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Dynamical spin-structure factor (DSF) contains fingerprint information of collective excitations in interacting
quantum spin systems. In solid state experiments, DSF can be measured through neutron scatterings. However,
it is in general challenging to compute the spectral properties accurately via many-body simulations. Currently,
quantum simulation and computation constitute a thriving research field, which are believed to provide a very
promising platform for simulating quantum many-body systems. In this paper, we establish a link between the
many-body dynamics and quantum simulations by studying the nonequilibrium DSF (nDSF) measured on direct
product states, which are accessible in contemporary quantum simulators with Rydberg atoms, superconducting
qubits, etc. Based on the many-body calculations of transverse field Ising chains, we find the nDSF can be used
to sensitively probe the multispinon continua associated with the two-spinon creation and spinon-antispinon
process, etc. Moreover, we further demonstrate that the low-energy spinons can be confined—forming spinon
bound states—under a finite longitudinal field. Our results pave the way of quantum simulation and manipulation
of fractional excitations in highly entangled quantum many-body systems.
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I. INTRODUCTION

Hunting exotic quasiparticles in ultraquantum states of
matter constitutes a fundamental research topic in modern
condensed matter and quantum physics. One prominent ex-
ample is the fractional spinon in one-dimensional (1D) spin
chains, which is a charge neutral quasiparticle carrying a
fractional spin quantum number [1]. Intuitively, the spinon
excitation in a quantum Ising chain can be regarded as the do-
main wall moving freely in Fig. 1, which has been evidenced
experimentally in spin-chain compounds via the inelastic neu-
tron scattering measurements [2—4]. Despite the existence of
well-recognized model materials like the spin-1/2 Heisenberg
chain compound KCuFj3 [2], Ising-chain material CoNb,Og¢
[5-8], the rare-earth Heisenberg XXZ chain Yb,Pt,Pb [4,9],
YbAIO; [10], etc., inevitably there still exist additional in-
teractions in these solid-state compounds beyond the clean
models. It thus adds complexity in the analysis of the exotic
excitations in these quantum magnets.

On the other hand, simulations of the dynamical spin
structure factor (DSF) are quite challenging in many-body
calculations. Dynamical exact diagonalization suffers from
strong finite-size effects, quantum Monte Carlo methods have
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essential difficulties in dealing with real-time dynamics, and
the matrix product state based simulations do not have the
access to long-time dynamics due to the rapid entanglement
growth and thus the obtained spectral properties have rather
limited resolution in frequencies. Therefore, to study the
long-time dynamics of many-body systems, we need to seek
different tools.

The rapid development of quantum technologies in the past
few years has witnessed the dawn of the quantum era [11-15]
and offers unique access to long-time evolution of quantum
systems. Although the universal quantum computing is still
quite far from reach at the current moment, the idea of quan-
tum simulation, i.e., emulating the problem to be solved via a
highly controllable quantum system, is gradually becoming
reality, which would fundamentally reformulate the routine
that scientists conquer the uncharted territory of the realm of
nature in the future [16]. In particular, physicists are making
an increasing endeavor to design quantum simulation proto-
cols to solve many important problems in diverse fields of
physics, ranging from lattice gauge theory [17], Kibble-Zurich
mechanism [18], many-body localization [19-22], real-time
spinon confinement [23-26] and scattering dynamics [27],
phase diagrams of the Hubbard model [28-32] to quantum
walk [33,34], just to name a few.

Therefore, to simulate dynamical quantities like the
spectral functions of the many-body systems via quantum
simulations constitutes a very appealing proposal. As the bot-
tleneck of calculating DSF, being the long-time evolution of
the quantum many-body system under study, is exactly the
strength of quantum simulation, this proposal has a natural
advantage. Nevertheless, there still exists an apparent gap
for the current quantum techniques to simulate the dynamical
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FIG. 1. (a) Bow-tie- and shell-shape spin excitation continua
present in the gapped phases of the TFI model and (b) the exci-
tation continua right at the QCP, where the lower boundary of the
bow-tie excitations coincides with that of the upper boundary of
the shell excitations. The cartoon pictures of the (c) two-spinon
creation and (d) spinon-antispinon processes are illustrated, which
are responsible for the bow-tie and shell excitation continua. All
these spinon continua are determined by w(k) = %e(k;) £ €(k2),
where k = k; + k, and *e(k) is the spinon (+) or antispinon (—)
dispersion. The single-spinon dispersions used in the illustration are
€(k) >~ 2 — sin(2y ) cos k (away from QCP) and e (k) = 242 sin(§)|
(right at QCP). (e) Confinement of spinons under nonzero longitudi-
nal fields, where the bound states consist of two spinons at a distance
n=1,2,--- and move at the same quasimomentum k.

properties. One major limitation of current experiments in
common is that only a few states — mostly product states and
several special entangled states, such as the W states [35] and
the GHZ states [36,37]—can be prepared on quantum simula-
tion experiments. Physically, it means only these special states
can be used to probe the DSF of the system via quantum sim-
ulations, as opposed to the context of conventional condensed
matter physics where the ground states or thermal equilibrium
states are adopted to gauge the excitation information of the
system/phase. Given the fact that even though those entan-
gled states can be prepared on certain quantum simulation
platforms, the system size and lifetime are still very limited
[35-37].

