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Impurity with a resonance in the vicinity of the Fermi energy
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We study an impurity with a resonance level whose position coincides with the Fermi energy of the surround-
ing Fermi gas. An impurity causes a rapid variation of the scattering phase shift for fermions at the Fermi surface,
introducing a new characteristic length scale into the problem. We investigate manifestations of this length scale
in the self-energy of the impurity and in the density of the bath. Our calculations reveal a model-independent
deformation of the density of the Fermi gas, which is determined by the width of the resonance. To provide
a broader picture, we investigate time evolution of the density in quench dynamics, and study the behavior of
the system at finite temperatures. Finally, we briefly discuss implications of our findings for the Fermi-polaron
problem.

DOI: 10.1103/PhysRevResearch.4.013160

I. INTRODUCTION

Systems with defects and impurities are ubiquitous in mod-
ern condensed matter physics [1–3]. Already simple impurity
models such as a potential interacting with a continuum of
states have led to a number of important discoveries, such as
Friedel oscillations [4]. These simple models usually have a
single length scale, e.g., the range of the potential, and are not
able to describe an impurity whose structure introduces other
relevant length scales. For example, they fail to provide insight
into the physics of the Kondo model [5] (and the Anderson
model [6]), which enjoys an emergent length scale defined by
the Kondo temperature. Such additional length scales are of-
ten crucial for understanding the physics of realistic systems.

A basic impurity model with a nontrivial length scale is
the Friedel impurity with the resonance at the Fermi level.
In spite of its simplicity, numerical analysis shows that real-
space properties of that model have some similarities to those
of the Kondo model [7,8] whose understanding represents a
milestone in condensed matter physics [9,10]. Motivated by
these numerical findings, we discuss here an analytically
tractable model of an impurity that also features a resonance
at the Fermi level. We discuss how the resonance affects
properties of the Fermi gas, in particular the self-energy of
the impurity, and the density profile of the Fermi gas. Our
results provide an illustration of how an impurity can intro-
duce a length scale, which governs the physics at intermediate
distances.

We formulate the problem in such a way that it can be
engineered in cold-atom setups. In particular, we assume a
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continuous homogeneous Fermi gas with the impurity that can
either be an external potential or a tightly trapped atom. In the
latter case, the resonance can be a Feshbach resonance [11]
whose width is much smaller than the Fermi energy. For
instance, the typical Fermi temperature in experiments with
ultracold 6Li atoms is about 1 μK (see, e.g., Ref. [12], and ref-
erences therein), which means that narrow resonances whose
width is about 0.2 G [13,14] satisfy the condition.

The paper is organized as follows. In Sec. II, we introduce
a simple model of an impurity with a Breit-Wigner reso-
nance [15] (see also Ref. [16]), which allows us to formulate
the problem that can be solved analytically. In Sec. III, we
calculate the energy of the system using Fumi’s theorem [17],
and discuss the energy scale associated with immersion of the
impurity. In Sec. IV, we study the density of the fermionic
bath, and show that it is strongly affected by the resonance.
In particular, we observe that the density oscillations are in-
fluenced by an emergent length scale, which is controlled by
properties of the resonance. To link our studies to current
cold-atom experiments, we study time evolution of the density
in a numerical quench experiment in Sec. V, and compute
finite-temperature properties of the system in Sec. VI. In
Sec. VII, we briefly explain implications of our findings for
the Fermi-polaron problem by employing a mean-field-like
approximation (see also the Appendix). In Sec. VIII, we sum-
marize our findings and give an outlook.

II. MODEL OF AN IMPURITY WITH A RESONANCE

We consider a heavy impurity immersed in an ideal Fermi
gas. The Hamiltonian of the system in the coordinate repre-
sentation reads as

Ĥ = − h̄2

2m

N∑
i=1

�i +
N∑

i=1

U (ri ), (1)

where �i and ri denote, respectively, the Laplacian and the
coordinate of the ith fermion, m is the mass of a fermion, N
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is the number of particles in the bath, and U is the impurity-
fermion interaction potential. Without loss of generality, we
assume that the system is confined to a three-dimensional
box of size R with periodic boundary conditions, and use
the system of units in which h̄ ≡ 1 and m ≡ 1

2 . Note that
we have introduced the parameters N and R merely to define
the model. In what follows, these parameters do not play a
role: We calculate many-body properties either analytically
in the thermodynamic limit (N, R → ∞ with the fixed Fermi
energy) or numerically with (sufficiently) large values of N
and R.

The ground state of Hamiltonian (1) is the Slater determi-
nant �(r1, . . . , rN ) = (N!)−1/2 det[ψ j (ri )]i, j�N over single-
body wave functions ψ j (ri ) that satisfy the Schrödinger
equation

−�iψ j (ri ) + U (ri )ψ j (ri ) = ε jψ j (ri ), (2)

where ε j denotes the energy of the jth fermionic state. The
states are ordered such that ε1 � ε2 � · · · � εN . Note that the
subscript i does not carry any important information, so we
shall omit it whenever possible.

