (vertical axis) for the system depicted in Fig. 1(a) with different illumination frequencies ωL (see labels).
(f)–(j) Evolution of the EELS probability with ωL (vertical axis) for different values of �0 (see labels). We normalize �0, ω, and ωL to ω0. The
loss probability is broadened with a Gaussian of 0.01 ω0 full width at half-maximum and normalized to the probability for the nonilluminated
atom (�0 = 0) at ω = ω0.
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FIG. 3. Free-electron probing of Floquet resonances in three-
level atoms. We consider the 
-type atoms sketched in the left insets
with ω0 = εe − εg, ω1 = εe − εm = 0.3 ω0, and three different con-
figurations depending on which transitions (e ↔ g and/or e ↔ m)
are coupled to the light (red dashed lines) and the electrons (blue
dashed lines), including inelastic decay as indicated by the green
arrows. The right color plots show the evolution of the corresponding
EELS probabilities with energy loss (horizontal axes) and light fre-
quency ωL (vertical axes). For simplicity, we set all decay rates and
coupling rates to common values κeg = κem = κmg 	 ω0 and �eg =
�em (see labels), respectively. We follow the same normalization as
in Fig. 2.

but now supplemented by additional excitations involving
the presence of a third state. When the ground state can
be excited by electrons alone, while light only couples the
two excited states [Fig. 3(b)], the number of EELS features
is substantially reduced, and in particular, no PINEM side-
bands are preserved. Obviously, in this particular scenario the
system lies in the ground state before interacting with the
electron, and |g〉 is in fact one of the Floquet states ( j = 0),
but surprisingly, the electron undergoes energy gains [features
at ω = ω̃ j − ω̃0 + lωL < 0 in Fig. 3(b)] with finite probabil-
ity Pj0l/P0 = I2

j0l by transitioning to excited states ( j > 0)
through the Floquet ladder (l < 0). The effect of the external
illumination is also revealed by an avoided energy crossing
affecting the g → e transition when the photon frequency
matches ωL ∼ εe − εm. In the opposite scenario [g ↔ e cou-
pling through light and m ↔ e through the electron, Fig. 3(c)],
PINEM sidebands are also absent, but we find signatures

of gain and loss near the ±(εe − εm) transition frequencies,
accompanied by strongly Stark-splitted peaks. Obviously, the
dynamics of these systems is highly nonlinear, so the fea-
tures observed in Figs. 3(b)–3(c) when removing some of the
couplings considered in Fig. 3(a) are not just a subset of the
latter. These conclusions are corroborated when performing a
more detailed exploration of parameters for 
-type atoms (see
Figs. 4–6).

Similarly complex dynamics is also undergone by V-type
atoms (see Figs. 7–9), where, even when the light is allowed
to couple only to one of the excited states and the electron
to the other excited state, strong shifts and intensity changes
are observed in the EELS probability (see Figs. 8 and 9),
which reveal that the ground state is still modified by the
optically enabled coupling, further producing the emergence
of additional multiple EELS features.

III. CONCLUSIONS

In conclusion, the spectral distribution of free electrons
after interaction with illuminated atoms reveals energy gain
and loss features associated with transitions between Floquet
states of the system, emerging at transition energies that un-
dergo dynamical Stark shifts as the light intensity increases.
These features add up to those produced by a net number of
photon exchanges between the electron and the external light,
mediated by the near field associated with optical scattering
by the atom, similar to what is observed in PINEM experi-
ments for linearly responding samples [17,28]. The evolution
of Floquet transitions and PINEM-like sidebands follow a
complex dynamics as a function of photon frequency, includ-
ing the presence of multiple avoided crossings. This type of
free electron-atom scattering could be explored for e-beams
traversing diluted atomic gases, while we expect excitons in
two-dimensional materials, which are currently a focus of
attention in the electron microscopy community [78], to also
display a Floquet dynamics similar to what we describe here
under intense laser irradiation. Both of these configurations
are feasible using currently available ultrafast electron mi-
croscopes, where optical modulation of the electron wave
function could dramatically affect the subsequent interaction
with Floquet systems driven by phase-locked illumination.
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APPENDIX A: FLOQUET THEORY FOR AN ELECTRONIC
SYSTEM UNDER EXTERNAL ILLUMINATION