In this paper, we fill this gap by systematically studying
the quenched real-time evolution of quantum spin systems
and computing the nonequilibrium DSF (nDSF) for prod-
uct initial states. We consider the spin-1/2 transverse field
Ising (TFI) chain which is readily accessible in contemporary
quantum simulators and find the product state serves as an
excellent probing state in dynamical quantum simulations. In
particular, we find the dynamical features of the deconfined
spinons can be recognized in nDSF, which contain the two-
spinon creation/annihilation and spinon-antispinon continua,

reflecting rich processes even beyond those reflected in their
equilibrium counterpart. Prominent features in nDSF can also
be employed to accurately pin down the quantum critical point
(QCP), even when the ground state is absent. Furthermore, the
spinons can be confined by applying longitudinal fields, and
they form two-spinon bound states at low energy while remain
asymptotically free at higher energies.

II. MODEL AND METHODS

Below we consider the TFI chain, a fundamental lattice
model exhibiting fractional spinon excitations and quantum
criticality driven by the transverse fields. The Hamiltonian of
the TFI model reads

Hrp = —cosy Zafof;, —siny Zcri", (1
i i

where 0%’s are Pauli matrices and the parameter y controls the
ratio between the spin-spin couplings and transverse fields,
and a QCP resides at exactly y. = w /4 [cf. Fig. 2(a)] that
separates the ferromagnetic (FM) phase (0 < y < 7 /4) and
quantum paramagnetic (QP) phase (w/4 < y < m/2). The
TFI model can be realized via Rydberg atoms [36,38,39] and
therefore our many-body studies here also provide a useful
guide for observing the intriguing dynamical signatures of
fractional spinon excitations in quantum simulations.

In the present paper, we use the tensor network (TN)
based real-time evolution approach [40-43] to compute the
time-dependent spin correlations (see Appendix Sec. A 1) and
also the nDSFs. The key quantity computed with the time-
dependent TN method here—and proposed to be measured in
quantum simulations—reads

$P(i, j.t. 1) = (of (t)o (1)

— <q)|eth1 (Tiae_iH(tl_IZ)O'j/-se_ile |q)) ,

@)

where |®) is an initial state hereafter chosen as a direct
product state. Below we start from such an easy-to-prepare
state |®) and compute the real-time evolution after quantum
quenches, restricted to the case with , = 0 that is also quite
natural to measure in quantum simulations.

To be specific, as the time-dependent spin-spin correlation
SeB(i, J, t1, 1, = 0) is a function of (= t;), we can then com-
pute the nDSF

B 1 ik(i—j) =
o _ —ik(i—j
SP(k, w) = 2 E e f

. —00
L]

'SP, j,ydr  (3)

to characterize the quenched spin dynamics on the initial state
|®) that is, in general, not the ground state or even eigenstates.
We find below the nDSF in Eq. (3) can be used to extract
fingerprint information of the spin excitations and are thus the
major quantities of interest in the present paper.

In the practical calculations, we use the time-evolving
block decimation approach [40-42] equipped with the fold-
ing trick [44] to evolve the MPO representations of the o¢
operators from both sides (i.e., in the Heisenberg picture,
see details in Appendix Sec. A 1). The bond inversion sym-
metry and time-reversal symmetry are employed to reduce
computational costs and accelerate the simulations. The bond
dimension used in the calculations is D = 800, which results
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FIG. 2. (a) 1D phase diagram of the TFI chain, where a QCP exists at y, = 7 /4 separating the FM and QP phases. The nDSF Sg,, (k, )
results on the direct-product state |®)gy, along the o* direction are measured (b) in the FM phase (y = 7 /8), (c) at QCP (y = n/4), and
(d) in the QP phase (y = 37 /8). The boundaries of two-spinon continua, determined from the exact spinon dispersion in the thermodynamic
limit (see Appendix Sec. A 2), are labeled by white dashed lines, and those of spinon-antispinon continua as black dotted lines. The boundaries
agree with our finite size calculations, up to the frequency resolution of the spectral data. (e) is the longitudinal nDSF S§  (k, @) measured on
the polarized state |®)pyx along the o* direction, with the parameter y = 37 /8 in the Hamiltonian. The analytical dispersion of magnon is
labeled by white dashed line, also in excellent agreement with the numerical results.

in a relative truncation error < 107> at the maximal evolution
time fy = 12, which is still a relatively short time for accu-
rate extraction of the spectral information. To improve the
frequency resolution in computed nDSF, the linear prediction
technique [43,45] has been exploited to extrapolate the time-
dependent correlation functions from fy = 12 to t = 18.
As ty is still rather limited, we employ the Parzen window
function in the time-directional Fourier’s transformation and
relieve the artificial oscillations, which results in a frequency
resolution with a standard error o, = \/§ /9.