For later convenience, we introduce the Fermi energy of
the bath as

εF ≡ εN . (3)

The Fermi momentum kF is defined via k2
F ≡ εF . kF and εF set

length and energy scales in our problem. To illustrate our find-
ings, we shall plot dimensionless quantities that correspond to
the system of units in which kF = 1.

Further analysis of the problem depends on the definition
of the potential U , which incorporates information about the
internal structure of the impurity. We focus on the s-wave
interaction and assume that there is no interaction in the higher
partial waves: this is a standard approximation for cold-atom
systems. In other words, we assume that the impurity-fermion
interaction is radial U (r) ≡ U (r) and acts only on the wave
functions with zero angular momentum. This assumption al-
lows us to work with the s-wave radial Schrödinger equation

− d2

dr2
φ j (r) + U (r)φ j (r) = k2

j φ j (r), (4)

where φ j (r) ≡ rψs, j (r) [ψs, j (r) is ψ j (r) for s waves]. The
momentum of a fermion k j is defined via the relation k2

j ≡ ε j .
Equation (4) is a textbook one-body problem. Since we are

interested in the physics outside the range of the potential rI ,
it is natural to define U (r) through its scattering properties,
namely, the phase shift δ(k), which defines the solution φ j (r)
at r > rI [18]:

φ j (r > rI ) = γ j sin[k jr + δ(k j )], (5)

where γ j is the normalization coefficient. The function in
Eq. (5) is a linear combination of the solutions to Eq. (4) with
U (r) = 0. Without the impurity only the regular solution is
possible, i.e., δ(k) ≡ 0. The presence of the impurity induces
a nonzero phase shift that contains information about the
impurity.

Note that the introduced model cannot be used to model the
behavior of the Fermi gas inside the impurity potential, i.e., if
r < rI . However, one must take into account that the effective

FIG. 1. (Main panel) The solid black curve illustrates the de-
pendence of the scattering cross section σres(k) on the momentum
k [see Eq. (9)]. The cross section exhibits a resonance at k ≈ kR

(dotted vertical line). The width of the resonance is determined by

. For comparison, we also present σ0(k) = 4π

k2 sin2[δ0(k)] (dashed
blue curve). (Inset) The scattering phase shift as a function of the
momentum. Note that δres(k) changes rapidly in the vicinity of the re-
sonance. Far from the resonance, both the phase shift and the cross
section are determined by δ0(k). We assume strong background
interaction with kF α = −5. The parameters of the resonance are

 = 0.2 εF and kR = kF .

range of atom-atom potentials rI is typically on the nanometer
scale, whereas the length scale associated with 1/kF is of the
order of a micron. This separation of scales implies that our
model correctly captures the physics relevant for cold-atom
experiments assuming that an impurity is an atom.

We use a simple model of an impurity with a resonant
scattering phase shift. Namely, we consider δres(k) of the
following form [18]:

δres(k) = δ0(k) + atan

(
k2 − k2

R




)
+ π

2
, (6)

where 
 is the characteristic width of the resonance and kR is
the resonant momentum. Such a phase shift exhibits an abrupt
change by π in the vicinity of the critical point k ≈ kR (see
the inset of Fig. 1).

To simplify analytical calculations in the following sec-
tions, we also introduce the approximation δ∗

res(k) to the phase
shift (6) that is accurate for narrow resonances (
 → 0):

δres(k) ≈ δ∗
res(k) = δ0(k) + atan

(
k − kR

ω/2

)
+ π

2
, (7)

where ω ≡ 
/kR.
The precise form of δ0(k) is not important for our analysis,

as long as it does not change rapidly as a function of k. For
the sake of discussion, we use

δ0(k) ≡ −atan(kα), (8)

where α is the scattering length. This form of phase shift is
typical for low-energy scattering, in particular, it is the stan-
dard form for scattering of cold atoms [11]. However, even
for cold atoms, when the width of a characteristic Feshbach
resonance is much smaller than the Fermi energy, one needs
to consider more complicated forms of the phase shift, e.g.,
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the one in Eq. (6) (see Ref. [11]). The scattering length α can
be either negative or positive. In the latter case, the potential U
can support shallow bound states. We assume α < 0 to focus
only on the physics associated with the resonance. Neverthe-
less, it is straightforward to extend our approach and results to
the case with positive scattering lengths.

The scattering cross section σ (k) for the fermion-impurity
collision reads as

σres(k) = 4π

k2
sin2[δres(k)]. (9)

It exhibits a resonance with a Breit-Wigner profile [15] (see
Fig. 1). The value of the scattering length α defines whether
σres exhibits a peak (|kF α| � 1) or a dip (|kF α| � 1) [18].
To illustrate our findings graphically, we shall use a large
impurity-fermion scattering length kF α = −5. This allows us
to provide an insight into the near-to-the-unitarity regime,
which is usually challenging from the theoretical point of
view.

