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NbSe; is one of metallic two-dimensional (2D) transition-metal dichalcogenide (TMDC) materials. Because
of broken crystal inversion symmetry, large spin splitting is induced by Ising-type spin-orbit coupling in odd-
number-layered NbSe,, but absent for even-number-layered NbSe, with the inversion symmetry. In this paper
we numerically calculate nonlinear optical charge and spin Hall conductivities of few-layered NbSe, based on
an effective tight-binding model which includes d2, d,2_,2, and d,, orbitals of Nb atoms. We show that the
nonlinear optical Hall conductivity for the second harmonic generation (SHG) process has a nonvanishing value
in odd-number-layered NbSe,. Also, we provide a nonlinear optical selection rule in few-layered NbSe, and their
polarization dependencies. Furthermore, for the even-number-layered case, the nonlinear optical Hall currents
can be generated by applying electric fields which break inversion symmetry. We also discuss that the nonlinear

optical Hall effect is expected to occur in TMDC materials in general. Thus, our results will serve to design
potential opt-spintronics devices based on 2D materials to generate the spin Hall current by SHG.
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I. INTRODUCTION

Transition metal dichalcogenide (TMDC) with a chemical
formula MX, (M = Mo, W, Nb, Ta; X = S, Se) is a new class
of two-dimensional (2D) electronic systems, which provides
the platform to design functional opt-electronic devices [1-9].
Owing to weak van der Waals forces between layers, bulk
TMDC can be easily exfoliated into monolayer [10-14]. In
monolayer MoS; and WSe;, the valley-dependent optical ex-
citation [15-18] and intrinsic spin Hall effect (SHE) [19-22]
have been reported. Furthermore, nonlinear optical effect
such as second-harmonic generation (SHG) [23-35], sum-
frequency generation (SFG) [36-42], third-harmonic gener-
ation (THG) [23,43-45], high-harmonic generation (HHG)
[23,46-48], and two-photon absorption [23,49-51] has been
extensively studied. In general, the nonlinear optical effect
is sensitive to crystal symmetries and phase-matching condi-
tions between an incident light and a light-induced electric
polarization wave. However, the phase-matching conditions
are not necessary for nonlinear optical effect in atomically
thin 2D materials, because their thickness is much smaller
than the light wavelength [23,52,53]. Thus, in atomically thin
2D materials such as TMDCs, the nonlinear optical effect
strongly depends on the crystal symmetry. In addition, it has
been recently discussed that second order anomalous transport
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phenomena in the absence of magnetic field can be induced
by uniaxial strain in metallic TMDC, i.e., nonlinear Hall
effect, which has a relation with a Berry curvature dipole
[54-57].

NbSe, is metallic TMDC which shows superconducting
phase transition at low temperatures [58—64]. In this material,
AB-stacking structure is most stable in nature and has differ-
ent crystal symmetries for even and odd number of layers.
In even-number-layered NbSe,, the crystal structure has a
space group Ds,, which respects inversion and out-of-plane
mirror symmetries. On the other hand, odd-number-layered
NbSe; has a space group Dsj, which possesses out-of-plane
mirror symmetry, but no spacial inversion symmetry. Because
of the broken inversion symmetry and a strong spin-orbit
coupling (SOC) field of Nb atoms in odd-number-layered
NbSe,, it possesses Ising-type SOC [60-62,65-68], i.e., an
effective Zeeman field that locks electron spins to out-of-
plane directions by in-plane momentum and causes larger
spin splitting in the energy band structures leading to un-
conventional topological spin properties. Actually we have
analyzed the linear optical properties of monolayer NbSe,
using Kubo formula based on an effective tight-binding model
(TBM) and shown that the spin Hall current can be induced by
irradiating visible light owing to its finite spin Berry curvature
[69].

In this paper we extend our theoretical analysis to non-
linear optical spin and charge Hall conductivities of SHG
process for few-layered NbSe,. Here we have employed
the effective TBM to describe the electronic structures of
few-layered NbSe,, where the electron hoppings among d.2,
dy_y», and d,, orbitals of Nb atom and Ising-type SOC
are included. Numerical calculation shows that owing to the
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FIG. 1. Crystal structures of different few-layered NbSe, which consist of Nb (black) and Se (yellow) atoms. (a) Side view of the lattice
structure of monolayer (A), bilayer (AB), and trilayer (ABA) NbSe,. Top views of the lattice structures of (b) monolayer and (c) bilayer
and trilayer NbSe,. (d) First BZ of NbSe,. Energy band structures and DOS of (e) monolayer, (f) bilayer, and (g) trilayer NbSe, with SOC

parameter Asoc = 0.0784 eV, respectively. Fermi level is set to zero.

broken inversion symmetry, the nonlinear optical Hall cur-
rents are generated in odd-number-layered NbSe,, but absent
for even-number-layered NbSe,. In particular, under irradi-
ating y-polarized visible light, nonlinear spin Hall current
appears. On the other hand, the x-polarized visible light
generates a nonlinear charge Hall current. Furthermore, for
even-number-layered NbSe,, the spin and charge Hall current
can be generated if the out-of-plane mirror and inversion
symmetries are broken by the application of electric fields per-
pendicular to the plane. Thus, we provide a nonlinear optical
selection rule of spin and charge Hall currents in few-layered
NbSe,, which clarifies the even-odd effect of layer numbers
and light polarization dependencies. Our results will serve to
design potential opt-spintronics devices on the basis of 2D
materials.

This paper is organized as follows. In Sec. II we dis-
cuss the effective model of even- and odd-number-layered
NbSe, which includes crystal structure and energy band struc-
ture. In Sec. III we numerically calculate nonlinear optical
spin and charge Hall conductivities for alternating current
(AC) fields and find that the nonlinear optical Hall currents
strongly depend on layer numbers and polarization of incident
light. In Sec. IV we discuss that when the crystal symme-
try is broken by applying electric fields, nonlinear optical
Hall currents can be generated even in even-number-layered
NbSe,. In Sec. V we summarize our results. In addition,
in the Appendixes we show details of matrix elements in
an effective Hamiltonian. Also, we present contour plots of
integrands for nonlinear optical spin and charge Hall conduc-
tivities and energy band structures of bilayer NbSe, with the
application of electric fields. In the Supplemental Material
we provide the details of the second order nonlinear opti-
cal conductivities, temperature effect for odd-number-layered
NbSe,, and nonlinear optical Hall conductivity of monolayer
MoS; as a reference example of a TMDC semiconductor
[70].