We review the Floquet theory for a system subject to the
periodic drive of an external classical monochromatic light
field [63,81]. Considering a set of N electronic states |a〉 of
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FIG. 4. Same as Fig. 3(a), but including additional values of the Rabi frequency �eg connecting the ground and excited state, and for three
different positions of the mid-energy level ω1. We fix �em = 0.2ω0 in all cases.

energies h̄εa, we write the system Hamiltonian as

Ĥs(t ) =
∑

a

h̄εa|a〉〈a| + cos(ωLt )
∑
aa′

h̄�aa′ |a〉〈a′|,

where the symmetric coefficients �aa′ = �a′a are optical
Rabi frequencies (proportional to the light field amplitude)
and ωL is the light frequency. The Schrödinger equation
Ĥs(t )|ψ (t )〉 = ih̄|ψ̇ (t )〉 admits N independent steady-state
solutions (the so-called Floquet states) of the form [63]
|ψ (t )〉 = e−iω̃ j t |Fj (t )〉, where the states

|Fj (t )〉 =
∑

al

e−ilωLt f jal |a〉

have the same periodicity as the external light (with time-
independent real coefficients f jal ) and ω̃ j are Floquet
frequencies. We can verify that these are indeed solutions of
the Schrödinger equation by identifying terms with the same
time dependence, which leads to

ω̃ j f jal = (εa − lωL ) f jal +
∑

a′
�aa′ ( f ja′l+1 + f ja′l−1)/2.

The secular matrix of this system of equations is real and
symmetric, so it possesses N real eigenvalues ω̃ j satisfying
0 � |ω̃ j | � ωL, and their corresponding real eigenvectors f jal .
In addition, ω̃ j + mωL and f jal+m are also eigenvalues and
eigenvectors for any integer m. After normalization, these

solutions must satisfy the orthogonality and completeness
relations

∑
al

f jal f j′al+m = δ j j′δm,0

→ 〈Fj (t )|Fj′ (t )〉 = δ j j′ , (A1a)∑
jm

f jal+m f ja′l ′+m = δaa′δll ′

→
∑

j

|Fj (t )〉〈Fj (t )| =
∑

a

|a〉〈a|.

(A1b)

From the condition that the sum of eigenvalues is equal to
the trace of the secular matrix, we find the additional result∑

j ω̃ j = ∑
a εa modulus ωL [63]. In the present work, we

calculate ω̃ j and f jal for atoms with N = 2 and N = 3 levels
by retaining only |l| � lmax terms and numerically solving the
resulting finite system of equations until convergence with
increased lmax is achieved (typically for lmax < 20).

We introduce dissipation via inelastic jumps between states
a → a′ at rates κaa′ by writing the Lindblad master equation of
motion

ih̄ ˙̂ρs(t ) = [Ĥs(t ), ρ̂s(t )] + ih̄L[ρ̂s(t )]
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FIG. 5. Same as Fig. 3(b), but including additional values of the Rabi frequency �em connecting the excited state and the mid-energy level,
and for three different values of ω1.

for the density matrix ρ̂s of the illuminated system, where

L[ρ̂s(t )]

=
∑
aa′

κaa′

2
[2|a′〉〈a|ρ̂s(t )|a〉〈a′|−|a〉〈a|ρ̂s(t )−ρ̂s(t )|a〉〈a|].