The main advantage of the simple interaction model pre-
sented above is that it allows us to access analytically the
many-body properties of the system. Additionally, the afore-
mentioned model can be easily extended to impurities with a
discrete internal spectrum with more than a single level. This
said, present studies might be beneficial for the prospective
research on an analog of the angulon quasiparticle [19,20] in
a fermionic environment.

III. SELF-ENERGY OF THE IMPURITY

The typical starting point for an analysis of systems with
impurities is a calculation of the energy spectrum. A quantity
of particular interest is the amount of energy that is required
to immerse the impurity in the Fermi gas. It is defined as the
difference between the ground-state energies of the Fermi gas
with and without the impurity. In the language of Dyson’s
equation, this energy is determined by the sum of the self-
energies of the fermions in the presence of the impurity. By
analogy, we shall call this quantity the self-energy of the
impurity εI . Note that εI is of direct experimental importance,
as it determines the onset of the excitation branch in radio-
frequency spectroscopy, which is one of the standard tools
for studying impurities in cold Fermi gases (for review see
Ref. [21]).

To calculate εI , we employ Fumi’s theorem [2,17], which
holds exactly in our model. The theorem states that εI in the
thermodynamic limit is a simple integral that involves only the
scattering phase shift δ(k):

εI = − 2

π

∫ kF

0
kδ(k)dk. (10)

Note that the scattering phase shift is positive (see Fig. 1),
which implies εI < 0.

For the nonresonant phase shift δ0(k), the integral in
Eq. (10) leads to a simple expression (cf. [22])

εI,0 = −εF

π

[
y + (1 + y2)

(π

2
+ atan(y)

)]
, (11)

where y ≡ 1/(kF α). For a system with a resonance, this ex-
pression defines the base line of εI .

FIG. 2. The energy εI,res as a function of the position of the
resonance kR (solid curves). For kR � kF , the energy of the system
with a resonance converges to the value in Eq. (11), which is shown
as a dashed red line. For kR � kF , the energy is decreased compared
to εI,0, due to an extra energy level available for fermions. At kR = kF

the energy can be accurately approximated by Eq. (13) whose predic-
tions are demonstrated by markers. We use kF α = −5.

In general, the integral in Eq. (10) leads to a cumber-
some expression, which we do not present here. Instead, we
calculate the self-energy numerically. In Fig. 2, we plot the
dependence of εI,res on the momentum kR for different values
of the width parameter 
. A resonance far outside the Fermi
sphere (kR � kF ) cannot affect the system, and the energy
converges to the value determined by Eq. (11).

If the resonance is inside the Fermi sphere (kR < kF ), a
fermionic state quasibound to the impurity becomes accessi-
ble. The energy of this state is lower than εF , and therefore,
after the rearrangement of fermions, εI,res becomes smaller
than εI,0. This can be most easily understood in the limit

 → 0. In this limit the resonance can be treated as a single
level with the energy k2

R. The rearrangement of the Fermi gas
means here that one fermion that was at the Fermi surface is
pushed to the resonance level. The associated energy shift, and
hence εI,res − εI,0, is given by k2

R − k2
F < 0 (see Fig. 2, solid

black curve).
All curves in Fig. 2 intersect at one point independent of

other parameters. This occurs when k2
R = k2

F /2, i.e., when
the resonance energy is exactly half of the Fermi energy. In
this case, the part of the integral in Eq. (10) that contains
atan[(k2 − k2

R)/
] vanishes, leading to εI,res(k2
R = k2

F /2) =
εI,0 − k2

F /2.
As we focus on the regime with kR ≈ kF , and 
 → 0, we

can use the approximation to the phase shift δ∗
res(k) to estimate

the self-energy:

εI,res ≈ εI,0 − εF

2
+ kF ω

2π
− εF

π
atan

(
kF − kR

ω/2

)

+ i

2π

[
χ2

− ln

(
1 + kF

χ−

)
− χ2

+ ln

(
1 − kF

χ+

)]
, (12)

where χ± ≡ iω/2 ± kR. Similar to Eq. (7), this approximation
is accurate, when ω → 0. If the resonance is directly at the
Fermi surface (kR = kF ), the energy εI,res is approximated by
(see the markers in Fig. 2)

εI,res|kR→kF ≈ εI,0 − 


π
ln

(



eεF

)
. (13)
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Note that this expression is nonanalytical in 
, which in-
dicates that one has to be careful when using perturbative
approaches to study the problem. The nonanalytical behavior
of the energy also suggests the emergence of a relevant length
scale in addition to the one given by the density of the Fermi
gas. That length scale should be proportional to 1/
 as is
evident from the argument of the logarithm in Eq. (13). For

 → 0, it should determine the physics of the system far
outside the size of the potential. In order to verify this, the
next step of our investigation is to consider the density profile
of the Fermi gas.