III. RESULTS

A. Multispinon continua in nDSF

In Fig. 2, we show our results of the nDSF S(k, w) com-
puted on different direct product states, which clearly show
excitation continua that can be used to detect the fractional
spinon excitations. To be specific, we consider below the
nDSF Sy, (k, @) of o operators measured in the FM state
|®)pmz = |11 ... 1), along the o° direction, and S7 (k, ®)
on the product state |®)pyx = |—— ... =), along the o*
direction, respectively. Intriguingly, from the nDSF results
in Figs. 2(b)-2(d), we find excitation continua of the bow-
tie and shell-like shapes, which represent the two-spinon
creation/annihilation and spinon-antispinon processes (cf.
Fig. 1), respectively.

For example, in Fig. 2(b) we see a clear bow-tie excita-
tion regime centered at a finite frequency, which represents
the two-spinon continuum described by wpy (k) = €(ky) +
€(ky), with k = ky + ko and € (k) = 24/1 — sin(2y ) cos k (see
derivation of the spinon dispersion in Appendix Sec. A2
and more discussions on the bow-tie excitations in Ap-
pendix Sec. A3). Such a two-spinon creation process is
illustrated in Fig. 1(c) with the corresponding bow-tie con-
tinuum illustrated in Fig. 1(a). Moreover, in Fig. 2(b) we

depict such upper and lower boundaries of wyy (k) and
find they bound very well the spinon continuum computed
from the product state |®P)py,, confirming that these ex-
citation continua in nDSF indeed represent the two-spinon
excitations.

The spin flip process cannot only create a pair of
spinons—the bow-tie excitations—but also introduce a
spinon-antispinon process [cf. Fig. 1(d)], as the initial state
is not the ground state and can inherently contain spinon
excitations already. It thus allows a spinon-antispinon process
by a spin flip, and generates a shell-like excitation continua
wsh (k) = €(ky) — €(ky), with the same single-spinon disper-
sion €(k) used in deriving the bow-tie excitations. In Fig. 2,
we observe that the shell-like shape is rather faint in the
FM phase in panel (b), as |®)gy is rather close to the true
ground state and there is no much spectral weight for such
spinon-antispinon process. However, the shell-like excitations
become very prominent in the QP phase with y > y, [cf.
Fig. 2(d)], where the product state |®)gy, is now far from
the ground state and thus the spin-flip process can annihilate
a spinon and create another [cf. Fig 1(d)]. At the same time,
in Fig. 2(d) the two-spinon creation bow-tie excitation con-
tinuum becomes virtually invisible. Interestingly, such a role
swap of different multispinon processes in the prominent ex-
citation continua features between Figs. 2(b) and 2(d) reflects
the existence of a quantum phase transition controlled by the
parameter y.

Moreover, right at the QCP there emerge features in
the system in sharp distinction from both gapped FM and
QP phases. At y. = m /4, the spinon dispersion is e(k) =
22| sin(§)|, which thus leads to 2+/2| sin(§)| < wk)=
e(ky) + €(ky) < 4v/2] sin(§)| for m < k < 27, and symmet-
rically for 0 < k < m around k = 7. Besides, we have also
plotted the upper and lower boundaries for the spin-antispinon
shell regime, i.e., +2+/2| sin(%)l. Note that the upper bound-
ary of spin-antispinon excitation coincides with the lower
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boundary of the two-spinon creation continuum (see Fig. 1
and also Appendix Sec. A 3).

In Fig. 1, we have also illustrated the negative two-spinon
continua corresponding to the annihilation process. Such bow-
tie excitations with negative energies are not clearly seen in
Fig. 2 as the trial state |®) is not far enough from the ground
state. In Appendix Sec. A 3¢, we have provided an example
where |®) constitutes a very high energy state and such a
negative bow tie can be clearly observed there.

B. Lehmann’s spectral representation of the nDSF

The results in Fig. 2 show that the nDSF measured on |®)
can reflect the multispinon continua quantitatively, and be-
sides provide unique access to the spinon-antispinon process
that was not accessible in the conventional equilibrium DSF
measured on the ground state. To understand that, we employ
the Lehmann’s representation of the nDSF and show that
the continua there indeed can be associated with the spinon
excitations. By inserting the energy eigenstates |m) and |n) in
S“F(k, w) Eq. (3), we find

S“P(k, w) =27 Y (Wm) (m|og |n) (nlo? | W) §(e — ),

m,n

1 —ikj o Wi : : ®
7 3 ;e "o With this representation Eq. (4),
we can now understand the peak position w = w,,, in the
nDSF—vpole in the Green’s function—indeed represents the
intrinsic excitation of the system, as w,,, = E, — E,, is the
energy difference between the eigenstates |m) and |n) of
the system. Therefore, different from the ground-state equi-
librium DSF where the excitation energy w are positive
semidefinite, here w,,, can be both positive and negative, con-
taining both spinon creation and annihilation processes that
lead to the bow-tie and shell continua in Figs. 1 and 2.

With this spectral representation Eq. (4), the excitation
continua and distinct dispersions in the nDSF can be under-
stood in a generic sense. For instance, in Fig. 2(e) we show
the nDSF S§« (k, @), where the initial state |®)gyy is very
close to the nearly polarized state induced by the large trans-
verse field and the nDSF clearly reflects the single-particle

dispersion € (k) = 24/1 — sin(2y ) cos k.

where 0 =

C. Detecting the QCP via the nDSF

As mentioned above, the nDSF results show distinct fea-
tures in the FM and QP phases in Fig. 2, naturally it suggests
that the nDSF can be used to accurately locate the QCP.