(A2)

Projecting on electronic states as ρ̂s(t ) = ∑
aa′ ρ̃aa′ (t ) |a〉〈a′|,

we find the equation

i ˙̃ρaa′ (t ) = (εa − εa′ )ρ̃aa′ (t )

+ cos(ωLt )
∑

a′′
[�aa′′ ρ̃a′′a′ (t ) − ρ̃aa′′ (t )�a′′a′]

+ i
∑

a′′
[δaa′κa′′aρ̃a′′a′′ (t ) − (κaa′′ + κa′a′′ )ρ̃aa′ (t )/2]

(A3)

for the expansion coefficients ρ̃aa′ (t ). Due to the presence
of decay, there is just a single steady-state solution for the
optically driven system, in which ρ̃aa′ (t ) are periodic functions
of time with the same period as the incident light, so they can
be expanded as

ρ̃aa′ (t ) =
∑

l

e−ilωLt ρ̃aa′l (A4)

in terms of time-independent coefficients ρ̃aa′l . We also
calculate these coefficients numerically and find excellent

agreement when solving Eq. (A3) either in the time domain
(after propagation over a long time �1/min{κaa′ } to ensure
the exponential attenuation of any signature of the initial
conditions) or as a linear system of equations separated in
different e−ilωLt components (from which the steady-state
solution emerges as the only eigenstate with a vanishing
eigenvalue, as we explain below).

An example of numerical convergence to the steady-state
regime is offered in Fig. 10, in which we observe a transient
evolution at small times compared with 1/κeg after introducing
the external illumination, followed by a steady-state evolution
with the same period as the external light for t � 1/κeg. In
addition, such steady-state solution is roughly independent of
the value used for κeg, as long as this is much smaller than
ω0. The figure shows that these conclusions apply to all com-
ponents of the atomic density matrix. To further corroborate
this numerical result, we also find the steady-state solution
by following a different approach consisting in adopting the
Fourier expansion in Eq. (A4) for the density matrix, which
we insert into Eq. (A3) to produce a linear system of equa-
tions of the form Mρ̃ = 0 in the ρ̃aa′l components, so the
steady-state solution corresponds to the eigenvector of M with
zero eigenvalue. Indeed, this method leads to a single vanish-
ing eigenvalue, whose eigenvector (Fig. 10, broken curves)
coincides with the steady-state limit of the time-dependent
solution (symbols).

Using the completeness of Floquet states [Eqs. (A1b)], it
is convenient to represent the resulting steady-state density
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FIG. 6. Same as Fig. 3(c) in the main text, but including additional values of the Rabi frequency �eg connecting the ground state and the
excited level, and for three different positions of the mid-energy level ω1.

matrix as

ρ̂s(t ) =
∑

j j′
ρ j j′ (t ) |Fj (t )〉〈Fj′ (t )|, (A5)

where the coefficients ρ j j′ (t ) = ∑
l ρ j j′l e−ilωLt , with ρ j j′l0 =∑

aa′ll ′ ρ̃aa′l0+l−l ′ f jal f j′a′l ′ , again display the same tempo-
ral periodicity as the applied light field. Incidentally, the
Hermiticity of ρ̂s leads to the conditions ρ̃∗

aa′l = ρ̃a′a,−l and
ρ∗

j j′l = ρ j′ j,−l .

APPENDIX B: ELECTRON-BEAM INTERACTION
WITH AN ILLUMINATED SYSTEM

We consider a collimated electron interacting with an illu-
minated sample under the following approximations:

(i) Inelastic transitions in the sample occur at a sufficiently
small rate to allow us to neglect them during the electron-
sample interaction time.

(ii) The electron-sample coupling is sufficiently weak to be
describable at the lowest-order level of perturbation theory.

(iii) The energy width of the incident electron is small
compared to the photon energy.

(iv) The electron velocity vector remains nearly constant
during the interaction time (nonrecoil approximation), so the
transferred energy only depends on the change of electron
momentum along the direction of motion.