IV. DENSITY OF THE FERMI GAS

The density of the Fermi gas can be written as

n(r) = ρl=0(r) + ρl>0(r), (14)

where ρl=0(r) ≡ ρ(r)/r2 with ρ(r) ≡ ∑Ns
i=1 |φi(r)|2, where

Ns is the number of s-wave fermions. The ρl>0(r) describes
the density due to the higher angular momenta. It is not af-
fected by the impurity, hence, we do not discuss it from now
on. In the thermodynamic limit, the summation over single-
particle fermionic states can be replaced by the integration
over momenta so that

ρ(r) = kF

π
− 1

π

∫ kF

0
cos[2kr + 2δ(k)]dk. (15)

In the limit r → ∞, the function cos [2kr + 2δ(k)] oscillates
so rapidly that it contributes to the integration only over an
incomplete period directly at the Fermi surface. Therefore, for
any scattering phase shift δ(k), we can write

�ρ(r → ∞) → �ρuni(kF , r) ≡ − sin[2kF r + 2δ(kF )]

2r
,

(16)
where we define �ρ(r) ≡ πρ(r) − kF . This long-range
behavior of the density function is called the Friedel oscil-
lations [4]. Its universality is not only of a theoretical interest;
it also suggests observables for understanding the many-body
environment [23–25] or the defect itself [26]. In general, any
noticeable modification in the behavior of the density oscilla-
tions can be used as a probe of the system.

For impurities without any internal structure, Eq. (16) de-
scribes the density well even in the vicinity of the impurity.
However, the resonance can strongly affect the density, and
additional terms should be added to Eq. (16) for a faithful
description of the density profile. To understand this, note
that one can use δ(kF ) in the argument of Eq. (15) only if
δ(kF ) 	 δ(kF ± 1/r). With a resonance at the Fermi level, this
condition means that the Friedel oscillations do not describe
the density profile if r � kF /
.

To illustrate this argument, we compute �ρres(r) (see
Fig. 3). Figure 3(a) shows the density for different values
of kR. We see that if kR is far from kF , i.e., |k2

R − k2
F | > 
,

the Friedel oscillations describe the density well for almost
any value of r. However, if |k2

R − k2
F | < 
, then the resonance

strongly modifies the density profile [see also Fig. 3(b) where
kR = kF ]. Our conclusion here is that far from the impurity,
the density always exhibits the Friedel oscillations. However,
near the defect, the density can be nontrivially deformed. Note

FIG. 3. (a) Dependence of the density �ρres(r) on the resonance
momentum kR and the coordinate r. Near the critical point kR ≈ kF ,
the density is strongly modified (see the text for details). (b) Density
in the presence of the impurity with the resonant scattering phase
shift δres(k) (solid black curve). The resonance is at the Fermi surface
(kR = kF ). Far from the impurity, density oscillations converge to the
universal behavior (dotted blue curve). The oscillations close to the
impurity (r � kF /
) can be approximated by Eq. (17) (dashed green
curve). We use kF α = −5, rI = 0, and 
 = 0.05 εF .

that kR/
 is approximately 4 μm for a bath of 6Li atoms with
TF ∼ 1 μK and 
 = 0.1 εF . Observation of density modula-
tions on such length scales should be possible via quantum
gas microscopy [27].

The behavior of the density presented in Fig. 3 can be
connected to node counting in Friedel’s sum rule (for an intro-
duction to the rule, see, e.g., [1]). If kR � kF , the number of
full oscillations of ρ(r) within the range r ∈ [rI , R] should be
equal to the number of s-wave fermions Ns in the bath. If the
resonance lies inside the Fermi sea, the fermions “rearrange”
and the number of nodes in r ∈ [rI , R] is Ns − 1. To illustrate
this, we calculate the density �ρres(r) for different values
of kR [see Fig. 3(a)]. The profile of the density reveals the
deformation for |kF − kR| <

√

, i.e., when the fermions at

the Fermi level “rearrange”.
To provide further analytical insight into the functional

form of the density when kR ≈ kF , we use the approximate
form of the phase shift (7) with δ0(k) → δF ≡ δ0(kF ). In
what follows we also assume that δ0(kR) = δ0(kF ). Such a
simplification allows us to approximate the density as follows:

�ρres(r) ≈ �ρdef(r) − �ρuni(kF , r), (17)

where

�ρdef(r) = ωeωr[ cos(2kRr + 2δF )Im[J+(r)]

+ sin(2kRr + 2δF )Re[J−(r)]]

≈ ωeωr sin(2kRr + 2δF )Ei(−ωr) (18)
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and

J±(r) ≡ ∓E1[−2iχ+r] − E1[−2i(χ+ − kF )r]. (19)

E1(z) is the generalization of the exponential integral Ei(x) on
the complex plane [28]. Approximation (17) is accurate when
ω → 0, i.e., for narrow resonances [see Fig. 3(b)]. It reveals
that the deformation of the many-body density function is in-
duced by an effective interplay of the oscillations with periods
given by kR and kF .