In Fig. 3(a), we show the nDSF Sy, (k = 0, @) which
reflects the prominent two-spinon continua in the FM phase
[cf. Fig. 2(a), cut at k = 0], which changes to the spinon-
antispinon feature [Fig. 2(d), also cut at k = 0] in the QP
phase with y > y.. To be specific, the behaviors of Sz, (k =
0, ) change abruptly as y exceeds the critical value of y, =
7 /4. The excitation continua get significantly weaker and fide
out in the QP phase, and instead there arise a strong intensity
at w = 0 which can be ascribed to the shell excitation cut at
k = 0 [cf. Fig. 2(d)]. Such a transition of excitation behaviors
is also reflected in S7(k = 7, ®) in Fig. 3(b), where the
single-particle excitation distinct in the QP phase smears out

H .
1 single-particle

spinon-
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FIG. 3. The nDSF results computed on different direct prod-
uct states |®), scanned versus various y values. (a), (c) k-cut of
Sivz(k, w) and S§5,,(k, w) computed on |P)gy,, state; (b), (d) The
two nDSF results measured on the |®P)pyx state.

and eventually softens to an excitation energy of @ = 0 in the
y = 0 Ising limit.

In Fig. 3(c), we further show S5, (k = 0, @) that hosts a
clear static peak in the y = 0 limit. Such a peak gradually
smears out and becomes branched for y > y,, and the split-
ting that represents the excitation energy w = w,,, equals the
eigenvalue differences +2 in the y = 7 /2 limit. Similarly, in
Fig. 3(d) the static peak in Sgyx(k =0, w) at w =0 in the
y > v, side splits into three branches in the FM phase with
y < ¥, forming a triadlike shape. According to the results in
Fig. 3, we find that, although the quantum simulator is not
initially set at the ground state of the system, the dynamical
information in the nDSF nevertheless can be used to detect
the QCP with a clear resolution.

D. Bound states and asymptotically free spinons

When external longitudinal fields are applied additionally,
the spinons get confined and form spinon bound states [5].
Recall that a spinon corresponds a domain wall in the FM
phase of TFI model, and therefore between two spinons there
exists a domain of an opposite spin orientation. Such a 1D
domain, stringlike object will pose string tension between two
spinons in the presence of a finite longitudinal field. As the
confining potential is linear versus the string length n [size
of the domain, see Fig. 1(e)], i.e., V(n) ~ 2h® n, it introduces
a linear attractive interaction between a pair of spinons. The
spinon continua at h* = 0 thus split to several leaves with
clear line shapes, which correspond to the spinon bound states
with different length n and can be distinguished clearly in the
nDSF S§, (k, ) in Figs. 4(a)-4(c). A perturbative calcula-
tion reveals that each of them corresponds to a bound state
with distance n (here up to n = 3) between two constituent

013193-4



DETECTING CONFINED AND DECONFINED SPINONS IN ...

PHYSICAL REVIEW RESEARCH 4, 013193 (2022)

(b)h*=0.2

0 05 1.5 22 4 6

1

k/m w

FIG. 4. (a)-(c) nDSF S, (k, w) of the TFI chian in the FM
phase (y = 7 /8) under longitudinal fields A* = 0.1, 0.2, 0.4, where
the spinon bound states and the asymptotically free spinons at higher
energies, especially when /° is small, can be clearly identified. The
dispersions of the spinon bound states agree very well with the
perturbative calculations (see Appendix Sec. A 4), as labeled by the
black dashed lines. (d) gives the k-cut of (a)—(c) at the I" point of
k = 0, the two-spinon continuum of the same y while under a zero
longitudinal field is also shown as a benchmark. The blue shadow
regime in (d) represents the spinon continuum, while the pink regime
at h* = 0.1 reflects asymptotically free spinons alongside with the
low-energy peaks of spinon bound states. The lines under finite A°
fields in panel (d) are each shifted by a constant of Aw =5 for the
sake of clarity.

spinons (see Appendix Sec. A 4). Moreover, when the excita-
tion energy becomes high enough, the spinons become very
dense and close to each other in real space, thus the effective
attraction V (n) gradually becomes irrelevant. Such asymptot-
ically free spinons are evident in the small field #* = 0.1 case,
where the excitation continuum is still present in the higher
energy regime, as clearly depicted in Fig. 4(d).

E. Realization of dynamical quantum simulation with Rydberg
atoms

The proposed phenomena can be observed on contempo-
rary quantum simulation platforms; for instance, the Rydberg
lattice gases based on arrays of optical tweezers [36,39,46],
where each qubit is defined on the atomic ground state |0)
and one selected Rydberg state |1). The lattice constant can be
adjusted properly such that the intra-atom coupling mediated
by the van der Waals interactions between Rydberg atoms
together with the Rabi coupling and frequency detuning can
be well approximated as a quantum Ising model with inde-
pendently tunable transverse fields and longitudinal fields:

H=VY ofoi, +QY o'+ > Ao}, 5)

The many-body system is initialized as |¥y) = ) |0);. Then
i=1

the essential step for the experimental implementation being
the measurement of Eq. (2) can be achieved by applying
a sequence of gates/operations to the qubits followed by a
projective measurement of all qubits in the {|0), |1)} basis.