Assumption (i) depends on the choice of sample, but it
can be easily satisfied for electron pulses of subpicosecond

duration and sample inelastic processes dominated by cou-
pling to radiation, while approximations (ii)–(iv) are generally
applicable when focusing on samples that host optical reso-
nances in the visible regime and the electron beam (e-beam)
is prepared under typical conditions in electron microscopes
[74]. The density matrix ρ̂(t ) of the entire system satisfies the
equation of motion

ih̄ ˙̂ρ(t ) = [Ĥs(t ) + Ĥe + Ĥe−s, ρ̂(t )] + ih̄L[ρ̂(t )], (B1)

where Ĥe is the free-electron Hamiltonian, Ĥe−s describes
the electron-sample interaction, and the Lindbladian L[ρ̂(t )]
acts on the sample degrees of freedom as prescribed by
Eq. (A2). We represent the electron in terms of states |q〉 of
well-defined longitudinal momentum h̄q and energy h̄εq, so
the free-electron Hamiltonian reduces to Ĥe = ∑

q h̄εq|q〉〈q|,
while the interaction Hamiltonian can be written as

Ĥe−s =
∑

aa′qq′
daa′ · gq′−q|aq〉〈a′q′|, (B2)

where the coupling coefficients are explicitly shown to depend
on the momentum difference via the vectors gq′−q times the
transition dipoles daa′ (see Ref. [79]).

We now proceed by expanding the density matrix in a
complete basis set of Floquet and electron states as

ρ̂(t ) =
∑
jq j′q′

α jq j′q′ (t ) ei(ω̃ j′ −ω̃ j+εq′−εq )t |Fj (t ), q〉〈Fj′ (t ), q′|,

(B3)
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FIG. 7. EELS for a V-type three-level atom with the coupling configuration shown in the diagram. We plot the loss probability as a
function of energy loss h̄ω (horizontal axes) and light frequency ωL (vertical axes) for different Rabi frequencies �eg and positions of
the mid-energy level ω1, with �mg = 0.2ω0 and κeg = κmg 	 ω0. The electron and the light are both coupled to all allowed electronic
transitions.

where we incorporate the Floquet frequencies ω̃ j in such a
way that the coefficients α jq j′q′ (t ) are time-independent out-
side the interaction window. In particular, prior to interaction,
the density matrix reduces to

ρ̂ (0)(t ) =
∑
jq j′q′

α0
qα

0∗
q′ ρ j j′ (t ) ei(εq′ −εq )t |Fj (t ), q〉〈Fj′ (t ), q′|,

which is constructed from Eq. (A5) by introducing the time-
independent coefficients α0

q of the incident electron wave
function

∑
q α0

q e−iεqt |q〉. Therefore, at zeroth order of inter-
action, we have the density matrix coefficients

α
(0)
jq j′q′ (t ) = α0

qα
0∗
q′ ρ j j′ (t ) ei(ω̃ j−ω̃ j′ )t , (B4)

where ρ j j′ (t ) describes the steady-state solution of the illumi-
nated system [Eq. (A5)].

According to item (i) in the above list of assumptions,
we can neglect the Lindbladian in Eq. (B1) to propagate
the density matrix along the interaction region. Then, in-
serting Eq. (B3) into Eq. (B1) and using the orthogonality
relation of Eq. (A1a), we can construct the interaction se-
ries α jq j′q′ = ∑

n α
(n)
jq j′q′ , whose terms satisfy the recursion

relation

ih̄α̇
(n)
jq j′q′ (t ) =

∑
j′′q′′

[
α

(n−1)
j′′q′′ j′q′ (t ) 〈Fj (t )q|Ĥe−s|Fj′′ (t )q′′〉

× ei(ω̃ j−ω̃ j′′ +εq−εq′′ )t − α
(n−1)
jq j′′q′′ (t ) 〈Fj′′ (t )q′′

× |Ĥe−s|Fj′ (t )q′〉 ei(ω̃ j′′ −ω̃ j′+εq′′ −εq′ )t
]
. (B5)

The lowest order of perturbation theory [approximation (ii)]
that produces changes in the electron energy distribution (i.e.,
modifications in the diagonal elements of the density matrix)
is n = 2, for which the postinteraction inelastic electron dis-
tribution (i.e., the trace over sample degrees of freedom at
infinite time) reads