II. MODEL

In this paper we show that nonlinear optical spin and
charge currents of few-layered NbSe, strongly depend on the
crystal symmetry and number of stacking layers. Especially,
we focus on the cases of monolayer, AB-stacked bilayer, and
ABA-stacked trilayer NbSe,. Figure 1(a) shows schematic of
few-layered NbSe, with AB stacking, which is the most en-
ergetically stable stacking sequence in NbSe,. Each layer has
the out-of-plane mirror symmetry with respect to the plane of
Nb atoms. Figures 1(b) and 1(c) show the top views of mono-
layer NbSe; and AB-stacked few-layered NbSe,, respectively.
In the even-number-layered case, NbSe, has a space group
Ds3;, which respects inversion symmetry. However, in the
case of odd-number-layered NbSe,, it has a space group D3y,
which has no spatial inversion symmetry. Figure 1(d) shows
the first Brillouin zone (BZ) for few-layered NbSe;.

We employ a multiorbitals TBM which includes 4.,
dyo_y, and d,, orbitals of Nb atom to describe the
electronic states of NbSe, [60,69,71]. The -eigenvalue
equation for TBM is H(k)|uw) = Eulum), where k =
(ky, ky) is the wave-number vector, E, is the eigen-
value, and n=1,2,...,6N (N is the number of layers)
is the band index. The eigenvector is defined as |u.) =
(Crk, da s Crleidig,ts Crida 2.1 Crkuda, s Crdey, 4> Crnkodz 0 4)| s
where (- - - )T indicates the transpose of vector and ¢, means
the amplitude at atomic orbital t with spin s for the nth energy
band at k. The Hamiltonian of monolayer NbSe, with the SOC
can be written as

Hiono (k) = 69 ® Hrnn(k) + 6. ® 3 AsocL.. (1)
with
Vo Vi V,
Hrw@®) =V Vi Vi2 ()
Vi Vi Va
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and
0 0 0
L,=10 0 -=2i]. 3)
0 2 0

Here 6y and 6, are Pauli matrices and Agoc is the Ising-type
SOC parameter. In monolayer NbSe;, Asoc = 0.0784¢eV.
Hpnn (k) includes the electron hoppings only among three d
orbitals of Nb atoms, which are assumed up to third-nearest
neighbor sites as shown in Appendix A. Similarly, Hamiltoni-
ans of bilayer and trilayer NbSe; can be obtained as

g . _ ﬁmono(_k) ﬁinl(k)
Hiik) ‘( A’ k) ﬁmono(k)> @
and
I:Imono(k) ﬁinl(k) O
Hit)= | Bl ()  Hupono(—k)  Hwk) |, (5
0 A (k) Huonok)

respectively [62]. Here interlayer coupling Hamiltonian
H;, (k) is considered as

) Ty 0 0
An)=(0 T 0 |. (©)
0 0 Ty

The details of matrix elements Vy, Vi, Vo, Vi1, Viz, Vaa, Toi,
and T, can be found in Appendix A.

Figures 1(e)-1(g) show the energy band structures of
monolayer, bilayer, and trilayer NbSe, together with the cor-
responding density of states (DOS), respectively. Here, red,
blue, and green lines indicate spin-up, spin-down, and spin-
degenerated states. NbSe, is metallic, but there is a large
energy band gap between the partially filled valence bands and
empty conduction bands. Also, opposite spin splitting in the
energy band structure can be seen at the valence band edges
in K and K’ points in monolayer NbSe, owing to the broken
inversion symmetry. However, because even-number-layered
NbSe; such as bilayer respect the inversion symmetry, it does
not show the spin splitting. It should be noted that even-
number-layered NbSe, has larger band splitting at valence
band in I' point, because the interlayer interaction becomes
larger in T" point than in K and K’ points. Figure 1(g) shows
the calculated energy band structure of trilayer NbSe,, which
can be understood by overwriting spin degenerated energy
band structure of bilayer NbSe, onto that of spin-splitting
energy dispersion of monolayer NbSe,. Since the inversion
symmetry is broken in odd-number-layered NbSe,, spin de-
generacy is lifted. However, owing to the existence of spin
degenerated energy band of bilayer NbSe,, the spin splitting
at K and K’ points is not clearly seen. The details of Fermi
spin-dependent surface structures are shown in Appendix A.

III. NONLINEAR OPTICAL HALL CONDUCTIVITY

We numerically calculate nonlinear optical spin and charge
Hall conductivities for few-layered NbSe, based on an effec-
tive TBM. In general, the second order nonlinear optical spin

conductivity can be given as [28,29,33,35,72-77]

spin h262 spin
ol (w1, @) = e Qi (o1, @2, k), (7N
k
with
QP (@1, @, k)

1
- Z EmlEln(Emn - ha)l - th - ”7)

nml

(ttie |0 j i) (| O |t} (Wt | 77" k) frmt
X
En — lw; — in

(i O 1) a1, 1) {2t 77" 1) ﬁn}
- . . ®
Ey, — howy —in
where Q?ﬁ“(a)],wz,k) is an integrand of nonlinear optical
spin conductivity. Here i(j, k) indicates the direction x or y.
In particular, i is the generation direction of nonlinear optical
spin current, and j(k) is the polarization of incident light.
Also, n(m, I) is the band index including spin degree of free-
dom, |u) is the eigenfunction with the eigenenergy E,, and
f(E.) is the Fermi-Dirac distribution function. E,; = E,, —
E;, fou = f(Emu) — f(Er), and w, means the gth frequency
mode. 7 is an infinitesimally small real number and S is the
area of the system. Moreover, j;*" is the spin current operator
and written as j;*" = %{géz ® Iy, d;}, where Iy is the N x N
identity matrix and N = 3, 6, 9 is used for monolayer, bilayer,

and trilayer NbSe,, respectively. Here 9; = %% is the group
velocity operator. The nonlinear optical charge conductivity

afj},lcarge(a)l, @,) is also obtained by changing jP" to j&"&
which is defined as jl.Charge = %{—e&o ® Iy, d;}. We add the su-

perscript “spin” for the nonlinear optical spin conductivity in
order to distinguish its conductivity from the nonlinear optical
charge conductivity. In the case of w; + w, = w3, the process
is called as SFG (see Fig. S3) [70]. Especially in the case of
w] = wy = w, the process is called SHG. Also, in the case
of w; — wy = w3, the process is called difference frequency
generation (DFG) [78,79]. Since we have interest in SHG, we
focus on the SHG process in this paper, i.e., w; = 0y = .
The second order nonlinear optical conductivity expressed
by Eq. (7) can be separated into two interband processes:
(i) optical transition between two bands ai(ﬁf and (ii) optical

transition involving three bands al.(fk) [76,80]. Namely, o;j; can
be decomposed into