The sequence of gates/operations are composed of
U,e‘iH’Z,af,e‘iH(""Z),ai“,eiH", and U', where the local
unitary operation U rotates the initial state |W) to a given
product state |®) in Eq. (2). Thus, after applying them se-
quentially to the system, one obtains a state

(W) = UTe"ofe ol M0y o). (6)

One can immediately realize that the overlap between |W)
and W) [47] exactly yields the unequal-time correlation in
Eq. (2). To implement the operation ¢'"1, although it is dif-
ficult to directly reverse the sign of the system Hamiltonian
due to the sign of the interaction, one can effectively re-
alize the whole unitary operation by sandwiching a revised
Hamiltonian H’ with o* operations on the odd sites, i.e.,

(@ o)H'( Q o), where H’ is related to H; as
icodd icodd

H = VZO[ZU;_I — QZO’I-X — Z Aot + Z Ao}
i i

iceven icodd
@)

One can show by Taylor expansion that

Ht — <®le> efiH’t <®0lx> 8)

icodd icodd

where the right-hand side (RHS) is experimentally imple-
mentable.

IV. DISCUSSION AND OUTLOOK

Overall, in this paper we explored the nonequilibrium DSF
measured on the available states in contemporary quantum
simulators. We find, based on the calculations on a prototyp-
ical quantum Ising model system, the spin fractionalization
can be observed by measuring the nDSF on the direct product
states and alike. We show, with solid numerical evidence,
that nDSF can be employed to detect the deconfined spinons
and their rich creation/annihilation processes not accessible
in solid-state experiments, as well as bounded and asymptot-
ically free spinons under finite longitudinal fields. Moreover,
the QCP can be identified with the nDSF, even without prepar-
ing the delicate ground state.

With this, we advocate that these nDSF results have rich
connections with the quantum simulation experiments. In
distinction to previous proposals of dynamical quantum sim-
ulations [48], here we do not require the simulation to start
from the ground state or thermal Gibbs state of the Hamilto-
nian but from direct product states that are readily accessible
in quantum simulators. Given that the deconfined spinons
have already been observed in real space through cold-atom
quantum simulations [49], we thus expect that such feasible
dynamical quantum simulations can offer valuable insights
into the quantum many-body systems from a different per-
spective.
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FIG. 5. Two schemes to contract the tensor network and compute the time-dependent correlation function (W|e’Ae="H'B|W).
(a) follows the Heisenberg picture and (b) the Schrodinger picture. In both cases, we use TEBD technique to evolve and truncate

the MPO.
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APPENDIX: DETECTING CONFINED AND DECONFINED
SPINONS IN DYNAMICAL QUANTUM SIMULATIONS

1. Tensor network approach for the dynamical calculations

Here we provide details of our TN algorithm for the calcu-
lations of the time-dependent correlation functions,

§¥ G, j,t, = 0) = (WleTMofe Mo |w),  (Al)

where a = x or z denotes the two types of spin correlation
functions involved in this paper.

a. Time evolution of matrix product operators

Suppose A and B are two local operators (in practice, o}
with @ = x, z), and we would like to calculate the correlation:

(et Ae=™H! B|W).

To compute it, we can choose to work in the Heisenberg
or Schrodinger picture. In the Heisenberg picture, we first
represent A as a matrix product operator (MPO) with bond
dimension D = 1 because of the locality of the operator. Then,
we use the time-evolving block decimation (TEBD) approach
[40—42] equipped with the folding trick [44] to evolve the
MPO in real time. The time evolution operators e*'#! are de-
composed via the Trotter-Suzuki decomposition with a Trotter

step of § < 0.1 resulting in negligible Trotter error. After
obtaining the MPO form of A(¢) = e'Ae~"", we contract
the TN shown in Fig. 5(a) and compute the results of the
correlation function.

On the other hand, in the Schrodinger picture we instead
calculate the time evolution of the density operators (i.e.,
folded states). The (quenched) density operator is

pp = B|W) (¥,
and we have

(W™ Ae™' B|W) = Tr{e " ppe A}. (A2)
As shown in Fig. 5(b), to compute the correlation function
we first represent pg as an MPO with bond dimension D =
1, and then evolve it from both sides until the whole TN is
contracted.