Pq =
∑

j

α
(2)
jq jq(∞)

= 2

h̄

∑
j j′q′

∫ ∞

−∞
dt Im

{
α

(1)
j′q′ jq(t )

×〈Fj (t )q|Ĥe−s|Fj′ (t )q′〉 ei(ω̃ j−ω̃ j′+εq−εq′ )t
}
, (B6)

where the rightmost expression is obtained by integrating
Eq. (B5) and applying the Hermiticity property [α(1)

j′q′ jq(t )]
∗ =

α
(1)
jq j′q′ (t ). At this point, it is convenient to rewrite the matrix
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FIG. 8. Same as Fig. 7, but for a different set of couplings as shown in the diagram: only the electron (light) couples to the eg (mg)
transition.

FIG. 9. Same as Fig. 7, but for a different set of couplings as shown in the diagram: only the light (electron) couples to the eg (mg)
transition.
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FIG. 10. Steady-state solution of a dissipative two-level system
under continuous-wave illumination. We plot the temporal evolution
of the density matrix [diagonal element ρ11 in (a) and coherence
ρ01 in (b), (c)] after illumination is introduced at time t = 0 with
optical frequency ωL = 0.5 ω0, Rabi frequency �0 = 0.2 ω0, and
decay rate of the excited state κeg = 10−5 ω0, all of them expressed in
units of the two-level excitation frequency ω0. After an initial tran-
sient period, a steady-state regime is established at times t > T �
1/κeg (T = 107/ω0 in these plots, or equivalently, θ = ωLT/2π =
107/4π ), characterized by an evolution of the density matrix as a
periodic function of time with the same period 2π/ωL as the external
illumination. In this figure, a direct numerical integration of Eq. (A3)
(solid curves) is compared with the steady-state solution obtained
by solving an equivalent secular system of linear equations (broken
curves). For comparison, we also show the result of the numerical
integration for κeg = 10−3 ω0 (symbols), showing that the steady-
state solution does not depend appreciably on the damping rate if
κeg 	 ω0.

elements in Eq. (B6) as

〈Fj (t )q|Ĥe−s|Fj′ (t )q′〉 ≡ h̄
∑

l

Nj j′l,q′−q e−ilωLt , (B7)

where we introduce the coefficients

Nj j′l,p = 1

h̄

∑
aa′l ′

f jal ′ f j′a′l+l ′ daa′ · gp, (B8)

which have units of frequency and satisfy the symmetry rela-
tion

N∗
j j′l,p = Nj′ j,−l,−p. (B9)

Also, we evaluate the coefficient α
(1)
j′q′ jq(t ) needed in

Eq. (B6) by inserting Eq. (B4) into Eq. (B5) and
setting n = 1. In the process, we encounter the sums∑

j′′ ρ j′′ j′ (t ) 〈Fj (t )q|Ĥe−s|Fj′′ (t )q′〉 ≡ h̄
∑

l Mj j′l,q′−qe−ilωLt ,
where we implicitly define the time-independent
coefficients

Mj j′l,p = 1

h̄

∑
j′′

∑
aa′l ′′l ′′′

ρ j′′ j′l−l ′ f jal ′′ f j′′a′l ′+l ′′ daa′ · gp

=
∑
j′′l ′

ρ j′′ j′l−l ′ Nj j′′l ′,p. (B10)

This allows us to write

α̇
(1)
jq j′q′ (t ) = −i

∑
lq′′

[
α0

q′′α
0∗
q′ Mj j′l,q′′−q ei(ω̃ j−ω̃ j′+εq−εq′′ −lωL )t

−α0
qα

0∗
q′′ M∗

j′ jl,q′′−q′ ei(ω̃ j−ω̃ j′+εq′′ −εq′+lωL )t],
which can be readily integrated to yield

α
(1)
jq j′q′ (t )

= −
∑
lq′′

[
α0

q′′α
0∗
q′ Mj j′l,q′′−q

ei(ω̃ j−ω̃ j′+εq−εq′′−lωL )t

ω̃ j − ω̃ j′ + εq − εq′′−lωL−i0+

−α0
qα

0∗
q′′ M∗

j′ jl,q′′−q′
ei(ω̃ j−ω̃ j′+εq′′−εq′ +lωL )t

ω̃ j − ω̃ j′ + εq′′ − εq′ + lωL − i0+

]
.