2 3
oijk(@1, @) = 6 (@1, @) + 05 (@1, ). (9)

The detail of derivation can be found in Appendix B. In
particular, considering the interband transition between two
bands around Fermi surface, ai(fk) can be rewritten as

2

2) ie 1
\ , 0)=—-—————D;, 10
o (@1, w2 = 0) S T i1 (10)
where D; is the Berry curvature dipole [57,81]
2 8fnk
Dy =" " Qu(k) (i Jilttui) T (1)
k n n
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TABLE I. Nonlinear optical spin and charge conductivities of mono, bi, and trilayer NbSe,. The conductivities of monolayer NbSe, are

summarized in Fig. S2.

Nonlinear optical spin conductivity

Nonlinear optical charge conductivity

mono (Ds;) j{’;"(w w) = —as‘l?j,"(w, ) aCh“'gC(w w) = aCh‘”‘rgc(w )
=~ (. 0) =~ (. ) = S0 (0, ) = ~0 (0, )

bi (D3y) Zero Zero

tri (D) ;f;"(w w) = —o;f“"(w ) a‘?}‘,‘;“gc(a), w) = afhargc(w )
— _O_spm(w w) —O'Spm(a) w) — _o,chargE(w’ w) O.c;mrge(w’ w)

yxy yyx

Xyx

Thus, the two-band process is nothing more than the effect
of Berry curvature dipole. In the direct current (DC) limit,
i.e.,, w; — 0, D; is identically zero in NbSe,. However, it is
expected to be finite even in the DC limit, if the uniaxial strain
is applied to the system [57,81]. In this work we consider o;
regardless of two-bands and three-bands interband processes.

Since the nonlinear optical conductivity o;j is the third

rank tensor, in general crl.sj.‘:n and Glczarge have the 3% =27
components, respectively. However, using the Neumann’s
principle [23,24], we can find the nonvanishing elements of
oy and chj},large from the crystal symmetry. Because the
inversion symmetry is broken in monolayer NbSe,, the non-

vanishing tensor elements are obtained as following:

o (0,0) = ~ o (0,0
— spm spm
= -0y (0, 0) = -0y (0, 0)  (12)
and
charge __ __ charge
T (0, ) = — o (w0, w)
= — o (0, 0) = —0 (0, @).  (13)

xyX

However, owing to the inversion symmetry in even-number-
layered NbSe, such as bilayer NbSe,, the nonlinear optical
conductivities are obviously absent, i.e., all the tensor ele-
ments are identically zero. Also, since the crystal symmetry of
trilayer NbSe, is identical to the monolayer NbSe,, same re-
lations of the nonlinear optical spin and charge conductivities
are obtained using Neumann’s principle. Table I summa-
rizes the relations of nonvanishing tensor elements of O’st

and o} for few-layered NbSe,. It should be noted that
the nonhnear optical charge conductivity is zero, whenever
the nonlinear optical spin conductivity has finite value. Since
the second order nonlinear optical conductivity o;; is a com-
plex function of w, the conductivity can be separated as

charge

giji(w, ®) = Re[o;jx(w, w)] + ilm[o; (0, w)], (14)

where Re[o; i (w, )] and Im[o; (@, w)] are real and imagi-
nary parts, respectively. In the main text we focus on the real
part of 0. The details of the imaginary part of o;; are shown
in the Supplemental Material [70].

Figures 2(a)-2(c) show the real parts of nonlinear optical
spin Hall conductivities Re[oyny (w, w)] of monolayer, bi-
layer, and trilayer NbSe,, respectively. Here Re[a;gn(w, )]
is considered as the case of SHG process and has Ising-
type SOC parameter Asoc = 0.0784eV. Also, the cases for
Asoc = 0.0392 and 0 eV are plotted for the comparison.
Re[o,5) (w, w)] represents that the spin Hall current is gener-

ated in x direction by irradiating y-polarized light. It mainly
has two peaks around 1.5 and 2.5 eV for odd-number-
layered NbSe, owing to even parity with respect to k, and
k, axes in contour plot of Q' (w, w, k) (see Appendix C).
One peak can be seen around 1.5 eV, and indicates an
excitation from valence band to conduction band by one
incident photon at 2%iw. The other peak around 2.5 eV
shows that two incident photons at fiw occurs an excitation
from valence band to intermediate band and then conduction
band.

Figures 2(d)-2(f) show the real parts of nonlinear optical
charge Hall conductivities Re[avcffrge(w, )] of SHG pro-
cess for monolayer, bilayer, and trilayer NbSe,, respectively.
Re[oycffrge(w, w)] represents that the charge Hall current is
generated in y direction by irradiating x-polarized light. There
are mainly two peaks around 1.5 and 2.5 eV the same as the
case of Re[off;“(w, )], which appear for Re[afffrge(w, )]
owing to the asymmetry of Q5% (w, w, k) with respect to
k. axis in contour plot (see Appendix C). For one incident
photon at 2/iw, one peak appears around 1.5 eV, and it is larger
than the other peak around 2.5 eV which can be seen by two
incident photons at fiw.

Thus, we can find that the nonlinear optical spin and charge
Hall currents strongly depend on layer numbers and polariza-
tion of incident light in visible range, i.e., nonlinear optical
selection rule of spin and charge Hall currents in few-layered
NbSeg.

Here we briefly mention the extreme similarity of the non-
linear optical conductivities between monolayer and trilayer
NbSe; as shown in Fig. 2. The trilayer NbSe, can be viewed as
the composite of monolayer and bilayer NbSe,. Therefore, we
have three contributions of optical transition processes: (A)
intralayer optical transition of monolayer NbSe,, (B) intra-
and interlayer optical transition of bilayer NbSe,, and (C)
interlayer optical transitions between monolayer and bilayer
NbSe,. Since process (B) is identically zero, process (A)
dominates the optical conductivities of trilayer NbSe,. It is
shown that process (C) is canceled because of band inversion
along the I'-K and I'-K’ lines in BZ. The detail can be found
in the Supplemental Material [70].