The entanglement in either A(¢) or pg(t) grows rapidly
with time, hence we can only simulate relatively short real
time with high accuracy. In Fig. 6, we present a comparison
between various schemes, where the MPO bond dimension
is selected as D = 400. From the numerical results, we find,
at least for TFI chains, the Heisenberg picture works bet-
ter, as the accumulated entanglement is significantly smaller
and thus allows for a longer time evolution. Moreover, when
working in the Schrodinger picture, one needs to compute
pp(t) multiple times for different initial states |®), which is
highly time consuming as compared to the Heisenberg picture
calculations with A(t). Lastly, for operator o*, the MPO form
of o7 (¢) in the TFI chain has a rather compact representation
with bond dimension D = 4. As such, we choose the Heisen-
berg picture exclusively.
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FIG. 6. (a) shows the entanglement entropy Sgy, versus real time ¢ of the TFI chain at QCP with L = 32, measured at the ith bond. Operator
og is chosen in Heisenberg picture, and quenched ground state and FM state along the o direction are chosen in Schrodinger picture. The
entanglement spectra of the 12th bond and the spatial distribution of entanglement entropy at# = 2, 5 are shown in (b) and (c), respectively.

For the calculations in the main text, we eventually choose
D = 800 and perform the simulations to a time period of #j; =
12, with truncation error < 1072,

b. Bond inversion and time-reversal symmetries

Note that both the TFI Hamiltonian in Eq. (1) of the main
text, even with longitudinal external fields, as well as the
density operators p we consider in the present paper have a
Z% symmetry, with the two second-ordered generators, i.e.,
bond-inversion 8 and the generalized time reversal O = R, 7,
where R, is the m rotation along the o direction and 7~
represents the time reversal. Assuming an even length L, we
have the following two equations that can be exploited to
accelerate our time-dependent calculations:

S*(L—i+1,L—j+1,1)=S8(q,j1)

_ (A3)
S*¥ (i, j, —t) = S*@(i, j, t).

With these relations, we can save the computational costs in
the sense that only about one quarter of correlation functions
are needed to be computed, which greatly facilitates the cal-
culations.

The first equation follows the bond inversion symmetry,
and we provide a brief proof of the second equation. First,
SY @, j,—t) = Tr{pe’iH’oio‘eiH’G;‘} A
= Tr{OpethOai"‘ Oe_iH’Oaj‘?‘Oz},

where 0p0O = p and Qe 0 = eTH" are used. Considering
00*0 = 0%, 0670 = —0”?, 00*0 = 0%, no matter ¢ = x, y
or z, we always have

RHS. =Tr{0pe o e a0}

Note that O is antilinear so Tr{O - - - O} = Tr{- - - }, finally,

(AS5)

§%(i, j, —t) = Tr{petae=tia®} = §2o(i, j,1). (A6)

It is worth pointing out, although the Neél state along the
o* direction is not invariant under either 8 or R,7, it is
invariant under R, 8B and R,7". Thanks to such symmetry, we
can also accelerate the calculations in such case.

¢. Window functions in Fourier’s transformation

Now we consider Fourier’s transformation (FT) from time
space to frequency space, i.e.,

FLfONw) = / dre f(1),

—0Q

(A7)
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which can be computed with the numerical integral. In the TN
calculations, we only have access to a finite time ¢ window,
ie., t € [—ty, ty]. Hence, we adopt the Parzen function, a
Gauss-like window function but with compact support,

X |2 x|3 a
16> +6|| < &
a a 2
N 3
Wixa) = 2(1—‘)—6)), g<|x|<a (A8)
a
0, x| > a,

and multiply it to the time-dependent correlation functions to
suppress the nonphysical oscillating due to time truncation
[50]. Hence, we actually calculate

/ " A FOW (1)

A (A9)
1 (o]
ZE /; dw/T[f(t)](w/)T[W(l‘,IM)](CU _ w/)

1
=T O)@) = FIW @ 00)(@),

where the convolution kernel is

96 sin* (tyyw/4)

1
T Wl = =

, (A10)

whose standard error in frequency space is 2+/3 /1y, charac-
terizing the frequency resolution.

d. Linear prediction techniques in the dynamical calculations

Linear prediction is a commonly used method to improve
the energy resolution in dynamical properties [43,45]. Its key
point is to use the linear combination of the data we have to
predict the regime we do not have access to. Considering a
series {x;}, k-order linear prediction gives

k
jen = E aiXp—i,
i=1

where the coefficients a; are determined by fitting the known
data. There are many different fitting algorithms to calcu-
late the coefficients, e.g., Burg’s method [51] adopted in
the present paper. With this, we can predict the correlation
function with 7 > 3y, which can significantly improve the
frequency resolution.

We call a series line spectral if the FT of it is a summation
of a few Dirac § functions and the general theory of linear
prediction guarantees that when the results are closer to a
line spectral series, the linear prediction will work better and
provide more accurate results [52]. Due to this consideration,
we apply linear prediction to the time-dependent correlation
functions in momentum space:

(Al1)