We use the asymptotic expansion of the exponential inte-
gral Ei(−ωr) and derive the density for r → ∞:

�ρres(r) ≈ − sin(2kF r + 2δF )

2r
+ sin(2kRr + 2δF )

ωr2
. (20)

This expression shows that the size of the deformed region is
inversely proportional to the width parameter of the resonance

. For r � kR/
, the second term becomes irrelevant and
�ρres(r) converges to the universal Friedel oscillations (16).
Note that the expression in Eq. (20) is universal, in a sense
that it depends only on the parameters of the resonance, and
not on the short-range physics.

To summarize this section: A narrow resonance in the
vicinity of the Fermi energy introduces a length scale given
by kR/
, which leads to the density with two distinct pat-
terns. As r → ∞, the Friedel oscillations describe the density
well. However, at distances r 	 kR/
, there is an additional
oscillatory term. The behavior that we observed has some
similarities with those of the Kondo model where the extra
length scale is given by the Kondo temperature (see also a
similar observation in Ref. [8]). In particular, the charge den-
sity in the Kondo model features a crossover from the short- to
long-distance regimes, which cannot be simply approximated
by the Friedel oscillations [29] [cf. the interplay between the
terms proportional to 1/r and 1/r2 in Eq. (20)].

V. DYNAMICS UPON IMMERSION OF THE IMPURITY

So far we have studied only the ground-state properties. In
this section, we focus on the corresponding time-dependent
problem, which helps us to understand how the system
reaches equilibrium following an immersion of the impurity.
In addition, quench dynamics allows us to visualize relevant
timescales in impurity models, which can be observed in ex-
periments sensitive to real-time evolution (see, e.g., Ref. [30]).

We consider the following quench protocol: at t < 0 (t
for time) there is no fermion-impurity interaction. At t = 0,
the impurity-fermion interaction U (r) is turned on, which
corresponds to the immersion of the defect into the bath. We
analyze time evolution of the composite system at t > 0. As
before, we focus only on the behavior of the s waves.

At t = 0, the wave function of the Fermi gas is the
Slater determinant over the noninteracting functions φ

(0)
j (r) =√

2/R sin(κ jr), where the momenta κ j ≡ π j/R are deter-
mined from the boundary condition φ

(0)
j (R) = 0. In other

words, we have

�(r1, . . . , rNs ; t = 0) = 1√
Ns!

det
[
φ

(0)
j (ri)

]
i, j�Ns

. (21)

The corresponding density is

ρ(r, t = 0) = 2

R

Ns∑
i=1

sin2(κir). (22)

At t > 0, time evolution of the wave function
�(r1, . . . , rNs , t ) can be formally written as

�(r1, . . . , rNs ; t ) = exp(−iĤst )�0(r1, . . . , rNs ; t = 0), (23)

where Ĥs is the Hamiltonian of the s-wave part of the system.
In order to simplify the evaluation of Eq. (23), we expand the
single-particle wave functions φ

(0)
j that enter Eq. (21) in the

basis of one-body wave functions φ j [see Eq. (4)]:

φ
(0)
j (ri) =

∞∑
j′=1

Aj j′φ j′ (ri), (24)

where the expansion coefficients are defined as

Aj j′ =
∫ R

0
φ

(0)
j (x)φ j′ (x) dx. (25)

Then, the density at t > 0 reads as follows:

ρ(r, t )=
∫

�∗(r, r2, . . . , rNs , t )�(r, r2, . . . , rNs , t ) dr2 . . . drNs

=
Ns∑
j=1

∣∣∣∣∣
∞∑

j′=1

exp(−iε j′t )Aj j′φ j′ (r)

∣∣∣∣∣
2

. (26)

We illustrate this density in Fig. 4 for a bath with Ns = 300,
R = πNs/kF , and kR = kF . The momentum cutoff, which is
required for the numerical evaluation of Eq. (26), is set to
k∞ = 20 kF . At t > 0, the density begins to deform. The de-
formation occurs in the light cone determined by the group
velocity kF /m [see Fig. 4(a)], similar to the result of Ref. [31]
without a resonance. Such a behavior is typical also for other
models with impurities [32,33].

Our numerical simulations do not show clear signs of a
new timescale in the time dynamics of the density of the
Fermi gas. The presence of the resonance is apparent only
in the long-time limit (t → ∞), as exemplified in Figs. 4(b)
and 4(c) for t = 600/εF , which corresponds to experimentally
feasible 29 ms in a bath of 6Li atoms at TF ∼ 1 μK. In partic-
ular, the oscillations of the density for kR = kF are deformed
in comparison to the Friedel oscillations that occur when
the resonance is located far from the Fermi energy, e.g., at
kR = 0.7 kF . Note that in cold-fermion systems, characteristic
timescales of the order of hundred 1/εF allow a system to
reach equilibrium upon immersion of a heavy impurity (see,
e.g., Ref. [21]). In our study, we also observe that the results
at these timescales agree with the ground-state calculations
presented in the previous section.