Also, we have mentioned that the nonlinear optical Hall
conductivity has the peaks (around 1.5 and 2.5 eV) corre-
sponding to absorption of two photons in odd-number-layered
NbSe,, which cannot be seen for linearly optical Hall conduc-
tivity obtained by Kubo formula [69,82]. It should be noted
that the magnitude of peak clearly corresponds to DOS of
NbSe,. The details of these peaks are shown in the Supple-
mental Material [70].
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FIG. 2. Real parts of nonlinear optical spin Hall conductivities Re[o " (w, w)] of (a) monolayer, (b) bilayer, and (c) trilayer NbSe,,

xyy

respectively. By irradiating y-polarized light, nonlinear optical spin Hall current is generated in odd-number-layered NbSe,. Real parts of
nonlinear optical charge Hall conductivities Re[o"#¢(w, w)] of (d) monolayer, (e) bilayer, and (f) trilayer NbSe,, respectively. Nonlinear

yxx

optical charge Hall current is generated by x-polarized light irradiation. Red, blue, and black lines indicate several different SOC parameters.
The units of nonlinear optical spin and charge Hall conductivities are e and ¢* /i, respectively.

In addition, a TMDC semiconductor such as MoS, has
a pronounced peak around 1.75 eV in the nonlinear opti-
cal Hall conductivity. The details of nonlinear optical Hall
conductivity of monolayer MoS, can be found in the Supple-
mental Material [70]. This transition process corresponds to
the SHG process marked with the green arrows in Fig. 5(c)
of Appendix A. Thus, SHG can be expected in the doped
MoS;. Similarly, when we consider the case of electron-doped
NbSe, to make the valence bands fully occupied, the system
behaves as a semiconductor. In this case, the nonlinear optical
conductivity for SHG process has the localized peak around
1.5 eV (not shown). This transition process also corresponds
to the SHG process marked with the green arrows in Fig. 5(c)
of Appendix A, which is same as the case of MoS,.

In previous works [54-57] it is reported that the nonlinear
charge Hall current in DC limit can be generated even in the
absence of magnetic field, by considering monolayer NbSe;
under uniaxial strain or hole-doped semiconductor TMDC.
These results can be induced by Berry curvature dipole which
provides unconventional behavior, i.e., nonlinear Hall effect,
but it is limited to in metallic TMDC. In this work, however,
we can show that the nonlinear charge Hall current appears
in not only metallic TMDC but also semiconductor TMDC
by light irradiation even without SOC and uniaxial strain [see
Figs. 2(d) and 2(f)]. Thus, we can generate the nonlinear
charge Hall current simply by irradiating light in few-layered
NbSe, without the external perturbations such as magnetic
field, strain, and carrier dopings. Figure 3 summarizes the
schematics of nonlinear optical Hall currents in few-layered

NbSe, which capture the results of Fig. 2. Figure 3(a) in-
dicates that nonlinear optical spin Hall current is generated
in x direction by irradiating y-polarized light in odd-number-
layered NbSe,. However, the nonlinear optical charge Hall
current is absent. Figure 3(b) shows that the nonlinear optical
charge Hall current is generated in y direction by irradiating
x-polarized light, but then the spin Hall current is absent. Also,
Figs. 3(c) and 3(d) show that because even-number-layered
NbSe, respects inversion symmetry, the nonlinear optical spin
and charge Hall currents are identically zero.

IV. ELECTRIC FIELD EFFECT OF NONLINEAR OPTICAL
HALL CONDUCTIVITY

Since the application of electric field perpendicular to the
plane breaks the crystal inversion symmetry in bilayer NbSe,
the nonlinear optical spin and charge Hall conductivities can
be generated even in bilayer NbSe, with the application of
electric field. Figure 4(a) shows the real part of nonlinear op-
tical spin Hall conductivity Re[oyhy (@, )] of bilayer NbSe,
for several different applied electric fields. Here, black, blue,
cyan, green, yellow, purple, and red lines indicate the applied
electric fields: F = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, and 2.0 eV,
respectively. We can see peaks of Re[oyn (@, w)] around
1.5 and 2.5 eV the same as the case of odd-number layer.
In addition, there is a pronounced peak which shifts toward
higher frequency with the increase of electric field, which
is indicated by the dashed square in Fig. 4(a). The peak
is originated from the interlayer optical absorption. Since
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FIG. 3. Schematics of nonlinear optical spin and charge Hall
currents in few-layered NbSe,. (a) By y-polarized light irradia-
tion, nonlinear optical spin Hall current is generated in x direction,
but nonlinear optical charge Hall current is absent in odd-number-
layered NbSe,. (b) By x-polarized light irradiation, nonlinear optical
spin Hall current disappears, but nonlinear optical charge Hall
current is generated in y direction in odd-number-layered NbSe,.
Nonlinear optical (c) spin and (d) charge Hall currents are not gener-
ated in even-number-layered NbSe,.

the energy bands of upper (lower) layer shift toward higher
(lower) energy, the energy difference between upper and lower
layers increases with an increase of electric field, resulting
in the shift of interlayer optical absorption peak. The details
about energy band structures of bilayer NbSe, with applied
electric fields and its parity between layers are shown in
Appendix D.

Figure 4(b) shows the real part of nonlinear optical charge
Hall conductivity Re[ayc,gfrge(a), w)] of bilayer NbSe, with
applied electric fields. Because of the broken crystal inver-
sion symmetry in even-number-layered NbSe, with applied
electric fields, the nonlinear optical charge Hall current can be
generated by irradiating x-polarized light. Re[o5e® (, )]
also has peaks around 1.5 and 2.5 eV, which is similar to
the case of Re[os)) (w, )]. Similarly, we can observe the
frequency shift of interlayer optical absorption peak which
is indicated by the dashed squares. Thus, we can indicate
that owing to the broken inversion symmetry in even-number-
layered NbSe, with applied electric fields, the nonlinear
optical spin and charge Hall currents can be generated by
irradiating visible light.