Now, inserting this result into Eq. (B6) and using Eqs. (B7)
and (B9), we find

Pq = −4π
∑
j j′ll ′

∑
q′q′′

Im

{
α0

q′′α
0∗
q Mj′ jl,q′′−q′Nj j′l ′,q′−q

δ[εq − εq′′ − (l + l ′)ωL]

ω̃ j′ − ω̃ j + εq′ − εq′′ − lωL − i0+

−α0
q′α

0∗
q′′ M∗

j j′l,q′′−qNj j′l ′,q′−q
δ[εq′′ − εq′ + (l − l ′)ωL]

ω̃ j′ − ω̃ j + εq′′ − εq + lωL − i0+

}
.

Assumption (iii) from the above list implies that δ(εq − εq′ − lωL )α0
qα

0∗
q′ is negligible unless l = 0 (i.e., displacements of the

incident electron wave packet by multiples of the photon energy produce nonoverlapping peaks). Then, the l ′ sum is only
contributed by l ′ = −l and l ′ = l terms in the first and second lines of the above expression, respectively, so that it simplifies to

Pq = −2L

v

∑
j j′l

∑
q′

Im

{∣∣α0
q

∣∣2
M∗

j j′l,q−q′Nj j′,l,q−q′
1

ω̃ j′ − ω̃ j + (q − q′)v + lωL − i0+

− ∣∣α0
q′
∣∣2

M∗
j j′l,q′−qNj j′l,q′−q

1

ω̃ j′ − ω̃ j + (q′ − q)v + lωL − i0+

}
, (B11)
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where v is the electron velocity. To obtain this result, we have
further invoked the nonrecoil approximation [74] [item (iv)
from the above list, which allows us to write εq − εq′ ≈ (q −
q′)v], converted the sum over q into an integral by means of
the prescription

∑
q → (L/2π )

∫
dq, where L is the quantiza-

tion length along the e-beam direction, and used the symmetry
relation in Eq. (B9).

Reassuringly, the q ↔ q′ symmetry between the two lines
in Eq. (B11) readily leads to conservation of the total electron
probability (i.e.,

∑
q Pq = 0). In particular, the first line in

Eq. (B11) describes scattering terms in which the final wave
vector q is contained within the zero-loss peak (ZLP) of the
incident electron, as imposed by the |α0

q |2 factor inside the
integrand, and consequently, this contribution must be nega-
tive, implying a reduction of the ZLP at the expense of the
inelastic scattering probability produced by the second line.
In addition, the resulting energy distribution must consist of
peaks with a similar energy width as the ZLP because this
is large compared with the width of the sample resonances
[assumption (i)] and we are considering monochromatic light.

Obviously, the initial electron probability must be normal-
ized, so we have

∑
q |α0

q |2 = 1. Considering a central wave
vector q0 in the incident electron wave packet and using the
nonrecoil approximation [assumption (iv)] to associate each q
component with an energy loss [82] h̄ω = −h̄(q − q0)v rela-
tive to the central energy h̄εq0 , we can recast the normalization
condition as

∫ ∞
−∞ dω �ZLP(ω) = 1 in terms of the incident

electron energy distribution �ZLP(ω) = (L/2πv)|α0
q0−ω/v|

2
,

where we have used again the prescription that transforms the
q sum into an integral.