VI. FINITE-TEMPERATURE PROPERTIES

Density oscillations due to the presence of the resonance
can be observed experimentally. For example, in cold-atom
systems, they could be detected either using another static
impurity as a probe [34] or a quantum gas microscope [27].
To investigate the feasibility of such a measurement, we study
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FIG. 4. (a) Time evolution of �ρres(r, t ) with kR = kF after a
sudden immersion of the impurity at t = 0. The deformation of
the density propagates with the group velocity kF /m. (b), (c) At
large times (t → ∞), the density converges to the result discussed
in Sec. IV. If kR = kF , the density oscillations are deformed (solid
curve) when compared to the universal Friedel oscillations (dotted
curve). The standard Friedel oscillations are realized if the resonance
is far from the Fermi level, here with kR = 0.7 kF . In numerical
simulations, we use kF α = −5, rI = 0, and 
 = 0.05 εF .

the system at finite temperatures. Note that typical temper-
atures in current cold-atom experiments are τ 	 0.1, where
τ ≡ kBT/εF and kB is the Boltzmann constant (see Ref. [35]
and references therein).

The system in thermodynamic equilibrium at finite temper-
atures is described by the Fermi-Dirac distribution

nFD(k, τ ) = 1

1 + exp
[

k2

k2
F τ

− μ̃(τ )
] , (27)

where the chemical potential μ̃(τ ) ≡ μ/εF is given by [36]

μ̃(τ ) = τ ln

[
−Li−1

3/2

(
− 4

3
√

π
τ−3/2

)]
. (28)

FIG. 5. The density �ρ(r, τ ) of the Fermi gas in the presence
of the impurity with the resonant phase shift δres(k) (solid black
curve) or with the phase shift δ0(k) (dotted blue curve). We consider
the resonance at the Fermi surface (kR = kF ). (a) At temperatures
much lower than 
/kB, the density is approximately given by the
ground-state wave function. (b) At higher temperatures, the density
is strongly affected by the temperature. We use kF α = −5 and 
 =
0.05 εF .

Here, Li−1
3/2(x) is the inverse of the polylogarithm function. At

low temperatures (τ � 1), one can can use an approximate
expression μ 	 1 − π2τ 2/12.

To study the effect of the temperature on the density, we
consider the function

�ρ(r, τ ) =
∫ ∞

0
cos[2kr + 2δ(k)]nFD(k, τ )dk, (29)

which contains all information about the density oscillations.
The dependence of �ρ(r, τ ) on the coordinate r is illustrated
in Fig. 5. We compare the density profiles without (dotted
curves) and with (solid curves) a resonance. In the latter
case, we assume that kR = kF . At temperatures significantly
lower than 
/kB, e.g., at τ = 
/(10 εF ), the ground-state
result is accurate [see Figs. 5(a) and 3]. In contrast, at the
temperatures comparable to the width of the resonance, e.g.,
at τ = 
/(2 εF ), the effect of the temperature is noticeable
[see Fig. 5(b)], especially for a system with a resonance. In
general, the difference between systems with and without a
resonance becomes less prominent when increasing the tem-
perature; it will disappear at temperatures τ � 
/εF . Indeed,
the density oscillations are induced by the sharp edge of the
Fermi sphere; they disappear at higher temperatures when
the energy distribution of fermions becomes more gradual.
We conclude that the resonance introduces a temperature
scale into the problem, and only if τ � 
/εF one can clearly
see the effect of the resonance. Assuming a narrow resonance

/εF 	 0.1, this condition implies that our findings are within
reach of the state-of-the-art cold-atom experiments.
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It is worth noting that one can also calculate the self-energy
of the impurity εI (τ ) at finite temperatures. To this end, one
should use the extended version of Fumi’s theorem (cf. [37])

εI (τ ) = − 2

π

∫ ∞

0
kδ(k)nFD(k, τ )dk. (30)

For the temperatures of our interest (τ � 0.1), Eq. (30) does
not produce values significantly different from Eq. (10). This
is expected: the energy is not sensitive to weak thermal per-
turbations at the surface of the Fermi sphere. Therefore, we
refrain from discussing the self-energy of the impurity at finite
temperatures further.

VII. IMPLICATIONS FOR THE FERMI POLARON

Finally, we use our findings in the context of an-
other important model in cold-atom physics, the Fermi
polaron [22,38,39], which is a quasiparticle introduced to
describe experiments with two-component Fermi gases that
have large (quasi)spin imbalance [30,40–42] (for review, see
Refs. [43,44]). First of all, it is clear that our results cannot be
easily extended to describe the residue or long-range spatial
profile (e.g., the impurity-fermion correlation function) of the
Fermi polaron. These properties are nonanalytical in the mass
of the impurity. In particular, they acquire important loga-
rithmic corrections for large masses (see, e.g., Ref. [45]). By
contrast, the self-energy is not expected to drastically change
for the impurity with a finite mass [22]. Here, we estimate
this energy using our results for a static impurity. For a dif-
ferent perspective on Fermi polarons near narrow Feshbach
resonances, see Refs. [46–48].