Instead of the application of electric fields to NbSe,, we
consider the nonlinear optical spin and charge conductivities
of bilayer NbSe, with each layer having a different Fermi
energy, i.e., decoupled bilayer NbSe,. The details of the
nonlinear optical spin and charge Hall conductivities of the
decoupled bilayer NbSe, are shown in Appendix E.

spin

hw (V)

FIG. 4. Nonlinear optical (a) spin and (b) charge Hall conductivi-
ties of bilayer NbSe, for several different applied electric fields. The
electric fields are F = 0.2 (blue), 0.4 (cyan), 0.6 (green), 0.8 (yel-
low), 1.0 (purple), and 2.0 eV (red), respectively. (a) By irradiating

y-polarized light, the real part of nonlinear optical spin Hall current
Re[o)f)f’;“(w, )] is generated in bilayer NbSe, with the application
of electric fields. (b) By irradiating x-polarized light, the real part of
nonlinear optical charge Hall current Re[o ﬂ‘frge(w, w)] is generated
in bilayer NbSe,. The units of nonlinear optical spin and charge Hall
conductivities are e? and e /i, respectively.

V. CONCLUSION

In conclusion, we have theoretically proposed that nonlin-
ear optical spin and charge Hall currents based on the SHG
process can be enhanced by irradiating visible light. Also,
we have shown that the Hall currents strongly depend on
layer numbers, crystal symmetry of NbSe,, and polarization
of incident light, i.e., nonlinear optical selection rule of spin
and charge Hall currents in few-layered NbSe,. In previous
works, it is known that the nonlinear Hall effect is induced in
metallic and doped semiconductor TMDCs by uniaxial strain,
which depends on the Berry curvature dipole in the first BZ. In
our work we can find nonlinear Hall effect by light irradiation
in NbSe, and MoS, with hole doping, even in the absence
of strain. In the Supplemental Material [70], it is also shown
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that the nonlinear optical spin and charge Hall conductivities
can occur in MoS, without doping. Thus, in general, it is
expected that the nonlinear optical Hall effect can occur in
TMDC materials.

In addition, we have found that the nonlinear optical spin
and charge Hall currents of few-layered NbSe, based on the
effective TBM are robust to temperature and are expected to
be observed even at room temperature (see the Supplemental
Material [70]).

In this paper we have found that the oscillating spin and
charge Hall current could be induced by the SHG. Though
the static charge and spin accumulation does not occur, the
polarized spin current can be extracted if we attach the half-
metal materials to the edge of the sample as a spin filter.

Thus, few-layered NbSe, can be used for the source of in-
duced nonlinear optical spin Hall current by SHG. Our results
can serve to design opt-spintronics devices on the basis of 2D
materials.
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APPENDIX A: MATRIX ELEMENTS OF
FEW-LAYERED NbSe,

We employ a multiorbitals TBM which includes d.:, d\>_ 2,
and d,, orbitals of Nb atom to describe the electronic states
of NbSe,. The eigenvalue equation for TBM is H B)|u) =
Ei|lun), where k = (ky, ky) is the wave-number vector, E;
is the eigenvalue, and n = 1,2, ..., 6N (N is the number of
layers) is the band index. The eigenvector is defined as |u,;) =
(Crk.dy, 1> Crkdy 1> Crk,ds_o.1s Ckd .} s Crik.dyy. | cnk,(ixzﬂ,g,l)T>
where (---)T indicates the transpose of vector and ccs
means the amplitude at atomic orbital r with spin s for the
nth energy band at k. The Hamiltonian of monolayer NbSe,
with Ising-type SOC can be written as

Hunono(k) = 60 ® Hran (k) + 6, ® $asocL., (A1)
with
A Ww Vi W
Hnw@®) =V Vit iz (A2)
Vi Vi W
and
0 0 0
L.=10 0 —2i (A3)
0 2 0

Here 6 and 6, are Pauli matrices and Agoc is the Ising-type
SOC parameter. In monolayer NbSe,, Agsoc = 0.0784¢V.
Hrxn (k) includes the electron hoppings only among three d
orbitals of Nb atoms, which are assumed up to third-nearest
neighbor sites as shown in Fig. 5(a). Here, green, red, and blue
arrows indicate hopping vectors R; (i = 1, 2, ..., 6) pointing
to nearest-neighbor (nn) sites, the vectors R; (j = 1,2, ..., 6)
pointing to next nn sites, and the vectors 2R; pointing to third
nn sites, respectively. We can find the matrix elements in the

effective TBM Hamiltonian of monolayer NbSe, [71,82]: V),
Vi, V2, Vi1, V2, and Vp; as
Vo =& + 2t9(2 cosa cos 8 + cos 2a)
+ 2rp(2cos 3 cos B + cos2)

+ 2up(2 cos 2a cos 28 + cosdar), (A4)
Re[Vi] = — 2\/§t2 sina sin 8 + 2(r; + r») sin 3a sin
— 23/3u, sin 2« sin 28, (A5)

Im[V;] =21, sina(2 cosa + cos B) + 2(r; — rp) sin 3x cos

~+ 2uy sin 2a(2 cos 2« + cos 28), (A6)
Re[V,] =2t,(cos 2 — cos @ cos )
2
— ﬁ(n + rp)(cos3a cos B — cos2f)
+ 2up(cos 4o — cos 2 cos 23), (A7)
Im[V,] = 2\/511 cosa sin 8
2 .
+ ﬁ(” — rp)sin B(cos 3o 4+ 2 cos B)
+ 24/3u; cos 2a sin 28, (AB)
Vi1 =& + (t11 + 3t2) cosa cos B + 2t cos 2«
+ 4ryycos3acos B+ 2(ry) + x/grlz)cos 28
+ (u11 + 3upp) cos 2 cos 28 + 2uyy cosda, (A9)

Re[Vz] = «/§(t22 — f11) sin @ sin 8 + 4ry, sin 3¢ sin B

+ v/3(uzn — upy) sin 2a sin 28, (A10)

Im[V};] =4t sina(cosa — cos B)

+ 4uy; sin 2a(cos 2 — cos 2), (A11)

and

Vo = &3 + Bty + tp) cosa cos B + 21y, cos 2«
+ 2r11(2cos3a cos B + cos28)

2
+ —=r2(4cos3acos B — cos2pB)

V3

+ (Buyy + uzp) cos2a cos 2B + 2ux cosda.  (Al2)
Here (o, B8) = (%kxa, %gkya) and the lattice constant a is
3.45 A. The specific hopping parameters in this TBM can be
given as
i o N P