From the above considerations, the spectral probability of
transmitted electrons can be approximated as

�EELS(ω) ≈ PZLP�ZLP(ω) +
∑
j j′l

′
Pj j′l �ZLP(ω − ω j j′l ),

(B12)

which consists of a series of peaks at energies h̄ω j j′l ≡
h̄(ω̃ j − ω̃ j′ + lωL ) with probabilities

Pj j′l = L2

πv

∫
d p Im

{
M∗

j j′,−l,pNj j′,−l,p
1

pv − ω j j′l − i0+

}

≈ L2

v2
Re

{
M∗

j j′,−l,ω j j′ l /v
Nj j′,−l,ω j j′ l /v

}
. (B13)

The sum in Eq. (B12) is restricted to terms in which j �= j′ or
l �= 0 (i.e., separated from the ZLP), whereas, in virtue of the
conservation of the total probability (see above), the ZLP term
must have a probability PZLP = 1 − ∑′

j j′l Pj j′l . The second
line of Eq. (B13) is obtained by neglecting a contribution pro-
portional to Im{M∗

j j′,−l,ω j j′ l /v
Nj j′,−l,ω j j′ l /v}, which we find to

be indeed an excellent approximation in our calculations un-

der the assumption (i) of the above list. We argue here that the
coefficients ρ j j′l , entering this term through Eq. (B10), have
an imaginary part that vanishes in the limit of small decay
rates; also, the approximation of neglecting the Lindbladian
during the interaction interval can introduce small corrections
that are proportional to the decay rates, so the bottom-most
result in Eq. (B13) appears to be consistent with assumption
(i).

For atomic and molecular systems hosting confined elec-
tronic modes, the transition dipoles daa′ [see Eq. (B2)] are real.
For simplicity, we take them to be oriented along the impact
parameter vector R̂e (perpendicular to the e-beam direc-
tion), so the interaction only depends on the component R̂e ·
gω j j′ l /v = −(2e/L)(|ω j j′l |/vγ )K1(|ω j j′l |Re/vγ ) of the elec-

tron coupling vectors [79], where γ = 1/
√

1 − v2/c2 is the
Lorentz factor. This expression is real and independent of
the transition energy for small beam-sample separation Re 	
vγ /|ω j j′l | (i.e., R̂e · gω j j′ l /v ≈ −2e/ReL). Incidentally, the
principal value contribution of 1/(pv − ω j j′l ) to the integral
in Eq. (B13) vanishes in this limit because M∗

j j′,−l,pNj j′,−l,p

is independent of p, and therefore, the approximated ex-
pression in the second line of that equation becomes exact.
This allows us to present results in the main text normal-
ized to the EELS probability in the absence of illumination.
In particular, for a nonilluminated system (Rabi frequencies
�aa′ = 0) initially prepared in the ground state (a = 0), we
have a single inelastic feature corresponding to an electron
energy loss h̄ω0 = h̄(ε1 − ε0) (transition to a = 1) with prob-
ability P0 = (L2/h̄2v2)|d10 · gω0/v|2. Under these conditions,
from Eqs. (B8), (B10), and (B13), the normalized probability
of peak j j′l emerging at an electron energy loss h̄ω j j′l ≡
h̄(ω̃ j − ω̃ j′ + lωL ) reduces to

Pj j′l

P0
= I j j′l

∑
j′′l ′

I j j′′l ′ Re{ρ j′′ j′,l ′−l},

where

I j j′l =
∑
aa′l ′

f jal ′ f j′a′,l ′−l
daa′

d10
.

These are the expressions actually used to obtain the results of
the main text, where the coefficients f jal and ρ j j′l , as well as
the frequencies ω̃ j , are calculated as explained in Appendix A.
For a two-level system, the ratio between transition dipoles
in I j j′l is 1. For three-level atoms, we consider a mixture of
atomic transitions that couple to the incident light, to the elec-
tron, or to both of them, depending on the dipole orientations.
A practical realization of this idea could be implemented by
playing with the light polarization and exploiting the fact that
coupling to the electron is forbidden if the transition dipole is
perpendicular to both Re and v.
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