1 o
Sk, 1) = - Ze”k('”)S“ﬂ(l’, j.0). (A12)

ij

1
Re{S7 - (16,16,0}(Q) Re{s7 (k=7 0}(b) Re{S,,(16,16,0}(C) Re{Siy (k= 0} (d)
—exact 1 1 1
0.5} | - - linear prediction ] | .
1 1 1
1 1 1 1
—~ 1 / ! !
S;/ 0 | z 1
1 1 1 Z |
1 1 1 1
-0.5 | I | I
1 1 1 1
1 1 1 1
_1 1 L 1 1
0 4 8 12 0 4 8 12 0 4 8 12 0 4 8 12
t t t t
5
—te0,12] (e) () (@ (h)
41 - -1t€[0,8]lpto [0, 12]
t€[0.8] /\
& {
~ | A~ -
0 ~ S ~_ ~ —\ S~
-1

o
o

8 4

o

0
w

FIG. 7. (a)—(d) Benchmarks of the linear prediction from ¢ € [0, 8] to ¢ € [0, 12] versus the numerically exact results. We show the time-
dependent correlation in the QP phase (y = 37/8), measured (a) on the FMX state and (c) on the FMZ state. (b), (d) Counterparts of (a),
(c) after a spatial FT, and the lower panels (e)—(h) show the FT in frequency space of the time-dependent correlation functions in (a)—(d).
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Figure 7(f) shows the benchmark results on the nDSF
Stux(k = 7, w), which reflects the magnon excitation in the
QP phase and is standardly line spectral up to finite size ef-
fects. As a result, the linear prediction from #); = 8toty, = 12
works excellently, as shown in Fig. 7(b). However, compared
to that in momentum space, the linear prediction of real-space
correlations like S**(i, j, t) results in a visible error as seen
in Fig. 7(a). Therefore, it suggests we work in momentum
space. For the spectrum with spinon continua, e.g., the corre-
lation S§\,,(k = m, w)k-cut at k = 7 in Fig. 2(d) of the main
text, the linear prediction does not work well in both real
and momentum spaces, cf. Figs. 7(c) and 7(d). Nevertheless,
the obtained spectral functions still coincide with the exact
results, as shown in Figs. 7(g) and 7(h), which may be due to
the fact that window function makes the finite value of t — ),
less important. By these trial calculations, we think that our
spectra calculated after linear prediction in the main text are
reliable.

2. Free fermion representation of TFI chain

Hamiltonian Eq. (1) can be transformed to free fermion
representation via Jordan-Wigner transformation. Here our

J

convention is
of =2clci— 1
o = Ki(c; +¢))

of = iKi(c; — ),

(A13)

where

i—1 i—1
K = Ho; - H(zcjcj -1 (A14)
j=1 j=1

represents the Jordan-Wigner string. Using {0 +ic7, 07} =
0, one can check the fermion relationship:
fei cf} = 8, {cincj} = {c]. cly = 0. (A15)

Then, the free fermion Hamiltonian of the TFI chain is

H = —cosy Y (el + )l — cun)

1
—siny Z (cjci — cic;).
i

Here we assume the periodic boundary condition for the free
fermion Hamiltonian, which does not alter the physics in the
thermodynamic limit L — oco. Then, we can apply a spatial
FT

(A16)

1 . 2 2
szﬁ;e—umcmk=_n’_n+f”,...,o,...,n_% (A17)
to get the BAG Hamiltonian:
2cosy cosk — 2sin —2icosy sink Ji ~
— T 14 14 v k|l — i
H= Z[fk f_k]|: 2icos y sink —2cos y cosk + 2sin y] |:ka] - ZwkH(k)wk' (Al8)

k=0

k=0

Diagonalize I-7(k) =V (k)D(k)V T (k), where D(k) = diag[e;, —e;], we get

. 1
H=>Y eaim—nun,)= Z@(nink - §>, (A19)

>0 %
with [nz Nl = \I/Z V (k). The dispersion reads

€(k) =2,/1 —sin(2y)cosk, (A20)

and in the limit of Ising coupling (y — 0) or transverse field
(y — m/2), it becomes

e(k) ~ 2 —sin(2y ) cosk. (A21)

3. The bow-tie and shell-like excitations in the nDSF
a. Excitation continua in the gapped phases

Here we give a simple derivation of the bow-tie and shell-
like excitations in nDSF. The bow-tie excitations correspond
to two-spinon creation and the shell-like excitations corre-
spond to the spinon-antispinon process, as shown in Fig. 1 of
the main text. Note that in Fig. 2 of the main text, we used
the exact dispersion Eq. (A20) to calculate the boundaries

(

numerically away from the QCP, but below we will use the ap-
proximative dispersion Eq. (A21) so we can obtain analytical
results of the boundary. The two-spinon continuum is deter-
mined by k = k| + k» and w(k) = €(k;) + €(kp). Substitute
the dispersion € (k) in Eq. (A21) into w(k) and we have

w(k) =4 —sin(2y ) cosk; —sin(2y ) cos ky
. k ki — ko
=4 — 2sin(2y)cos 3 cos 5 . (A22)

Then we get the boundary

4 +2sin(2y)

o(t)

where we set |cos(%)| = 1. For the two-spinon anni-
hilation, note that the dispersion of antispinon is —e(k),

two-antispinon boundary is just
()
cos| = )|
2

—4 £ 25in(2y)
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Similarly, the spinon-antispinon continuum reads
w(k) = €(ki) — €(kz)
= —sin(2y ) cos k; + sin(2y) cos k,

2 sin(2y) si K\ . (ki—k
= Sin S| — | Sin R
Y 2 2

which gives the symmetric upper and lower boundary:

()

The above bow-tie and shell-like excitations are shown in
Fig. 1(a) of the main text.