E. . (R) = (Y, (nHK)¢,, (r—R)), (A13)
where |u,;) — |¢>,{;) indicates an atomic orbital of Nb atom
and in this paper we consider |¢11) =dp, |¢12) =d,,, and
|¢%) =d,_,». For example, we can express f) = Elll1 (Ry),
ti = E[}(Ry), ro =E}[(R1), ri = E[f(Ry), uo = E!{ 2Ry),
and u; = E1112(2R1).
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(a)

Top view

Upper layer

(b)

‘ === n.n hoppings === Next n.n hoppings === Third n.n hoppings ‘
== up-spin
(d) (e) == down-spin
4 4 == spin-degeneracy
N } ;
2\ 2

K'M I' DOS MK r

K'M

I' DOS

FIG. 5. (a) Top view of crystal structure of monolayer NbSe, which consists of Nb (black) and Se (yellow) atoms. Green, red, and blue
arrows indicate hopping vectors R; (i = 1,2, ..., 6) pointing to nn sites, the vectors R i (j=1,2,...,6) pointing to next nn sites and the
vectors 2R; pointing to third nn sites, respectively. a is the lattice constant. (b) Side view of crystal structure of bilayer NbSe,. Interlayer
hopping vector R;,, points from the d orbital of the upper layer to nn sites of the lower layer. Energy band structures and DOS of (¢) monolayer,
(d) bilayer, and (e) trilayer NbSe, with SOC parameter Asoc = 0.0784 eV, respectively. Fermi level is set to zero. The arrows in (c¢) include
the two SHG processes: (i) interband transition by two-photon absorption (green arrows) and (ii) interband transition even by one-photon
absorption (red arrows). Fermi surface of (f) monolayer, (g) bilayer, and (h) trilayer NbSe,, where red, blue, and green lines indicate for

up-spin, down-spin, and spin-degenerated states, respectively.

Similarly, Hamiltonians of (AB-stacked) bilayer and
(ABA-stacked) trilayer NbSe, can be obtained as

ow = (" ) e
and
ﬁmono(k) ﬁint(k) 0
Huk) = | Bl () Hupono(—k)  Hpn(k) |, (ALS)
0 A (k) Hpono(k)

respectively. In Fig. 5(b), interlayer hopping vector Rijer
points the d orbital of the upper layer to nn sites of the
lower layer and the interlayer coupling Hamiltonian Hiy (k)

is considered as

A To1 0 0
Hyk)=|0 Tnp 0], (Al6)
0 0 Too

where Ty and Ty, are fitted by using hopping parameters fy;
and f,:

To1 = 3to1 + 201 (2 cos a cos B + cos 2a), (A17)

Tor = 102, (A18)
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TABLE II. Fitting parameters for the effective TBM Hamiltonian of few-layered NbSe,. The energy parameters €, to Asoc are in units of eV.

€ € To 4] 15) I 2 In ro T r
m 2 Uy Uy U U Ui U fo1 To2 Asoc
1.4466 1.8496 —0.2308 0.3116 0.3459 0.2795 0.2787 —0.0539 0.0037 —0.0997 0.0385
0.0320 0.0986 0.1233 —0.0381 0.0535 0.0601 —0.0179 —0.0425 —0.0179 —0.0702 0.0784

respectively. The details about fitted parameters for this TBM
are summarized in Table II [60].

The energy band structures and DOS are shown in
Figs. 5(c)-5(e). Here, red, blue, and green lines indicate
spin-up, spin-down, and spin-degenerated states, respectively.
The energy band structure of monolayer NbSe, is qualita-
tively similar to heavily hole-doped monolayer MoS,. Unlike
monolayer MoS, which shows semiconducting behavior,
monolayer NbSe, is metallic, but with a large energy band
gap between the partially filled valence bands and empty
conduction bands. Also, the Ising-type SOC provides oppo-
site spin splitting at the valence band edges in K and K’
points, and time-reversal symmetry protection. In particular,
the SOC makes the spin splitting about 157 meV at the K
point. Figure 5(d) shows that the spin splitting is absent in
the energy band structure of bilayer NbSe,, but larger band
splitting appears at the valence band in I point because of
the spacial inversion symmetry. Figure 5(e) shows that trilayer
NbSe, has spin splitting bands owing to the broken crystal
inversion symmetry the same as the case of monolayer. In
general, the energy band structures of NbSe, have spin de-
generacy along the I'-M line, which can be confirmed by
looking at Fermi surface structure. Also, this is because the
Hamiltonians for up- and down-spin states have the following
properties: Hiono (k) = (Hiono (k))", HJ (k) = (Hy(k))', and
I-mi(k) = (I-?[fi(k))f, respectively. Since we have interest in
the SHG, we discuss the nonlinear optical conductivity for

J

1

SHG process (w; = w, = w). Figure 5(c) includes the two
SHG processes: (i) interband transition by two-photon ab-
sorption (green arrows) and (ii) interband transition even by
one-photon absorption (red arrows).

Figure 5(f) shows Fermi surface of monolayer NbSe,. The
surface has Fermi pockets centered at ', K, and K’ points,
which show the spin splitting. Also, because of the oppo-
site spin splitting around K and K’ points, the energy band
structure of monolayer NbSe, is anisotropic with respect to
I' point. Figure 5(g) indicates the Fermi surface of bilayer
NbSe,. Unlike the case of monolayer, the surface has spin-
degenerated Fermi pockets owing to the crystal inversion
symmetry. Figure 5(h) shows Fermi surface of trilayer NbSe,
which has spin-splitting Fermi surface. This Fermi surface
can be understood by overlaying the spin-splitting Fermi
surface of monolayer NbSe, on the spin-degenerated Fermi
surface of bilayer NbSe,. We can mention that the spin de-
pendence of the Fermi surface behaves differently for even-
and odd-number-layered NbSe.