The Hamiltonian of a mobile impurity in a Fermi gas is
similar to Eq. (1) and reads as

Ĥpol = − h̄2

2M
�0 − h̄2

2m

N∑
i=1

�i +
N∑

i=1

U (ri − r0), (31)

where the subscript 0 refers to the impurity with mass M. As
in Sec. II, we assume periodic boundary conditions at |r| = R,
and work in a system of units with m ≡ 1

2 and h̄ ≡ 1.
To study the Hamiltonian (31), we first note that its eigen-

states can be written as

�(r0, . . . , rN ) =
∑

k0,...,kN

A(k0, . . . , kN )
N∏

j=0

e−ik j r j , (32)

where the wave vectors are quantized as k = πn/R with inte-
gers n ≡ {nx, ny, nz}. The potential

∑N
i=1 U (zi ) depends only

on the relative coordinates zi ≡ ri − r0, which means that the
total momentum of the system (Q ≡ ∑N

i=0 ki) is conserved,
and that the wave function can be written as

�(r0, . . . , rN ) = e−iQr0�(z1, . . . , zN ). (33)

This observation motivates the use of the Lee-Low-
Pines transformation [49] in coordinate space: Ĥ′

pol →
eiQr0Ĥpole−iQr0 , which removes the coordinate of the impurity
from the Hamiltonian.

For the ground-state manifold (Q = 0), we derive

Ĥ′
pol = −

N∑
i=1

∂2

∂z2
i

− 1

2M

(
N∑

i=1

∂

∂zi

)2

+
N∑

i=1

U (zi ). (34)

This Hamiltonian describes a complicated many-body prob-
lem where the particle-particle interactions are hidden in the
mixed derivatives. To solve the problem, we adopt the fol-
lowing strategy: we assume that M is large, and write Ĥ′

pol =
Ĥ0 + ĤP, where the leading part of the Hamiltonian is

Ĥ0 = − 1

2μ

N∑
i=1

∂2

∂z2
i

+
N∑

i=1

U (zi ), (35)

with the reduced mass μ ≡ M/(1 + 2M ). The perturbative
term reads as

ĤP = − 1

2M

N∑
i, j=1

∂

∂zi

∂

∂z j
. (36)

As shown in the Appendix, this approach is related to the
mean-field approximation.

The Hamiltonian Ĥ0 describes fermions with the mass μ

interacting with a heavy impurity. Using results of Sec. III,
we calculate the contribution of Ĥ0 to the energy of the Fermi
polaron

εpol,0 ≡ 〈Ĥ0 − Ĥ0[U = 0]〉 = m

μ
εI,res. (37)

The expectation value here is defined as

〈Ô〉 ≡
∫

�∗(z1, . . . , zN )Ô�(z1, . . . , zN ) dz1, . . . , dzN ,

(38)
where the function � describes the ground state of the Hamil-
tonian Ĥ0. The contribution from ĤP can be estimated within
first-order perturbation theory as follows:

εpol,P = εpol,0 + 〈ĤP − ĤP[U = 0]〉. (39)

This expression has a closed analytical form, which allows for
a straightforward evaluation of the self-energy.

In Fig. 6(a), we compare the self-energies with and without
the perturbative correction (i.e., εpol,P and εpol,0) to the self-
energy of a heavy impurity εI,res. We consider the resonant
phase shift from Eq. (6) with kR = kF . Akin to analytical
results of Ref. [22], the self-energies are inversely propor-
tional to the impurity mass M. Note, however, that without
a resonance the dependence on the mass is very weak. The
self-energy εpol,P is almost identical to the energy of a heavy
impurity [see the inset of Fig. 6(a)]. This observation is in
agreement with numerical results of Ref. [22]. A strong de-
pendence on the mass is a direct consequence of the presence
of a resonance. In Fig. 6(b), we illustrate this further by
plotting the dependence of the polaron energy εpol on the
resonance momentum kR. We see a strong effect of the mass
of the impurity only if the resonance is in the vicinity of the
Fermi energy.