It is worth mentioning that when we use the exact disper-
sion, instead of the cos-type one in the Ising or large-field
limits, the upper and lower boundaries of the bow-tie exci-
tations are no longer symmetric, and there will be a finite
linewidth at k = 7, as shown in Figs. 2(b) and 2(d) of the
main text, instead of purely a node in Fig. 1(a).

(A23)

+2sin(2y)

b. Excitation continua at the QCP

Exactly at QCP, the spinon dispersion reads

(5)
sin| = )|,
2

and the two-spinon continuum can be written as

e(k) =22 (A24)

wk) = (k) + €(k) = e(g + 3) +e<’§ _ 5). (A25)

First, we consider the case of 0 < k < m, then

wha(t)on()
(o)
<

k
— 44/2sin (Z) cos

, 0<8 <k/2
w(k) = , k/2<8 <2x —k/2

)
§>’ 27 —k/2 <6 < 2m.
(A26)

ki

Considering all these cases, w(k) reaches its lower bound
24/2sin(k/2) at 8§ = k/2 and its upper bound 4+/2 cos(k/4)
at § = m. Similarly, in the case of m < k < 2w, w(k) reaches
its lower bound 2+/2 sin(k/2) at § = k/2 and its upper bound
42 sin(k/4) at § = 0. Also consider the case of 0 < k < 7,
the spinon-antispinon continuum can be written as

(k) = e(k)) — e(ky) = e<§ + 5) _ e(g _ a). (A27)

Note that it is an odd function of §, so the boundary of spinon-
antispinon continuum is much easier to calculate. Because of
the sine-type dispersion Eq. (A24), dw/d§ > 0 holds for all
|8] < k/2 and 0w/38 < 0 holds forall k/2 < |§| < m. Hence,
w(k) must reach its bound at § = £k /2 or . However, the
latter must result in w(k) = 0 because it is both odd and 27
periodic. Finally, we get its boundary £2+/2|sin(k/2)|. The
bow-tie and shell excitations at QCP are illustrated in Fig. 1(b)
of the main text.

¢. Two-spinon annihilation continua

We have shown the two-spinon and spinon-antispinon con-
tinua in the nDSF measured on direct product states in the
main text. The two-spinon annihilation process can also be
seen if we choose states with high energy, i.e., far from the
ground state. Figure 8 shows the nDSF $*(k, w) at y =7 /8
measured on different product states, equilibrium DSF mea-
sured on the ground state is also shown in Fig. 8(a) as a
comparison.

4. Dispersion of spinon bound states of TFI chain
with longitudinal fields

The Hamiltonian of the TFI chain under a longitudinal field
reads

H = —cosy Zofoiil —siny Z o} —I* Z 0%, (A28)

where A° is the strength of the longitudinal field. We consider
the FM phase and take the transverse fields as perturbation in

SI\\I\ (k,w)

Z

FIG. 8. The nDSF S (k, w) of the TFI model at y = 7 /8. (a) DSF measured on the ground state, where only the two-spinon continuum
can be identified, except for the static peak at the I' point due to the finite transverse field. (b) nDSF measured on |®gyz), where we see both
the two-spinon continuum and the weaker spinon-antispinon continuum. (¢) nDSF measured on the Neél state along the o* direction, which is
a product state far from the ground state. In this case, the two-antispinon continuum can be clearly recognized.
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the y — 0 limit. Denote

sy =14 i i 1) (A29)
———

n

as the state with two spinons, where i is the starting site and
n is the length of the domain. We also assume 4* < 1 such
that the Ising couplings dominate the Hamiltonian, hence the
states with more spinons can be neglected because of the large
gap A 2 2cos y. All such states {|i;n)} span a subspace, and
we perform the first ordered degenerate perturbation calcula-
tions in this subspace. After shifting the zero point of energy
so(t---1|H| 1 --- 1) =0 for convenience:

Hegeli;n) = (4dcosy + 2nh®)|i;n) —siny (|i;n + 1)

+lizn—=1+]i—Lin+1)+]i+1;n—1)).
(A30)

A given bound state is the state with two spinons carrying the
same quasimomentum, hence »n is unchanging. So we apply

FT for each fixed n:

1 —ikjy s
"“’”Ezze I\ jsn). (A31)
J

Then, in the Fourier basis, the effective Hamiltonian is par-
tially decoupled:

Heelk;n) = (4cosy + 2nh*)|k;n) —siny (lk;n+ 1)
+lkn—1) +e ®kin+ 1) + e*k;n — 1)).
(A32)
Now we fix k and get the effective Hamiltonian,
(k; m|Hegelk; n) = (4 cosy + 2nh*)8,, — siny (1 + e’”‘)
X Snit — siny (1+€*)8, -1, (A33)

where the position m, n > 1. We introduce a cutoff m, n < N,
which is quite natural as the spinon confinement induced
by A° fields. In this basis, He forms a tridiagonial N x N
Hermitian matrix, which can be diagonalized, and there are
N eigenvalues. Apply this procedure for each k and we get the
dispersion of the N spinon bound states.
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