APPENDIX B: BERRY CURVATURE DIPOLE IN
NONLINEAR OPTICAL CONDUCTIVITY

We numerically calculate nonlinear optical spin and
charge Hall conductivities of SHG process for few-layered
NbSe, based on an effective TBM. In general, the sec-
ond order nonlinear optical conductivity o;;; can be given
as

ie?
oijk(wy, ) = — —— .
Y S ; ; EmlEln(Emn - hwl - th - ”7)

(e O L) (vtare| 0 ttic) k| Ji 1) Sin

(ttte |0 1) | O i)ttt Ji k) Fimt
En — han — in

Eln — ha)z - iT]

where i(j, k) indicates the direction x or y. In particular, the
case where ijk is xyy and yxx is called as Hall conductivity.
Also, n(m, I) is the band index including spin degree of free-
dom, |u,;) is the eigenfunction with the eigenenergy E,x, and
f(Eu) is the Fermi-Dirac distribution function. E,; = E,;, —
Ei, fou = f(Em)— f(Ex), n is infinitesimally small real
number, and S is the area of system. j; can be defined for spin

and charge current operators, which can be written as j;*" =

%{g&z ® Iy, d;} and fl.charge = H{—eb) ® Iy, 9}, respectively.
Here Iy is the N x N identity matrix and N = 3,6,9 is

used for monolayer, bilayer, and trilayer NbSe,, respectively.
Moreover, 1; = %% is the group velocity operator. We add
the superscript “spin” for the nonlinear optical spin con-

ductivity 07" (w, @) in order to distinguish its conductivity

} (B

(

from the nonlinear optical charge conductivity o i (w, w).

In the case of w; = w, = w, the process is called SHG. In
addition, in the case of w; + wy = wj3, the process is called
SFG.

The second order nonlinear optical conductivity expressed
by Eq. (B1) can be separated into two interband processes
using the following identity:

1
(hwy + hwy + in)(hwy,, — oy — hawy — in)
. 1
(i + oy + in)hwpu,
1

+

—, (B2)
Fla)mn(hwmn - hwl - Fw)Z - ”7)
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where the first term leads to (i) optical transition between two bands 0(2) and the second term corresponds to (ii) optical transition
involving three bands 0(3) [76,80]. Namely, o;x can be decomposed into

oijk(@1, @) = 0; k(wl,wz)-i-ﬁ k(wl,wz) (B3)

In particular, o( k) can be given as

2) (01 0y) — n2e? ZZ [ (ttre |0 k) | O\ ok} i) T\ttt ottt O L) |9 |t} <umk|fi|unk>ﬁ,,}
17 2 —_ T 4 . - . .
k mIEln mn Eml - th —1In Eln - Fle —1n

(B4)

MOI'COVCI' We can express O'( )

relations:

simply as interband transition between valence band n and conduction band m using the following

hzz(wnkwuum)<ulk|ﬁ,~|umk>_<unk|ﬁ,-|ulk><u1k|ak|umk>>:((unk|a,~|umk>> _<<unk|ﬁk|umk>> e
-k ;kj

/ ElnEml ElnEml Wpm Wym

where

iw?

nm

(e | D [tk ) _ (unklﬁﬂ|umk> (Ui | A [tnic) + (U] Do | Upnic) <umk|Aﬁ|unk>
a)nm kﬂ

ih (Ut | Dgluge) (Ui O | tmie) (| Do [z} (aine | D | i)
— - . B6
* Wpm ;( Eln Eml ( )
Here (umk|Aj [ttnk) = (Ui |0 j|tmic) — (Ui |0 ung) and e(B) is the direction x or y. In other words, 0 k can be rewritten as
ie’ 1 (Wi |0 | i) (Umie | Dk | i) 4 J
, _ hz i J ni i N .i N mn
o) = Z; Z; B — B2 i) e — i
je? 1 fnn
= T Q, (k) (| Ji T b i B7
Shwl+hw2+mzz () (U Ji e E o= (B7)
where 2,,(k) is the Berry curvature, i.e.,
Q (k) — hz Z (unk|vj|umk Mmk|vk|unk) ] (B8)

_ 2
mtn (Emk nk )

When we consider the interband transition between two bands around the Fermi surface, iw, in Eq. (B7) is infinitesimally zero,
i.e.,

ie2 1 S
l]k Dwr 0y — 0) = S hortin ZZ (k) ( Mnk']llunk)

1 §j§ 200 {1t ) f”"
= - Mn ilUn,
S hwy +in el

__e_ 1 (B9)
S hoy+in "

where D; is the Berry curvature dipole [81] and we have used an approximation to Fermi-Dirac distribution

f mn = ﬁnk f nk ~° fnk

(Emk nk)' (B 1 0)

It should be noted that 0( k) includes 2,(k), velocity and energy derivative of the Fermi-Dirac distribution function. Also, o

ijk
can be given as
) (01 o) — i ZZ hey + ho, + in [<unk|fzj|u1k> (s | Ok [t} Cttk | i enke) St
1, W2 T .
”k lEln mn(Emn - h(,()] - th - ”’) Eml - th —1m
(| O Lot ) (ot 0|t (i) Jilttk) fin B11)
in — fiwy — i ’
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FIG. 6. Contour plots of integrands for nonlinear optical spin Hall conductivities of monolayer NbSe, in the first BZ: (a) QSPi“(a) =
1.5,w =1.5), (b) Q*P'“(u) =23, w=2.3), (¢ QSP‘“(a) =1.5,w=1.5), and (d) QSP‘“(w = 2.3, w = 2.3). Same plots of 1ntegrands for
nonlinear optical charge Hall conductivities of monolayer NbSe;: (e) Qﬁ'y‘;‘rge(w =1.5,w = 1.5), (f) Q“h“'ﬁe(w =23, 0=23),(2) th"“&e(a) =
1.5, = 1.5), and (h) Qe (g = 2.3, w = 2.3).

yxx

where U(k) includes three bands, i.e., a valence band 7, an optical spin Hall current can be generated in x direction for
intermediate band /, and a conduction band m. monolayer NbSe, by irr}elldiating y-polarized lflght.

Next we discuss Quyy (@, o, k) and Qs (0, o, k) of

odd-number-layered NbSe,. Owing to the crystal symme-

APPENDIX C: INTEGRANDS OF NONLINEAR OPTICAL try, Neumann’s principle illustrates that the nonlinear optical

charge Hall current is absent (generated) in even (odd)-
SPIN AND CHARGE HALL CONDUCTIVITIES .
number-layered NbSe,. Figures 6(e) and 6(f) show the

We calculate integrands of nonlinear optical spin Hall con- contour plots of Qf(y;Ige(w, w, k) for monolayer NbSe, under
ductivities 35, (w, @, k) and 2y (0, @, k) of few-layered  light irradiation of /iw = 1.5 and 2.3 eV, respectively. In addi-