VIII. CONCLUSIONS AND OUTLOOK

We considered a three-dimensional fermionic bath in the
presence of a static impurity with a resonance at the Fermi
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FIG. 6. (a) Dependence of the energy εpol on the inverse impurity
mass M−1. We assume that kR = kF . In the inset, we plot the self-
energy of the impurity without a resonant level [see the phase shift in
Eq. (8)]. (b) Dependence of the self-energy εpol on the position of the
resonance kR for small (M = 1, thick curves) and large (M = 5, thin
curves) masses of the impurity. In both panels, εpol,P are shown as
solid black curves, εpol,0 are presented as dashed-dotted blue curves,
and the self-energies of an infinitely heavy impurity are shown with
dashed red curves. We use kF α = −5 and 
 = 0.05 εF .

energy. Assuming the Breit-Wigner form of the resonance, we
computed several properties of the system. First, we calcu-
lated its self-energy using Fumi’s theorem. The self-energy is
nonanalytical in the width of the resonance, which allowed
us to suggest emergence of a length scale that determines
the physics at intermediate ranges. To investigate this length
scale further, we calculated the density of the Fermi gas.
The oscillations of the density exhibit universal long-range
physics beyond the standard Friedel oscillations, which can
be intuitively explained in terms of a tunneling of a fermion to
the internal state of the impurity. We argued that the density
oscillations can be observed in current cold-atom experiments
provided that their temperatures are a fraction of the Fermi
temperature.

Our findings pave a way for a number of future studies.
First of all, the resonance should introduce an additional
timescale. We did not observe this scale in the quench dynam-
ics of the density, but it must be important in the long-time
dynamics of other observables. For example, the Anderson
orthogonality catastrophe [50] manifests itself as a decay of
a time-dependent overlap [51,52] (see Ref. [21] for review).
The rate of this decay is usually given by the value of the phase
shift at the Fermi energy. Fast change of the phase shift due
to a resonance at the Fermi surface will introduce a different

timescale into this problem. The importance of this scale
should be investigated in a future work. It can be even first
addressed experimentally, for example, by studying real-time
evolution of Ramsey response. The corresponding short-time
behavior will be determined only by few-body physics [30,53]
but long-time dynamics will reveal the relevant many-body
physics.

Second, the density of the Fermi gas dictates the shape
of the induced impurity-impurity interactions, at least for
weakly interacting heavy impurities. Our study suggests a
possibility to strongly modify the density of the bath using
the internal structure of the impurity. This may extend the
family of existing impurity-impurity interactions mediated
by Fermi gases [54–61]. Although, our paper focuses on a
three-dimensional system, it makes sense to study induced
correlations in low-dimensional geometries where the effects
of interactions are usually more pronounced. Even an exper-
imental observation of the density oscillations will be easier
in one dimension where their decay is slow in comparison to
higher spatial dimensions.
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APPENDIX: A MEAN-FIELD APPROACH TO THE FERMI
POLARON

Here, we provide additional insight into Eq. (34). To this
end, we consider a variational wave function for Ĥpol in the
form of the Slater determinant [62]:

F (r0, . . . , rN ) = exp[iQ · r0]√
N!

∣∣∣∣∣∣∣∣
f1(z1) . . . f1(zN )

...
. . .

...

fN (zN ) . . . fN (zN )

∣∣∣∣∣∣∣∣
.

(A1)
Q is the momentum of the impurity, and fi are functions that
should be obtained variationally. The pre-factor exp[iQ · r0]
together with the coordinate shift zi ≡ ri − r0 is motivated by
the Lee-Low-Pines transformation [49]. Note that this mean-
field approximation is similar in spirit to the ansatz proposed
by Gross for the Bose gases [63], and which was successfully
used for a Bose polaron in one [64–68] as well as in three
spatial dimensions [69–72]. However, there is an important
difference in the resulting calculations. Namely, one cannot
neglect the term with mixed derivatives when calculating the
energy of the Fermi gas (see the equation below). This dif-
ference significantly complicates the analysis of the Fermi
polaron using the mean-field approximation, although it can
still be analytically solvable for one-dimensional problems
with a contact interaction [62].

The mean-field energy of the system is given by the expec-
tation value of the Hamiltonian from Eq. (31):
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εMF ≡
∫

dr0 . . . drN F (r0 . . . rN )ĤpolF (r0 . . . rN )

= − 1

2μ

N∑
j=1

〈
∂2

∂z2

〉
j j

+
N∑

j=1

〈U (z)〉 j j + 1

2M

⎛
⎝[

Q + i
N∑

j=1

〈
∂

∂z

〉
j j

]2

−
N∑

j,k=1

〈
∂

∂z

〉
jk

〈
∂

∂z

〉
k j

⎞
⎠, (A2)

where we have defined

〈O(z)〉 jk ≡
∫

f ∗
j (z)O(z) fk (z)dz. (A3)

In the main text, we focus on the ground-state properties
(Q = 0) and a heavy impurity (M � m). In this case, we can
find the set { fi} that minimizes the expectation value εMF

following an iterative procedure. First, we remove the last

term in Eq. (A2), which is equivalent to minimizing Ĥ0 from
Eq. (35). Calculation of a correction due to the last term is then
equivalent to calculating first-order perturbation to the energy
due to ĤP. Therefore, our approach to the problem can be
seen as a mean-field approximation in the frame comoving
with the impurity, at least for a heavy impurity. Note that
although we focus here on the ground-state properties in this
paper, future studies might employ the same approach to study
excited states at Q �= 0.
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