NbSe,. According to Fig. 2, the nonlinear optical spin Hall  tjon, below the each contour plot, the sliced foyl;“ge(a), w, k)
conductivity of even-number-layered NbSe, is absent ow- at k, = _1 0 and 1 is shown. Here, blue, black, and red

ing to Neumann’s principle, but that of odd-number-layered lines in dlcate o arge (@ a)k) at ky = —Z, 0 and Z, respec-
NbSe, has finite values. Here we especially discuss the case charge
of monolayer. Figures 6(a) and 6(b) show the contour plots tively. Q)™ (0, , k) of ky = =7 has 0ppos1te sign to that of

charge

of QP (w, w, k) at fiwo = 1.5 and 2.3 eV, respectively. Under ~ Kx = % Therefore, the k int§grat10n of §24y™ (0, @, k). over
light irradiation. Q" (0, w, k) has even parity with respect the first BZ becomes identically zero, which is consistent
tgk 4k ’ )%}h ’th’ ¢ inteerati P nyspin( P o with the result of Sec. III. Figures 6(g) and 6(h) show the
o k. and k, axes. Thus, the k integration of Qyyy (@, w, charge .

over the first BZ becomes nonvanishing and reproduces the contour pl.Ot.S of Q™ (@, , k) in the first BZ. under the
result of Fig. 2(a). On the other hand, Figs. 6(c) and 6(d) light irradiation of hw = 1.5 and 2.3 eV, respectively. Also,

h . charge _ T
show %Y (w, w, k) under light irradiation of fiw = 1.5 and we show tgirgihced Qyex - (o, w,kﬂ) at ky = -7, 0 and 2
2.3 eV, which has odd parity for k. and k, axes. Owing to Because 2y~ (@, @, k) of ky = —7 has the same sign to that

. . . . I . . charge
the antisymmetric properties of Q% (w, w, k) for monolayer ~ Of kx = 7, it is clear that the k integration of £2),,™ (@, , k)

NbSe,, their k integration over the first BZ has finite value and over .the first BZ becomes ﬁpite, Whi?h reproduces the result
is consistent with the result of Sec. III. Thus, the nonlinear of Fig. 2(d). Thus, the nonlinear optical charge Hall current
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FIG. 7. Energy band structures of bilayer NbSe, with applied electric fields of (a) F = 0.2, (b) 0.6, (c) 1.0, and (d) 2.0 eV, respectively.
Fermi levels are set to (a) —0.1370, (b) —0.5165, (c) —0.9113, and (d) —1.9074 eV, respectively. (e) Bilayer NbSe, with applied electric field
includes six energy bands @ to ®. At I point, the energy bands of ©, @, and @ are shown by solid lines. The energy bands of @, ®, and ©®

are shown by dashed lines.

can be generated in y direction for monolayer NbSe, by irra-
diating x-polarized light.

APPENDIX D: ENERGY BAND STRUCTURES OF
BILAYER NbSe, WITH APPLIED ELECTRIC FIELDS

Figures 7(a)-7(d) show the energy band structures and
DOS of bilayer NbSe, for several different electric fields.
Here, red and blue lines show spin-up and spin-down states,
respectively. Owing to the broken inversion symmetry in

bilayer NbSe, with applied electric fields, the energy band
structures have larger spin splitting at the valence band edges
in K and K’ points the same as the case of odd-number-
layered NbSe,. In this paper we provide the energy band
structures with applied electric fields of F = 0.2, 0.6, 1.0,
and 2.0 eV, respectively. Fermi levels are set to —0.1370,
—0.5165, —0.9113, and —1.9074 eV for the applied electric
fields of F = 0.2, 0.6, 1.0, and 2.0 eV, respectively.

Figure 7(e) indicates the energy bands can move by ap-
plying larger electric field in bilayer NbSe,. Here the energy

(a) " (b) = Aene =0 (C) =g =0
— up-spm 10 = g = 00392 = g = 0.0392
4 = down-spin = Agge = 0.0784 20 = Agoc = 0.0784
=N
T, /\/ \/\ o gbg i
LYSL U )
o1 &~ 5 ¢ 20
S5 oly \&// \/ :
-10 . : -40 — —
-1M - . M o 1 15 2 25 3 1 15 2 25 3
/]
hw (eV) hw (eV)

FIG. 8. (a) Energy band structure of bilayer NbSe, with each layer having a different Fermi energy. (b) Real part of nonlinear optical spin
Hall conductivity Re[ajgyi“(w, )] of decoupled bilayer NbSe,. (c) Real part of nonlinear optical charge Hall conductivity Re[ayﬂ‘j‘ge(w, w)] of

decoupled bilayer NbSe,.

xyy yxx

The units of Re[o " (w, )] and Re[cM"2¢(w, w)] are ¢ and e /1, respectively.
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bands of solid lines (O, ®, and ®) have positive parity be-
tween upper and lower layers of bilayer NbSe,, i.e., bonding
molecular orbitals between the two layers. On the other hand,
the energy bands of dashed lines (®, ®, and ®) have neg-
ative parity between layers, i.e., antibonding configuration.
With an increase of electric field, the energy bands with
negative (positive) parity shift up (down) to higher (lower)
energy.

APPENDIX E: BILAYER NbSe, WITH EACH LAYER
HAVING A DIFFERENT FERMI ENERGY

In this Appendix we consider the nonlinear optical spin and
charge conductivities of bilayer NbSe, with each layer having
a different Fermi energy, i.e., decoupled bilayer NbSe,. Fig-
ure 8(a) shows the energy band structure of decoupled bilayer
NbSe,, where Fermi energy of the upper layer is Er = 0 and

that of the lower layer is 0.1 eV, respectively. Here, red and
blue lines show spin-up and spin-down states, respectively.
Since the upper and lower layers have the different Fermi
energy, the energy band structure has spin splitting at K and
K’ points the same as the case of odd-number-layered NbSe,.

Figures 8(b) and 8(c) show the real parts of nonlinear

optical spin and charge Hall conductivities Re[oh" (@, )]

and Re[aﬁfrge(w, )] of decoupled bilayer NbSe,, respec-
tively. Here both Re[oyy (w, )] and Re[aycf)frge(w, w)] are
considered as the case of the SHG process and have Ising-
type SOC parameter Asoc = 0.0784eV. Also, the cases for
Asoc = 0.0392 and 0 eV are plotted for the comparison. Be-
cause of the Fermi energy imbalance between upper and lower
layers, the nonlinear optical spin and charge Hall conductiv-
ities become finite even in the bilayer NbSe,, where several
peaks appear below 1.5 and above 2.2 eV. The details of
the imaginary parts of nonlinear optical spin and charge Hall
conductivities are shown in the Supplemental Material [70].
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